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Abstract. In this paper, we investigate the initial value problem for the 3D magneto-micropolar fluid equations with mixed
partial viscosity. The main purpose of this paper is to establish global well-posedness of classical small solutions. More
precisely, we prove that the global stability of perturbations near the steady solution is given by a background magnetic
field. The proof is mainly based on the energy estimate and bootstrapping argument.
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1. Introduction

In this paper, we investigate three-dimensional (3D) magneto-micropolar fluid equations

1
8tu—(u+x)Au+u~Vu—B-VB+V<p+2|B|2) —2xV xv =0,

0w — YAV — kKVV v +4xv +u - Vo — 2xV x u = 0, (1.1)
0B —vAB+u-VB—B-Vu=0,
V-u=0,V-B=0,

where u = u(z,t), v = v(z,t), B = B(x,t) € R® p = p(z,t) € R are the velocity of the fluid, the
micro-rotational velocity, magnetic field and hydrostatic pressure field, respectively, and the pu, x, v and
K represent the kinematic viscosity, vortex viscosity and spin viscosity, respectively, and % is the magnetic
Reynold.

The incompressible magneto-micropolar fluid equations have made analytic studies a great challenge
but offer new opportunities due to their distinctive mathematical features. The local existence and unique-
ness of strong solution were proved by Galerkin method in [21]. Later, the global existence of strong solu-
tion with the small initial data was established in [18]. We refer to Rojas-Medar and Boldrini [22] for the
existence and the uniqueness of weak solutions for 2D incompressible magneto-micropolar fluid equations.
Global existence of smooth solutions and global regularity of weak solutions are important topic in the
study field of the magneto-micropolar fluid equations. The blow-up criteria for smooth solutions and reg-
ularity criteria of weak solutions were obtained in different function spaces, such as Morrey—Campanato
space, Besov space and homogeneous Besov space, we may refer to [8,32,38,39,41] and [43]. Very recently,
based on Serrin’s type non-blow up criterion established by [39], Wang and Gu [34] proved global existence
of a class of smooth solutions, which ensure the L3 norm is large. When partial viscosities disappear, the
case becomes more complex, we may refer to [19,23,24] and [28]. Regmi and Wu [19] singled out three
special partial dissipation cases and established the global regularity for each case. By fully exploiting the
special structure of the system and using the maximal regularity property of the 1D heat operator, Shang
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and Gu [23] established the global existence of classical solution for 2D magneto-micropolar equations
with only velocity dissipation and partial magnetic diffusion. The blow-up criterion for two-dimensional
magneto-micropolar fluid equations with partial viscosity has been proved in [28]. Mixed partial viscosity
means the viscosity coefficients are different in different directions, even the viscosity coefficients disap-
pear in some directions. Therefore, some nonlinear terms cannot be controlled by the energy functions
and the dissipative parts, which causes difficulty in dealing with these nonlinear terms. The regularity of
the 2D anisotropic magneto-micropolar fluid equations with vertical kinematic viscosity, horizontal mag-
netic diffusion and horizontal vortex viscosity is established in Cheng and Liu [3]. Wang and Wang [33]
studied the global existence of smooth solutions for 3D magneto-micropolar fluid equations with mixed
partial viscosity by energy method. The results in [33] imply that there are two directional viscosities in
every equation.

If v = 0 and x = 0, then the magneto-micropolar fluid equations (1.1) reduce to MHD equations. In
additional, if 4 = v = 0, then the MHD equations reduce to ideal MHD equations. The MHD equations
govern the dynamics of the velocity and magnetic fields in electrically conducting fluids such as plasmas,
liquid metals and salt water (see [12]). The global well-posedness of MHD equations has attracted the
attention of many mathematicians, and lots of interesting results were established. On the one hand, we
could refer to [6,9,15,17,27,29-31] for global well-posedness of MHD equations with full viscosity. On
the other hand, the global well-posedness problem for the MHD equations with partial viscosity has been
successfully investigated in lots of work(see, e.g., [1,2,4,5,7,10,11,13,14,16,20,26,35-37,40,42,44] and
[45] ). We only recall the global existence of classical solutions to 3D MHD equations with partial viscosity
for our purpose. The globally well-posed is proved by Cai and Lei [1] under the assumption that the initial
velocity field and the displacement of the initial magnetic field from a nonzero constant are sufficiently
small in certain weighted Sobolev spaces. Lin and Zhang [14] proved the global well-posedness to 3D
MHD-type equations by the energy method, which depends crucially on the divergence-free condition
of the velocity field. Under the condition of small initial data, Wu and Zhu [37] proved that the MHD
equations with mixed partial dissipation and magnetic diffusion have a unique global smooth solution. The
global well-posedness of smooth solutions to the 3D MHD equations with mixed partial dissipation and
magnetic diffusion was proved by Wang and Wang [26]. We also refer to [16] for global well-posedness of
classical solutions for a family of special axisymmetric initial data whose swirl components of the velocity
field and magnetic vorticity field are trivial.

In this paper, we are interested in the following stability problem of the 3D magneto-micropolar
equations with mixed partial viscosity

8tu—uiafu—ujafu—xAu+u~Vu—B-VB+V(p+;|B|2) —2xV xv =0,
04V — Y020 — 7,020 — kKVV - v + 4xv +u - Vo — 2xV x u = 0,

OB —v,0iB+u-VB—B-Vu=0,

V-u=0,V-B=0,

(1.2)

where fii, 4, Yo, Yo, Vi > 004, 5, k,m,n = 1,2,3,7 # j # k, m # n) and x,x > 0. It is easy to find a
special solution of (1.2) which is given by the zero velocity field, zero micro-rotational velocity and the
background magnetic field B = ¢;(I = 1,2,3), where ¢; = (1,0,0), ez = (0,1,0) and ez = (0,0,1). The
perturbation (u,v,b) around this equilibrium with b = B — ¢;(I = i, ) satisfies
1

Qtu—ui@?u—,ujajzu—xAu—&—u-Vu—b-Vb—l-V <p—|— 2|b|2) —2xV xv—9;b =0,

040 — Y020 — 7,070 — KNV - v + 4yv +u - Vo — 2xV x u = 0,

b — vk 02b +u - Vb —b-Vu — du =0,

V-u=0,V-b=0.

(1.3)
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Inspired by the recent works [33] for 3D magneto-micropolar equations with mixed partial viscosity
and [26,37] for 3D incompressible MHD equations with mixed partial viscosity, the main aim of this
paper is to investigate the stability problem on the perturbation (u,v,b). In other words, we shall prove
the global small classical solutions to (1.3) with the initial data

t=0: u=uo(z), v=uro(x), b=by(z), =€ R (1.4)
Next, we start our main results as follows:

Theorem 1.1. Let p;, ftj, Yms Yo, Ve > 0(4,j,k,m,n = 1,2,3,1 # j # k, m # n,l =14,j) and x,k > 0.
Assume that (ug,v,by) € H*(R?) and V - ug = V - bg = 0. Put

& = lluoll = + llvoll 2 + [1bo| 13-
There exists a constant 6 > 0 such that if & < 0§, then the problem (1.3), (1.4) has a unique global

classical solution (u,v,b) € C(]0,00); H3(R?)). Moreover, it holds that for any t > 0
¢

lu(®) Il + lo@)l7s + ()15 + /(HaiU(T)”%qa +10u(m) I35 + 10mv () I35
0
000 (1) 35 + 10:b(D) 1 s + 106(D) 12 + KV - v(7) || 2)dr < Cép.

Remark 1.2. The result in Theorem 1.1 implies that it only needs one directional viscosity in the equations
for b, which reduces to the requirement for the viscosity in [33].

Theorem 1.1 contains eighteen cases; the proof is similar. We only prove Theorem 1.1 with case:
i=m=2,j5=n=3,k=1and ! = 3. To obtain global solutions, we need to bound ||u(t)| s +
lo()|lz2 + ||b(t)|| 72 via the energy estimates and bootstrapping argument. But there are only two di-
rectional velocities and micro-rotational velocity viscosity (in z3 and x3) and one directional magnetic
diffusion (in z1); some nonlinear terms cannot be controlled by |[u(t)||gs + ||v(¢)|| gz + ||b(t)|| gz and the
dissipative parts ||Oaul| g3, |03l gz, [|020]| g3, [|03v]| g3, ||01b]|gs. Consequently, we are not able to build
a closed differential inequality for

t

Bo(®) = sup (ulr) s+ Il + 16 ) +2 [ (el Oour)
T 0

+ 3l 0su(7) I35 + 201020(7) 175 + ¥31050() I + vallOwb(T) 17y
+ AV o(7)|[Fs)dr,

which forces us to introduce suitable extra terms in the energy estimate. To this end, the following term

Ey(t) = / 105b(r) 227
0

is introduced, which serves and achieves our purpose perfectly. Therefore, we could build a closed in-
equality for Ey(t) and E;(t); then, global classical solutions follow from bootstrapping argument.
We introduce some notations which are used in this paper. L? = L?(R3) denotes the usual Lebesgue

space with the norm ||-|| 2. Sobolev space of order m is defined by H™ = H™(R3) = {u € L*(R3)|V™u €

1
L2} with the norm ||u||gm = <Hu||2L2 + ||Vmu||2L2> °
The paper is organized as follows: In Sect. 2, we shall establish two a priori estimates and build the
closed inequality for Ey(t) and Ey(t). More precisely, we derive the inequalities for Ey(t) and Ey(t) by
the energy estimate and the tricky interpolation techniques in Sects. 2.1 and 2.2, respectively. In the last
section (Sect. 3), we shall complete the proof of Theorem 1.1 by the bootstrapping argument.
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2. Preliminaries

The main aim of this section is to establish the following two a priori estimates
3 .
Bo(t) < C (g‘o FEF + Eo(t)} + Eo(t)? +E1(t)2) (2.1)

and
Ei(t) <C (50 + Eo(t) + Eo(t)? + Eo(t)? + El(t)2) : (2.2)

respectively.
The following lemma which will play very important roles in proving (2.1) and (2.2) has been obtained
in [37].

Lemma 2.1. Assume that the right-hand sides of the following estimates are all bounded, then

/Ifgh\ dz < C|flI721101flI7211911 22110291 72 1RII 2 10Rl 7= (2.3)
R3
/Ifghfb\ dr < C|If( 210211121105 f I 1210302 £ 1| £2 |9l 12110291l 1>
]RS
1103gll 121102039 || £ 17| 22 101 A| F 2 |11 721|011 7 2 (2.4)
and
[ 159kl do < IS5 10271010011 02001 £ gl 9ngl el (25)
RS

2.1. Proof of (2.1)

Owing to the equivalence of ||(u,v,b)| s with ||(u,v,b)|/z2 + |[(u,v,b)| zs, we estimate the L? and the
homogeneous H3-norm of (u,v,b), respectively. By standard energy estimate, V-u = V -b = 0 and
Cauchy inequality, we obtain
t
(lu@®lZ> + lv@®)lI72 + It)1I72) + 2/(#2\\32u||2m + pal|Osull 72 + 72| 02072
0
+93[1050[[Z2 + £V - vl[72 + v [|01b] 72 )dr
< lluolZ + llvollZ= + lIbolZ-- (2.6)
Next we investigate the H3-norm. Applying 93(i = 1,2,3) to (1.3) and then taking the inner product
with (03u, 93v, 03b), we arrive at
3
Y 0Fullze + 1970]1Z2 + [07b172) + p2ll0f OaullFz + pa]|0F Dsull72 + X105 Vul| 72

i=1

Ld
2 dt

7
+ 72107020172 + 73110700172 + KIOPV - 0|2 + Ax 070172 + vl OFDublIT) = D Ty, (2.7)
j=1

where
3
=% / (0304b - 0%u + P - 9°0) da,

i=1ys



ZAMP Global well-posedness of 3D magneto-micropolar fluid equations

3

Iy = —Z/B?(UoVu) - O3u de,
i=1Rs
3
T3 = Z/[aﬁ(b -Vb) —b- V3] - u du,
i=1ps
3
Ty = —Z/af(u - Vb) - 93 d,
i=1ps
3
Ts = Z/[a?(b -Vu) —b- Vi - 92b dr,
=155
3
—Z/@f(u V) - v da,
i=1R

:—2)(2/83 (V x 0)03u+ 02 (V x u)dPv] dx

By integration by parts, we have
7, =0.
To bound Zs, we decompose it into three pieces as

3
— Z/@f’(u . Vu) . Bf’u dx =: 1—2’1 +1'272 +I2’3.
i 1]R3

By Lemma 2.1 and Cauchy’s inequality, we obtain
Iy = —/8f(u - Vu) - 0w dx

= 7/[6%(”2 - Oour) - O3u 4 03 (us - O3u) - Ou + 02 (uy - Oyu) - O3ul dx

]RB
3
=-> C} / (OFuy - 2 0qu - O+ Ofug - 03 F03u - D3u) da
k=1 Rs
3
- ZC§ /aful 0¥ R0 - O dx

k=1 s
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(2.8)

3
1 1 1 1 1 1
< O 10Fuzl 22110208 uz ) £ 110207 ull £ 1101020~ ull 22 |03 ul 72 10507 ull £

1 1 1 1 1 1
+ 108 us | £ 10208 us | £ 10507 ull 2 1010507 ull 72 |07 ull £ 19507 ul 72

1 1 1 1
+ (1077 (Bauz + Bgua)|| 1210107 (Daun + Dzus)[| 721107 ull 22110207 ull £

3 1 3 1
X (|07 ull 72110507 ul| 2

3 1 3 1
< Cl|Oaull s 103 ull s ull zrs + [[0swll fs 102l s [|ul s
< Cllull s (102ullrs + |95l Fps )-
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Hoélder’s inequality gives

To2 < C)|0a(u - V)l g2 |02l g < Cllull s [|02uls.
Similarly, it holds that

Tp3 < Cll0s(u - Vu)l| ol 05wl g2 < Ol s | 93ulla

Combining the above three estimates yields

I < Cllull s ([|02u] Fa + [[93ull3a)- (2.9)
The next term is Z3, which is estimated as
3 3 3
I3 = Z/[af(b-w) —b-VOPh] - Pudr = ZZC{;/afb.v?*kb-afu dx
i=1gs i=1k=1 g

=:131+ 132 + 133.

Thanks to Holder’s inequality and Lemma 2.1, we obtain

k=1

2
I3 = Zcéf/afb-va?—kb-afu dx + /ai”b-vz;-afu da
R3 R3

2

1 1 _ 1 _ 1 1 1

< O 1056121050801 2. IV OF b1 2,101 VOF 0] 2, 107wl 2. (10207 ul 2.
k=1

10301 201D 22 VO 22105 W0l 2 0 ull 2 0205 ] -
< Cllullfa |0zl s 101 3 93] 32 916
< Cllull s 18l 2 (1821l s + 18101 + 103b]1%2)-
735 could be treated along the same line; we arrive at
I3 < Clb]l s (1020l Fa + 1|016]1Fa + 10561 2)-

It follows from Holder’s inequality and the embedding theorem that

k=1

2
T35=» Cf /6§b-V6§"kb 03w dr + /8§’b~Vb - O3u dx
R3 R3
2
< CY 1956l 51V 0| 2 05l o + (1030 12 [ VBl| s |l o
k=1
< C||05ul| g3 [|93b|| r2([b]| 5
< Cbllgs (195wl Fa + 11856 m2)-

Collecting the estimates for Z3 and using Cauchy’s inequality, we obtain
I3 <C (HUIlEsHbllEs + 116l s ) (192ull s + |05ullFys + (18167 + Hasbllfp) : (2.10)

We split the next term into three parts as

3
14 = — Z/@f(u . Vb) . 8?bd17 = 1471 +I472 +_’Z-473.
i:le



ZAMP Global well-posedness of 3D magneto-micropolar fluid equations Page 7 of 23 19

Because 7, ; and Z4 3 have partial derivatives in z; and x3, respectively, we can handle them not difficultly.
However, Z, o involves the partial derivative in x5 and the control of 74> is very complex. Lemma 2.1
and Cauchy’s inequality entail that

2-4)1 = —/8f(qu) 8?1) dx
R3

= —icg/a{“u VO 93 dx
k=1 s

< Ol|0full 22119208l 1. VO3 b 2110, V03] 2. 18511 2. 15070 .

< Clull3 102l 15113 10:8] 3

< Cllull s 16l s (10203 + 101b]1%).

The embedding theorem and Cauchy’s inequality give

Ty3 = —/8§’(u~Vb) - 03b dx
R3

k=2

3
—ZC§/6§u-V8§*’“b-8§b dm—3/83u~V8§b-8§’b dx
R3 R3

< C\05ul| L3 VO3 bl Lo |03b]| 2 + [|Osul| Lo [ VO3 12| 05D 2
< CI|]] g3 (|| Osull s + [|03b]F2)-

The difficult term is Z4 2; we further decompose it into three parts as

Tyg = — / (03 (u181b) - O3 + 03 (uadab) - 93D + 03 (uzdsd) - 3] da
R3
=:1Ty01+Ta22+Ts2s3.

The same produce of treating Z3 yields

3
Tup1 = —ZC§/8§u1 - 91057%b - 93b dx
k=1 g3
3
<O ||05un s 10105 b]l 1o ]| 050 2
k=1
< Cl|02ul| g3 [|bl] #1311 01| g5

< C|lbll s (102ull3s + 110101171 )

and

3
T3 = — Zc§/a§u3 - 93037 %b - 93b dx — 3/azu3 - 93020 - D3b dx
R3

k=2 g

3
< OY 105us] al|0505 0] 1ol|030] 12 + 10| L= 105050 2(|05D] 2
k=2
< CllbllZs (102ullzs + 110501 72)-
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We now turn to Zy 2 o; we further break it down

Lyoo = *Z

3
c§/a§u2 057 %b - 03b dx — 3/azu2 -03b - 930 da
k=2 R3

R3
3

= —ZC§/8§u2-6§’kb-8§’b d:r+3/(81u1 + d3us3) - O3b - D3b dx
k=2 R3 R3

=:124221+24222+2L4223.

1494, 3494y

We derive from Lemma 2.1 and Cauchy’s inequality

3
1 1 1 1 1 1
Tio1 < CY [[08us (10205 w2105 D)1 2. 1005 Fbl|Z.|030] 32101050 2.
k=2
1 1
< Cl|Ozull s 116l 2 (101|751 93011 12
< Clbll s (102ullFra + 1010|775 + (10561 72)-
From integration by parts and Lemma 2.1, we obtain
2-4)272)2 = —6/u1 83[) . 618§b dx
REX
< CllunllF 189t | 2 185w || 12 ||02050pus || 1, 1|63b] 2, 1101836 2, 1|01 63b
< Clluall 2 [|02ur || 2| 03ur ]| 12 [|020302ua || 12 [|93b]| 72 [ 010361 2|01 05| 1.2
1 1
< Cllull s 101 7 (102ull7rs + 18523 + 1016 Fa)-

We cannot estimate Z, 2 2 3 to yield a suitable bound directly. If we use Lemma 2.1 to estimate Z4 22 3
directly,

Ty223 = 3/33U3 - 030 - 93b dx
R3
< Ol|0sus | 22 10205us] 72103011 721101056 22 1930 72 10505811 72,

there will appear ||03b|| gz and the differential inequality would not be closed. We use the special structure
of the equation for b in (1.3) to replace dsus as follows

O3ug = Opbs — V1312b3 +u-Vbs —b-Vus.

We write Z4 223 as

Lynp23 = 3/83u3 - 03b - 93b dx
RS

= 3/[8tb3 —110%b3 +u - Vbs — b - Vug] - |05b? dx
R3

=T+ T2+ T3+ Ts-
In what follows, we can deal with Ja, J3, J4. Holder’s inequality and Cauchy’s inequality give

jQ = 6V1 /81b3 . (931) . 81831) dx
R3

< C|01bs]| Lo [|03b]| 12 ]| 01 03D 1.2
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< C1[bl| 25 112
From Lemma 2.1 and Cauchy inequality, we obtain
Ts < Cllull 1 02ull 52 05wl £ 19205l £, | Vbs | 1. 0 Vbs| 2 05 Vs
X 0205 Vb3 | 1. 1050l 2 191030 1
< Clual a1 Bull o |95l s 101Dl £ [1B] 3 05D
<l Fra 1Dl s (102l1 35 + 10535 + 1910355 + 93bl1%2)
and
Ta < Clb][ 11030112 1058l 32 10205b]| Za [ Fris | £ 02V s | 2 05 V|
x (10205 Vus | 12 193] 12 101930 12
< Ol |9aull s 10l s 1016l s 1515 19551 o
< Clull 25118l 2 (1021l + 1851l %a + 1010112 + 195bl1%2)-
We write J; as

T = 3%/b3~|8§b|2d:c—3/b3~8t|8§b|2 do
R3 R3

= Ji1+ T2
We use the equation of b in (1.3) to estimate J; 2

j172 = —6/b38t8§b8§b dx
R3

~ 6 / by - 11302 — B (u - Vb) + B3(b - V) + 90gu)] - O3b da
]RS
= Ji21+Ti22+T1,23+ J1,2.4-

From integration by parts and Holder’s inequality, it follows that

J12,1 = 611 /31(b3 - 03b) - 9301b dx
R3

= 61, /81b3 - 03b- 0301b dx+6u1/b3 -10103b]? da
R3 R3

< C||01ba]| < [|030]| 12 [|0185b]| L2 + [|bs]| L= [|0105]7 2

< O|bl 11310165

By using integration by parts and applying Lemma 2.1 and Cauchy’s inequality, we arrive at

3
Ji2o = Gch/bg-agb-agu-vag—kb dx+6/b3-8§b-u~V8§b da
k=1 ps R3

3
:GZC§/b3~8§b~6§u-V8§"kb dxff}/ng-u' |03b|? da
k=1

R3 R3

19
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3
1 1 1 1 1 1
<O lbs )= |930]1 22 1010301 £ 195wl 22110205 wll 72 I VO3~ b1 221105V 95~ bll .
k=2

1 1 1 1 1 1 1
+ (63| 72 [102b3]| 12 |05b3]| 12 |0203b3 | £ 2 | 02wl 12 (| 0202l 2 [ O392ul £ 2
1 1 1 1 1
X (0203020 1,105 221010501 7. [ VO3b] 2. |01 Vb . + | T3]
1 1
< C|IblI7s 101011 25 105l 22110l s
3 1 1 1 1
+[[b]| 75110101 z3 105 £y [|wll Fs |02l £s | O3l £7s)
1 3
< O(IIblrs + llull s 1ol 7s) (102wl Fs + 05wz + [1016]1Fs + 11930l F2)-
Similarly, it holds that
1 3
Trns < C (0l o111 s ) (10a0ls + 9505 + 1020155 + [95b15r2) -
Thanks to Lemma 2.1 and Cauchy’s inequality, we deduce that
1 1 1 1 1 1
T1.2.4 < C|lbs| 210203 2 [|Obs | £2 (| 0205bs]| 121|051 . 101 950 22 [| 0505w L2
1 1
< C|1b]l s 1010 7751|0301 72 |02 12
< C1]] g3 ([|Oaull7s + [[010] 75 + (|03 F2)-
It follows from the above estimates for Z, and Cauchy’s inequality that

1 1 1 3
Ty < C(llull frs 10l 7 + lull 3 161 2rs + N0l s + (10112 (|02ull s + (105l

+ 1010]1375 + [|03b|3y2) + Ti.1- (2.11)
Next we estimate Zs. Zs is rewritten as
3
Is = Z /(af’(b V) —b-03Vu) - 3bdr = Tsy + Tso + Is 3.
i=1ps

Hoélder’s inequality and embedding theorem yield

3
Ts1 = ch/a{%-va‘f*ku-afb dx
k=1 s
< C1070]| 31V O *ul| L2 || 070 s
< Cllul gs |01l %
and
3
Trs=» C§ / OXb - VI3 *u - 93b da
k=1 ps
2
<O (1056l Ls VO3 ull 16 050l 2 + || Vul| L= |36 7 -
k=1
< C(||bl| 113 [|03bl| 2 | O s + [|93bl[ 2 ]| 125 )
< C(llulls + (1l s ) (193wl Fra + [[930][72)-

To deal with I5 5, we further decomposed it into

R3
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w

/82b1 0103 - adex+Zc3/aQb2 3 ky - 93b da
i

k=1

+ 63/62b3~8382 u-ag’bdw
k=1 3
=:112521+2I522+1s523.

We can estimate Z5 5 1 and 75 2 9 easily; using integration by parts and Lemma 2.1, we have

Ts21 = — 263/8182b1 3 hy - 32bdx—263/82b1 937w - 9,030 da
= ]R3 - ]R?)

3
1 1 . 1 . 1 1 1
< O 10105011112 1105 ull (2110205 ull {2 110505 ull {2 11020505l 1211050 72 01038 .
k=1
3

1 1 1 1 1 1
+C Y 1101036 12105011 221101051 | 221105 ull 1110205 ull 1 10505 ull 1020505 ul|

k=1
1 3 1 1
< 11l 31010l s 1wl s 192l 7
1 1
< OO0l s llull 7rs (192ull 32 + 101677 )-
Thanks to V - b = 0 and Holder’s inequality, it yields

Ts29 = 203/ L(81by + B3bs) - 83 Fdyu - B3b dx+/a§b2-azu.a§b dz

R3 R3

< CZ 105~ (8101 + D3bs)|| s (|05 " Oul| Lo || O3] .2
k=1
+ 1103 (81b1 + Osb3)|| 12 [| Ozl Lo || D3| 2
< C|bll s ([|02ull3s + 1010]1 5 + [193b]1372).-

Zs.2,3 cannot be estimate directly; we decomposed it into

3
5= > Ck /(agbg - 0303 Fuy - 031 + O5bs - D305 Fug - D3by+
R3
O8b3 - 0305 Fugz - 93b3) da
=:T5231+ L5232+ L5233
We could bound Zs 5 3 » by Holder’s inequality and the embedding theorem

15232—263/82[)3 8383 kUQ 82b2 d$+/82b3 83U2 82b2 dr

k1R3

< CZ 10563122 10505 Fuall s 03621 2 + (10363l 2 | Osua| oo |05 ba | 2
k=1
< C([101b]1 13 + (|03l 112) | O] 2 1] s

< ClIbllZs (105ullzgs + 10101175 + [195bl[32).

19
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752,33 is estimated as by Lemma 2.1

2
I5233 = ch/agbs - 0305 Mug - D3by da + /ag’bg - Oguz - O3b3 dx
=1 g A
: kr |13 kp |5 3k 1% 3—k 3
< O (0563122110205 bs | 2. (10505~ Fus]| 2211020505 Fus]| 2.
=1
3 1 3 1
X ||0503]| 721|010503]| 7 2 + [T4,2,2,2]
1 1
< C|010]| 3511031l 7 |0zl | s (|0l mrs + |Za,2,2,2]
< CIbll g5 ([|05ull7s + [|01bl17s + [|05bl|72) + |Za,2,2,2]-

1494y

The last term Z5 2 3.1 contains a part, which cannot be directly handled

2
1-5,273’1 = ZC§/8§b3 . 8385”’“1;1 . agbl dx + /831)3 - O3u1 8§b1 dx
R3

k=1 s

2
< O3 105ball 7 19305 bo | 29508~ ur 1721920503 |
k=1
x 030111010801 | £ + o
< C0n 5 10bl1 5 |Gl 0] s +
< Clbllzs ([|95ullFra + [010]l7s + [105b]1F2) + K.
To estimate K1, we shall use the special structure of the equation for b in (1.3) again
Osuy = by — 1103y +u - Vb —b- V.

We can write ICq as

Ky = /83()3 . (6tb1 — ulﬁfbl +u-Vby —b- Vul) 83[)1 dx
R3

=K1+ Ki2+Kis+Kia
We can handle KC; 5 Ky 3 and Ky 4 as J2, J3 and Jy
K12 < Cl|bl| s 1010175,
1 1 1 3 1
K1, < Cllull s l|02ull £7s | Osull gra [l Fra 1|01 bll 125 1| 9| 72
1 3
< Ollull s 161 7rs (102l Fs + 105wl Fs + 10101132 + 1956 72),
1 1 1 3 1
Kia < Cllull FallOzull frs | 05wl s 1]l s [1010]] 231 930 2
1 3
< Cllull s 161 7rs (1021 Fs + 105wl Fs + 10101132 + 1956 772)-
K11 could be dealt by integration by parts
R3 R3
According to the following equations

8tb1 = l/la%bl —Uu- Vbl + b- Vu1 + 83U1,
Oibs = Vla%bg —u-Vbs+b-Vusz + Osus,

d
ICl 1= % /bl . 83[)3 831)1 dr — /b1 . at(agbg, 8:23[)1) dx =: K:l,l,l + IC171)2.

ZAMP
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we rewrite K0y 12 as

’C1)172 = —/bl . 83[)3 . 8§(u18fb1 —u-Vby +b-Vuy + 83’11,1) dx
R3

- /bl . 83()1 . ag(ula%bg —Uu- ng + b- VU3 + 83’[1,3) dx
RS
= / {b1]03 (u - Vb3)Daby + 03 (u - Vby)O3bs] — v1b1[0507b303b1 + 0307103 b3]
RS
- bl [83(() . V’U,g)agbl + 63(1) . Vul)(’)g’bg] - [83831@,83[91 + 8363u18§’b3]} dxr
= K121 +Ki122+K1123+Ki1,24.
Similar to the terms \_71,271, \7112727 jl’gyg, j17274, we have
1 1 3 1 1 1 1
K121 < Clbl1}a]|010 £s 10561 22 02wl s + [10]1 5o 9101 1131830 Fra 1l s |02 ull3ys | O3l s
1 3
< C([1bllFs + llull 7 101 7) (1020l Fa) + 105wl Fs + 1010]1 32 + [1930]12),
Kii122 < C”bHH?’Halb”?{%
1 1 3 1 1 1 1
K123 < Clbll 10161 7151105011 2 | 02ull s + 1101|775 1010 ]| 1121|056l 2o uall s |92l s | O3l s
1 3
< C([1bll s + lull 7 101 7 ) (1920l F2) + 185wl Fs + 1010]1 32 + (193011 32),
1 1
Ki,2,4 < C|[b][ 3 [|01b]| 715|050l 72 (| O3l 71,
< Cbllms (105ullFra + [1016]F= + 1836 Fr2)-
Thanks to the above estimates for Z5 and Cauchy’s inequality, we deduce that
1 1 1 3
I,<C (IIUII?ISIIbIIﬁIS + llull Zs 10l Fs + 10l s + (16172 ) (102ullFys + 105wl Fa + [1816] s + ||33b||izz)

(2.12)
It remains to estimate Zg. We rewrite Zg as

3
I@ = — Z/@f(u . Vv) . 8?7] dr =: Iﬁ,l +I6’2 +I6,3.
=155
Lemma 2.1 and Cauchy’s inequality entail that

To1 = —/6?(111 010 + ug - Oav + ug - 3v) - Ddv dx
R3

3
= —Z/@ful S0t Ry 93 da

k=135
- /(6{% 03K 0ov + OFuz - 077 950) - B da
RB
k—1 3 k-1 3
< OOy (Oaug + O3u3)|| 72110107 (D2ug + Jzus)| 7
1 1 1 1
x (|05 F 0|1 2.110:207 || 22 |00 22 10507 0] 2.
k. 113 1o a9k, |5 19 93—k, 1|3 S—k. |15 193,113 313
+ (|07 w2 £ [|020 ua |72 (10207 P2 || 211010207 s 21107 || 72 (0307 0| 7 2

1 1 1 1,1 1
+ 101 us 2211020 us || 22 10307 Foa | 2211010587 vz 22 187 0] 22110387 vl 72
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1 1
< C([102ull s + [|0sulls)[[v]| s 1020l 75 | B0l £s
1 1 1 1 1 1 1 3
+ ull fs 102wl fs 0]l s 1920 115 9501 s + N[l 75 02wl fys (|01l s 11O 75
1 1
<C (IIvIIHS + IIUII}‘;aIIUHiIs) (102ullss + 10sullzrs + [102v]1Fs + 105v]13) -
By Holder inequality and the embedding theorem, we have
3
Teo2 = — ch/agu VISR - O3v da
R3
< Cll03ull Lol VO3™ v 21|03 o
< Cl|Ozullgs 0]l a5 | 020l ms
< Cllllaa(102ullZs + [1020]135)

and

3
Tes = — ZC§/8§U VO R - 93 da
R3
< Cllo5ull s VO3~ 0] 2|05 v] o
< Cl|9sull s [|v]| 23 | O] s
< Clollzs (18sulls + 105v]1Zs)-

The above estimates for Zs and Cauchy’s inequality give

1 1
Is < C (IIUIlésHvllés + IIUHHs) (102ullzs + 19sullFs + 1020175 + 1050]1Zs) - (2.13)

By integration by part and Cauchy’s inequality, we arrive at
17_4)(2/33 (V x u)d3v da

< x(IV x 8FullZ + 4)107v]172)
= x(IVO}ullL> + 4|07 v]|72)- (2.14)
Integrating (2.7) with respect to time and combining (2.6), (2.8)—(2.14) yield

t
Ey(t) < C& +/(L + T+ I3+ Iy + Is + I + I7)dr
0

1 1 1 3
< Cé + C/ (HUHH3 + lollzza + 110l s + [Bl1Z7s + el o 1Bl 772 + el o 111 7

1 1
+ HUIIIZSHUIIfis) “(I02ullZrs + 10sullZrs + 1020175 + 1950ll7s + 101Bl17s + 10501172 ) dr

t
+ /.71,1(17'
0

< Cé+C (EO (t) + E2(t) + E2 (DB (1) + Eo(t) By ®)
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+3/b3 - 030 d;c—?)/bg(a:,O) -193b|2 (x,0) da
R3 R3
< C&+C (B () + E3() + B3(1))
+C (/16301 2= [1936(0) | 22 + [1bs(£) | = [|050(2) 122 )
<C (50 + 5’03 + EO% (t) + E2(t) + Ef(t)) . (2.15)
This completes the proof of (2.1).

2.2. Proof of (2.2)

The main purpose of this section is to prove (2.2), namely
E(t) < C (6 + Bolt) + Bo(t)} + Eo(t)® + Ex(1)?)

To bound the norm [|03b|| g2, we need to bound the norm ||03b||2 + ||03b]| ;2. We first estimate the
L2-norm of 93b. To this end, we write the equation of u in (1.3) as

O3b = Oyt — 203y — pzdsu — xAu+u-Vu —b-Vb+ Vp —2xV x v.

Taking the inner product of the above equation and d3b, we obtain

103b]|2: = /8tu - O3b dx — ug/agu - O3b dx
R3 RS

—,ug/agu-agbda:—&—/u-Vu~63bdx—/b-Vb-83bdx
R3 R3 R3
—X/Au'agbd:v—Qx/(VXv)~83bdx
R3 R3
= L1+ Lo+ L3+ Ly+ L5+ Lg+ L, (2.16)

where we have eliminated the pressure term by using V - b = 0. We handle £; by integrating by parts
and the equation of b in (1.3)

d
L1 = %/u-agbdx—/u~83(1/18%b—u~Vb+b~Vu+83u) dx
R3 R3
=Lio+Lig+Lio+Lis+ Lia.
It follows from Holder’s inequality and Cauchy’s inequality that
Li1=-1 /U - 0307bdx < C||0sul gs]|01b]| s < C([|ullFa + [1010][77s)-
R3
Thanks to Lemma 2.1 and Cauchy’s inequality, we arrive at
Lo :/u-agu-Vb+u-u-V83bdx
R3
1 1 1 1 1 1
< Cllul|p2[[02ull 72 105ull £21|0205ul 12 | VO 72 | VO1b 7. |05ul| .2
1 1 1 1 1 1
+ Cllull72l102ul| 22 |ull 72 [|05ull 22 |V Osb| |01V O5b] 7.

1 1 5 1 1
< Cllull fa l|O2ull s |95l £ 161l £ | 01611 s
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1 1
+ Cllull s | O2ul| fa | Osul| £ 103b]| 12>
1 1
< Cllull s 101l 773 (102135 + 105ullzs + 11010]133)
+ llull s (102ull3s + [195ullEs) + ell Ol -
and
Li3= f/u'33b~Vu+Uob~V83udm
R3
1 1 1 1 1 1
< Cllull 22 1102ull 72 (1950l 72 [|0105b| 72 [[ V|| 2 |V Osu]| 7.
1 1 1 1 1 1
+ Cllull 22 195wl 22 161l 72 1010]] 72 [V Osul| 22 |01 VO2ul 7
1 1
< Cllul| g2 [|02u| Fs | Osull 7511 Osbl| 12
1 1 1 1
+ Cllull s [|O2ul| Frs | Osull 15 11| 775 10161l 775
1 1
< Cllullzs 101l 775 (102175 + 105l + 11010]133)
+ [lullzzs (192ull3s + [195ullzs) + €| 3Dl
Integration by parts yields
L14=— /u - O3u dx = /ao,u - Ozu dx < C||03u|3s-
R3 R3
Holder’s inequality and Cauchy’s inequality entail that
Ly = w/agu - O3b dx < C||Dgul| g3 ]|03b|| g2 < C||Daul|%s + €| D3b]| %
R3

and

L3 =—ps3 /3§U - 03b dz < C||0sul| g3]|0sb|| g2 < C||Osull3s + €| 03|32
R3

We could deal with £4 and L5 by using Lemma 2.1 and Cauchy’s inequality
£4=/u-Vu-83bdm
R3
1 1 1 1 1 1
< Cllull 22 102ull 2 I Vul 72 (|05 Vul| 72 [|95b] 721101030 .2
1 1
< Cllullgs || O2ull Fs | O5w| 7 1030l 12
< Cllulls (102ullFs + 105l 3s) + €] 9301342
and
£5 = /beagbdiE
R3
1 1 1 1 1 1
< C||blIZ211010] 721Vl 72105V 72 (| O3b] 72 1020501 7 2
1 3
< C|bll 2|01 5 103Dl 772
< C|bll g ([1816]Fa + 118361 2)-

ZAMP
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By integration by parts, Holder’s inequality and Cauchy’s inequality, it holds that
Le = _X/(afu - 93b+ O3u - O3b + 3u - O3b) dx
R3
= _X/(6163Uf - O1b+ 3u - O3b + O3u - O3b) dx
R3
< C([|0sull s [|016]| 5 + 1| O2ull 15 || Ob]| 12 + 1|05l 15 || O] r2)
< C(|02ullFs + 105ullzs + 101b]175) + €| OsbI3

and

Ly = —2X/[(82U3 — 63’1)2) - O3b1 + (81’()3 - 831}1) - O3by + (811}2 — 82’1)1) . 83b3] dx

R3

= 72)( /[(631}2811)3 — (931)3311)2) =+ ((921)363[71 — 62111821)3) + (831)1831)2 — 83’0263[71)] dl‘

R3
< C([10s0][ms 1016 s + [102| 3 1030]| 2 + (| O3]l 115 [| 00| 112)
< C(102v]1Zs + 105135 + 1916175) + €l| O5bl| 72
Collecting the estimates for £;(i = 1,...,7) and inserting them into (2.16) yield
105b]17> < C(l0zulls + [19sullfs + 1102v]1Zrs + 1050]1Fs + [1016]5)

1 1
O (Wl 100 o+ a3 -+ bl ) (100l + 19sls + 1018135 + 19sbl2)

+ 76”631)“?{2 + El,o.
We have finished the L2 estimate of d3b. Now we turn to the H? estimate of d3b

3 3 3
0203b]|2. = D20u - 0203b dx — o 0202w - 02 9sbdax:
7 L ) [ [ )
i=1 i=1ps i=1pg
3 3
—ps Y / 0703 - 070sb dax — x Y / 2 Au - 9203b du
i=1ps i=lps

3 3
+Z/af(u.w) - 0203b dm—Z/af(b-Vb)-afagb da

=135 i=1ps

3
- 2XZ/a§(v x v) - 0203b dx
i=lps

=: My + My + M3z + My + M5 + Mg + Ms.
Using integration by parts and the equation of b in (1.3) yields

3
_ d 2 2
M = dt;/[“)iu 9302 dx:
1= R3

3
+Z/8§u-836i2(u-Vb—b~Vu—u1812b—83u) dx
i=1g

= Mo+ M1+ Mg+ Mg+ My

(2.17)

(2.18)
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Making use of Lemma 2.1, Holder’s inequality and Cauchy’s inequality, we derive that
Mg = /83a{>u (O1u- Vb +u-01Vb) + 03u - 0503 (u - Vb) + d3u - 9505 (u - Vb) dx
R3
< C|10507ull L2 (|0vull {2 19201ull 121|0501u| £ 21| 020501l £ [ VO 721101 VB 72
+ lJull 72 102wl 72 | Osull L2 10205l £2]|01 VO] 72 [|0101 V| 7 )
+ C||O2u| s ([[ull mr= [| 05Dl 1= + (|05l rrs [|D]] 1rs)
+ Ol 03l s ([|ul| 3] 930l| mr2 + ([ O3l 3|6l mr3)
< CllOsull s [|O2ul| jralleell Fra 101l 775 1| 010]| s
+ C|0zull s + [|Ozull s ) (l[ull 31|00 12> + (| Ozl g5 [[b]] r2)
< C(llull zsllbll s + lullzzs + [0l z=) (102wl Frs + 10sullFa + [1016]1F2) + €| 930132
and
Mig = f/aga% (01b - Vu+b-0,Vu) + 05u - 0203(b - Vu) + 93u - 9505(b - Vu) dx
R3
< C|10507ul| 12 (| 0161 12 920101 211050161 92030111 12 [Vl 22 101 V| 72
+ 101V ul| 1210201 Vul| 12 [|9301 Vul 11020301 Vul| 12 [[b]| 72 [|016]| )
+ CllOzull s (||ull s | Obl| 2 + 105l 15 [1b]| mr3)
+ C|Osull s ([[ull = (| 03Dl 2 + (| O3ull 223 16| £22)
5 1 1 1 1
< C||03ull s | O2ull Fys leell Z7s 101l Zr5 1011 775

+ C(l102ull s + 105wl s ) ([lul o [|03b] 12 + 1| 05wl s [[b]| 29

1 1
< Cllull s 1Bl 77 + llizgs + 1Bl zz2) (102ull3rs + |05l Zrs + 1918][5) + €l|Osbl2-

It is not difficult to prove that

3
Mz = -1 Z/agafu - 9;0%b da
i=1py
< C|03ul| g3 |01b]| s
< C ([|19zull7s + [|010]|77) ,
3
Mia =Y [ 10a02uP do < Clowul
i=1gs
Mz < C|02ul g3 [|05b]| 12
< C||0yull%s + €| Dsb]| %
and

Ms < C||0sul| g [|Osb]| 12
< Cl0sullFys + €l 9sbl13-

ZAMP

Next, we estimate My and M7 by using integration by parts, Holder’s inequality and Cauchy’s inequality

3 3 3
My = fXZ/afalagu - 0201 dx — Xz/afagu 9203 dx — XZ/afagu - 9203b dx
i=1ps i=1ps i=1ps
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C (|10sull 31010l s + [|02ul 31| Osbl| > + || O3l 3| D5 | r2)

<

and

3
Mz =-2x>" / 02 (Dav3 — D3v2) - O293by + 02(93v1 — O1v3) - 0203bo
i=1ps
—|—8i2(81v2 — Oouy) - 6383()3 dx
< C|02v] g3 [|05bl g2 + Cl| 050|113 1016 115 + C1| 50| 131|030 12
< C([|020][3ys + 1050 Fs + [1010][77s) + €l| Dbl 32

To bound M5, we use Lemma 2.1 and Cauchy’s inequality and obtain

Ms = /—83(u V) - 01b + 02 (u - Vu) - 9303b + 03 (u - Vu) - 0303b dx
R3

= / —(O3u - Vu+u-93Vu)) - 01b + 03 (u - V) - 9303b + 05 (u - V) - 9303b dx
< Cl108b] 2 (9l 2102V ul £ 105V ull 210205 Tl £ |05l £ |01 gl
ol 21100 2 10l £ 102050 2 105Vl . 0105Vl .
+ Cllal 5 182l 15195l ar= + Cllull s |15 s 195b 2
< Cl01bl s el s 18 3 1Bl s + Cllal s 1Daal s 95D a2
+ Clla| 5 105l 115 19D
< Cllullza (102ull3s + 105ullo + [18]3)
1+ Clluls (102ull3s + |95ullls) + ell9sbl .
Similarly, it holds that
Mg = — /[af(b - Vb) - 0703b + 02(b - Vb) - 9303b
4
+02b - Vb - 0303b + Dob - 9oV - D303+ b - 03Vb - 0303b] dx
< Cl10b s 10l s 19b 112 + 1Dl 2 1] 1
+ C95038]| 2 (I b)) £ 192 Vb . |05 Vb1| 1. 0205 VI| £ 193] 2. 191030 2.
119212, 1820 . 1850b] £ 11820502 . 192 Vb £, 19102 VB 2
A A AR A A AT
< C(101b 1151801151950l 72 + 195D 32 161215 + C 101113y 1Bl 5 95D )
< Cl[oll s (19l + 15]1%2).
We institute the estimates for M;(i =1,...,7) into (2.18) and arrive at
1020551132 < C(102ull3ps + 105ull3s + 192013 + 50l + 10:8]132)
+ Clull 183 + lullZrs + 1613 + 16]lzs)(102ull3s + 105ull3s

19

+ 1101635 + [|03b]|%2) + Tel|O3b]|%2 + M o. (2.19)
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Now, adding (2.17) and (2.19), then integrating in time and using the definition of Ey(t) and FE;(t) and

choosing € < %, we obtain

1
+§E1(t)+/£1)0d7+//\/{170d7ﬂ (2.20)

Noting that
t

/ﬁl’QdT = /u(:c,t) - 03b(x, t)dx — /u(ﬂc,()) - 03b(x,0) da
0 R3 R3
< C(Eo(t) + éo)

and

t
/./\/lLodT = /@Zu(x,t) - 030%b(x, t)dx — /u(:z:,()) - 03b(x,0) dx
0 R3 R3

< C(Eo(t) + o).

Therefore, we have by Cauchy’s inequality
Ei(t) < C(& + Bo(t) + Eo(t)? + E (1) + B3 (1)).
This complete the proof of (2.2).

3. Proof of Theorem 1.1

This section is devoted to the proof of Theorem 1.1. We employ the bootstrapping argument (see, e.g.,[25]).
It follows from (2.1) and (2.2) that

3
Eo(t) + Er(t) < C(& + & + Eo(t)? + Eo(t)? + By (1)?),
or, for pure constants Cy, Cy,Cs,

Eo(t) + E1(t) < Co (éao L&) + CL(Eo(t)} +E1(t)%)

+ Co(Eo(t)? + E1(t)?). (3.1)
To initiate the bootstrapping argument, we make the ansatz
1 1
Ey(t Fi(t) < mi —_—, —. 3.2
o) + 1<)_mm{16012’402} 3.2)

We then show that (3.1) allows us to conclude that Ey(t) + F1(t) actually admits an even smaller bound
by taking the initial H3-norm &, sufficiently small. In fact, when (3.2) holds, (3.1) implies

Eo(t) + Ex(t) < CCol6) + &) + Cov/Eolt) + Ev(D)(Eo(t) + Ev (1))
+Ca(Eo(t) + Ev(t)(Eo(t) + Ex (1))
< Colb+ &) + 3 (Bolt) + Ea(1), (3.3)

Eo(t) + Ea(t) < 2Co (6 + @@0%) . (3.4)
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Therefore, if we take & sufficiently small such that

3 1 1
2Cy(8p + 6 ) <min ——=, —— .
ol + 6) < min { 15 7 | (35)

then Fy(t) + E1(t) actually admits an smaller bound in (3.4) than the one in the ansatz (3.2). Then, the
bootstrapping argument assesses that (3.4) holds for all time, provided that (3.5) holds. This completes
the proof of Theorem 1.1.
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