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Fractional nonlinear Schrodinger equation

Jesus A. Mendez-Navarro, Pavel 1. Naumkin@® and Isahi Sédnchez-Suérez
Abstract. We consider the Cauchy problem for the fractional nonlinear Schrédinger equation

i+ 210:|2 u=A[ufu, t>0, z€ER,
u(lvw)ZUO(x)v z € R.

‘We develop the factorization technique to obtain the large-time asymptotic behavior of solutions which has a logarithmic
phase modifications for large time comparing with the linear problem.
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1. Introduction

We study the Cauchy problem for the fractional nonlinear Schrédinger equation

) 3 2
{Zatu+§|ax|2u:)\|u| u, t>0, z€ekR, (1.1)

u(0,2) = up (x), xz €R,

where X € R, the fractional derivative |0,|* = F~1 [£|* F, here and below F stands for the Fourier trans-
form ¢(¢) = \/% Jp €7 ¢(x)dz, and F~! is the inverse Fourier transformation 7~ '¢ = \/% Jr € p(£)dE.
Fractional nonlinear Schrodinger equation (1.1) appeared in [25,26] with applications in quantum me-
chanics. Later, it was derived in various areas such as plasma physics, optimization, finance, free boundary
obstacle problems, population dynamics and minimal surfaces. The case of fractional derivative |8I\% has
a particular relevance to the two-dimensional water waves with surface tension (see [19,20]). Recently
fractional nonlinear Schrédinger equations attracted much attention of many authors, (see [3,5,6,9-
11,13,21,22,24] and references cited therein).
For the fractional nonlinear Schrodinger equations

1 o
i0pu+ — |0 u =\ lu® u, (1.2)

ﬁ;i‘i‘) <s< 2TT°‘, 1< a<2, were
obtained in [6] through the multilinear estimates based on the Bourgain spaces. Hence, the result in [6]
shows that global L? well posedness fails for the cubic nonlinearity, when 1 < a < 2. In [17], the local well

posedness and ill-posedness were also considered for (1.2) with 0 < a < 2, & # 1 and general nonlinearity

the local well posedness in H® for s > QTTO‘ and ill posedness in H?® for

Alul? 1 in the scaling invariant Sobolev spaces Hz 1. In particular, the small data scattering in

H?" 77 was shown for the case of p > 5. Cubic nonlinearities often require some logarithmic phase
corrections in the large-time asymptotics comparing to the corresponding linear problem. Our purpose
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in the present paper is to show that the factorization technique originated in papers [14-16,27,28] can
also be developed for the fractional nonlinear Schrédinger equation (1.1).
We introduce Notation and Function Spaces. LP = {¢ € S'; |4, < oo} is the usual Lebesgue space,

1
and the norm is defined by [|¢||;,, = (fz|¢ (@)’ dz)” for 1 < p < oo and [|¢]|p = sup,eg |¢ (z)] for
p = 00. The weighted Sobolev space is
H = {p € 8 [|6llpe = 2" (i)™ Sl < oo},

m,s € R,1 < p < oo, (x) = V1+22,(id,) = /1 —02. We also use the notations H™* = HJ"*,
H™ = H™ shortly, if it does not cause any confusion. Let C(I; B) be the space of continuous functions
from an interval I to a Banach space B.

To state our main result, we introduce the dilation operator D;¢ (z) = t_%qﬁ (%), the scaling operator

; 3
(Bo) (2) = ¢ ( () and the multiplication factor M (t,n) = e3171* | where the stationary point p () =
x |z|. We are in a position to state the main result of this paper.

Theorem 1.1. Let the initial data ug € H? N H®! have a small norm |[ug||ggzpggo.r- Then, there ewists
a unique global solution u of the Cauchy problem (1.1) such that u € C ([0700);H2 OH071), Also the

1
time decay estimate ||u (t)||pc < C(14+1t) 2 is true. Moreover, there exists a unique modified final state

W, € L™ such that the asymptotics
u(t) = DyBMW, exp (—i)\ W, |? log t) +0 (et7) (1.3)
is valid for t — oo uniformly with respect to x € R, where § > 0.

For the convenience of the reader, we now give a sketch of the proof. First, by using the factorization
techniques, we change u = D;BM Qp so that Eq. (1.1) takes the form 0, = \t~1Q* (|Q@\2 Q@) where

the direct defect operator Q ()¢ = /5= f e~ t3EM ¢ (€) de, the conjugate defect operator Q* (t) ¢ =

\/7fR aSEm ¢ (n) A (n )dn, the phase function S (§,7) = A (§) — A (n) — A" (n) (€ —n) and the symbol

\5 | Then, the most difficulty is to estimate derivatives of the defect operators Q and Q*. For
thlb purpose we apply the L2-theory of pseudodifferential operators.
The rest of the paper is organized as follows. In Sect. 2, we prove some preliminary estimates for the
defect operators in the uniform metrics and L2-norm. Section 3 is devoted to the proof of the a priori
estimates for the local solutions. We prove Theorem 1.1 in Sect. 4.

2. Preliminaries
2.1. Factorization techniques

Denote the symbol A (€) = |§|é then the free evolution group has the form U (t) = F~le MO F,
We have U (t) F~1¢ = \/ﬁ fR P& A(g))é(g) d¢. Consider the stationary point p(z) defined by the

equation A’ (u) = 2. Since A" (§) = 3 |§\_% > 0, then A’ (§) = |§|_% ¢ is monotonous. Hence, there exists
a unique stationary point p(x) = x|z| such that A’ (u(z)) = 2 for all z € R. Then, we write

Ut F1o =D, /7 |17|2/ —it(A€)~Au(@)=o(E=u(=)) b (¢) de
= DMy - / —iS(€1) b (¢) dé = D,BM Q¢
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where the dilation operator Dy¢ (z) = t~2¢ (%), the scaling operator (B¢) (z) = ¢ (u(x)), the multi-
it 3 3 _1

plication factor M (t,n) = e5/7? the phase function S (&,7) = %\ﬂg - %|7]|g — || 577(5 —n) and

the defect operator Q(t)¢ = /3= [o e~ tSEM g (€)de. Also, we define the conjugate defect operator

=,/ o fR eSEM ¢ (n) A” (n) dn. Thus, we have the representation for the free evolution group

Ut ( ).7-' L= DBMQ and for the inverse evolution group FU (—t) = Q*MB~'D; ! with the inverse scal-
ing operator (B~1¢) () = ¢ (A’ (7)) and the inverse dilation operator D; '¢ (z) = t2¢ (xt). We define the
new dependent variable ¢ = FU (—t)u (t). Since FU (—t) L = i0, FU (—t), L = i0; + 2 |8E|%, applying
the operator FU (—t) to Eq. (1.1) and substituting u (t) = U (t) F~1¢ = D:BM Qp, we find the following
factorization property

i0,3 = i0FU (—t) u = FU (—t) Lu = FU (—t) ()\ Jul? u)
— 1" MB! (A |BMQ@\23MQ@) — ALO* o,

where v = Qp.

2.2. Estimates for defect operator Q in the uniform metrics

Define the kernel A (t,n) = /5= [ e=*5EM (6)7" de, where S (€,7) = 2 |§\% -2 |n\% — \77|7% n(€—n).

We change £ = ny, then
Altn) =l o= / S (EE ) ) ay,

To compute the asymptotics of the kernel A (¢,7) for large time, we apply the stationary phase method
(see [12], p. 110)

) . 2T 3
eltg(y)f y)dy = ewg(yo)f y eiiseng” (yo) +0 (fg) 21

fer o) S raen] 2

for ¢ — oo, where the stationary point yo is defined by the equation ¢’ (yp) = 0. By virtue of for-
. 2,15 1 _ -1 _ (!

mula (2.1) with g (y) = (g lyl? +§—y), F) = ()" v =1, we get Altn) = —fme +

3

3

0 (té 7] <t |77|%>7 ) for ¢ |n|2 — 00. In the next lemma, we find the large-time asymptotics for the
defect operator Q¢. Denote {n} = %

Lemma 2.1. The estimate

16— A(t,n) () 6 (M)l < CEE (874 4+ {}¥) (146) ellga + ].)

is valid for all t > 1, where v > 0 is small.

Proof. We integrate by parts via the identity e=*5&m = H,9, ((¢ —n) e *5EM) with H; = (1 —it
(€ =mdeS (&m) "

06— At ) o) =~ g [ esen DLW ¢ 2 (17, 1) ag

V= e €= 97 o (0 (6) e
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Since ¢S (€§,m) = |§|_% £ — |77|_% 7, we get the estimates

Cle—nl©""
L tle—nlfig T e = ol Fn

(€=mH (&) |+ (€ —mPoe ()| <

Hence, by the Hardy inequality, we obtain
Q6 — A(t,n) (m) ¢ (n)] < Ct2 (I€) bellp= + [10ll2) T2,

where
I / (E—m)(&)"de
= > —
(1l —nl|lel™* €= n~* n|)
We have ’|§|_% & — |77|_% n‘ = ﬁﬁ (&n) + (|£\% + |n\%) 6 (—£n), where 6 (x) is the Heaviside func-

tion. Hence, we find I = I} + I, where

L E=nP O 0 de [ (=) 7 0(—¢n)de
11_/R ,12_/<

S\ 2 1 T2
<1+t(§_")1> L tle = nl|l€]* + [nf*])
€12 +[n]2
For n > 0, we have

cn? o [® Ly [ (& —n)?de
Ils—1+t2n3/0 d¢ +C(n) /

2
E (1+tn—f< n?)
o [ dE Cn ()~ >
+ o2 — <Oty <Oy Ot )t
L, & <mg> o
and
o [ d¢ o [ _
L<Ct? | —— 4+ Ot2 3de < 2.
<o | Gel+m = J, e
Thus, we get
Q6 — A(tm) (oI < C (073 +174 {n}*) (100 delys + I6llzs)
Lemma 2.1 is proved. O

2.3. Estimates for conjugate defect operator Q* in the uniform metrics

Define y1 (z) € C* (R) such that x1 (z) =1 for [z < 1 and x1 (z) = 0 for |z| > 2, x2 (z) =1 — x1 ().
Denote the conjugate kernel

A* (t,6) = \/Z/Re“s(f’")m (nt) x2 (Z) A () dn

By virtue of formula (2.1) with ¢g(y) = S(&,y), f(y) = x2 (yt) x2 (%) A (y), yo = &, we obtain the

asymptotics A* (t,€) = x2 (£t) /iA” (&) (1 + O (¢71)) for t — oo.
In the next lemma, we estimate the conjugate defect operator Q*.
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Lemma 2.2. The estimate

[ *@o-a9) <ot

=% nﬂé‘

L2(|n|>4t-1)

+ Ot

|~ ¢‘

L2 | |>1t 1) C||¢||L°°(‘77‘§t71)
is true for all t > 1.

Proof. We write

Qo—A¢= \/g /]R S EM g (1) X1 (nt) A (n) dn
+ \/Z/Reits(f,n)(b(n) Y2 (nt) x1 (Z) A () dn
’ \/Z/IR e (6 () — ¢(6)) x2 (nt) X2 (Z) A (n)dn =11 + I + I5.

. 1 _1
For the first integral, we have |I1| < Ct2 ”ngLoo(mSﬁl) flnlét—l n] 2, dn<C H¢||L°°(|n|§t*1)' In the sec-
ond integral, we integrate by parts via the identity e*5(&) = H»0, (neitS(Evn)) with Hy = (1 4 itn0, S (&, ﬁ))_la
oS (&,n) = |77| (n— &), then we get

\/> / #S(Em) b (1) 0o, <H2x2 (nt) x1 <Z) A (n)) dn
) \/; [ €t ) (Z) A" (1) 0y (n)

’nHm (nt) xa <") A" (77)’ + ‘772671 (H2X2 (nt) xa (") A" (77)> ‘ < %
¢ ¢ L+ tinlt I

in the domain £t~ < |n| < |¢]. Hence, we obtain

We have the estimate

(16 )l Il ™" + 10,6 ()]} Inl* dn

|I,| < Ct%/ .
st=1<In|<I¢]| 1+15|77|2 €]
1 5 1
S (e )12
(i g * 7 )
<o (|t 1 +H\77|_ )
>45) 1> 55)
3
since for I, = _ M’ we have the estimate
f%t "<Inl<el (1+t\n\%\€\)2

o

3
: $d
I4§C|§|3/ Mizg(}tj/ 2|3 dz < Ot 3.
lzl<1 L+ 22 €7 2] |z[<1
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Finally, in I3, we mtegrate by parts via the identity e’ = Hs9 ((17 &e S ( 57’)) with Hsy =
(1+it (n—€)8,S (€,1))"", then we get

i [ersen =2 g0, (e e () A ) an
o [ (- Hoxa 1) A () 030 ()

We find the estimates

Cln—¢&n"*
Lt~ (n—¢)°

=9 e e () A7 )| + |- 920, (e (e (2) 47 ) <

in the domain # max (¢, [¢|) < |n|. Then, we obtain

) 6 (n) —¢>(§)’ ) [ — €l Inl"2 dn
I3| < Ct2 —t—— 4 [0y T
. /émax<t—1,|£|><|n| <‘ —< i L+t 2 (n—¢)?
<ot (]|77| o), o) + i~ 1)) I

<cb et (HW

+H i)
24) In|~* ¢L2 (2 )

5 1
— 2d
—(T, 5) "’7‘ i 7, WE have

since for I5 = fé max(t=1,|€[)<|n| (1+t\n\*%(n75)2)

s —1)%d 5 d
nclef [ Ve et [ LS
1<|zl<2 (1+t|§|§(z—1)2) lz1>2 1+ 2 [§]7 |2]

<Ot 8 |g|T + Ot s,

Lemma 2.2 is proved. O

2.4. Estimates of pseudodifferential operators
There are many papers devoted to the L2-estimates of pseudodifferential operators (see, e.g., [2,7,8,
18]). Below, we will need the following result on the L2-boundedness of pseudodifferential operator

a(t,z,D)¢ = [;e™a(t,z,§) é (€)d€. See [1] for the proof.

Lemma 2.3. Let the symbol a (t,x,§) be such that sup, ¢cg 4>1 ‘% (f@g)k a (t,x,g)‘ <C fork=0,1,2,
where v € (0,1). Then ||a(t,z, D) <Z)HL2 <C ||(b||L2 for allt > 1.

Similarly, by considering the conjugate operator, we have.

Lemma 2.4. Let the symbol a (t,,£) be such that sup, ¢cg ;> ‘{x}_y (z)" (20,)" a(t,w,ﬁ)‘ <C fork=
0,1,2, where v € (0,1). Then ||a(t,z,D) q5||L2 <C ||¢HL2 forallt > 1.
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2.5. Estimate for derivative of Q

Next, we consider L2-estimate for the derivative 0, Q.
Lemma 2.5. The estimate

17ty 0,09 < O [lé¢lyz + Clldellys + O 6]z + Ct=% 9]

L2(|nl> ;)
is true for allt > 1, where v > 0 is small.

Proof. Integrating by parts, we obtain

—itS(€, 855777)
e K L
—itS(¢,m) nS (§,1m)
/27T/ 156 g () 9 6‘2 e de.

Since D¢ (€,1) = [€]7 € — || 2 n and 9,8 (&,1) = L] "% (7 —€), we get —F22ED = Lip|~3 J¢)?

1
L4 b(&,m), where b(&,n) = — \g\llg: B 0 (—¢n), 0 (x) is the Heaviside function. Hence,

0n Q¢ = 5 IUWQI&\ be+ 5 Q¢s+ ™2 Qlel2 €7l
1/ 5n /R e SEM Y (b(€m) 6 (€)) d.
Then, we represent

0,26 = L+ Qlel o + 1 Q¢
syl ol e (0- @7 0) + 7ol Qlelt e (6

’ \/E/R e b (6.1m) e (6) d
+ \/Z/Re—its(ﬁm) <§>_% fagb (5777) <§>§ ¢(§€) _ ¢(O)d§

7
+6(0) \/Z /R e MM ()7 b (§,m)dE = D L.
j=1

= ||¢||1,2- Hence using inequality ¥ \§|% <1+t ¢, we get

Note that H|A”\%

HIA”P - "5 any <O 171 el
= ot ||igl ge|_, < Cligells + 8 lisellyo
Smilarly |A"1 £} 1 ooy =€ 14717 Q|| , < C llgellys- Also we find
i ey el L e Qlet et (o- @ o)
<or et (o o),

< C0dlly. + Ot [[4llgz + Ct logt ||¢] o ,
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llet (60 o), < C/O (6©-©700) ¢ +C ol /ld;
w0 [T (w@F + @16 0F) ¢

< Ot (|9edl + Clogt [ ¢l + C16]12

Since [|Q¢||p, < C|t|% |¢]|1, then by the Riesz interpolation theorem (see [29], p. 52), we have

H|A”|% Q(t) quLp <C |t|%7% 1]l 2, for 2 <p < oo. Hence taking p =2+ B2 we find

1471 gy 1|

L2(|n>5)
1

<ol

A7 Qlelt 7 ()|

_2p_
LP=2(|n|>4) Lr

1 2v
e HLP% < O™ |6l

<CloO)[H* >

since (% (% — %) + u) <1, in view of p > 2 + 1 = i (z), then we get

"I =/ %m’—lpf /IR e'"by ( (at ") 1) MO ()7 g (€) e,
where by (&,7) = {77}%71' <f)7% b(&,n), and similarly

I = \/;MB—LDt—I/Reimébz (o (xt™1) ,€) e ¥1N© (&) ¢(§§) —¢(0) de.

where by (§,7) = {n}%_y <§>_% £0¢b (€,m). Define the pseudodifferential operators ay, (t, z, D) ¢ = [; e™Cay,
(t,x,¢) (E(E) d¢ with symbols ay, (t,2,€) = \/5=bk (1 (2t71) ,€). Then, we get

(27" Is = MB~'D; 'ay (t,2,D) Fle "M (£)% ¢,

{77}%7” Is = MB™'D; 'ay (t,2,D) Fle A (€290 (? — (;5(0).

Let us prove the L2-boundedness of the pseudodifferential operators ay, (t,x, D). We have

e (1,0,6) =~ o= (6 (€00 (W ik (677)>
T €15 + In]*

n=p(zt=1)

Hence, we obtain the estimates

{5} e Q‘

© ot ey} el
=0 | 57 (£0¢) (&) 2 (&0 (¢
({5} (00 (€ (600" (5|2+n|2 ( n))

n=p(zt=1)
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forallz, £ e R,t > 1, k=0,1,2, k = 1,2, with v > 0. Therefore, by Lemma 2.3, we find ||ay, (¢, z, D) ¢||L2 <
Cll¢ll ,, k= 1,2. Then, we obtain @

1 1_, i
vt 18], < o0y
n

<c|Fremg! ¢’£HL2 <o

and

H'A"|2 {my* IGH < |lag (t, 2, D) F! o—ita (&)

(€)2 ¢(€) — $(0)
3

<C

<C H<5)% ¢5HL2 + ¢l -

Finally, we need to estimate the integral I7. Consider n > 0, then we get

. Ly el
{77}2 I, = \/> itS (&, 77) > - (9 {77} |
T %/ PERYI

We integrate by parts via the identity eS¢ = H,9, (€e~59Em)) with Hy = (1 — itf@ES(f,n))fl
with 95 (€,m) = €] &~ n| " n =~ (&% + [n|*) for 0 > 0, € < 0. Therefore,

1 1 0 B 27V
i =ciio [ eseng, <H4<5> AU P 5')
ClelE o+ it

We have

‘gaf (H €4 o el C(e) {2 " el 2

&1 +Inl* )‘ - (11 +1n1*) (1 tlel (1&1% + i)

Hence changing £ = nz, we get

(€72 )2V lel 72 de
+nl* 1+t|§|(\€|2+\77| )

1 +t|n| JE)

I < 0t |6 (0 |/

<ot g /

1
2

ww — ~—

< ctt 1o ()] (tnl?)
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Therefore,
|71 i ] < ot po oy |22
! <tln|2> Lo
1 1_9, % 00 %
1 2 1 d
<ot |¢<o>|</ ”m) Lot |¢<0>|</ ”3>
0o 1+t|n? 1 tn|?
t% 1 op 2
2, 2 d 2y
< Ctiv16(0) / ZH'” 1 C16(0) < ¥ |6 (0)].
772
Lemma 2.5 is proved. O

2.6. Estimate for derivative of Q*

In the next lemma, we estimate the derivative ¢ Q* in the domain [£] < 1.

Lemma 2.6. The estimate

106Q" Gz g1y < C 1”17 {m} ™ B0

e (LA (e

L2(|n|>

=57)

w‘,_

—3t

3
+ Ot 0]l pee (g <oy

is true for all t > 1, where v > 0 is small.

Proof. Using x1 (z) € C*(R) such that x1 (z) = 1 for |z| < & and x1 (x) = 0 for |z] > 2, x2(z) =
1 —x1 (z), we write

0070 = ity 3= [ S0 (€n) 6 (1) (o) N ()
vty o /R e*SEMOS (€,1) X2 (1) & () A" () dy = I + L.

1
Note that |Q* ¢y = HIA”I 2 ¢HL2' Then, the first integral, we can estimate as follows

11l g1<1y < CLIA Q™ xa (1) Dllpaqe <1y + CENIQ A X1 (1) Dllpz (<)
<t H|A"P gb‘ < Ot ]l oo (<1

(2

L2(In|<t=1) L2(In|<t=1)

3
< Ct1 H¢||Lo<>(|n|gt—1) :

Integrating by parts, we obtain for the second integral

_\F/ eHteE Mtx’z (nt) ¢ (n) A (n) dn

n)
\/; / ztS(fﬂ)af E ;m (nt) 8y (n) A" (n) dn
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Since 9¢S (&,n) = €| z E—Inl"2nand 0,5 (§&,n) =A"(n) (n— &), we get —gggézg =2+ B (§,n), where
2/¢|3 (1n]% - l¢|2 A ()
B(&n) = — 2|5|2 0 (&n)+ %0 (—¢&n). Also, we find — A”(n) Oy gﬂsésg ) +31 &),

€12+l 2 )
|E\§(2\n\2+|£| ) (€n) — etz (In2 - 116123112 1n))
(efemty (GErE

20%x2 (nt) 0o (n) + I and I5 = Q*Xz (nt) o) 4 I , where

Is = \/T / etSEM B (€,m) x2 (nt) Dy () A” (n) dn,
I; = \/7/ e"SEM B (€,1) X2 (nt)¢( )A”( ) d.

The integral I3 is estimated as I; above

where By (&,1) =

0 (—£&n). Hence, we represent Iy =

1 3
3]l 2ie1<1y < CEBl Lo () <i-1) ’\77| i L (nf<t-1) < Ot |8l oo () <t-1) -
Also, we find
Q"2 (nt) Ond (77)||L2(|§|§1) < H|A”|2 o)
3t
and
HQ ya (nt) 212 HIA” H ¢ () :
Az (> %)

Then changing the variable of integration n = u (z), we get

x1 (3€) I = eAE) /

A ey (¢, p (7)) (DtBM {n} " x2 (nt) 5n¢) dz,

(3617 =) [ ek (e 7)) (DM () v () 22 )

where b} (§,1) = /5=x1 (36) {n}" B (&,n) and b3 (§,1) = \/5=x1 (36) {n}" B1 (§,1). We define the pseu-

dodifferential operators aj (t,£,D)¢ = [ye —iwlay (t,x §)¢( )dz, with symbols ay (t,z,§) = b}
(§, 1 (mt‘l)), and then we get

X1 (36) Is = e aj (¢, D) FDBM {n} ™" x2 (nt) 8,0 (1) ,
¢ (n)
n{n"

We prove the L2-boundedness of the pseudodifferential operators aj (t,£,D), k=1,2. We have

_\/72)(1 (35) |§| {77} (577)
1%+ Inl? .
)

27
) \/;% (3) {n}" I¢1* (In* - |52)9(_§n)

€1+ Inl

X1 (36) Iy = "™ aj (t,¢, D) F D BM x> (nt)

ay (t,i&f) =

n=p(xt=1)
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and

GO IelE (20mF + 1))
as (t,x,8) = -/ — - 3 0 (&n)
e (161% + 1nl?)
n=p(zt=1)

! \Fxl (3) ()" [€1% (Inl* — % 1¢* - §1¢1* )
2n (gl + In))?

0 (—¢&n)

2
n=p(xt=1)

Then, we obtain the estimates

(€746} (600)" au (t.2.9)|

—o | @ oo (WHEH))
& + Il S

i ({5}:/ e <X1 (36) {n}” lel* (Inl? — igf?) 9(_&))

€1+ Inl

n=p(xt=1)

and
()" () (€06 aa (t,2,€)|
x1 (36) {(n}" [€]* (21l + [¢]?)
1 N2 0 (¢n)
(1gf* + 1nl¥)

09 1l (il 16 3P ml) ))
—sn

=0 | {&} 7" (€de)' (

n=p(zt=1)

0 —v b l
oy 5)( (€ + 1]

n=p(zt=1)

for all z,& € R, t > 1, [ = 0,1,2, with some small v > 0. Therefore, applying Lemma 2.4, we find
lak (t,£,D) o[l , < C[l ,. Thus, we get
g

HIG||L2(|§|§1) < lx1 (38) Lol < C'fjag (t,6, D) F'DeBM {n} ™" x2 (nt) e (n)

< C|[puBM (0} x2 () 00 ()|, < 1A ) 00

LQ

L2(|n|>3;)
and
. 1 ¢ (n)
||I7||L2(|5\§1) < (3§)I7||L2 <l|la3 (t.&, D) F~ DiBM x> (nt) v
n{nt” |z
¢(Tl) " —v—1
< C|DBM t - < C||A"]? .
<c|losaraon Z8 | <claton el

Lemma 2.6 is proved. O
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3. A priori estimates

Define the norms ||ul|5 . = sup;cpo 77 [[{€) @y~ and

— ~ — ~ — 2 ~
lully, = sup (577 1603l + " ePlea + 7 (06
te(l,

L2) ’
where v > 0 is small, = FU (—t) u (t). Also define |[ullx, = [ullz, + |lully,.-
We first state the local existence of solutions to the Cauchy problem (1.1) (see [4,23]).

Theorem 3.1. Assume that the initial data ug € H> "H®! and the norm & = ||uo || gg2npon is sufficiently
small. Then, there exists a time T > 1 such that the Cauchy problem (1.1) has a unique solution u €
C ([0,7]; H> N H™') such that |jullx, < Ce.

3.1. L2-norm

The next lemma gives us the estimate of the derivative 0 FU (—t) (\u|2 u) in the domain [¢] < 1.

Lemma 3.1. The estimate Hﬁg]:l/{ (=) (|u|2 u)‘

< CtYHu is true for allt > 1.
Lo (el k.

Proof. By the factorization techniques, we have FU (—t) (|u\2 u) =t710* |u]* v, v = QF. Then applying
Lemma 2.6 with v = ~, we find

|oerua (—t) (1l )|

ottt \

+ ot |l |v|

At oy oyl

L2 (lel<n) L2(|n|> & L2 (/> &)

L(Inl57)
_1 3
+ O V]l pee 1<) -
Using Lemma 2.5 with v = v, we get

1A% {2 ol < 08 [1§0¢ll e + C 192l

L2(|n|>3)
+Ct Bl + O [|@]l e < CEY lullx,. -
Next, we apply Lemma 2.1, to find

|3

v < C||u + Ot ||u <Cllu
g < €l lully, < Clullx,

and
1
0l (i<e-1y < CE 3 [ullz, + CE7 2 lully, < Ct4 Jully, -

Hence,

3 —1— 2
1A% Gy ol o)

ol ey 1]

3

L2(|n|>t= 1) L2( L <|nl<1)

3
< Ct lulx,

2
+CIIUHL°°<W>1)

A/I|2 'U’

L2(|n[>1)

Thus, we obtain H@g.’FZ/{ (=) <|u\2 u)‘

<ottt ||uHX Lemma 3.1 is proved. O
L2(|¢l<1)

We prove the a priori estimate in Y7 norm under the condition that the local solution is bounded in
Zr.
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Lemma 3.2. Let u be the solution stated in Theorem 3.1 and ||ul|5, <. Then, the estimate ||ully, < 6
18 true.

Proof. We prove estimate of the lemma by a contradiction. By the continuity, we can find a time 77 < T'
such that [ully, . = 6e. Thus, we have [Jullx, < Ce. Applying Lemma 2.1, we get
1 1

el =2 1QBl e < t72C ully,, +Ct 7T |lully,, < Cet™2,

for all t € [1,T}]. By the classical energy method, we have
d 2 —1
7 [tz < Cllullpe ullge < C (07 [lullge -

Hence integrating in time, we obtain ||ul| g2 < 2 (£)”. We mention some important identities. The operator
J=U{)zU(-t) =z +il |8m\7% 9, commutes with £ = i0; + 2 |8x|%, i.e., [J, L] = 0. Since the symbol
A = %|§|% is homogeneous, we can use the operator P = z0, + 5td;, which is related with J
by the identity P = J8, — 2itL. So we consider the estimate of |Pul|;.. We have the commutator

[L,P] = 3L, where £ = i0,+ 2 \3T|% Applying P to Eq. (1.1) Lu = X |u|” u we get LPu = (P+32)Lu=

(P+32)A |u|® u. Hence,
d 2 - .
7 [Pulle < Cllullie (1Pullye + llullz) < Ce27 [Pully. + C*

for ¢ € [1,71]. Integration with respect to time yields |[Pull. < ¢ + Ce®(t)”. Then by the identity
P=J0. — %it& we obtain

2
102 T ull 2 < [Pullpz + Ctllullpe [[ullge <26 (®)7
Finally, let us estimate || Jul|;.. Since
[Tully. = Haf@lL"‘(\&\Sl) + ||a£§5||1,2(|5|21) < ||85¢HL2(\§\§1) +10xTullge
then it is sufficient to estimate the norm H85@HL2(\§\<1)' Multiplying equation (1.1) by FU (—t), we
obtain i0;p = AFU (—t) (|u|2u> for the function ¢ = FU (—t)u (t). Differentiating we get i0,0:p =

A0 FU (—t) (|u|2 u) Applying Lemma 3.1, we find H@g}'u (=) <|u|2u)‘ < Ce3tYfor t €

L2(jg|<1)
[1,71]. Then denoting the norm y = ||8§@||L2(|£|<1) we get % < Ce3t*771. Integrating in time, we

find y = [10¢Pllp2(je1<1y < 2et" for t € [1,T1]. Thus, we obtain [jully, < 6e, which yields a desired
= 1
contradiction. Lemma 3.2 is proved. d

3.2. L°°-norm
In the next lemma, we calculate the asymptotic representation for FU (—t) (|u|2 u)

Lemma 3.3. The asymptotic representation
_ e \__ 1 oap2s Loaay—3 03
FU () (Jul*w) = gy 1B OF 8@ +0 (©F 67773 ful, )

is true for allt > 1, £ € R, where ¢ (t) = FU (—t) u (t).
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Proof. By the factorization property, we obtain FU (—t) (|u|2u) = t71Q* \v|2 v, where v = Qp. By
virtue of Lemma 2.2, we get
L2(|17|>31t))

©7F @ o=@ Aot o+ 0 (1

_ -5, 12 3
o (t% |y~ ‘ 0( e )
+ ( [v|" v L2(|n|>;t)> + O (vl[Le (1 <t-1)

As in the proof of Lemma 3.1, we get

50, |of? <c|m -t
[l Oy lol” v <Cl{n} *v

oy oo

< CtY ||u 3
(2 ) ullx, -

ooy 1871 0 01

L2(|n|>%)

-5, 2 3
| v‘ < Ct" ||lu
[ ol o] s ) < CF Tl

and ||11Him(wgt_1) < Ct i [w]lx,.- Thus, we get in view of the asymptotics of the kernel A*
* 2 . 2 _1 1 3
Q" fof* v = VAN (@) [0 v+ O (#77 () lullk, )

Then, we apply Lemma 2.1 to represent the first summand on the right-hand side of the above formula
in the form

Vi@ o v BOFE©+0 (1 ul, )

Y (5 )

Hence, we get

! (%3 § pl2y—1
g POre@+0(©F H ul, ).

Lemma 3.3 is proved. O

Q" [vf?v =

We next prove a priori estimate of the local solutions in Zp norm under the boundedness condition
in YT-

Lemma 3.4. Let u be the solution stated in Theorem 3.1 and ||lully . < e. Then, the estimate |lull,, < 2e
18 true.

Proof. In the domain || > (t)”, we get by the Sobolev embedding inequality
1
[[(€ >90||Loo(\§\> y < \[||< >90||L2 (€= (1)) ||('95< >‘P|‘E2(\§|Z<t)l')
1
<V2) TR

if > %7. Therefore, we need to estimate the functlon (5) @ (t,€) in the domain |¢| < (t)”. Applying the
operator FU (—t) to Bq. (1.1) Lu = X |u|” u, we get i@y (t,€) = A\FU (—t) (\u|2 u) By virtue of Lemma

3.3, we obtain

% L.
” §< >50||L2(|5|2<t>u) < 2e <t> 237 < %

L2(j¢|>(t

{8 1.6) = o P OF 980 +0 (7 0 ull, )

Multiplying by (£) @; (¢,€) , and taking the imaginary part, we get L) Pt < Cettivtiar—i in
the domain [£] < (t)”. Define ¢; such that (t1)” = |¢|, then integrating in time from ¢; to ¢, we obtain

t
€) B (O < 1(6) § (11, 6)]* + O / P2t s < 9g?,

t1
Lemma 3.4 is proved. O
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4. Proof of Theorem 1.1

By Lemma 3.2, we see that a priori estimate of [[ul|,, = implies a priori estimate of ||u[|y, . On the other
hand, by Lemma 3.4, a priori estimate of [lully, . yields a priori estimate of ||ul5, . Therefore, global
existence of solutions of the Cauchy problem (1.1) satisfying estimates [Julx < Ce follow by a standard
continuation argument via the local existence Theorem 3.1. Thus, we have the global in time existence
of solutions to the Cauchy problem (1.1).

Now, we turn to the proof of the asymptotic formula (1.3) for the solutions u of the Cauchy problem
(1.1). By the factorization formula u (t) = D:BM Qp and Lemma 2.1, we find u (t) = DtBMmcp +

Cet=3137. As in the proof of Lemma 3.4, we get [|(¢ ) Blloe > ) < Ce <t>_%+§'y. So we need to
compute the asymptotics of the function m(p in the domain [£] < (t)”. As in the proof of Lemma 3.4,
we get

1 -~ _ Z)\ ~ 2 1 3 %z/+12'y—%
Then, we change the dependent variable map P (t,8) =y (£, )V (t,€) with ¥ (£,£) = ( A”(g) f1 |o
(., dT) to get vy (t,€) = (63152”“27_1). Integration in time yields ||y (¢t) —y (s)[|pe < Cf

(6 7'5”"’127_%) dr < Ces % forallt > s > 0, with §; = i—%y—l?y > 0. Therefore, there exists a unique

2
final state y+ € L* such that ||y (t) — y4 [l < Cet™2 for all ¢ > 0. Since ’ﬁ@(T 5)‘ = |y (t,6))?,
we have A/, fl 15 (1,6 )|F 4 = flt ly (,6)| dT . Denote ® (¢ fl ly (7)|? dr — |y4*logt. We study the

asymptotlcs 1n time of the remainder term (I>( ). We have

o) -2 = [ (WP b OF) T+ (0 OF - o) tog

and || @ (t) — @ (5)[|p, < Ce?s7% for all t > s > 0. Hence, there exists a unique real-valued function ®
such that @, € L and ||® (t) — @4 | < Ce?t~%1. Therefore, we obtain

— T, & 7_@ + logt+ O (et~
A (€ 12 ( | + ‘y+| g ( )

for all ¢ > 0. Then, we obtain H\I/ (t,€) —exp (—i)\ ly|* logt —iA®, + O (EQt_él)) HL < Ce%t=% for all
t > 0. Thus, we get the large-time asymptotics

1
/Z'A//

P(t,6) =yt W (tE) =y, ¥ (£, +0 (et™")
=W, exp (—i)\ W, | logt> + 0 (et"sl) ,
where W, =y, exp (—iA®, ). Note that W, € L. Using the factorization of U (t), we have

w(t) = DBM ———3 + Cet~ 137 = D,BMW, exp (fi)\ W, |? log t) +0 (et

W

This completes the proof of the asymptotics (1.3). Theorem 1.1 is proved.



ZAMP Fractional nonlinear Schrodinger equation Page 17 of 18 168
Acknowledgements

We are grateful to unknown referees for many useful suggestions and comments. The work of P.I.N. is
partially supported by CONACYT 283698 and PAPIIT project IN100616.

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

References

[1] Bernal-Vilchis, F., Naumkin, P.I.: Self-similar asymptotics for solutions to the intermediate long-wave equation. J. Evol.
Equ. 19, 729-770 (2019)
[2] Calderon, A.P., Vaillancourt, R.: A class of bounded pseudo-differential operators. Proc. Nat. Acad. Sci. USA 69,
1185-1187 (1972)
[3] Cai, D., Majda, A.J., McLaughlin, D.W., Tabak, E.G.: Dispersive wave turbulence in one dimension. Phys. D 152,
551-572 (2001)
[4] Cazenave, T.: Semilinear Schrédinger Equations. Courant Institute of Mathematical Sciences. American Mathematical
Society, New York (2003)
[5] Cho, Y., Hajaiej, H., Hwang, G., Ozawa, T.: On the Cauchy problem of fractional Schrodinger equation with Hartree
type nonlinearity. Funkc. Ekvac. 56(2), 193-224 (2013)
[6] Cho, Y., Hwang, G., Kwon, S., Lee, S.: Profile decompositions and blowup phenomena of mass critical fractional
Schrédinger equations. Nonlinear Anal. 86, 12-29 (2013)
[7] Coifman, R.R., Meyer, Y.: Au dela des operateurs pseudo-differentiels, p. 185. Societe Mathematique de France, Paris
(1978)
(8] Cordes, H.O.: On compactness of commutators of multiplications and convolutions, and boundedness of pseudodiffer-
ential operators. J. Funct. Anal. 18, 115-131 (1975)
(9] Dinh, V.D.: Blow-up criteria for fractional nonlinear Schrédinger equations. Nonlinear Anal. Real World Appl. 48,
117-140 (2019)
[10] Esquivel, L., Kaikina, E.I.: A forced fractional Schrodinger equation with a Neumann boundary condition. Nonlinearity
29(7), 2082-2111 (2016)
[11] Esquivel, L., Kaikina, E.I.: Robin initial-boundary value problem for nonlinear Schrodinger equation with potential. J.
Evol. Equ. 18(2), 583-613 (2018)
[12] Fedoryuk, M.V.: Asymptotics: Integrals and Series. Mathematical Reference Library, p. 544. Nauka, Moscow (1987)
[13] Guo, B., Han, Z.: Global well-posedness for the fractional nonlinear Schréodinger equation. Commun. Partial Differ.
Equ. 36(2), 247-255 (2010)
[14] Hayashi, N., Naumkin, P.I.: The initial value problem for the cubic nonlinear Klein—-Gordon equation. Z. Angew. Math.
Phys. 59(6), 1002-1028 (2008)
[15] Hayashi, N., Naumkin, P.I.: Large time asymptotics for the fractional order cubic nonlinear Schrodinger equations.
Ann. Henri Poincaré 18(3), 1025-1054 (2017)
[16] Hayashi, N., Ozawa, T.: Scattering theory in the weighted L?(R™) spaces for some Schrédinger equations. Ann. I.H.P.
(Phys. Théor.) 48, 17-37 (1988)
[17] Hong, Y., Sire, Y.: On fractional Schrédinger equations in Sobolev spaces. Commun. Pure Appl. Anal. 14(6), 2265—2282
(2015)
[18] Hwang, I.L.: The L2-boundedness of pseudodifferential operators. Trans. Am. Math. Soc. 302(1), 55-76 (1987)
[19] Ionescu, A., Pusateri, F.: Global analysis of a model for capillary water waves in two dimensions. Commun. Pure Appl.
Math. 69(11), 2015-2071 (2016)
[20] Tonescu, A., Pusateri, F.: Global regularity for 2D water waves with surface tension. Memory Am. Math. Soc. 256(1227),
v+124 (2018)
[21] Kaikina, E.I.: Nonlinear fractional Schrédinger equation on a half-line. J. Math. Phys. 56(9), 091511 (2015)
[22] Kenig, C.E., Ponce, G., Vega, L.: Oscillatory integrals and regularity of dispersive equations. Indiana Univ. Math. J.
40, 33-69 (1991)
[23] Kenig, C.E., Ponce, G., Vega, L.: Well-posedness and scattering results for the generalized Korteweg-de-Vries equation
via the contraction principle. Commun. Pure App. Math. 46(4), 527-620 (1993)
[24] Krieger, J., Lenzmann, E., Raphael, P.: Nondispersive solutions to the L2-critical half-wave equation. Arch. Ration.
Mech. Anal. 209(1), 61-129 (2013)
[25] Laskin, N.: Fractional quantum mechanics and Levy path integrals. Phys. Lett. A 268, 298-305 (2000)
[26] Laskin, N.: Fractional Schrédinger equation. Phys. Rev. E 66(5) Article ID 056108 (2002)



168 Page 18 of 18 J. A. Mendez-Navarro, P. I. Naumkin and I. Sanchez-Suérez ZAMP

[27] Naumkin, I.P.: Sharp asymptotic behavior of solutions for cubic nonlinear Schrédinger equations with a potential. J.
Math. Phys. 57, 051501 (2016). https://doi.org/10.1063/1.4948743

[28] Naumkin, I.P.: Nonlinear Schrédinger equations with exceptional potentials. J. Differ. Equ. 265(9), 4575-4631 (2018)

[29] Stein, E.M., Shakarchi, R.: Functional Analysis: Introduction to Further Topics in Analysis. Princeton Lectures in
Analysis. Princeton University Press, Princeton (2011)

Jesus A. Mendez-Navarro and Pavel I. Naumkin
Centro de Ciencias Matematicas

UNAM Campus Morelia

AP 61-3 (Xangari)

Morelia CP 58089 Michoacén

Mexico

e-mail: pavelni@matmor.unam.mx

Jesus A. Mendez-Navarro
e-mail: jam_arturo@hotmail.com

Isahi Sanchez-Sudrez

Universidad Politécnica de Uruapan
Uruapan CP 60210 Michoacan
Mexico

e-mail: isahi_ss@hotmail.com

(Received: March 13, 2019; revised: September 26, 2019)


https://doi.org/10.1063/1.4948743

	Fractional nonlinear Schrödinger equation
	Abstract
	1. Introduction
	2. Preliminaries
	2.1. Factorization techniques
	2.2. Estimates for defect operator mathcalQ in the uniform metrics
	2.3. Estimates for conjugate defect operator mathcalQast in the uniform metrics
	2.4. Estimates of pseudodifferential operators
	2.5. Estimate for derivative of mathcalQ
	2.6. Estimate for derivative of mathcalQast

	3. A priori estimates
	3.1. L2-norm
	3.2. Linfty-norm

	4. Proof of Theorem 1.1
	Acknowledgements
	References




