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On regularity criteria for the Navier—Stokes equations based on one directional deriv-
ative of the velocity or one diagonal entry of the velocity gradient
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Abstract. It is proved that if the solution of the Navier—Stokes system satisfies

2 3 2 3
dzu € LP(0,T; LYMR?)), 4+ =24 " 3<g<4,
P q 13 13¢q

or

dzuz € LB(0,T; L (R?)), +

IA
2
IA
8

2 §73(\/65a2—78a+49+7—o¢) 3+ V1T
8 a 160 ’ 4
then the solution is smooth on (0,7]. These two improve many previous results.
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1. Introduction

In this paper, we continue our study [31,35,36] of the regularity criteria of the following Navier—Stokes
equations (NSE):
du+ (u-V)u—Au+Vr =0,
V-u=0, (1)
uli=o = uo,
where uw = (u1, ug, u3) is the fluid velocity field, 7 is a scalar pressure, ug is the prescribed initial velocity
field satisfying the compatibility condition V - uy = 0, and
3
(w-V) =Y wd;, A=0101+ 0,0, + 030s.

i=1

ou 0
57 al - (95@7

8tu =

Leray [18] and Hopf [13] have established a global weak solution to (1); however, it remains an open
problem of its regularity and uniqueness. Serrin [25] first showed that if

2
w € LP(0,T; LY (R?)), 7+§:1, 3 < g < oo, (2)
p q
then the solution is regular on (0,7]. See also [8,22]. The so-called Serrin-type regularity criterion (2)

was generalized by Beirdo da Veiga [1] by adding integrability conditions on the velocity gradient,
2 3 3

Vue LP(0,T; LI(RY), —+>=2 o <g<o (3)
poq

 Birkhiuser
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In view of the divergence-free condition V - u = 0, it is natural and important to consider compo-
nents reduction improvements of (2) and (3), that is, whether or not integrability conditions on partial
components of the velocity or velocity gradient could still ensure the smoothness of the solution. There
are so many studies devoted to this refinement, and without no intention to be complete, we recommend
[2,3,5,6,12,15,16,19-21,26,28,31,32,34,37-40].

In this paper, we would like to investigate the regularity criterion of (1) based on one directional
derivative of the velocity field, say d3u, or one diagonal entry of the velocity gradient, say Ozus. Let us
first review what have happened in the last decades. In [20, Theorem 4 (i)], Penel-Pokorny showed that
if

dywe LP(0,T; LUR?)), 2+°-3 2<4<
P oq 2
then the solution is smooth. This is based on a regularity criterion in terms of ug, dsu; and dzus [20,
Theorem 1 (a)]:

00, (4)

us3 ELSQTSB(O,T;LS(H@))7 3 < s < oo;

. 3 (5)
O3uq, O3us € L%(O,T; LY(R?)), 3 < q < .

Then, Kukavica—Ziane [16] established a fine property of the horizontal convective terms (denoting by
Ap, = 0101 + 0205 the horizontal Laplacian)

Z /ula ujApu; do = Z /(“)uja u;Osus dz
1,j= 1R3 1= 1R3 (6)
—/81U182U283U3 d$+/81UQ82U183U3 d.’l?,
3 R3
and refined (4) to be critical, but with limited range of space integrability indices,
2 3 9

dsu € LP(0,T; LY(R?)), 5+5:27 1Sas3 (7)
Later on, Cao [2] employed multiplicative Sobolev inequalities
i i 1
1<q<o0=|[fllpse < CNOLfIZ: 102172 105 La (8)
and
1 1 1
1<q <00z [[fllgse < OO0} [|02(F)] 72 105 £ 11 (9)
to get the following extended regularity condition
2 3 27 5
o) LP(0,T; L9(R? S+-=2, = <g<-. 10
3U € (7 ’ ( ))7 p+q ) 16_q_2 ( )

It should be remarked that Cao [2] claimed the range of ¢ in (10) is ¢ > > 7 , but it is indeed (10) which

is actually proved. See the footnote of [31, p. 35] for more information.
In a recent paper, Zhang [31] generalized (9) as

0<A<oo, 1<¢<00=|flperin. <Clou(f? ||“+1 182117 Hié“ losfIZT, ()

and employed general L?* estimate (instead of L* estimate as in [2]) to improve (7) and (10) simultane-
ously. Precisely, he showed the following regularity criterion,

2 3 3
dsu € LP(0,T; LY(R?)), ];+5:2, 156207~£—3< <3. (12)
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Notice in establishing (12), Zhang have missed a condition (say, in [31, (31)], we need 1 < ¢ < 00), which

was noticed by Yuliya—Skalak [30]. Skalak [27] then covered all of the range (3,3],

2 3 3
dsu € LP(0,T; LI(R?)), Sto= 2, 5 <q<3. (13)
Finally, Zhang—Yuan-Zhou [36] showed two new refinements of (4),
2 3 8 3
Osu € LP(0,T; LY(R3)), -4+ -=—-+—, 4<q< oo, 14
e POTSLRY), S+ o= (14)

and
2 3 14 9 5
dsu € LP(0,T; LY(R?)), = 4+-=—+-—, -<g<co. 15

Whence, the state of the art is the following smoothness condition

2, —<q <3,
14+ 3<qg< 8

2 3 11 PR q )

dyw e PO, T LRY), = gt 5 (16)

° Leg<a
2’ 5 q < b
5.3 4cy<
57 5¢ 9=

The first purpose of this paper is to improve (16) in the range 3 < ¢ < 4.
As far as regularity criterion dsus is concerned, Zhou—Pokorny [39] first established a regularity con-
dition based on us3 and then showed that if

2 3 4 15
0 L°(0,T;L*(R?), —+-<-, —<a< 17
sug € LP(0,T; L*(R?)), ﬁ+a<5’ L Sasoo (17)
then the solution is smooth. The equality in (17) was verified by Jia—Zhou [14]:

2 3 4 15
0 L°(0,T;L*(R?), = +-=-, — <a<oco. 18
3U3 € (a ) ( ))? ﬁ+04 5’ 4_0{_00 ( )
Later, Cao—Titi [4] established a bilateral multiplicative Sobolev inequality (see [32, Remark 8] for more
information, and [35] for a more efficient form)

r—1 1 r—2 1 L
[ 619 do| < C ol 1017 o IFIE 1934152 19612 e )
2<r<3, {ij,k}={1,2,3}.
With (19) in hand, Cao-Titi showed the following two smoothness conditions,
2 3 3 3
LP(0,T; L*(R? ==, 2 2
Osuz € LP(0,T; L*(R?)), ﬁ+0é 1T 9. 2<a<oxo, (20)
and 2 3 1 3
ousz € LP(0,T;L2(R?), 4+ -=-+_", 3<a<o. (21)

8 a 2 2

Then Fang—Qian [9, Theorems 1.1 and 1.2] dominated uz by 0jus, employed some tricks in [4] and
improved (21) as (after rationalizing the denominator of [9, Equation (1.10)])
2 3  103a2—12a+9+3— 9

(0.7 L(R%)). =24 ° <
drus € LP(0,T; L*(R?)), its o , 3<a< oo (22)
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Finally, Zhang—Zhong-Huang [35] found a more effective substitute of (19),

/|f|2|g|2 dzy dzp dos

2(g—1) 2(g—1) (23)
<C ”a f||L32q(R23) Ha fHLSZ(i{é) HakazZ(f@S) H9||2‘§(§3) Hangz%(]ng) ||aj9||2271§3 s
2<q<oo, {i,j,k} ={1,2,3}.

Invoking (23), Zhang-Zhong—Huang [35] were able to improve (21) and (22) as

2 3 3 5 7
Oowuz € LP(0,T; L*(R?), = +Z="4+", - <a<o, 24
s € AT IR, G40 =G+ gEa<os (24)
but could not refine (20).
As for (20), Fang—Qian [9] made a contribution by invoking a regularity criterion of Zhang [33]. Fang—
Qian [10, Theorem 1.8] then used an integration by parts technique in estimating ug by dsus and obtained
the finest result up to now,

dsus € LP(0,T; LY(R?)),

2 28902 — _ (25)
7+§:\/89a 2640 + 144 + 12 7047 g<a§oo_
0 « 8a 5

For later developments in anisotropic Lebesgue spaces, see [11,24]. The second aim of the present paper
is to make (25) better.
Before stating the precise result, let us recall the weak formulation of (1), see [7,17,23,29] for instance.

Definition 1. Let ug € L*(R3) with V -ug = 0, T > 0. A measurable R3-valued function u defined in
[0, 7] x R? is said to be a weak solution to (1) if

(1) we L0, T; L*(R®) N L*(0, T; H (R?));
(2) (1); and (1) hold in the sense of distributions, i.e.,

: T
O/Rlu.[at¢+(u.w¢} ddeRZUO.d)(O)dx:O/R/Svu;W)dxdt’

3
for each ¢ € C°([0,T) x R?) with V- ¢ = 0, where A: B = Z . 1aijb,»j for 3 x 3 matrices
ij=

A= (aij), B = (bij), and
T
//u-VzbdmdtzO,

0 R3

for each ¢ € C°(R? x [0,T));
(3) the strong energy inequality, that is,

t
2 2 2
[w(®)llZ> + 2/ [Vu(s)ll- ds < fu(s)llz., s<t<T,

holds for s = 0 and almost all times s € (0, 7).

Now, our main result reads
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Theorem 2. Let ug € L*(R3) with V -ug =0, T > 0. Assume that u is a weak solution to (1) on [0,T)]
with initial data ug. If one of the following two conditions holds,

2 3 22 3

0 LP(0,T;LY(R%)), = 4+-==+4+_—" 3 <4, 26
su € LP( (RY), S+ =15+ 3<a (26)
dsus € LP(0,T; L*(R?)),

9 3 (V6502 — T8a + 49+ 7 — 1

2, é _ ( «o o + Oz)’ 1.78078 =~ Lﬁ < a < oo, (27)
8 « 16 4

then the solution u is smooth in (0,T] x R3.

Remark 3. (1) Our regularity criterion (26) is better than (16) in case 3 < a < 4. See Fig. 1, where
“Skalak” refers to (13), “one Zhang-Zhou” (the upper one) means (14), “two Zhang-Zhou (the lower
one)” demonstrates (15), “Penel-Pokorny” reveals (4), and “this” reflects (26).

(2) Our regularity criterion (27) is better than (17), (20) and (25). See Fig. 2, where “Zhou-Pokorny”
refers to (17); “Cao—Titi” means (20); “Fang-Qian” demonstrates (25); and “this” reflects our result
(27).

3 (V6502 — T8+ 49+ 7 — «)

(3) It is not so hard to deduce that the scaling dimension in (27) is

16
3+V17
strictly decreasing with respect to 74—4 < a < 0. Notice that
3 (V6502 — 78 49 + 7 — V17 —
2050 atd9+7-0) 3WIT-3) 1.68466,
a— 3EYIT 16 2
3 (V6502 — 78 49 + 7 — V65 —1
i 20507 —T8a+49+7—a) 3(VEE-1) 1.32417,
a—00 160[ 16

we have the following rough, but maybe more elegant regularity criterion in terms of dszus,
dsus € LP(0,T; L*(R?)),

_ (28)
% L3 %561) ~1.32417, 1.78078 ~ 3%@ < a < oo
(0%

2. Proof of Theorem 2

In this section, we shall prove Theorem 2.

Case I (26) holds. For any ¢ € (0,7, due to the fact that Vu € L?(0,T; L*(R?)), we may find a § €
(0,¢), such that Vu(5) € L*(R?). Take this w(5) as initial data, there exists an w € C([§, I"*), H*(R3)) N
L2(6, I'*; H?(R3)), where [6, ") is the life span of the unique strong solution, see [29]. Moreover, u €
C>(R? x (6, '*)). According to the uniqueness result, @ = w on [§, I'*). If I'* > T, we have already that
u € C®(R3 x (0,T)), due to the arbitrariness of € € (0,7). In case I'* < T, our strategy is to show that
us € L3(8,I'*; L°(R?)). Then, by the fact that

(26) = Oyu € L1 (5, I'*; LYR®)) € L7a"s (6, ™ LI(R3)),
we may conclude the proof by invoking (5).
For this purpose, we multiply the equation of uz in (1) by |uz|us and integrate over R,

1 d 2
ENT, Lo + / |us]| - \Vu3|2 dz = —/agw\U3\u3 de = 1. (29)
R3 R3

2 4 3
ot [Vl

Just?
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By the Holder inequality,

To dominate 937, we apply the divergence of (1); to obtain

3 3 3
—Ar=V" [(u . V)u] = Z (Z uz&-uj) = Z 81;8]‘ (uzu])
j=1 \i=1 i,j=1
3
™ = Z RIR](U%U])
= W= 3 3
—Aagﬂ' = Z aiﬁj(aguiuj + Uiagu]') = 8371’ = Z RiRj(aguin + uic?guj)
i,j=1 1,5=1

(Ri = ai(fA)*% is the Riesz transform) ,

(30)

and thus by the interpolation inequality,
6g—11 2(4—q)
I < Clluf s 05wl q - [U3| 3 sl 5 }

Employing the multiplicative Sobolev inequalities (8) and (11) yields

1 1 1
I < Cl|ovul|fs [|0xull [z |05l £q - 195ul| Lo

Gq 11 3 i 5 % 1 2&:3) ?
ol [Jo (o), o (o), vt ]
After collection, we deduce by the Young inequality,
2(64—11) 2(4*?
<0Vl ||53u|\3(4q 7 lusll s ‘V Jus|? In
H5ams ST 2= A

< C IVl |9sull 577 sl + 5 Hv (W) y
) 2
<||V'u,|L2 T sl T ) (1+ luslze) +5 v (lual?)]|,

Putting this above inequality into (29) and applying the Gronwall inequality give

lusllzso.re ey = H|u3|2 L2(5,1%; LG(RS)) Hv|u3|2 L2(5,I'*;L2(R?)) =G

as desired.

Case II (27) holds. Argue as in Case I, it suffices to show that ||Vau(t)| ;. is uniformly bounded as
t /' I'*. By the absolute continuity property of the Lebesgue integrable function, for do € (0,1) to be
determined, we can choose a 01 € [, 1) such that

s
u(dy) € L*(R®), /||vvhuuiz dt < 5. (31)
o1
We first establish the L? bound of ug in terms of d3uz, which have been used in [9,10]. Multiplying
the third component of (1);:

8tu;; + (’U, . V)U3 - A’UJg + 837T =0
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by |US|q_2U3 with

2<q<6, (32)
integrating over R? and applying integration by parts, we obtain
1d
g sl +e(@) ]| 9 (Jus )H f/agw us|"2us da
R3
= C/ ] - s |2 sus] de (33)
R3
=J.
By the Holder inequality with
1 -2 1
S 972 L2 1<a<oo, 1<a<oo, (34)
a (¢g+1a «
we have
T < C o llusl e 19susll o -
Thanks to (30) and (11), it follows that
q—2
7 <Ll [0 (tal2)]| 7 N0l ) 0l
provided that
l<a<oo, 1<a<oo. (35)
Employing the Gagliardo—Nirenberg inequality with
3 3 3
—=1-9)=+9|-1+= 2<2
52 ( )2+ ( +2>, <2a<6 (36)
gives
2 q
7 < (i 1vulge) |V (jualt)]| 57 sl
By the fact that w € L>(0,7; L?(R?)) from Definition 1 and the Young inequality, we deduce
2(q—2) 2¢—1
299 q q+1 T
J< IVl |7 (just?) | 7 sl 22
2(g+1)9 2q-1 ¢ a2 .. 2(¢g+ 1)
IR 0 [ 20
= 201 ¢ 2 2(q+1)9
ClIVulls 05l + 42 Hv (e[, a2y (37)
2 2 1)9
CIVull3. +c||agu3u3 R (D
= Vlle (o 1\ oo tye
- clq g : q
CIVullfs losuslld + 2 ||V (jusl?) |, if 4 =
! 2 — 1 2q + 1)
q— . q+
2 1 5 if <2
(qg) <9 p={3-(@+n)d Q(ilw . (38)

Plugging (37) into (33), absorbing the last term into the left-hand side and integrating with respect to
the time, we find
uz € L>=(8y, I*; LY(R3)). (39)
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Then, we establish the bound of thuHiQ with V), = (01, 02) the horizontal gradient operator. Testing
(1)1 by —Apu, it follows from [3,4,39] that

1
5— Va2 + [VVhu|2s = /[(u V)u] - Apu da
R3
< c/|u3|\w||vvhu| dz (40)
=K.
By the Holder inequality, the Minkowski inequality and the Gagliardo—Nirenberg inequality,
2 3
K< C’/max|u3| /|Vu|2 dzs /|Vth\2 dzs dzq dzs
T3
R2 R
- 1ir L 7‘2;72
<C / <max|U3|) dr; dzg / /|Vu|2 dzs dr; dzg
R2 ’ IRz \R
1
2
/|Vth|2 dzy dzg dos (41)
R3
1 r=2 3
Jlusr ot az| | [ 1965 dordoa | doa| VWl
3 R R
r—1 1 r—2 2
< Cllusllps 0suslize - [IVull iz [IVVaullfe - IVVaull L,
2(r 71) 1 5
< Clluslli 19susl 327 [ Vull2e + 3 IVVhulg. .
Here, the exponents appeared above should satisfy
-1 1
2<r<oo, ——4-=1 (42)
q o
Putting (41) into (40) and integrating with respect to the time give
r
sup [ Vau(t)| 2 + / IVl di
61 <t<I*
< | Vau(61)|7 +C/ ||Us||L H83u3|\,§a2 IVull7. dt (43)
61
F* 2( 1

<C+C ||USHL s 7 Va2 dr.
5
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Finally, we obtain the H! estimate of the solution. Taking the inner product of (1); by —

L2(R3), it follows from [39] that

1d
5 IVl + Al = [l Vyul- Au ds
R3

< C’/\th||Vu|2 dz
R3

L.

Invoking the Hélder inequality (8) and the Young inequality, we get
L < C|[Vaul g [ VullZs
< CVpulys - (I9ulf (vul )
< C|[Vyulla [Vul i [V Vhul . | Aul;

4 2 a1
< ClIVaull IVl [VVhulfz + 5 |Aull7, .

Gathering (45) into (44) and integrating with respect to the time provide

-
2 2
swp [Vu®lf+ [ [ul? de
Sy <t<I* ;

1

"
< |Vu@)|2 +C / IV0ulfs [Vull s 1V9hul i, at
51

1 2
3 3

.
4
<C+C sup [[Vau(t)|i, /lIVuHiQ dt
01 <t<I* K
1

.
JI99 sl a
d1

Thanks to (31) and the obtained estimates (43) and (39), we have

.
2 2
sup V()2 + / JAulZ, dt
61 <t<I*
01
4
r* 3
1 2r=b 2 2
<cv 08 |00 [ fuslys™ 10susll 2 [VulZe dt
01
4
re 3
<C+ 08 swp us@®IF - sup [Vt - / 105us]| 522 IVl 22 dt
0 <t<I7* 61 <t<I'* E
1

4
3

§1<t<I*

-
3 -
<ccsf s [Vulfs | [ 1osal T +[Vals ar
1

ZAMP

Au in

(44)

(46)
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Now, if
8

/3:m7

(48)

then the last integral in (47) is finite, and once we choose d2 sufficiently small, then we can absorb the
last term in (47) into the left-hand side to deduce

2
sup [[Vu ()|, < C,
61 <t<I™*

as desired. The proof of Theorem 2 is thus completed.

-1 1
Now, we calculate all the parameters above. Denote by 8 = B, a = —, then
@

1 1 1 1 -
oL <1_> = (@ by (42)

! r—2)+1 (49)
1 . 31-a
L ama =309 ),
2 +1 86+ 3
On the other hand,
= 13— (¢g+1)¥
B=g =g by 39)
3 g+1 3 3 1
- - S e 50
A S (1= 1) v e =3 (1-1)) (50)
3 g+1 3 2-1 3 3 1 21
- 2. - ~ 2 by 34)=1- - = .
2—1 2¢—-1 2 (g+Da 2-1 2a (by (34)= (q—l—l)a)

Putting (49) into (50) yields

= 3 3. 3 3 5 ) . ~2 i -
ﬁ_2q71_2a_2%_1_2a:>325 + (54& + 6)3 + (9&° + 27a — 18) = 0.

Solving this quadratic equation gives

. 3(v/65 — 78a + 4942 — 96 — 1)

32
Hence,
g+§ 9 + 36 — 3(v/65 — T8 + 4942 + Ta — 1) _ 3(\/65042—78044—494—7—(1).
8 « 16 16c

Now, the main restriction of a comes from (32) and (38). After some calculations, we find (38) reduces
3 17 5 2

to %W < a < oo (in (38), 8 = oo corresponds to a = %W)

(34)-(36), (38), (42), (48), are all valid.

, and all the assumptions, say (32),

Remark 4. If we apply the same method in the proof of Theorem 2 to [9, Theorem 1.2], that is, in showing
[9, Lemma 2.1], we use the generalized multiplicative Sobolev inequality (11), we get better result than
(22), but no better result than (24).
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