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New critical exponents, large time behavior, and life span for a fast diffusive p-Laplacian
equation with nonlocal source

Yadong Zheng and Zhong Bo Fang

Abstract. This paper mainly investigate positive solutions of the Cauchy problem for a fast diffusive p-Laplacian equation
with nonlocal source

r—1

ug = Apu + / ul(y,t)dy wt (z,t) e RN x (0,7),

RN

where N > 1, ]\211 <p<2,qg>1,r>1,0<s< (1 + %)p— 2 and r + s > 1. We obtain the new critical Fujita exponent

by virtue of the auxiliary function method and forward self-similar solution, and then determine the second critical exponent
to classify global and non-global solutions of the problem in the coexistence region via the decay rates of an initial data at
spatial infinity. Moreover, the large time behavior of global solution and the life span of non-global solution are derived.
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1. Introduction

We consider a Cauchy problem for a fast diffusive p-Laplacian equation with nonlocal source

r—1
q

w = Apu+ /uq(y,t)dy uw T (z,t) € RY x (0,7), (1.1)
RN
u(z,0) = ugp(z), x€RY, (1.2)
where N > 1, ]\2,—11 <p<2,¢g>1,r>1,0<s< (1+%)p—2, r 4+ s> 1, and the initial data ug(x) is
a nonnegative, continuous and nontrivial function. Then problems (1.1)—(1.2) have a unique continuous
solution in the sense of distribution, and the comparison principle is valid (see [1,2]).

Nonlocal model (1.1) describes many natural phenomena, such as the non-Newton flux in the me-
chanics of fluid, population of biological species and filtration; see [3-5] and references therein. In the
non-Newtonian fluids, the quantity p is a characteristic of the medium. Media with p > 2 are called
dilatant fluids, while p < 2 are called pseudo-plastics. If p = 2, they are Newtonian fluids. Meanwhile, in
the nonlinear diffusion theory, there exist obvious differences among the situations of slow (p > 2), fast
(1 < p < 2), and linear (p = 2) diffusions. For example, there is a finite speed propagation in the slow
and linear diffusion situations, whereas an infinite speed propagation exists in the fast diffusion situation.
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It is well known that the Cauchy problem for the local diffusion equation with power type source
up = Apu+u, (x,t) € RN x (0,7), (1.3)

possesses the critical Fujita exponent s, = p — 2 + &, namely any nontrivial solutions blow up in finite
time when 0 < s < s., and there are both global and non-global solutions if s > s., depending on the
size of initial data (see Fujita et al. [6-8] for p = 2, Galaktionov et al. [9,10] for p > 2, and Qi and
Wang [11] for 13—4]\_’1 < p < 2). Thus, the number s, is the cutoff between the blow-up case and the global
existence case, and it is called the critical Fujita exponent. For the study of the Cauchy problems for
nonlocal diffusion equations with nonlocal sources, Galaktionov and Levine [12] firstly considered positive
solutions of a Cauchy problem for the following parabolic equation with weighted nonlocal sources

r—1
q

ur = Apu+ /K(y)uq(y,t)dy u T (x,t) € RY x (0,7), (1.4)
RN
where p > 2, ¢,7 > 1, s > 0 and r + s > 1. They obtained the critical Fujita exponent by the parameter
7 to classify solutions of the equation. When p = 2 and the nonnegative weight function K (x) € L'(RY),
the critical Fujita exponent is 7. = 1+ % — s, while if K(z) ¢ LY(RY) and K(z) ~ |z|=° for |z| large
29(1— 1)
N(q— 1)2+0'
Moreover, they derived the critical Fujita exponent r. = p—1—s+ % + & for s < % + & when p > 2
and K (z) € L*(RY), which is included in blow-up case. Afterward, Afanas’eva and Tedeev [13] obtained
r—1

the critical Fujita exponent s, =p -2+ & — (0 + N(q — 1))N—q with respect to the parameter s when

p>2 K(z)=(1+|z])7% and —N(¢ — 1) < ¢ < N, but they did not show whether the critical case
s = s. belongs to blow-up case.

Note that for the critical Fujita exponent, the region satisfying s > s. or r > r. is a coexistence
region of global and non-global solutions for the Cauchy problem. To identify the global and non-global
solutions in the coexistence region, Lee and Ni [14] introduced a new second critical exponent o* = % for
problem (1.3) with p = 2 by virtue of the slow decay behavior of the initial data at spatial infinity. More
precisely, with initial data ug(z) = A¢(x) and s > s, = %, there exist constants p, A, Ag such that the

enough, the critical Fujita exponent is r. =1+ for % < 1, which is included in blow-up case.

solution blows up in finite time whenever liminf |, |z|*" ¢(z) > u > 0 and X > A, or exists globally
if imsupy, oo |2]*¢(2) < 00 with a > a* and A < Ag. Afterward, Mu et al. [15] and Yang et al. [16]
considered the slow and fast diffusion cases of Cauchy problem (1.3), respectively, and they all derived a
new second critical exponent o = - +12’_p when s > s. = p— 2+ £. Moreover, the life span of non-global
solution is obtained. On the nonlocal diffusion equation (1.4), recently, Yang et al. [17] studied the linear
diffusion case with r > r., K(x) € L*(RY) N C(RY) and K(z) ~ |z|~7 for |z| large, and they found

% Lately, Ma and Fang [18] derived a new second

critical exponent o = PIEC=DIN=0)x wieh 5 1 when p > 2, K(z) € LY(RY) and K(x) ~ |z|77 for

q(r+s+1—p)
|z| large enough. Moreover, they also found a second critical exponent a* = % classified by

the parameter s with s > s, when p > 2, K(x) = (1 + |z])”7 and 0 < 0 < N in [19], where 7. and s,
are given in [12,13]. Meanwhile, they obtained the large time behavior of the global solution and the life
span of the non-global solution.

To the best of our knowledge, the research on the critical exponents for the Cauchy problem (1.1)—
(1.2) of a fast situation has not been proceeded yet. Our main difficulty lies in finding the effects of
the fast diffusive p-Laplace operator, nonlocal source and the behavior of initial data at spatial infinity
on the global existence and nonexistence of solutions. Motivated by these observations, we establish the
critical Fujita exponent by means of the auxiliary function method and forward self-similar solution, and
by virtue of the decay rates of an initial data at spatial infinity to seek a new second critical exponent.
Moreover, we derive the large time behavior of global solution as well as a life span of non-global solution.

a new second critical exponent a® =
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Throughout the rest of this paper, we denote by Cj,(RY) the space of all bounded continuous functions
in RY, and define

I = {v € GRY)l(z) 2 0, lim inf |z[*¢(z) > 0},

% := {¢ € C,(RM)[ep(z) > 0,limsup |z|*9(x) < co}.

|z]— o0
Moreover, let

gp—N(s+2-p)] . pg+N(r—-1)

r.: =1+ , o = s
¢ N(g—1) q(r+s+1—p)

and u(z,t) denotes the solution of problem (1.1)—(1.2). Our main results are summarized as follows.

o If 1 < r <r., then every nontrivial solution u(z,t) blows up in finite time.

e If r > r., then there exists a global solution u(z,t) for small initial data ug(x), and a non-global
solution for large initial data.

e Suppose 7 > r. and ug = Ap(x), A > 0.

(1) If p(x) € I, and 0 < o < @* or @ > a* with A large enough, then u(x,t) blows up in finite time;
(2) If ¢(z) € II* and a* < o < N, then there exist positive constants Ay = Ag(¢) and C such that
u(x,t) exists globally for A € (0, \¢) satisfying

[u(z, t)|| oo vy < Ct=* for all ¢ > 0,

where 3 = . Furthermore, if lim, o [2]*¢(z) = M > 0, then u(x,t) satisfies

N S
p—a(2—p)
t*F|u(w, t) — Uspalz,t)| — 0 as t — oo

uniformly in compact set of RY for A € (0, \g), where Uy as.o(,t) is the solution of the following
Cauchy problem

Up = div(|VU[P~2VU), ze€RN,¢>0,
U(z,0) = A\M|z|~, z &RV,

e Let u(x,t) is a solution of problem (1.1)—(1.2) with initial data ug = A¢(x) which blows up at finite
time 7', and ||@| poo vy = lim|z| oo @ = doo. Then the life span of u(w, ) satisfies

Cy Cs

S —(r+s—1)
r+s—1 (W) ’

—— (Mpuo(1 o)+ 1)l <7 <
r+s_1(A¢ (14 Adoc) +1) <T<

where cq4, c5 are the positive constants given below.

Note that the new critical Fujita exponent r.
pg+N(r—1)
q(r+s+1-p)
[10-12,14-17]. Indeed, by simple calculations, one can see that the critical Fujita exponent r. classified
_ (r=1)(¢—1)

_ q[p—N(s+2—p)]
=1+

established in this paper are in full accord with the conclusions in the previous studies

and the second critical exponent

ot =

by parameter r is equivalent to the critical Fujita exponent s. := p —2 + £ classified by
parameter s. Take r = 1 in s, and «*, we can derive the critical exponents of local diffusion equation
in [10,11,14-16]. Let p — 27 in r. and a*, then the critical exponents are consistent with [12,17] when
K(x) ¢ LY(RY) and o = 0.

The rest of this paper is organized as follows. In Sects. 2 and 3, we establish the new critical Fujita
exponent and a second critical exponent for problem (1.1)—(1.2). In Sect. 4, we derive the large time
behavior of the global solution and a life span of the non-global solution of problem (1.1)—(1.2).
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2. Critical Fujita exponent

In this section, we are devoted to seek the new critical Fujita exponent for problem (1.1)—(1.2) by virtue
of the auxiliary function method and forward self-similar solution.

Firstly, we try to construct an appropriate auxiliary function to guarantee that the solution u(x,t)
blows up in finite time.

Theorem 2.1. For N > 1, N+1 <p<2,¢>1,and0<s<(1+ 3)p—2, suppose that 1 <r < r, then
every nontrivial solution u(x,t) of Cauchy problem (1.1)—(1.2) blows up in finite time.

Proof. Let o(x) = ¢(|x]) be a smooth, radially symmetric and non-increasing function such that
0<op(x) <1, px)=1 for |z| <1, and ¢(z) =0 for |z| > 2.

Define pr(x) = ¢(%), then for R > 1, pr(z) is a smooth, radially symmetric, and non-increasing function,
which satisfies

0<oyr(z) <1, pr(z)=1 for |z| <R, and pgr(z) =0 for |z| > 2R.

Moreover, let @o(z) = wo(|z|) be a smooth, radially symmetric, and non-decreasing function satisfying

() <1, po(z) =0 for |z] <1, and po(z) =1 for |z| > 2.

) =
0< o

Then we set ¢r(x) = o(z)pr(x), it follows that ¢r(z) is a smooth and radially symmetric function
R > 2,

which satisfies for R >
0<o¢r(x) <1, ¢r(z)=0 for |z| <1,
¢r(x) =1 for 2 < |z| <R, ¢r(x) =0 for |z| > 2R,

and ¢g(z) is non-decreasing for 1 < |z| < 2 and non-increasing for R < |z| < 2R.
Next, we introduce the auxiliary function

Og(t) = /uqﬁR(;v)dac, (2.1)

Q

where = RN\Bl/Q with Bj /o being the ball with radius 1/2 and center at the origin. Without loss of
generality, we may assume u is radially symmetric and non-increasing in r = |z|. Indeed, similar to the
argument in [11, Section 1, Remark], by the comparison principle we need only consider that ug(x) is
radially symmetric and non-increasing, i.e., ug(z) = uo(r) and uo(r) non-increasing in r, and the solution
uw of (1.1)—(1.2) is also radially symmetric and non-increasing in r = |z|. Therefore, O is an increasing
function of R.

Firstly, differentiating © g(t), using (1.1) and Green’s formula, we obtain

r—1

—/\Vu\’FZVu-VqﬁRdI—F /uqu /uSquSRda:
Q

RN Q

O'R(1)

r—1
q

2R
—wN/|u'|p72u’¢>'RTN*1dT—|— /uqu /uSHQSRdx
1 RN Q
r—1
2R e

:wN/|u’|p_1¢>’RTN_1dT+ /uqda: /uS“qﬁRdax
1

RN Q
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r—1
2R q

2 —WN/|u'|’a71|¢5'R|TN71dTvL /U%Rdx H¢R||£°°T(RN)/“SH¢Rdm, (2.2)
1

RN Q

where wy is the area of the unit sphere in RV .
Thanks to the calculation in [11], we get the inequality

2R p—1
/|u/|p—1|¢lR|TN—ldT < COR(2—p)(N—1) /u|Aq§R|dx , (2.3)
1 Q
where ¢g is independent of R. Thus, substituting (2.3) into (2.2), we have
p—1
O (t) > —coREP(-1) / u|Adr|dz
Q
! e
| [utonas | onlly e, [otonds, (2.4)
RN Q

Let us estimate each integral on the right side of (2.4) by Holdre’s inequality, we derive

1 s(p—1) p—1
p s+1 s+1
s _1
/u|Aq§R|dm < /|A¢R tlédex /usH(dex
Q Q Q
1 =
< READODago, T | [utionds| @)
L s (©)
! SNSRIV
Jutonds| = lonl O
N
_ N(r=1)(g—1) ==
=R e 161/l 1y OF (D), (2.6)
and
[t tonde = lonl 05 0
Q
Rl O 1) (27)

Therefore, substituting (2.5)—(2.7) into (2.4), one can deduce the inequality

-

P

s+1
Ns

Oln(t) > —c REPN-DHEE =201 / wHppds
Q

N(r—1)(g—1)

+ o R™ a @%_l(t)/u“l(bpbdx
Q
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[

p—
s+1

S A f LT R
Q
X [ea — CIR2N7(1+N)17+7N“’14)<"’1)+Ns®};(r+s+1*p) )], (2.8)
1 _r=1=1) _ro1
where ¢; = col[|A¢1|¢y T | T%l(m’ ¢ = 91llpwyy PRl plmr)lo1lziq)-
For 1 <r <r., wehave 2N — (14 N)p+ W + Ns < 0. Because of

Or(0) = /uquR(x)dx >e>0
Q
for some € > 0. Thus, we see from (2.8) that there exist a large Ry and Cj such that
O%(t) > CoO’R*(t) for R > Ry, t > 0.
Consequently, O (t) blows up in finite time by the fact that r +s > 1.
For r =r. , we have 2N — (1+ N)p+ W + Ns = 0. Now, we give the proof by contradiction.
Suppose O(t) cannot blow up in finite time. According to (2.8), there must be

On(r) < ()7, (2.9)

On the other hand, making use of (2.4), (2.6) and (2.7), we deduce
Or(t) > —coRN=U+NPO(R) 4 ¢y RAN-(+Npgrts (1)
= RPN-(HENP (0,075 () — ¢y C(R)), (2.10)
where C(R) = (S{u|A¢R|dx)p_1. Combining with (2.9) and the definition of ¢ (x) yields

C(R) — 0 as R — o0,

and therefore, there exists a sufficient large Ry to satisfy

C(R) < 2%@’;8(15) for R > R. (2.11)
It follows from (2.10) and (2.11) that

O (t) > %R2N7(1+N)p@%+3(t)_

oR—2N+(1+N)p

Hence, Or(t) blows up at t = T' = =5 @E(T+571)(0) due to r + s > 1, which contradicts with
our assumption. O

Next, we show that there exists a global solution utilizing the forward self-similar solution.

Theorem 2.2. For N > 1, ]\2,—11 <p<2,g>1,and0<s< (1+ %)p — 2, suppose that r > r., then
there exists a global solution u(x,t) of Cauchy problem (1.1)—~(1.2) for small initial data ug(z) < V(|z|),
and a non-global solution u(x,t) for large initial data ug(x) satisfying O r(0) > ¢, where Or(0), V(|z|)

and ¢ are defined by (2.1), (2.13) and (2.20), respectively.

Proof. We first show that there exists a global solution for small initial data. To this end, consider the
forward self-similar solution of problem (1.1)—(1.2). It takes the form

u(w,t) = (1+ 1)~ ((1 f't)b) :
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where
0 pq+ N(r—1) _ q(r+s+1—p)
pa(r+s—1)=N@2-p)(r—1)" " pg(r+s—1)=N2-p)(r—1)
Set n = Lzl after an appropriate scaling, the resulting ODE for v is

(1+t)b7
(p— 1)/ |P20" + %WVF%' +av + b’ + Justl =0,
0(0) = ¢ > 0, [o/|P~2/(0) = —lim, o+ T2°01@

r—1

where J = ([ v9(|z])dz) 7 .

RN
We observe that a function a@(z,t) = (1 + t)_“V((ll_ﬂ)b) is a supersolution of problem (1.1)—(1.2) if
and only if V'(n) satisfies the inequality
N -1
(p— V|V |P2V" + T|V’|p‘2V’ +aV + V' + JVstt <o, n>0. (2.12)

Next, we try to find a positive solution of (2.12). Choosing
V(n) =e(1+Bn*)~", (2.13)

where k = z%’ A= ﬁ, and ¢ and B are positive constants to be determined later. A serial computation
shows that V(n) satisfies (2.12) if and only if

eABE[ePT2(ABE)P~L — bln*(1 4 Bpk)=41
+ e(a — NeP~2(ABk)P~Y)(1 4+ BnF)=4

4 erts /(1 + Blz|*)~Adx (14 Bnk)=46+) <. (2.14)
N
Since Akq = % > 1 and As = % > 0, there exist C1,Cy > 0 such that
/(1 + Blz|") "2 < €, (2.15)
RN
and
(1+ Bn®)=4% < C, for all 7 > 0. (2.16)

Then, we pick B = B(e) to satisfy
P 2(ABE)P~! = b, i.e. B =er1brT(Ak)"L.
For this choice of B, and in view of (2.15) and (2.16), (2.14) is equivalent to
a— Nb+ Ce™ts71 <0, (2.17)

where C' is a positive constant. Throughout this paper, we assume that C denotes a positive constant
that is independent of & and ¢ for convenience, which may be different from line to line.
Note that r > r., it implies

_ pg+ N(r—1) N(q—l)(p—%(s+2—p))+g -
q(r+s+1-p) pqg—N(s+2—p) q '
Therefore, there exists g such that (2.17) holds for all £ € (0,g]. These arguments show that V(n) =

e(1 + Bn*)~4 satisfies (2.12) for all ¢ € (0,&0]. Using the comparison principle ([2]) we see that the
solution u(zx,t) of problem (1.1)—(1.2) exists globally provided that ug(x) < V(|z|).
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Next, we prove that the solution u(x,t) of problem (1.1)—(1.2) blows up in finite time for large initial
data when 7 > r.. Recalling (2.8) in the proof of Theorem 2.1, we have

p—1
s+1

O(t) = RN (NN S | st

Q

(r=1)(g=1) 1
> (02R72N+(1+N)p7leqlfNS@’;;ré-‘rl p(t) . Cl)
1
> 50’@%“@), (2.18)
with ¢/ = coR™ N(T_lq)(q_l)_Ns, as long as
1 r—1)(qg— ‘s
iczR*2N+<1+N>P*N< G N QrES P (1) > o for all £ € [0, 7). (2.19)

By virtue of (2.19), we are led to

1
ORr(t) > (20132N—(1+N)p+“"lq)(“>+Ns> rhetter
=

Note that r > r. implies 2N — (1 + N)p + W + Ns > 0. Therefore, if Or(0) satisfies

1

Or(0) > <2661R2N(1+N)p+N(T1q)(q”+NS> T (2.20)
2

then ©g(t) increases and is bounded below by ¢ for all ¢ € [0,T"). Making use of (2.18) and the fact that

r+ s> 1, we conclude that u(z,t) blows up in finite time for large enough initial data wug(z). O

3. Second critical exponent

In this section, by means of the slow decay behavior of an initial data at spatial infinity, we find a second
critical exponent using test function method and comparison principle. Note that the case r > r. results
in a®* < N.

First of all, we derive a sufficient condition to guarantee that the solution w(z,t) blows up at finite
time in the coexistence region.
Theorem 3.1. For N > 1, ]\r“;fl <p<2,¢g>1,0<s< (1+%)p—2, r>r. and ug = Ap(x), A > 0. If
¢(x) €Tl, and 0 < a < o or a > o™ with A large enough, then the solution u(xz,t) of Cauchy problem
(1.1)~(1.2) blows up in finite time.

Proof. We define the following test function
Ye(z) = Dee=ll, e >0,

where D, = 1= il . Then it is not difficult to verify that
[ e~cleldx T e pN-1
oN w{v g e~TT drds
x

and

/wg(a:)dx =1. (3.2)
RN
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Next, we introduce the auxiliary function
1
O(t) = — [ u(x)de,
U]RN
where 2 —p <o < %. Firstly, differentiating ®(¢), using (3.1) and Green’s formula, we obtain

r—1

' (t) = /u"flwadiv(|Vu|p72Vu)dx—|— /uqu /u‘”swadx

RN RN RN
p—2
=—(c—1) /u"72¢5|Vu|pdx +e / u”lwswleU -xde
RN RN !
r—1
+ /uqu /u"+swsdx
RN RN

>(1-o0) / w2 | VulPdr — & / u” M) [ VuP~de

RN RN

r—1
q

+ / uldz / u” o ep.da. (3.3)

RN RN

Afterward, using Young’s inequality to the second term in the right side of (3.3), we get

-1 P
e / w N | Vufp e < Lo / w2 [VulPds + = / w2y da. (3.4)
RN p RN P RN

Thus, substituting (3.4) into (3.3) and by the fact that 2 —p < o < % yields the following inequality

r—1
q

p
(1) > /uqu /u"’stgdx . / u” P2 d. (3.5)
N RN p RN
Then applying Hélder’s inequality to the last term in the right side of (3.5), and by (3.2), we see

o+p—2
o+s

otp—2 s42-p
/u”+p*2wsdw: /UHP*Q% 7 ah 7 de < /ua+s¢sd$ : (3.6)

RN RN N

Inviewof27p<cr<%,]3—41\_’1<p<2and0§s<(1+%)p72,itfollowsthat%G(O,l).Hence,

substituting (3.6) into (3.5), we deduce

o+p—2 r—1 s+2—p
ots q oFs

d'(t) > /u”+sw€dx /uqu /u”+sw5dx -—1. (3.7)

N N N
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Then we estimate each integral in the right side of (3.7) by virtue of inverse Hélder’s inequality, one can

see that
ots

o

/ uto.de > / whde | = (0®(t) (38)
]RN RN
/ wide > / W oda / | (3.9)
]RN RN N
and calculate
/}%ﬁ7¢p:cx£%n/e—ﬁ%ﬂﬂ¢p:Ck$% /e‘ﬁ5WHyf;Ca%%. (3.10)
]RN ]RN RN

Now, combining with (3.7)—(3.10) gives

¥(0) 2 (r0(0) 5 o () T - 2

> D),

. r4sto—1 _ N(r—1)
with cg =Co ™ = ¢ <« as long as

_ N(r—1)

1 N(r—1)
50T (02()

r4s+l—p
7 )

EP
Tp

which yields

s . .
P(t) > > ((?) B
o \Cp

Thus, if ®(0) satisfies
3(0) > 1 (2) TFs+1-p E(p+N(7;1>,)7,.+sil,p’ (3.11)
o \Cp

then ®(t) blows up in finite time follows from “tste=1 1,
It remains to verify the blow-up condition (3.11). Since ¢(z) € I, and 0 < o < «*, then there exist
constants C5 and Ry such that ¢(z) > Cs|z|~¢ for all |z| > Rs. We compute that

1
®(0) = p /ugd)s(:r)do:
RN
A(T (o
> W eV / |x|_a“e_5|””‘dx
o
|z|>R2
X CY
=3 ly| =7~ dy. (3.12)
o
ly|>e R
Comparing (3.11) with (3.12), when 0 < a < o* = %, we have
N(r—1 N(r—1
aa<<p+ (r )> o _ pat N1
q rtst+l-p qr+s+1-p)

then we may choose € > 0 so small that (3.11) holds. If & > «a*, there exists A. > 0 for any fixed £ > 0
such that (3.11) holds for all A > A.. O
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Next, we prove the existence of the global solution by constructing an upper solution of the problem
(1.1)-(1.2).

Theorem 3.2. For N > 1, N+1 <p<2qg>1, O<S<(1+ <)p—2,r>r. and ug = Ap(x), A > 0. If
¢(z) € II* and a* < a < N, then there exist positive constants Ao = \o(¢) and C such that the solution
u(z,t) of Cauchy problem (1.1)7(1.2) exists globally for X € (0, o), and satisfies

lu(z, )| Loe mvy < Ct=*P forall t >0,

where 3 =

1
p—a(2—p)°

Proof. Since ¢(x) € II* and a* < a < N, there exists a positive constant Cy such that ¢(z) < Cy(1+
|z])~« for all x € RY. Choosing M > Cy4 and considering the following Cauchy problem

=di p=2 RN ¢t
{Ut iv(|[VUP~2VU), zeRN,t>0, (3.13)

U(z,0) = M|z|~*, xeRN.
It is known that the existence and uniqueness of the solution of (3.13) have been well established and the

radially symmetric self-similar solution

|z]

Unt.o(z,t) =t=P fo ( ) (3.14)

was given in [20,21], where 8 = and the positive function fj; satisfies

p—a(2—p)
(Fal7=20) + S21 11,2 (€) 4 BEFoy(€) + aBfar(€) =0, €0,
fu>0,6>0, f,(00=0, lime_oc & frr(§) = M.

Note that 8 > 0, since N+1 <p<2and o < N. Then by lim¢_, o £* far(§) = M > Cl4, there is a positive
constant R3 such that

£ fau(€) > Cy for any ¢ > Rs.
Let v = fy(R3) = min{ far(€)[€ € [0, R3]} > 0, it is not difficult to verify that
d(x) < Unra(z,to) for all 2 € RY,

where to € (0,1) and t5“?y > [|¢]| -
Next, through a simple calculation, we obtain

—o |z
RN RN

— (t+ty)PN a9 / £, (ly)dy

< Ot + to)PN =9, (3.15)

Now, let h(t) be the solution of the following ordinary differential equation

W (t) = CAN 7Lt + to)Pn"T5(t), t>0

(0 (t+t0) W2 0), £>0, 516
h(0) =1,

where 6 > 1. The local existence and uniqueness of solution h(t) for (3.16) follow from the standard

theory of initial value problem on ordinary differential equation.
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Afterward, we claim that there exists A\g = Aog(¢) > 0 such that h(t) is bounded in [0, +o0) for all
A € [0, Ag). Integrating (3.16) over [0,t] to compute
t
1— R0 (@) = C(r +s — 1A 1 /(T +1t9) fdr <
0

Cr 4 s — 1)Arts—1g 041
0—1 '

Let Ao = Ao(¢) > 0 satisfies

C(T+S_1)9/\6+571t50+1 =1, and define
1 ’

c — DALt 1
C)\ = (r s ) i ; hk = (
0—1 1-C,
for A € [0, \g). It is easy to verify that h(t) < hy in [0, +00).
Then, we construct the following global solution

a(z,t) = A(t)Unga (2, t + to),
where Ups o (x,t +1o) is the solution of (3.13) and h(t) solves (3.16) with § = ags—(N—aq)(r=1) Note that

pq—aq(2—p)
= % Combining with (3.15), it is easy to verify that

0 >1for a>a*=

r—1
q

— div(|ValP~?Va) — /aq(a:,t)dx at

N

r—1

= )\h'(t)UM,a - )\T-l-shT'-‘rS(t) / U]%I,a (LL', t+ to)dl‘ Ui}té

> AUnpalP (t) = CXT57H(E + Lo ) h”s( MU e ll5]

= NUng,a[l(t) = CX"F7H(t + 1)~ PR (1) | Ung oIS

> NUnsall (1) = CNFE7H(E 4 1) "OR7 4 (1))

=0. (3.17)

aq)(

Moreover, the initial data @(z,0) satisfy
a(z,0) = AUnmp,a(z, t0) > Ap(x) = up. (3.18)

Therefore, it follows from (3.17) and (3.18) that u(x,t) is a global supersolution of Cauchy problem
(1.1)=(1.2). Furthermore, we derive the decay estimate for the solution u(x,t) as follows

[u(z, 1) oo @y < MallUns,0(, 1) || oo vy < CE7, (3.19)
for all ¢ > 0. O

4. Large time behavior and life span

In this section, we give the large time behavior of the global solution and a life span of the non-global
solution by the scaling technique and constructing a blow-up supersolution of problem (1.1)—(1.2).
Firstly, the large time behavior of the global solution is represented in the following theorem.

Theorem 4.1. Suppose that the conditions in Theorem 3.2 hold, and lim,|_ |2|*¢(x) = M > 0, then
the solution u(x,t) of Cauchy problem (1.1)—~(1.2) satisfies

tBlu(z,t) — Usara(z,t)] — 0 as t — oo
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uniformly in compact set of RN for X\ € (0, \o), where X, 3 are same as in Theorem 3.2, and Uy pr.0(x,t)
is the solution of the following Cauchy problem

U; = div(|VU[P=2VU), z€ RN t>0,

U(z,0) = AM|z|~®, =z €RN.

Proof. We define uy(z,t) = k®u(kx, kP~*?~P)t) with k > 1. Then ug(z,t) solves

uge = div(|Vug|P=2Vuy,) + kp=or+sti=p)( [ ude)%uz+l7 r RNt >0,
RN (4.1)
uk(z,0) = \k“¢(kx), =€ RN,

Applying the decay estimate (3.19) for the global solution u(z,t), we have
[ (, 8) | oo vy = K u(kz, kP~ *C7PE)|| oo @y < CEP.

Thus, {ux(z,t)} is uniformly bounded in RY x [4,00) for any § > 0. As was shown in [2], we conclude
that uy(z,t) is relatively compact in L2 (RY x (0,00)). Then using the Ascoli-Arzela theorem and a
diagonal sequence method in 6, we see that for any sequence k; — oo, there exist a subsequence k:; — 00

and a function w(z,t) € C(RY x (0,00)) such that
uy (z,1) = w(z,t) as K} — oo

local uniformly in RY x (0, 00).
Next, we show that w(z,t) = Ux a2, t). Firstly, the weak solution wuy(x,t) satisfies (4.1) in the
distribution sense

/ wp (0, )b, ) — / i (z, 0t (z, 0)d = j / g dadr

RN RN 0 RN
t e
— // |Vur P2V, - Vip + kpe(rts+i=p) /uZd:c ui T pdadr, (4.2)
0 RN N

for any nonnegative function v (z,t) € C§(RY x [0,00)). Then by virtue of the assumption
lim| |~ |2]*@(x) = M > 0, it follows that

/ iz, 0)b(z, 0)dz = / NE® (k)b (z, 0)

RN RN

—>)\M/|:E|*a¢(x,0)dx (4.3)
RN

as k = k% — oo. On the other hand, using variable transformation to the last term on the right side of
(4.2), we deduce that

t
/ / fpolrtstior) / uide | uptypdadr

0 RN N

r—1

kP—a(2=p)y

= / / u?(kx, 7)dz / ECus Y (kx, 7)ep(z, kPHCP) ) dadr. (4.4)

0 N RN
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We know from the proof of Theorem 3.2 that @(x,t) is a supersolution of Cauchy problem (1.1)—(1.2),
and the condition limg_ o €% far(§) = M, then we get

k
keus L (ka, t) < kOus T (ka, t) = KONTIRSTL(t) (¢ + o) ~@PsFD pofd ('”)
(t+to)P

|km| « |k'SC‘ s+1
— k,fasAerl 7o¢(s+1)hs+1 t |:< ) ( ):| 0 4.5
|| (t) Tt fur T+t — (4.5)
as k = k; — co. Similarly, we have

u?(kx,t) — 0 as k = kj — oco. (4.6)

Thus, by (4.5), (4.6) and the Lebesgue-dominated convergence theorem, (4.4) turns into

r—1
q

t
//kp—a(T-i-s-i-l—p) /ude uerlg[dedT — 0 (4.7)

0 RN N
as k =k} — oo. Let k =k} — oo in (4.2), it follows from (4.3) and (4.7) that

/w(:c,t)z/}(:c,t)da:—)\M/ e[~ *4(, 0)da

RN RN

t
= / /wa — |[Vw[P~2Vw - Vepdadr. (4.8)
0 RN
This implies that w(z,t) is the weak solution to the problem

(4.9)

w = div(|Vw|P72Vw), xRN t>0,
w(z,0) = AM|z|~®, xRV,

then by the uniqueness of the weak solution of (4.9), we deduce that w(x,t) = Uy aa(x,t). Thus, we
have proved that

ug(z,t) = Ux vz, t) as k — oo (4.10)
uniformly in compact set of RY x (0,00). Let t = 1 in (4.10), we obtain
ug(z,1) = Ux pa(z,1) as k — oo,
that is
kCu(kax, kP~ P)) s £y ar(lz]) as k — oo (4.11)
uniformly in compact set of RY. Setting y = k2 and 7 = kP~*(~P) in (4.11), then we get

7-p—a?2—p>u(y,7—) — faum (|Z,I1|> as T — 00.
o EeEn]
Therefore, we conclude from (3.14) that
tP|u(x,t) — Usar.alz,t)] — 0 as t — oo

. . N _ 1
uniformly in compact set of R" | where g = e O

Finally, we give a life span of the non-global solution by constructing a blow-up supersolution of
problem (1.1)—(1.2).
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Theorem 4.2. Suppose that u(x,t) is a solution of problem (1.1)—(1.2) under the conditions of Theo-
rem 3.1, which blows up at finite time T, and ||¢|| Lo @yy = lim|y|moo @ = ¢oo. Then the life span of
u(x,t) satisfies

Cq cs
" - 1 A - 1 (r+s—1) <T<__—_— o (r+s— 1)
O M1+ M) + )Y ST < P ()

where
cs < min 3 5 i &
4 > —o> ) —1 6D )
c6((2 = p)La+ L3)LE > 20 = DLE ([ (1 + ¢)=adz) T
]RN

20r+s+a—1

g = ——,
Cc3

Ce = max{l, (1 + L1)372p}’
L1 = max ¢, Ly = max|V¢|, Ly = max |A¢|, Ly = max|D?@|.
Proof. Firstly, in the proof of Theorem 3.1, we have already obtained an upper bound of the blow-up

time for u(z,t) in the measure of ®(t) as follows

_rds—1

20 A7

IT< —— | — T1h.d

“e(r+s—1)\ o /¢¢ *
N

Then, it follows from [|¢||peemr) = lim|y| 0o ¢ = ¢oo that there exists Ry such that ¢ — doo| < € for
|z| > R4 and any € > 0. Meanwhile, by the definition of test function . (z), we have

20 A7 -

T< —— o —
_03(r+3—1)< (¢ )>

for Ry > Ry. Thus, from the arbitrariness of €, let € — 0 can yield that

rds—1
o

T's r+s— 1()‘¢ ) (e, (4.12)

r‘+a‘+071
where ¢5 = 22 o

On the other hand in order to estimate T' from below, we shall construct a suitable supersolution of
(1.1)=(1.2). To this end, we consider the following ordinary differential equation

'ty = LzmtE(t), t>0
S0 = L, >0, )
By a direct calculation, one can see that the solution z(t) of (4.13) is given by

r+s—1

2(8) = [(Adoe (L Aoc) + 1)~ (071 — =)o,
4
and z(t) > 1 for all 0 <t < =5 (Apoo (1 4 Adpoo) + 1) 571,
Next, we define
1

and let
L1 = max ¢, Ly = max|V¢|, Ly = max |A¢|, and Ly = max |D?@|.
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Now, we construct the following blow-up supersolution
a(z,t) = z(H)w(z).

Since z(t) > 1, 0 < w(x) <1 and r + s > 1, we then deduce

r—1
a

u — div (|VaP~2va) — /aqu u*tt

N

r—1
a

= w4 2P~ div (|V¢\p72V¢w2(p71)) — 2t / widz wsT
N
> = 2" "5w — (2 — p) Ly 4 Ls) L5 22P~ 1P~ —2(p — 1) L5 2P~ Ly?P~!

r—1
q

— s / widz an
N

3 _ 3
> ( —c((2—p)Ly + L3) L5 2) 2P~ 4 (c —2(p— 1)L§) 2P
4

r—1
q

+ . /(1 +¢) 1dz 25w

N

by a simple calculation, where cg = max{1, (1 + L;)3>~?P}. Therefore, applying the comparison principle
([2]) and

3 3 3

c6((2—p)La+ La)LE 2" 2(p = DIE" ([ (14 ¢)~adw) T
RN

¢4 < min

)

it can be easily shown that @(z,t) = z(t)w(x) is a supersolution of problem (1.1)—(1.2). We then obtain
a lower bound of the blow-up time, i.e.,

C4 —(r+s—1)
> —_ . .
T,T+S_I(A¢oo(1+A¢oo)+1) (4.14)

Therefore, combining (4.12), (4.14) and ¢4 < ¢5 , we get the life span of the non-global solution for
problem (1.1)—(1.2) as follows

Cy _ _ Cs _ _
————— (Ao (1 + Moo D=0t << 2 (N\poo) s,
(14 M) + 1) ST < (M)
O
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