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Abstract. In this paper, we consider a new Timoshenko beam model with thermal and mass diffusion effects. Heat and
mass exchange with the environment during thermodiffusion in Timoshenko beam. Firstly, by the C0-semigroup theory,
we prove the well posedness of the considered problem with Dirichlet or Neumann boundary conditions. Then we show,
without assuming the well-known equal wave speeds condition, the lack of exponential stability for the Neumann problem,
meanwhile one linear frictional damping is strong enough to guarantee the exponential stability for the Dirichlet problem.
Then, we introduce a finite element approximation and we prove that the associated discrete energy decays. Finally, we
obtain some a priori error estimates assuming additional regularity on the solution and we present some numerical results
which demonstrate the accuracy of the approximation and the behaviour of the solution.
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1. Introduction

During the past decades, an increasing interest has been developed to study the asymptotic behaviour
of solutions to several Timoshenko problems, in seek of a thorough description on the thermomechanical
interactions in elastic materials. The Timoshenko system is written as,

ρ1ϕtt(x, t) = Sx(x, t), ρ2ψtt(x, t) = Mx(x, t) − S(x, t),

where (x, t) ∈ (0, L) × (0,∞), t is the time, x is the distance along the centre line of the beam structure,
L is the length of the beam, ϕ is the transverse displacement and ψ is the rotation of the neutral axis
due to bending. Here, ρ1 = ρA and ρ2 = ρI, where ρ > 0 is the density, A is the cross-sectional area and
I is the second moment of the cross-sectional area. By S, we denote the shear force and M is the bending
moment.

Assuming that the constitutive laws are given by (see [1])

S(x, t) = k(ϕx(x, t) + ψ(x, t)), M(x, t) = bψx(x, t) for (x, t) ∈ (0, L) × (0,∞),

then the Timoshenko equations are given by

ρ1ϕtt − k(ϕx + ψ)x = 0,
ρ2ψtt − bψxx + k(ϕx + ψ) = 0. (1.1)

Here, b and k stands for b = EI and k = k1GA where E, G and k1 represent the Young’s modulus,
the modulus of rigidity and the transverse shear factor, respectively.
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However, the stability of system (1.1) depends on the difference of velocities of propagation. Then, it
is uniformly stable for weak solutions if

χ =
k

ρ1
− b

ρ2
= 0. (1.2)

Therefore, χ plays an important role in the asymptotic behaviour of system (1.1). This has been showed
in different papers (see, for instance, [2–4]).

Many authors studied the Timoshenko system with thermoelastic dissipation, effective in the bending
moment equation, when the evolution equations become

ρ1ϕtt = Sx, ρ2ψtt = Mx − S, Ψt = −qx (1.3)

in (0, L) × (0,∞), where Ψ is the entropy and q is the heat flux. The constitutive laws with temperature
following the Fourier’s law are given by

S = k(ϕx + ψ), M = bψx + γθ, Ψ = −γψx + ρ3θ, q = −κθx (1.4)

in (0, L) × (0,∞). Substituting (1.4) into (1.3), we get the governing equations of Timoshenko beam
equations with temperature following the Fourier’s law:

ρ1ϕtt − k(ϕx + ψ)x = 0
ρ2ψtt − bψxx + k(ϕx + ψ) − γθx = 0
ρ3θt − κθxx − γψtx = 0

⎫
⎬

⎭
in (0, L) × (0,∞). (1.5)

The constants ρ3, κ, γ > 0 respect the physical parameters from thermoelasticity theory.
Rivera and Racke [5] studied the exponential stability of system (1.5), under certain boundary condi-

tions, proving that it is exponentially stable if and only if (1.2) holds. Aouadi and Soufyane [6] showed
that the dissipation produced by the memory effect working on the boundary is sufficiently strong to
prove a general decay result obtained without imposing condition (1.2). Bernardi and Copetti [7] studied
a contact problem for a nonlinear thermoviscoelastic Timoshenko beam, proving the well posedness of
the problem, analysing a finite element approximation and performing some numerical experiments.

Júnior et al. [8] considered the Timoshenko system, when the constitutive laws are given by

S = k(ϕx + ψ) − σθ, M = bψx, Ψ = σ(ϕx + ψ) + ρ3θ, q = −κθx,

that is
ρ1ϕtt − k(ϕx + ψ)x + σθx = 0
ρ2ψtt − bψxx + k(ϕx + ψ) − σθ = 0
ρ3θt − κθxx + σ(ϕx + ψ)t = 0

⎫
⎬

⎭
in (0, L) × (0,∞). (1.6)

They showed in [8] that system (1.6) with Dirichlet boundary conditions is exponentially stable if and only
if condition (1.2) holds. However, system (1.6) loses its exponential stability with Neumann conditions if
condition (1.2) fails.

We may think that the dissipation phenomenon cannot only be described by thermal conduction in
Timoshenko beams. However, the research conducted in the development of high technologies after the
second world war confirmed that the field of diffusion in solids cannot be ignored. So, the obvious question
is: what happens when the diffusion effect is considered with the thermal effect in Timoshenko beams.
Hence, diffusion can be defined as the random walk of a set of particles from regions of high concentration
to regions of lower concentration. Thermodiffusion in an elastic solid is due to the coupling of the fields of
strain, temperature and mass diffusion. The processes of heat and mass diffusion play an important role in
many engineering applications, such as satellites problems, returning space vehicles and aircraft landing
on water or land. There is now a great deal of interest in the process of diffusion in the manufacturing
of integrated circuits, integrated resistors, semiconductor substrates and MOS transistors. Oil companies
are also interested to this phenomenon in order to improve the conditions of oil extractions.
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If the mass diffusion is taken into account in the Timoshenko equations, the evolution equations
become

ρ1ϕtt = Sx, ρ2ψtt = Mx − S, Ψt = −qx, Ct = −ηx (1.7)
in (0, L) × (0,∞), where C is the concentration of the diffusive material in the elastic body and η is
the mass diffusion flux. In this case, the constitutive laws with temperature and diffusion following the
Fourier’s law and the Fick’s law, respectively, are given by

S = k(ϕx + ψ), M = bψx + γθ + βC, Ψ = −γψx + ρ3θ + �C
q = −κθx, η = −�Px, P = βψx + 
C − �θ

}

(1.8)

in (0, L) × (0,∞), where P is the chemical potential, � > 0 is the diffusion coefficient, � is a measure of
the thermodiffusion effect and 
 is a measure of the diffusive effect. Substituting (1.8) into (1.7), we get

ρ1ϕtt − k(ϕx + ψ)x = 0
ρ2ψtt − bψxx + k(ϕx + ψ) − γθx − βCx = 0
ρ3θt + �Ct − κθxx − γψtx = 0
Ct − �(βψx + 
C − �θ)xx = 0

⎫
⎪⎪⎬

⎪⎪⎭

in (0, L) × (0,∞). (1.9)

We shall now formulate a different alternative form that will be useful in the next sections. In this new
formulation, we will use the chemical potential as a state variable instead of the concentration. The
alternative form can be written by substituting the last equation of (1.8), namely

C =
1


(P − βψx + �θ)

into (1.9)2,3,4, and we obtain the governing equations of the Timoshenko beam problem with temperature
and chemical potential in the classical form:

ρ1ϕtt − k(ϕx + ψ)x = 0
ρ2ψtt − αψxx + k(ϕx + ψ) − γ1θx − γ2Px = 0
cθt + dPt − κθxx − γ1ψtx = 0
dθt + rPt − �Pxx − γ2ψtx = 0

⎫
⎪⎪⎬

⎪⎪⎭

in (0, L) × (0,∞), (1.10)

where

α = b − β2



, γ1 = γ +

β�



, γ2 =

β



, c = ρ3 +

�2



, d =

�



, r =

1



are physical positive constants.
In this paper, we study some qualitative properties of system (1.10) subject to the following initial

conditions
ϕ(x, 0) = ϕ0(x), ψ(x, 0) = ψ0(x), θ(x, 0) = θ0(x) for x ∈ (0, L),
P (x, 0) = P 0(x), ϕt(x, 0) = ϕ1(x), ψt(x, 0) = ψ1(x) for x ∈ (0, L),

}

(1.11)

with either Dirichlet boundary conditions:

ϕ(0, t) = ψ(0, t) = θ(0, t) = P (0, t) = 0 for t > 0,
ϕ(L, t) = ψ(L, t) = θ(L, t) = P (L, t) = 0, for t > 0,

(1.12)

or either Neumann boundary conditions:

ϕ(0, t) = ψx(0, t) = θ(0, t) = P (0, t) = 0,
ϕ(L, t) = ψx(L, t) = θ(L, t) = P (L, t) = 0, t > 0.

(1.13)

It should be noted that system (1.10) has never been studied before and there is neither mathematical
nor numerical results for this system in the literature.

We assume that the symmetric matrix Λ =
(

c d
d r

)

is positive definite, i.e.

δ = cr − d2 > 0. (1.14)
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Note that (1.14) implies that for θ, P �= 0,

cθ2 + 2dθP + rP 2 > 0. (1.15)

We remark that condition (1.14) is needed to stabilize the system when diffusion effects are added to
thermal effects.

We think that the concept of mass diffusion introduced into Timoshenko’s equations could have very
significant physical effects other than body deformations. For example, recent studies have focused on
the effect of mass diffusion on the damping ratio in micro-beam resonators (see, e.g. [9]). Moreover,
mass diffusion introduces a new critical thickness in addition to the conventional critical thickness of
thermoelastic damping.

The explanations above indicate that mass diffusion will play an important role in the clarification of
the thermomechanical behaviour of Timoshenko’s model. To the best of the authors’ knowledge, however,
no theoretical or numerical simulation has been available to study mass diffusion effects on the thermal
vibration of a Timoshenko beam. Therefore, the goal of this work is to examine the effect of mass diffusion
alongside the effect of temperature on the behaviour of a Timoshenko beam.

The sections of this paper are organized as follows. In Sect. 2, we shall prove that problem (1.10)–
(1.11) under boundary conditions (1.12) or (1.13) is well posed. In Sect. 3, under the condition of nonequal
wave speeds, we prove the lack of exponential stability of problem (1.10)–(1.11) with boundary conditions
(1.13). In Sect. 4, under the same condition, we prove the exponential stability of problem (1.10)–(1.11)
but with boundary conditions (1.12) by adding a frictional damping term. Then, in Sect. 5, we introduce
the numerical approximation of the variational form of problem (1.10)–(1.12) by using the finite element
method to approximate the spatial variable and the implicit Euler scheme to discretize the time deriva-
tives. The decay of the discrete energy is proved, from which we conclude a discrete stability property.
Some a priori error estimates are provided in Sect. 6, which lead to the linear convergence of the algo-
rithm under suitable additional regularity conditions. Finally, some numerical simulations are presented
in Sect. 7 to demonstrate the accuracy of the approximation and the behaviour of the solution.

2. Well posedness of the problem

In this section, we shall study the well posedness of system (1.10)–(1.11) under boundary conditions (1.12)
or (1.13). To give an accurate formulation of this problem, we introduce the following Hilbert spaces:

H1 := H1
0 (0, L) × L2(0, L) × H1

0 (0, L) × L2(0, L) × L2(0, L) × L2(0, L),

and

H2 := H1
0 (0, L) × L2(0, L) × H1

∗ (0, L) × L2
∗(0, L) × L2(0, L) × L2(0, L),

endowed with an inner product, for Uj = (ϕj , vj , ψj , φj , θj , Pj) ∈ Hi and j = 1, 2,

(
U1, U2

)

H i

=
∫ L

0

[
ρ1v1v2 + ρ2φ1φ2 + αψ1,xψ2,x + k

(
ϕ1,x + ψ1

)(
ϕ2,x + ψ2

)

+Λ
(

θ1
P1

)

·
(

θ2
P2

)]
dx,

where

L2
∗(0, L) :=

{
u ∈ L2(0, L) |

∫ L

0

u(x)dx = 0
}

,

H1
∗ (0, L) := H1

0 (0, L) ∩ L2
∗(0, L).
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It is easy to check that (Hi, ‖ . ‖H i
) is a Hilbert space. Then, we define the operator Ai : D(Ai) ⊂

Hi → Hi

Ai

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

ϕ
v
ψ
φ
θ
P

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

=

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

v
ρ−1
1 k(ϕxx + ψx)

φ

ρ−1
2

(
αψxx − k(ϕx + ψ) + γ1θx + γ2Px

)

−δ−1
(
(dγ2 − rγ1)φx − rκθxx + d�Pxx

)

−δ−1
(
(dγ1 − cγ2)φx + dκθxx − c�Pxx

)

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

,

with domain

D(A1) :=
{
U ∈ H1 | ϕ, ψ ∈ H1

0 (0, L) ∩ H2(0, L), v, φ, θ, P ∈ H1
0 (0, L)

}
,

and

D(A2) :=
{
U ∈ H2 | ϕ ∈ H1

0 (0, L) ∩ H2(0, L),

ψ ∈ H1
∗ (0, L) ∩ H2(0, L), v, θ, P ∈ H1

0 (0, L), φ ∈ H1
∗ (0, L)

}
.

We note that D(Ai) is dense in Hi. When we omit subindex i, with i = 1, 2, we refer to both boundary
conditions. Hence, system (1.10)–(1.11) under boundary conditions (1.12) or (1.13) can be rewritten as
an evolutionary equation as follows,

dU(t)

dt
= A U(t), t > 0,

U(0) = U0,

}

(2.1)

where U(t) =
(
ϕ(t), v(t), ψ(t), φ(t), θ(t), P (t)

)
, and

U(0) =
(
ϕ0(x), ϕ1(x), ψ0(x), ψ1(x), θ0(x), P 0(x)

)
∈ H

is given. The following property of A holds.

Lemma 2.1. Let A and H be defined as before. Then, A is dissipative in H .

Proof. (i) Firstly, for any U = (ϕ, v, ψ, φ, θ, P ) ∈ D(A ), a direct calculation yields
(
A U,U

)

H
= k

∫ L

0

(ϕx + ψ)xvdx +
∫ L

0

(αψx + γ1θ + γ2P )xφdx

−k

∫ L

0

(ϕx + ψ)φdx + α

∫ L

0

φxψxdx + k

∫ L

0

(vx + φ)(ϕx + ψ)dx

+
∫ L

0

Λ
(

Θ
Φ

)

·
(

θ
P

)

dx,

where

Θ = −δ−1
(
(dγ2 − rγ1)φx − rκθxx + d�Pxx

)
, Φ = −δ−1

(
(dγ1 − cγ2)φx + dκθxx − c�Pxx

)
,

and
(
U,A U

)

H
= k

∫ L

0

v(ϕx + ψ)xdx +
∫ L

0

φ(αψx + γ1θ + γ2P )xdx

−k

∫ L

0

φ(ϕx + ψ)dx + α

∫ L

0

ψxφxdx + k

∫ L

0

(ϕx + ψ)(vx + φ)dx
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+
∫ L

0

Λ
(

θ
P

)

·
(

Θ
Φ

)

dx.

Therefore,

2	
(
A U,U

)
=

(
A U,U

)
+

(
U,A U

)
= −2k

∫ L

0

| θx |2 dx

−2�

∫ L

0

| Px |2 dx < 0, (2.2)

where k > 0 and � > 0. This implies that A is dissipative in H . �

We prove now a property for operator I − A .

Lemma 2.2. Let A defined in (2.1). Then, it follows that operator I − A is onto.

Proof. For any F = (f1, f2, f3, f4, f5, f6)T ∈ H , we want to find U = (ϕ, v, ψ, φ, θ, P ) ∈ D(A ) satisfying
the equation (I − A )U = F, i.e.

ϕ − v = f1, ψ − φ = f3,
ρ1v − k(ϕx + ψ)x = ρ1f2,
ρ2φ − αψxx + k(ϕx + ψ) − γ1θx − γ2Px = ρ2f4,
δθ + (dγ2 − rγ1)φx − rkθxx + d�Pxx = δf5,
δP + (dγ1 − cγ2)φx + dκθxx − c�Pxx = δf6.

⎫
⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎭

(2.3)

Substituting (2.3)1 into (2.3)2,3, we get

ρ1ϕ − k(ϕx + ψ)x = ρ1(f1 + f2),
ρ2ψ − αψxx + k(ϕx + ψ) − γ1θx − γ2Px = ρ2(f3 + f4),
δθ + (dγ2 − rγ1)ψx − rκθxx + d�Pxx = δf5 + (dγ2 − rγ1)f3,x,
δP + (dγ1 − cγ2)ψx + dκθxx − c�Pxx = δf6 + (dγ1 − cγ2)f3,x.

⎫
⎪⎪⎬

⎪⎪⎭

(2.4)

Now, we will prove the existence of a weak solution by using the Lax–Milgram’s theorem. To do this,
let us define the following bilinear form over H × H :

B
(
(ϕ,ψ, θ, P ), (ϕ′, ψ′, θ′, P ′)

)
= ρ1

∫ L

0

ϕϕ′dx + k

∫ L

0

(ϕx + ψ)(ϕ′
x + ψ′)dx

+ρ2

∫ L

0

ψψ′dx + α

∫ L

0

ψxψ′
xdx −

∫ L

0

(γ1θx − γ2Px)ψ′dx

+
∫ L

0

(
δθ + (dγ2 − rγ1)ψx − rκθxx + d�Pxx

)
θ′dx

+
∫ L

0

(
δP + (dγ1 − cγ2)ψx + dκθxx − c�Pxx

)
P ′dx.

It is easy to see that B(·, ·) is continuous and coercive over H × H . We also define the following
continuous linear form L (·) over H by

L (ϕ′, ψ′, θ′, P ′) =
∫ L

0

[
ρ1(f1 + f2)ϕ′ + ρ2(f3 + f4)ψ′

+
(
δf5 + (dγ2 − rγ1)f3,x

)
θ′ +

(
δf6 + (dγ1 − cγ2)f3,x

)
P ′

]
dx.

From Lax-Milgram’s theorem (see [10]), we conclude that there exists only one solution satisfying

B
(
(ϕ,ψ, θ, P ), (ϕ,ψ, θ, P )

)
= L (ϕ′, ψ′, θ′, P ′) ∀(ϕ′, ψ′, θ′, P ′) ∈ H
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such that

ϕ, ψ, θ, P ∈ H1
0 (0, L) or ϕ, θ, P ∈ H1

0 (0, L), ψ ∈ H1
∗ (0, L).

Now, from (2.3)1, we have

v, φ ∈ H1
0 (0, L) or v ∈ H1

0 (0, L), φ ∈ H1
∗ (0, L).

On the other hand, from (2.4)1,2, it follows that ϕ, ψ ∈ H2(0, L). Thus, we have obtained that U ∈ D(A )
such that I − A is onto. The proof is complete. �

Since D(A ) is dense in H (D(A ) = H ), A is a dissipative operator and I − A is onto, then the
following theorem follows using the well-known Lumer–Phillips theorem (see [11]).

Proposition 2.3. Under the above conditions, we find that the operator A is the infinitesimal generator
of a C0-semigroup T (t) = etA of contractions over the space H .

Now, an application of the theory of semigroups (see [11]) gives the following.

Theorem 2.4. Let A and H be defined as before. Hence, problem (2.1) is well posed, i.e. for any
U0 ∈ H , problem (2.1) has a unique weak solution U(t) = etA U0 ∈ C([0,∞);H ). Furthermore, if
U0 ∈ D(A ), U(t) ∈ C1([0,∞);H ) ∩ C0([0,∞);D(A )) becomes the classic solution to problem (2.1).

3. The lack of exponential stability for Neumann boundary conditions

In this section, we show the lack of exponential stability of system (1.10)–(1.11) subject to boundary
conditions (1.13) under the condition of different wave speeds of propagation:

k

ρ1
�= α

ρ2
. (3.1)

The proposed method is based on the Gearhart–Herbst–Prüss–Huang theorem (see, e.g. [12,13]).

Theorem 3.1. Let S(t) = etA be a C0-semigroup of contractions on a Hilbert space H with infinitesimal
generator A with resolvent set ρ(A ). Then, S(t) is exponentially stable if and only if, for all λ ∈ R,

ρ(A ) ⊇ {iλ; λ ∈ R} ≡ iR, and lim sup
|λ|→∞

‖(iλI − A )−1‖L (H ) < ∞.

The expression ‖ · ‖L (H ) denotes the norm in the space of continuous linear functions in H .
Following the arguments employed in [5], we have the next result which states the lack of exponential

stability.

Theorem 3.2. Under condition (3.1), the semigroup associated with system (1.10)–(1.11) with boundary
conditions (1.13) is not exponentially stable.

Proof. We will show that for all n ∈ N, given F = Fn = (0, 0, 0, f4, 0, 0), there exists λn such that the
sequence λ = λn is in R, and Un = U = (ϕ, v, ψ, φ, θ, P ) = (iλ − A2)−1F ∈ D(A2) such that

lim
λn→∞

‖Un‖H2
= ∞.

We use the same approach as in [5] and references therein. We find that Fn is bounded in H2 and the
solution Un = U = (ϕ, v, ψ, φ, θ, P ) = (iλ − A2)−1F must satisfy

iλϕ − v = 0,
iρ1λv − k(ϕx + ψ)x = 0,
iλψ − φ = 0,
iρ2λφ − αψxx + k(ϕx + ψ) − γ1θx − γ2Px = f4,
iλcθ + iλdP − κθxx − γ1φx = 0,
iλdθ + iλrP − �Pxx − γ2φx = 0.

⎫
⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎭

(3.2)
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Because of boundary conditions (1.13), we can take the following solution:

ϕ = An sin
(

nπ
L x

)
, ψ = Bn cos

(
nπ
L x

)
, θ = Cn sin

(
nπ
L x

)
,

P = Dn sin
(

nπ
L x

)
, f4 = cos

(
nπx
L

)
.

}

(3.3)

Substituting (3.3) into (3.2), we find that An, Bn and Cn satisfy
(
−λ2ρ1 +

(
nπ
L

)2
k
)

An +
(

nπ
L

)
kBn = 0,

(
nπ
L

)
λkAn +

(
−λ2ρ2 +

(
nπ
L

)2
α + k

)
Bn − γ1

(
nπ
L

)
Cn − γ2

(
nπ
L

)
Dn = 1,

(
nπ
L

)
iλγ1Bn +

(
iλc +

(
nπ
L

)2
κ
)

Cn + iλdDn = 0,
(

nπ
L

)
iλγ2Bn + iλdCn +

(
iλr +

(
nπ
L

)2
�

)
Dn = 0.

⎫
⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎭

(3.4)

We choose −λ2ρ2 + (nπ
L )2α = 0, which gives λ ≡ λn := ±� nπ

L , where � =
√

α
ρ2

. Taking λ = � nπ
L ,

system (3.4) becomes
⎡

⎢
⎢
⎣

(k − ρ1�
2)nπ

L k 0 0
k nπ

L k −γ1
nπ
L −γ2

nπ
L

0
(

nπ
L

)
iγ1� ic� +

(
nπ
L

)
κ id�

0
(

nπ
L

)
iγ2� id� ir� +

(
nπ
L

)
�

⎤

⎥
⎥
⎦

⎡

⎢
⎢
⎣

An

Bn

Cn

Dn

⎤

⎥
⎥
⎦ =

⎡

⎢
⎢
⎣

0
1
0
0

⎤

⎥
⎥
⎦ .

The resolution of the last two equations gives

Cn = Q1(λ)Bn, Dn = Q2(λ)Bn, (3.5)

where

Q1(λ) = −i�
(nπ

L

) i�(γ1r − dγ2) +
(

nπ
L

)
γ1�

−�2(cr − d2) +
(

nπ
L

)2
κ� + i�

(
nπ
L

)
(κr + c�)

,

Q2(λ) = −i�
(nπ

L

) i�(cγ2 + dγ1) +
(

nπ
L

)
γ2κ

−�2(cr − d2) +
(

nπ
L

)2
κ� + i�

(
nπ
L

)
(κr + c�)

,

satisfy

lim
n→∞ Q1(λ) = −i

γ1�

κ
, lim

n→∞ Q2(λ) = −i
γ2�

�
.

Combining the first and second equations of (3.4) with (3.5), we obtain

ρ1�
2An = (γ1Q1 + γ2Q2)Bn +

L

nπ
.

Substituting this equation into the first one of (3.4) again, we get

Bn =
−1

ρ1�2k
k−ρ1�2 + (γ1Q1 + γ2Q2)nπ

L

.

Since k
ρ1

�= α
ρ2

= �2, then An and Bn satisfy

lim
n→∞ Bn =

i

�
(

γ2
1
κ + γ2

2
�

) (
nπ
L

) , lim
n→∞ An =

2
ρ1�2

(
nπ
L

) . (3.6)

On the other hand, we have

‖Un‖2H2
≥ ρ2 ‖φn‖2 = ρ2λ

2|Bn|2
∫ L

0

| cos(λx)|2dx ∼ Lρ2

2
(

γ2
1
κ + γ2

2
�

)2 as n → ∞,
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‖Un‖2H2
≥ ρ1 ‖vn‖2 = ρ1λ

2|An|2
∫ L

0

| sin(λx)|2dx ∼ 2L

ρ1�2
as n → ∞.

This proves the uniform boundedness of the norm ‖Un‖H2 . Now, we will show that if we assume that
‖Un‖H2 remains bounded as n → ∞, then it leads to a contradiction.

Multiplying Eq. (3.2)4 by ϕx + ψ and integrating, we obtain

iλρ2

∫ L

0

φ(ϕx + ψ)dx + α

∫ L

0

ψx(ϕx + ψ)xdx + k

∫ L

0

(ϕx + ψ)2dx

−
∫ L

0

(γ1θx + γ2Px)(ϕx + ψ)dx

=
∫ L

0

cos
(nπx

L

)
(ϕx + ψ)dx. (3.7)

Let

I = iλρ2

∫ L

0

φϕxdx + α

∫ L

0

ψx(ϕx + ψ)xdx (use (3.2)2)

= iλρ2

∫ L

0

φϕxdx + iλα
ρ1
k

∫ L

0

ψxvdx (use (3.2)1 and (3.2)3)

= iλ

(

1 − αρ1
kρ2

)∫ L

0

ψxvdx.

As (3.1) holds, from (3.7) we have

I = −k

∫ L

0

(ϕx + ψ)2dx − iλρ2

∫ L

0

φψdx

+
∫ L

0

(γ1θx + γ2Px)(ϕx + ψ)dx +
∫ L

0

cos
(nπx

L

)
(ϕx + ψ)dx. (3.8)

If ‖Un‖H remains bounded, using (3.1), from (3.8) we conclude that
∣
∣
∣λ

∫ L

0

ψxvdx
∣
∣
∣ remains bounded as

λ → ∞.
On the other hand, using (3.2)1, we have

iλ

∫ L

0

ψxvdx = λ2
(nπ

L

)
AnBn

∫ L

0

sin2
(nπ

L
x
)

dx (use (3.6))

∼ inπ

ρ1�
(

γ2
1
κ + γ2

2
�

) → ∞ as n → ∞, (3.9)

which contradicts the uniform boundedness of the norm ‖Un‖H2 . This completes the proof of the
theorem. �

4. Exponential stability

In this section, we show the exponential stability of system (1.10)–(1.11) subject to the boundary con-
ditions (1.12) under the condition of nonequal wave speeds of propagation (3.1). For this, we add to the
first equation of (1.10) the damping term μϕt:
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ρ1ϕtt − k(ϕx + ψ)x + μϕt = 0
ρ2ψtt − αψxx + k(ϕx + ψ) − γ1θx − γ2Px = 0
cθt + dPt − κθxx − γ1ψtx = 0
dθt + rPt − �Pxx − γ2ψtx = 0

⎫
⎪⎪⎬

⎪⎪⎭

in (0, L) × (0,∞). (4.1)

The energy of system (4.1) subject to the boundary conditions (1.12) is defined by

E(t) =
1
2

∫ L

0

[
ρ1ϕ

2
t + ρ2ψ

2
t + αψ2

x + κ(ϕx + ψ)2 + cθ2

+ 2dθP + rP 2
]
dx.

(4.2)

Our approach is based on the construction of a Lyapunov functional L satisfying

β1E(t) ≤ L (t) ≤ β2E(t)

for t ≥ 0 and positive constants β1, β2, and
d
dt

L (t) ≤ −αL (t)

for some α > 0. A careful choice of multipliers and the sequence of estimates in the energy method will
give the desired result. Multiplying (4.1)1 by ϕt, (4.1)2 by ψt, (4.1)3 by θ and (4.1)4 by P , one easily
concludes

d
dt

E(t) = −κ

∫ L

0

θ2xdx − �

∫ L

0

P 2
xdx − μ

∫ L

0

ϕ2
t dx.

Lemma 4.1. Let us assume that conditions (1.15) and (3.1) hold and (ϕ,ϕt, ψ, ψt, θ, P ) be the solution to
problem (4.1), (1.11), (1.12). Then, the functional F defined by

F(t) =
∫ L

0

(ρ1ϕtϕ + ρ2ψtψ)dx +
μ

2

∫ L

0

ϕ2dx, (4.3)

satisfies

d
dt

F(t) ≤ ρ1

∫ L

0

ϕ2
tdx + ρ2

∫ L

0

ψ2
t dx − k

∫ L

0

(ϕx + ψ)2dx − α

2

∫ L

0

ψ2
xdx

+C1

∫ L

0

θ2xdx + C2

∫ L

0

P 2
xdx. (4.4)

Proof. Taking the derivative of F(t), we can obtain that

d
dt

F(t) = ρ1

∫ L

0

(ϕ2
t + ϕϕtt)dx + ρ2

∫ L

0

(ψ2
t + ψψtt)dx + μ

∫ L

0

ϕϕtdx.

It follows from (4.1)1 and (4.1)2 that

d
dt

∫ L

0

ρ1ϕtϕdx = ρ1

∫ L

0

ϕ2
t dx − k

∫ L

0

(ϕx + ψ)ϕxdx − μ

∫ L

0

ϕϕtdx, (4.5)

and
d
dt

∫ L

0

ρ2ψtψdx = ρ2

∫ L

0

ψ2
t dx +

∫ L

0

(αψxx − k(ϕx + ψ) + γ1θx + γ2Px)ψdx

= ρ2

∫ L

0

ψ2
t dx − k

∫ L

0

(ϕx + ψ)ψdx − α

∫ L

0

ψ2
xdx

−
∫ L

0

(γ1θ + γ2P )ψxdx. (4.6)
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Adding (4.5) and (4.6), we get

d
dt

F(t) = ρ1

∫ L

0

ϕ2
t dx + ρ2

∫ L

0

ψ2
t dx − k

∫ L

0

(ϕx + ψ)2 − α

∫ L

0

ψ2
xdx

−
∫ L

0

(γ1θ + γ2P )ψxdx.

Using the Young’s and Poincaré’s inequalities, we arrive at (4.4). �

Now, we define the functional S (t)

S (t) = ρ2

∫ L

0

ψtωdx, (4.7)

where −γ1ωx = cθ + dP with ω(0) = ω(L) = 0.

Lemma 4.2. Let the assumptions of Lemma 4.1 hold, then the functional S defined by (4.7) satisfies

dS
dt

(t) ≤ −ρ2
2

∫ L

0

ψ2
t dx +

α

16

∫ L

0

ψ2
xdx +

k

8

∫ L

0

(ϕx + ψ)2dx

+ C1

∫ L

0

θ2xdx + C2

∫ L

0

P 2
xdx.

(4.8)

Proof. Taking the derivation of (4.7), we can get

dS
dt

(t) =
∫ L

0

ρ2ψtωtdx +
∫ L

0

ρ2ψttωdx := S1(t) + S2(t). (4.9)

By using (4.9)1 and Young’s inequality, we shall see that

S1(t) :=
∫ L

0

ρ2ψtωtdx

= −ρ2
γ1

∫ L

0

ψt∂
−1
x

(
κθxx + γ1ψxt

)
dx

= −ρ2

∫ L

0

ψ2
t dx − ρ2κ

γ1

∫ L

0

ψtθxdx

≤ −ρ2
2

∫ L

0

ψ2
t dx + C1

∫ L

0

θ2xdx.

It follows from (4.9)2 that

S2(t) :=
∫ L

0

ρ2ψttωdx

=
∫ L

0

(
αψxx − k(ϕx + ψ) + γ1θx + γ2Px

)
ω dx

= −α

∫ L

0

ωxψxdx − k

∫ L

0

(ϕx + ψ)ωdx

+
∫ L

0

ω(γ1θx + γ2Px)dx.
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By using Young’s and Poincaré’s inequalities, we arrive at

− α

∫ L

0

ωxψxdx ≤ α

16

∫ L

0

ψ2
xdx + C1

∫ L

0

θ2xdx + C2

∫ L

0

P 2
xdx,

− k

∫ L

0

(ϕx + ψ)ωdx ≤ k

8

∫ L

0

(ϕx + ψ)2dx + C1

∫ L

0

θ2xdx + C2

∫ L

0

P 2
xdx,

∫ L

0

ω(γ1θx + γ2Px)dx ≤ C1

∫ L

0

θ2xdx + C2

∫ L

0

P 2
xdx.

Then, estimate (4.8) follows from the previous estimates. �

Next, we define a Lyapunov functional ℵ and we show that it is equivalent to the energy functional
E.

Lemma 4.3. Under the assumptions of Theorem 4.1, there exists a constant β0 > 0 such that

(N − β0)E(t) ≤ ℵ(t) ≤ (N + β0)E(t), ∀t ≥ 0, (4.10)

where ℵ(t) is a Lyapunov functional defined by

ℵ(t) = NE(t) + F(t) + 4S (t), (4.11)

and N > β0 is a sufficiently large constant.

Proof. It follows from Young’s, Poincaré, Cauchy–Schwarz inequalities that

|F(t)| ≤ ρ1
2

∫ L

0

ϕ2
t dx +

ρ2
2

∫ L

0

ψ2
t dx +

ρ1L
2

2

∫ L

0

ψ2
xdx +

μ

2

∫ L

0

ϕ2dx,

|S (t)| ≤ ρ2
2

∫ L

0

ψ2
t dx + c1

∫ L

0

θ2dx + c2

∫ L

0

P 2dx.

Thus, there exists a constant β0 > 0 such that

|ℵ(t) − NE(t)| = |F(t) + 4S (t)| ≤ β0E(t),

and therefore estimate (4.10) holds. �

Theorem 4.4. Let the assumptions of Lemma 4.1 hold. Then, there exist positive constants c0, c1 such
that the energy functional satisfies

E(t) ≤ c1E(0)e−c0t, ∀t ≥ 0. (4.12)

Proof. It follows from (4.3), (4.8) and (4.11) that for any t > 0,

d
dt

ℵ(t) ≤ −(κN − C1)
∫ L

0

θ2xdx − (�N − C2)
∫ L

0

P 2
xdx − (μN − ρ1)

∫ L

0

ϕ2
t dx

−ρ2

∫ L

0

ψ2
t dx − k

2

∫ L

0

(ϕx + ψ)2dx − α

4

∫ L

0

ψ2
xdx. (4.13)

We choose N large enough such that

N > sup
{

C1

κ
,
C2

�
,
ρ1
μ

}

.

Thus, there exists a positive constant ς such that

d
dt

ℵ(t) ≤ ςE(t)
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which yields, by using (4.10),

d
dt

ℵ(t) ≤ Cℵ(t)

for some positive constant C. Then, estimate (4.12) follows by using (4.10) again, which completes the
proof. �

5. Numerical approximation

In this section, we propose a finite element approximation to system (1.10) with initial conditions (1.11)
and boundary conditions (1.12). We note that it is straightforward to extend the results shown in this
section, and in the following one, to the combined Neumann conditions (1.13). Moreover, we prove that
the discrete energy decays, from which we derive a discrete stability property.

Multiplying (1.10) by test functions χ, η, ς, z ∈ H1
0 (0, L), we obtain the following weak form:

ρ1(vt, χ) + k(ϕx + ψ, χx) = 0,
ρ2(wt, η) + α(ψx, ηx) + k(ϕx + ψ, η) + γ1(θ, ηx) + γ2(P, ηx) = 0,
c(θt, ς) + d(Pt, ς) + κ(θx, ςx) − γ1(wx, ς) = 0,
d(θt, z) + r(Pt, z) + �(Px, zx) − γ2(wx, z) = 0,

⎫
⎪⎪⎬

⎪⎪⎭

(5.1)

where we used the notations v = ϕt and w = ψt.
Let us partition the interval (0, L) into subintervals Ij = (xj−1, xj) of length h = 1/s with 0 = x0 <

x1 < . . . < xs = L and define

Sh
0 = {u ∈ H1

0 (0, L) | u ∈ C([0, L]), u|Ij is a linear polynomial}.

For a given final time T and a positive integer N, let Δt = T/N be the time step and tn = nΔt,
n = 0, . . . , N . The finite element method for (5.1) with Dirichlet homogeneous boundary conditions is to
find vn

h , wn
h , θn

h , Pn
h ∈ Sh

0 , n = 1, . . . , N, such that, for all χh, ηh, ςh, zh ∈ Sh
0 ,

ρ1
Δt

(vn
h − vn−1

h , χh) + k(ϕn
hx + ψn

h , χhx) = 0,
ρ2
Δt

(wn
h − wn−1

h , ηh) + α(ψn
hx, ηhx) + k(ϕn

hx + ψn
h , ηh)

+γ1(θn
h , ηhx) + γ2(Pn

h , ηhx) = 0,
c

Δt
(θn

h − θn−1
h , ςh) +

d
Δt

(Pn
h − Pn−1

h , ςh) + κ(θn
hx, ςhx)

−γ1(wn
hx, ςh) = 0,

d
Δt

(θn
h − θn−1

h , zh) +
r

Δt
(Pn

h − Pn−1
h , zh) + �(Pn

hx, zhx)

−γ2(wn
hx, zh) = 0,

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(5.2)

with ϕn
h = ϕn−1

h +Δtvn
h and ψn

h = ψn−1
h +Δtwn

h . Here, ϕ0
h, v0

h, ψ0
h, w0

h, θ0h, P 0
h are adequate approximations

to ϕ0, ϕ1, ψ0, ψ1, θ0 and P 0, respectively.
Let us introduce the discrete energy given by

En
h =

1
2

(
ρ1‖vn

h‖2 + ρ2‖wn
h‖2 + k‖ϕn

hx + ψn
h‖2 + α‖ψn

hx‖2

+c‖θn
h‖2 + r‖Pn

h ‖2 + 2d(Pn
h , θn

h)
)
,

where ‖ · ‖ represents the norm in the space L2(0, �).
Thus, the following decay result, similarly to the continuous case, holds.
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Theorem 5.1. Let the assumptions of Theorem 2.4 hold. Then, the discrete energy decays to zero, that
is,

En
h − En−1

h

Δt
≤ 0, n = 1, . . . , N.

Proof. Choosing χh = vn
h , ηh = wn

h , ςh = θn
h and zh = Pn

h in (5.2), we obtain
ρ1

2Δt

(‖vn
h − vn−1

h ‖2 + ‖vn
h‖2 − ‖vn−1

h ‖2) + k(ϕn
hx + ψn

h , vn
hx) = 0,

ρ2
2Δt

(‖wn
h − wn−1

h ‖2 + ‖wn
h‖2 − ‖wn−1

h ‖2) + α(ψn
hx, wn

hx) + k(ϕn
hx + ψn

h , wn
h)

+γ1(θn
h , wn

hx) + γ2(Pn
h , wn

hx) = 0,
c

2Δt

(‖θn
h − θn−1

h ‖2 + ‖θn
h‖2 − ‖θn−1

h ‖2) +
d
Δt

(Pn
h − Pn−1

h , θn
h)

+κ‖θn
hx‖2 − γ1(wn

hx, θn
h) = 0,

d
Δt

(θn
h − θn−1

h , Pn
h ) +

r

2Δt

(‖Pn
h − Pn−1

h ‖2 + ‖Pn
h ‖2 − ‖Pn−1

h ‖2)

+�‖Pn
hx‖2 − γ2(wn

hx, Pn
h ) = 0,

and adding the latter equations we find that
ρ1

2Δt

(‖vn
h − vn−1

h ‖2 + ‖vn
h‖2 − ‖vn−1

h ‖2) +
ρ2

2Δt

(‖wn
h − wn−1

h ‖2 + ‖wn
h‖2 − ‖wn−1

h ‖2)

+k(ϕn
hx + ψn

h , vn
hx + wn

h) + α(ψn
hx, wn

hx) +
c

2Δt

(‖θn
h − θn−1

h ‖2 + ‖θn
h‖2 − ‖θn−1

h ‖2)

+
r

2Δt

(‖Pn
h − Pn−1

h ‖2 + ‖Pn
h ‖2 − ‖Pn−1

h ‖2) +
d
Δt

(Pn
h − Pn−1

h , θn
h)

+
d
Δt

(θn
h − θn−1

h , Pn
h ) + κ‖θn

hx‖2 + �‖Pn
hx‖2 = 0.

Now, we note that

k(ϕn
hx + ψn

h , vn
hx + wn

h) =
k

Δt
(ϕn

hx + ψn
h , ϕn

hx + ψn
h − (ϕn−1

hx + ψn−1
h ))

≥ k

2Δt

(‖ϕn
hx + ψn

h‖2 − ‖ϕn−1
hx + ψn−1

h ‖2) ,

α(ψn
hx, wn

hx) =
α

Δt
(ψn

hx, ψn
hx − ψn−1

n ) ≥ α

2Δt

(‖ψn
hx‖2 − ‖ψn−1

n ‖2) ,

(Pn
h − Pn−1

h , θn
h) + (θn

h − θn−1
h , Pn

h )

= (Pn
h , θn

h) − (Pn−1
h , θn−1

h ) + (θn
h − θn−1

h , Pn
h − Pn−1

h ).

These results, together with (1.15), yield
ρ1

2Δt

(‖vn
h‖2 − ‖vn−1

h ‖2) +
ρ2

2Δt

(‖wn
h‖2 − ‖wn−1

h ‖2)

+
k

2Δt

(‖ϕn
hx + ψn

h‖2 − ‖ϕn−1
hx + ψn−1

h ‖2) +
α

2Δt

(‖ψn
hx‖2 − ‖ψn−1

n ‖2)

+
c

2Δt

(‖θn
h‖2 − ‖θn−1

h ‖2) +
r

2Δt

(‖Pn
h ‖2 − ‖Pn−1

h ‖2)

+
d
Δt

(
(Pn

h , θn
h) − (Pn−1

h , θn−1
h )

)
+ κ‖θn

hx‖2 + �‖Pn
hx‖2 ≤ 0, (5.3)

and the theorem is proved using the definition of the discrete energy. �

As a consequence, the following stability estimates are derived.
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Corollary 5.2. Under the assumptions of Theorem 2.4, the discrete solution {vn
h , wn

h , ϕn
h, ψn

h , θn
h , Pn

h }, gen-
erated by discrete problem (5.2) , satisfies

‖vn
h‖2 + ‖wn

h‖2 + ‖ϕn
hx + ψn

h‖2 + ‖ψn
hx‖2 + Δt

n∑

i=1

‖θi
hx‖2 + Δt

n∑

i=1

‖P i
hx‖2 ≤ C.

Proof. Summing (5.3) over n and recalling (1.15), the result follows. �

6. Error analysis: a priori error estimates

In this section, we will obtain some a priori error estimates on the numerical approximation, from which
we derive the linear convergence of the algorithm under suitable additional regularity conditions.

Theorem 6.1. Let the assumptions of Theorem 2.4 hold. If we denote by (v, w, ϕ, ψ, θ, P ), the solution
to problem (5.1), and by {vn

h , wn
h , ϕn

h, ψn
h , θn

h , Pn
h }N

n=0, the solution to problem (5.2), then we have the
following a priori error estimates for all {χn

h}N
n=0, {ηn

h}N
n=0, {ςn

h }N
n=0, {zn

h}N
n=0 ⊂ Sh

0 ,

max
0≤n≤N

{
‖vn − vn

h‖2 + ‖wn − wn
h‖2 + ‖ϕn

x + ψn − (ϕn
hx + ψn

h)‖2

+‖ψn
x − ψn

hx‖2 + ‖Pn − Pn
h ‖2 + ‖θn − θn

h‖2
}

≤ CΔt

n∑

i=1

(
‖vi

t − δvi‖2 + ‖wi
t − δwi‖2 + ‖ψi

xt − δψi
x‖2 + ‖θi

t − δθi‖2

+‖P i
t − δP i‖2 + ‖ϕi

xt + ψi
t − (δϕi

x + δψi)‖2 + ‖vi − χi
h‖2

+‖vi
x − χi

hx‖2 + ‖wi − ηi
h‖2 + ‖wi

x − ηi
hx‖2 + ‖θi

x − ςi
hx‖2

+‖P i
x − zi

hx‖2
)

+
C

Δt

N−1∑

i=1

‖vi − χi
h − (vi+1 − χi+1

h )‖2

+
C

Δt

N−1∑

i=1

‖wi − ηi
h − (wi+1 − ηi+1

h )‖2 +
C

Δt

N−1∑

i=1

‖θi − ςi
h − (θi+1 − ςi+1

h )‖2

+
C

Δt

N−1∑

i=1

‖P i − zi
h − (P i+1 − zi+1

h )‖2 + C max
0≤n≤N

(
‖vn − χn

h‖2

+‖wn − ηn
h‖2 + ‖θn − ςn

h ‖2 + ‖Pn − zn
h‖2

)

+C
(
‖ϕ1 − v0

h‖2 + ‖ψ1 − w0
h‖2 + ‖ϕ0

x + ψ0 − (ϕ0
hx + ψ0

h)‖2

+‖ψ0
x − ψ0

hx‖2 + ‖θ0 − θ0h‖2 + ‖P 0 − P 0
h‖2

)
, (6.1)

where C is a positive constant assumed to be independent of the discretization parameters h and Δt.

Proof. Let us recall that v = ϕt and w = ψt. For a continuous function f(t), let fn = f(tn) and, for a
sequence {fn}N

n=1, let δfn = (fn − fn−1)/Δt.
Subtracting equation (5.1)1 at time t = tn for χ = χh ∈ Sh

0 and (5.2)1, we have

ρ1(vn
t − δvn

h , χh) + k(ϕn
x + ψn − (ϕn

hx + ψn
h), χhx) = 0.

Thus, for all χ ∈ Sh
0 , we obtain

ρ1(vn
t − δvn

h , vn − vn
h) + k(ϕn

x + ψn − (ϕn
hx + ψn

h), vn
x − vn

hx)
= ρ1(vn

t − δvn
h , vn − χh) + k(ϕn

x + ψn − (ϕn
hx + ψn

h), vn
x − χhx). (6.2)
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Similarly, from equations (5.1)2 - (5.1)4 and (5.2)2 - (5.2)4 we deduce, for all ηh, ςh, zh ∈ Sh
0 ,

ρ2(wn
t − δwn

h , wn − wn
h) + α(ψn

x − ψn
hx, wn

x − wn
hx)

+γ1(θn − θn
h , wn

x − wn
hx) + γ2(Pn − Pn

h , wn
x − wn

hx)
+k(ϕn

x + ψn − (ϕn
hx + ψn

h), wn − wn
h)

= ρ2(wn
t − δwn

h , wn − ηh) + α(ψn
x − ψn

hx, wn
x − ηhx)

+γ1(θn − θn
h , wn

x − ηhx) + γ2(Pn − Pn
h , wn

x − ηhx),
+k(ϕn

x + ψn − (ϕn
hx + ψn

h), wn − ηh),
c(θn

t − δθn
h , θn − θn

h) + d(Pn
t − δPn

h , θn − θn
h) + κ(θn

x − θn
hx, θn

x − θn
hx)

−γ1(wn
x − wn

hx, θn − θn
h)

= c(θn
t − δθn

h , θn − ςh) + d(Pn
t − δPn

h , θn − ςh) + κ(θn
x − θn

hx, θn
x − ςhx)

−γ1(wn
x − wn

hx, θn − ςh),
d(θn

t − δθn
h , Pn − Pn

h ) + r(Pn
t − δPn

h , Pn − Pn
h ) + �(Pn

x − Pn
hx, Pn

x − Pn
hx)

−γ2(wn
x − wn

hx, Pn − Pn
h )

= d(θn
t − δθn

h , Pn − zh) + r(Pn
t − δPn

h , Pn − zh) + �(Pn
x − Pn

hx, Pn
x − zhx)

−γ2(wn
x − wn

hx, Pn − zh).

Using that (a − b)a = 0.5
(
(a − b)2 + a2 − b2

)
, we obtain

(vn
t − δvn

h , vn − vn
h) = (vn

t − δvn, vn − vn
h) + (δvn − δvn

h , vn − vn
h)

≥ (vn
t − δvn, vn − vn

h) +
1

2Δt

(‖vn − vn
h‖2 − ‖vn−1 − vn−1

h ‖2) . (6.3)

In the same way, we find

(wn
t − δwn

h , wn − wn
h) ≥ (wn

t − δwn, wn − wn
h)

+
1

2Δt

(‖wn − wn
h‖2 − ‖wn−1 − wn−1

h ‖2) ,

(ψn
x − ψn

hx, wn
x − wn

hx) = (ψn
x − ψn

hx, ψn
xt − δψn

hx)

≥ (ψn
x − ψn

hx, ψn
xt − δψn

x ) +
1

2Δt

(‖ψn
x − ψn

hx‖2 − ‖ψn−1
x − ψn−1

hx ‖2) ,

(θn
t − δθn

h , θn − θn
h) = (θn

t − δθn, θn − θn
h)

+
1

2Δt

(‖θn − θn
h − (θn−1 − θn−1

h )‖2 + ‖θn − θn
h‖2 − ‖θn−1 − θn−1

h ‖2) ,

(Pn
t − δPn

h , Pn − Pn
h ) = (Pn

t − δPn, Pn − Pn
h )

+
1

2Δt

(
‖Pn − Pn

h − (Pn−1 − Pn−1
h )‖2 + ‖Pn − Pn

h ‖2 − ‖Pn−1 − Pn−1
h ‖2

)
.

From the previous estimates it follows that
ρ1

2Δt

(‖vn − vn
h‖2 − ‖vn−1 − vn−1

h ‖2) +
ρ2

2Δt

(‖wn − wn
h‖2 − ‖wn−1 − wn−1

h ‖2)

+k(ϕn
x + ψn − (ϕn

hx + ψn
h), vn

x − vn
hx + wn − wn

h)) + κ‖θn
x − θn

hx‖2

+
c

2Δt

(‖θn − θn
h − (θn−1 − θn−1

h )‖2 + ‖θn − θn
h‖2 − ‖θn−1 − θn−1

h ‖2)

+d(Pn
t − δPn

h , θn − θn
h) + d(θn

t − δθn
h , Pn − Pn

h ) + �‖Pn
x − Pn

hx‖2

+
r

2Δt

(‖Pn − Pn
h − (Pn−1 − Pn−1

h )‖2 + ‖Pn − Pn
h ‖2 − ‖Pn−1 − Pn−1

h ‖2)

+
α

2Δt

(‖ψn
x − ψn

hx‖2 − ‖ψn−1
x − ψn−1

hx ‖2)
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= −ρ1(vn
t − δvn, vn − vn

h) − ρ2(wn
t − δwn, wn − wn

h) − α(ψn
x − ψn

hx, ψn
xt − δψn

x )
−c(θn

t − δθn, θn − θn
h) − r(Pn

t − δPn, Pn − Pn
h ) + ρ1(vn

t − δvn
h , vn − χh)

+k(ϕn
x + ψn − (ϕn

hx + ψn
h), vn

x − χhx) + ρ2(wn
t − δwn

h , wn − ηh)
+k(ϕn

x + ψn − (ϕn
hx + ψn

h), wn − ηh) + γ1(θn − θn
h , wn

x − ηhx)
+c(θn

t − δθn
h , θn − ςh) + d(Pn

t − δPn
h , θn − ςh) + κ(θn

x − θn
hx, θn

x − ςhx)
−γ1(wn

x − wn
hx, θn − ςh) + d(θn

t − δθn
h , Pn − zh) + r(Pn

t − δPn
h , Pn − zh)

+�(Pn
x − Pn

hx, Pn
x − zhx) − γ2(wn

x − wn
hx, Pn − zh) + α(ψn

x − ψn
hx, wn

x − ηhx)
+γ2(Pn − Pn

h , wn
x − ηhx).

Now, keeping in mind that

k(ϕn
x + ψn − (ϕn

hx + ψn
h), vn

x − vn
hx + wn − wn

h))
= k(ϕn

x + ψn − (ϕn
hx + ψn

h), ϕn
xt − δϕn

hx + ψn
t − δψn

h))
≥ k(ϕn

x + ψn − (ϕn
hx + ψn

h), ϕn
xt + ψn

t − (δϕn
x + δψn))

+
k

2Δt
‖ϕn

x + ψn − (ϕn
hx + ψn

h)‖2 − k

2Δt
‖ϕn−1

x + ψn−1 − (ϕn−1
hx + ψn−1

h )‖2,
d(Pn

t − δPn
h , θn − θn

h) + d(θn
t − δθn

h , Pn − Pn
h )

= d(Pn
t − δPn + δPn − δPn

h , θn − θn
h) + d(θn

t − δθn + δθn − δθn
h , Pn − Pn

h )

= d(Pn
t − δPn, θn − θn

h) + d(θn
t − δθn, Pn − Pn

h ) +
d
Δt

(θn − θn
h , Pn − Pn

h )

+
d
Δt

(θn − θn−1 − (θn
h − θn−1

h ), Pn − Pn−1 − (Pn
h − Pn−1

h )

− d
Δt

(θn−1 − θn−1
h , Pn−1 − Pn−1

h ),

recalling (1.15), we deduce from the previous estimate that
ρ1

2Δt

(‖vn − vn
h‖2 − ‖vn−1 − vn−1

h ‖2) +
ρ2

2Δt

(‖wn − wn
h‖2 − ‖wn−1 − wn−1

h ‖2)

+
k

2Δt
‖ϕn

x + ψn − (ϕn
hx + ψn

h)‖2 − k

2Δt
‖ϕn−1

x + ψn−1 − (ϕn−1
hx + ψn−1

h )‖2

+
α

2Δt

(‖ψn
x − ψn

hx‖2 − ‖ψn−1
x − ψn−1

hx ‖2)

+
c

2Δt

(‖θn − θn
h‖2 − ‖θn−1 − θn−1

h ‖2)

+
d
Δt

(θn − θn
h , Pn − Pn

h ) − d
Δt

(θn−1 − θn−1
h , Pn−1 − Pn−1

h ) + κ‖θn
x − θn

hx‖2

+�‖Pn
x − Pn

hx‖2 +
r

2Δt

(‖Pn − Pn
h ‖2 − ‖Pn−1 − Pn−1

h ‖2)

≤ −ρ1(vn
t − δvn, vn − vn

h) − ρ2(wn
t − δwn, wn − wn

h) − α(ψn
x − ψn

hx, ψn
xt − δψn

x )
−c(θn

t − δθn, θn − θn
h) − r(Pn

t − δPn, Pn − Pn
h ) + ρ1(vn

t − δvn
h , vn − χh)

+k(ϕn
x + ψn − (ϕn

hx + ψn
h), vn

x − χhx) + ρ2(wn
t − δwn

h , wn − ηh)
+k(ϕn

x + ψn − (ϕn
hx + ψn

h), wn − ηh) + γ1(θn − θn
h , wn

x − ηhx)
+c(θn

t − δθn
h , θn − ςh) + d(Pn

t − δPn
h , θn − ςh) + κ(θn

x − θn
hx, θn

x − ςhx)
−γ1(wn

x − wn
hx, θn − ςh) + d(θn

t − δθn
h , Pn − zh) + r(Pn

t − δPn
h , Pn − zh)

+�(Pn
x − Pn

hx, Pn
x − zhx) − γ2(wn

x − wn
hx, Pn − zh)

−k(ϕn
x + ψn − (ϕn

hx + ψn
h), ϕn

xt + ψn
t − (δϕn

x + δψn))
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−d(Pn
t − δPn, θn − θn

h) − d(θn
t − δθn, Pn − Pn

h )
+α(ψn

x − ψn
hx, wn

x − ηhx) + γ2(Pn − Pn
h , wn

x − ηhx).

From conditions (1.14), we conclude that d/c < r/d. Thus, let ε be such that d/c < ε < r/d. As a
consequence of the Cauchy–Schwarz inequality and the Young’s inequality, we obtain

2d(θn − θn
h , Pn − Pn

h ) ≤ d
ε
‖θn − θn

h‖2 + dε‖Pn − Pn
h ‖2.

Hence, summing (6.4) over n yields, for all χi
h, ηi

n, ςi
h, zi

n ∈ Sh
0 ,

ρ1‖vn − vn
h‖2 + ρ2‖wn − wn

h‖2 + k‖ϕn
x + ψn − (ϕn

hx + ψn
h)‖2 + α‖ψn

x − ψn
hx‖2

+(r − dε)‖Pn − Pn
h ‖2 + (c − d/ε)‖θn − θn

h‖2

≤ CΔt

n∑

i=1

(
‖vi − vi

h‖2 + ‖wi − wi
h‖2 + ‖ψi

x − ψi
hx‖2 + ‖θi − θi

h‖2

+‖P i − P i
h‖2 + ‖ϕi

x + ψi − (ϕi
hx + ψi

h)‖2 + ‖vi
t − δvi‖2 + ‖wi

t − δwi‖2
+‖ψi

xt − δψi
x‖2 + ‖θi

t − δθi‖2 + ‖P i
t − δP i‖2 + ‖ϕi

xt + ψi
t − (δϕi

x + δψi)‖2
+‖vi − χi

h‖2 + ‖vi
x − χi

hx‖2 + ‖wi − ηi
h‖2 + ‖wi

x − ηi
hx‖2

+(δθi − δθi
h, θi − ςi

h) + (δP i − δP i
h, θi − ςi

h) + ‖θi
x − ςi

hx‖2
+(δθi − δθi

h, P i − zi
h) + (δP i − δP i

h, P i − zi
h) + ‖P i

x − zi
hx‖2

+(δvi − δvi
h, vi − χi

h) + (δwi − δwi
h, wi − ηi

h)
)

+C
(
‖v0 − v0

h‖2 + ‖w0 − w0
h‖2 + ‖ϕ0

x + ψ0 − (ϕ0
hx + ψ0

h)‖2 + ‖ψ0
x − ψ0

hx‖2

+‖θ0 − θ0h‖2 + ‖P 0 − P 0
h‖2

)
.

Finally, taking into account that (see [15])

Δt

n∑

i=1

(δvi − δvi
h, vi − χi

h) = (vn − vn
h , vn − χn

h) + (v0
h − ϕ1, v1 − χ1

h)

+
n−1∑

i=1

(vj − vj
h, vj − χj

h − (vj+1 − χj+1
h )),

Δt

n∑

i=1

(δwi − δwi
h, wi − ηi

h) = (wn − wn
h , wn − ηn

h) + (w0
h − ψ1, w1 − η1

h)

+
n−1∑

i=1

(wj − wj
h, wj − ηj

h − (wj+1 − ηj+1
h )),

Δt

n∑

i=1

(δθi − δθi
h, θi − ςi

h) = (θn − θn
h , θn − ςn

h ) + (θ0h − θ0, θ1 − ς1h)

+
n−1∑

i=1

(θj − θj
h, θj − ςj

h − (θj+1 − ςj+1
h )),

Δt

n∑

i=1

(δP i − δP i
h, P i − zi

h) = (Pn − Pn
h , Pn − zn

h ) + (P 0
h − P 0, P 1 − z1h)

+
n−1∑

i=1

(P j − P j
h , P j − zj

h − (P j+1 − zj+1
h )),
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Δt

n∑

i=1

(δθi − δθi
h, P i − zi

h) = (θn − θn
h , Pn − zn

h ) + (θ0h − θ0, P 1 − z1h)

+
n−1∑

i=1

(θj − θj
h, P j − zj

h − (P j+1 − zj+1
h )),

Δt

n∑

i=1

(δP i − δP i
h, θi − ςi

h) = (Pn − Pn
h , θn − ςn

h ) + (P 0
h − P 0, θ1 − ς1h)

+
n−1∑

i=1

(P j − P j
h , θj − ςj

h − (θj+1 − ςj+1
h )),

from the above estimates, using a discrete version of Gronwall’s inequality (see, for instance, [16]), we
conclude the proof. �

We note that error estimates (6.1) are the basis to get the convergence order of the approximations
given by problem (5.2). Therefore, as an example, if we assume the following additional regularity:

ϕ,ψ ∈ H3(0, T ;L2(0, L)) ∩ H2(0, T ;H1(0, L)) ∩ C1([0, T ];H2(0, L)),
θ, P ∈ H2(0, T ;L2(0, L)) ∩ H1(0, T ;H1(0, L)) ∩ C([0, T ];H2(0, L)), (6.4)

and we define the discrete initial conditions as

v0
h = Phϕ1, w0

h = Phψ1, ϕ0
h = Phϕ0, ψ0

h = Phψ0,

θ0h = Phθ0, P 0
h = PhP 0, (6.5)

where Ph is the classical interpolation operator defined over the finite element space Sh
0 ; using the classical

results on the approximation by finite elements (see, for instance, [14]), we obtain the following.

Corollary 6.2. Let the assumptions of Theorem 2.4 hold. Under the additional regularity (6.4), if the
discrete initial conditions are given by (6.5), then it follows that the approximations obtained by problem
(5.2) are linearly convergent, that is, there exists a positive constant C, independent of the discretization
parameters h and Δt, such that

max
0≤n≤N

{
‖vn − vn

h‖ + ‖wn − wn
h‖ + ‖ϕn

x + ψn − (ϕn
hx + ψn

h)‖ + ‖ψn
x − ψn

hx‖

+‖Pn − Pn
h ‖ + ‖θn − θn

h‖
}

≤ C(h + Δt).

7. Numerical results

In order to verify the behaviour of the numerical method analysed in the previous section, some numerical
experiments have been performed.

7.1. Numerical scheme

Given the solution ϕn−1
h , vn−1

h , ψn−1
h , wn−1

h , θn−1
h and Pn−1

h at time tn−1, the transverse velocity field is
obtained from the discrete linear variational equation:

ρ1(vn
h , χh) + Δt2k((vn

h)x, (χh)x) = ρ1(vn−1
h , χh) − Δtk((ϕn−1

h )x, (χh)x)

+Δtk((ψn
h)x, χh).

Later, we get the rotation velocity from the variational equation:

ρ2(wn
h , ηh) + Δt2α((wn

h)x, (ηh)x) + Δt2k(wn
h , ηh) = ρ2(wn−1

h , ηh)
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−Δtα((ψn−1
h )x, (ηh)x) − Δtk(ψn−1

h , ηh) − Δtk((ϕn
h)x, ηh)

+Δtγ1((θn
h)x, ηh) + Δtγ2((Pn

h )x, ηh).

Finally, the calculations for the temperature θ and the chemical potential P can be expressed in terms
of a product variable yn = (θn

h , Pn
h ) to solve the equations:

(cθn
h + dPn

h , ςh) + Δtκ((θn
h)x, (ςh)x) = (cθn−1

h + dPn−1
h , ςh)

+Δtγ1((wn
h)x, ςh),

(dθn
h + rPn

h , zh) + Δt�((Pn
h )x, (zh)x) = (dθn−1

h + rPn−1
h , zh)

+Δtγ2((wn
h)x, zh).

Finally, the transverse displacement and the rotation are obtained from the equations:

ϕn
h = Δt

n∑

i=1

vi
h + ϕ0

h, ψn
h = Δt

n∑

i=1

wi
h + ψ0

h.

We note that with this strategy, the numerical problem consists of four coupled symmetric linear
equations, and so a fixed-point algorithm was applied for their solution with Cholesky’s method for
matrix factorization.

The numerical scheme was implemented using MATLAB on a Intel Core i5 − 3337U @ 1.80 GHz and
a typical run (104 step times and 104 nodes) took about 200 s of CPU time.

7.2. A first example: numerical convergence

Our aim with this first example is to verify the numerical convergence of the numerical scheme. In this
sense, the following problem is considered.

Problem Pex. Find the velocity field v : [0, 1] × [0, 1] �→ R and w : [0, 1] × [0, 1] �→ R, the temperature
field θ : [0, 1] × [0, 1] �→ R and the chemical potential P : [0, 1] × [0, 1] �→ R such that

ϕtt − (ϕx + ψ) = f1 in (0, 1) × (0, 1),
ψtt − ψxx + (ϕx + ψ) − θx − Px = f2 in (0, 1) × (0, 1),
2θt + Pt − θxx − ψtx = f3 in (0, 1) × (0, 1),
θt + Pt − Pxx − ψtx = f4 in (0, 1) × (0, 1),
ϕ(0, t) = ϕ(1, t) = 0 for a.e. t ∈ (0, 1),
ψ(0, t) = ψ(1, t) = 0 for a.e. t ∈ (0, 1),
θ(0, t) = θ(1, t) = P (0, t) = P (1, t) = 0, for a.e. t ∈ (0, 1),
ϕ(x, 0) = ϕt(x, 0) = 4x(1 − x) for a.e. x ∈ (0, 1),
ψ(x, 0) = ψt(x, 0) = 4x(1 − x) for a.e. x ∈ (0, 1),
θ(x, 0) = 4x(1 − x), P (x, 0) = 4x(1 − x) for a.e. x ∈ (0, 1),

being the artificial forces fi, i = 1, 2, 3, 4, involved:

f1(x, t) = 4et(−x2 + 3x + 1),
f2(x, t) = 4et(−2x2 + 4x + 1),
f3(x, t) = 4et(−3x2 + 5x + 1),
f4(x, t) = 4et(−2x2 + 4x + 1),

which corresponds to problem (1.10)–(1.12) with the following data:

ρ1 = ρ2 = 1, k = 1, T = 1, α = 1, γ1 = γ2 = 1,
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10-3 Asymptotic behaviour

Fig. 1. Example 1: Asymptotic behaviour of the numerical scheme

c = 2, d = 1, κ = 1, r = 1, � = 1,

ϕ0(x) = ϕ1(x) = 4x(1 − x), ψ0(x) = ψ1(x) = 4x(1 − x) for all x ∈ (0, 1),
θ0(x) = 4x(1 − x), P 0(x) = 4x(1 − x) for all x ∈ (0, 1).

The exact solution to Problem Pex is the following:

ϕ(x, t) = 4etx(1 − x), ψ(x, t) = 4etx(1 − x) for all (x, t) ∈ [0, 1] × [0, 1],
θ(x) = 4etx(1 − x), P (x) = 4etx(1 − x) for all (x, t) ∈ [0, 1] × [0, 1],

which is consistent with boundary conditions (1.12).
The errors obtained for different discretization parameters nel and Δt are depicted in Table 1 (being

nel the number of finite elements of the discretization and h = 1
nel

the spatial discretization parameter).
Moreover, the evolution of the error depending on h + Δt is plotted in Fig. 1. We observe that the linear
convergence stated in Corollary 6.2 is achieved.

7.3. Example 2: numerical stability

In order to study the energy evolution, the modified problem (4.1) is solved for different values of the
damping parameter μ, and also using both Dirichlet (1.12) or Neumann (1.13) boundary conditions. We
note that their numerical analyses can be performed in a similar form. A different set of thermomechanical
parameters has been considered:

ρ1 = ρ2 = 10−4, k = 0.2, α = 1, γ1 = 0.01931, γ2 = r = 0.0004635,

c = 1.0136, d = 0.00251, κ = 365, � = 0.03058.

If we assume that there are no forces and we observe the system until final time T = 1, using the same
initial conditions than in the previous case and discretization parameters Δt = h = 10−3, the evolution in
time of the discrete energy is plotted in Fig. 2 corresponding to boundary conditions (1.12). We observe
that an exponential energy decay has been achieved, confirming the theoretical results, even for the
undamped case μ = 0, which has been included for comparison.
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Fig. 2. Example 2: Energy evolution in normal and semi-log scales (Dirichlet conditions)
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Fig. 3. Example 2: Energy evolution in normal and semi-log scales (Neumann conditions)

Using now the initial condition ψ0 = 4x2(1 − x)2 and the discretization parameters h = 10−3 and
Δt = 0.5 × 10−3, the evolution in time of the discrete energy, considering Neumann boundary conditions
(1.13), is shown in Fig. 3. As it was predicted by the theory (lack of exponential stability), the decay
presents some oscillations and this is non-exponential, again even in the undamped case.

7.4. Example 3: influence of the chemical potential

The aim of this third example is try to observe the influence of diffusion of the chemical potential in
the model. Therefore, null initial conditions have been considered in all the variables but the one for the
chemical potential, where P (x, 0) = 4x(1 − x) has been taken. The same material constants than in the
previous example have been used and, again, no external forces nor temperature sources act on the body.
Moreover, the discretization parameters Δt = h = 10−3 have been employed.
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Fig. 4. Example 3: Evolution in time of temperature (left) and chemical potential (right) at central point
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Fig. 5. Example 3: Temperature (left) and chemical potential (right) at different time instants

In Fig. 4, the evolution in time of both the temperature and the chemical potential at central point is
presented. Moreover, in Fig. 5 both the temperature field (left-hand side) and the chemical potential field
(right-hand side) are shown at several time instants. As expected, the temperature is generated initially
but it converges to zero, with some oscillations due to the influence of the chemical potential. Similarly,
the chemical potential has a quadratic behaviour and, again, it converges to zero.

Finally, we analyse the effect of using different initial conditions for the chemical potential, remaining
the rest of the data the same than in Example 2. Therefore, taking again discretization parameters
Δt = h = 10−3 in Fig. 6 we plot the evolution in time of the vertical displacement (left) and rotation
(right). As expected, both are generated due to the diffusion and they increase as the diffusion increases,
although typical oscillations are found.
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Fig. 6. Example 3: Evolution in time of the vertical displacement (left) and rotation (right) at central point
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