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Blowup time estimates for a parabolic p-Laplacian equation
with nonlinear gradient terms

Heqgian Lu and Zhengce Zhang

Abstract. This article studies the blowup time of weak solutions to the degenerate parabolic equation us — Apu = Au"™ +
1|Vu|? with homogeneous Dirichlet boundary condition in a bounded smooth domain. We first obtain an upper bound and
a lower one for the blowup time of L° blowup solutions and then get the upper bound for the blowup time of gradient
blowup solutions.
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1. Introduction

In this paper, we consider the blowup time of weak solutions to the following parabolic p-Laplacian
equation:

up — Apu = Au™ + p|Vul?, in Q x (0,7),
u =0, on 90 x (0,7T), (1.1)
U(CE,O) - UO(‘T)’ in Q>

where (2 is a bounded domain in RY (N > 1) with smooth boundary 992 and T' € (0, cc] is the maximal
existence time, that is

T=sup{t >0: sup (llu(, )| e () + VUl 8) || Lo ()) < 00
0<t<t
A, is the p-Laplacian operator
Apu = div (|VulP7>Vu), p>2,
V is the gradient operator, m > 1,¢q > 1 and A, € R. The initial value ug(x) € WOI’OO(Q) is a nonnegative

and nontrivial function which satisfies the compatible condition.
If p = 2, the equation

up — Au = Au™ + p|Vul? (1.2)

was introduced by Chipot and Weissler [3] to investigate the effect of a damping gradient term on existence
or nonexistence of global solutions. The blowup properties of classical solutions to (1.2) have been studied
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extensively in [6,9,12-15] and the references therein. In particular, Payne and Song [12] obtained a lower
bound for the blowup time of L> blowup solutions to (1.2) with A > 0, < 0 in three-space dimension.
If p > 2, equation (1.1) often appears in the theory of non-Newtonian fluids. A lot of efforts, see
[1,2,4,7,8,10,11,17-22] for examples, have been devoted to the blowup properties of solutions to (1.1).
The local existence of weak solutions was established in [20]. The result also demonstrates that for
m>1,¢g>1,\peR and up(x) € V[fol’oo(Q)7 if the maximal existence time T is finite, then

Jim (Jfu(8) | (@) + V(- 1)l (@) = o0,

i.e., the maximal existence time 7" is just the blowup time. If lim, ;- [Ju(-,t)| L (o) = oo, we formally
say u is a L> blowup solution. While if supg o 7y [u| < oo, but lim; - [|[Vu(:,t)| L~ (q) = oo, then u
is normally called a gradient blowup solution. If A > 0 and p = 0, Li and Xie [10] proved existence of a
L blowup solution under given conditions such as A is large enough if m = p — 1, or the initial data
are sufficiently large if m > p — 1. Furthermore, the blowup rate [22] was discussed in the radial case. If
A =0 and p > 0, the gradient blowup solution could be obtained under certain conditions, see [1,2,7]
for examples. Besides, Zhang [17] gave the gradient blowup rate in the one-dimensional case. If Ay # 0,
Zhang and Li [19,20] established the complete classification of parameters A, i, p, m and ¢ for global, L>
blowup and gradient blowup solutions to (1.1).

These known results show that the values of p, m,q, A and p play very vital roles in studying the
blowup properties of weak solutions to (1.1). Motivated by these results, it is a natural way that we are
concerned with the bounds for blowup time of L> blowup and gradient blowup solutions to (1.1). In
fact, we will estimate the upper bound and the lower one for the blowup time of L blowup solutions
and establish the upper bound for the blowup time of gradient blowup solutions.

Firstly, we give the definition of weak solutions to (1.1).

Definition 1.1. Let s = max{p,m,q}, Qr = Q x (0,T), 0Qr = {9Q x [0,T|} U {ﬁ X {O}} A function

u(x,t) is called a weak super- (sub-) solution of the problem (1.1) if it satisfies
weC(@x[0,1)NL (O,T; Wol’S(Q)>, B e L2 (Qr),
w(z,0) > (<) up(z) in Q, uwu>(L)0 on 099,

(1.3)
// (Oputp + |VulP>Vu - Vi) dzdt > (<) // (Au™ + p|Vau|?)  dz dt.
Qr Qr

Here, 0 < ¢ € C (@) N LP <O,T; Wol’p(Q)>. A function u(x,t) is a weak solution if it is a weak super-
solution and a weak sub-solution.

Remark 1.1. The local existence of weak solutions to (1.1) can be found in [20, Theorem 2.1].

The following weak comparison principle of weak solutions to (1.1) will play a crucial role in estab-
lishing the blowup time results.

Lemma 1.1. (See [10,19]) Assume that z1, 2z € LS, (07T; Woloo(ﬂ)> are weak sub- and super-solutions
of (1.1), respectively, and z1(x,0) < z2(x,0).

(1) Suppose u#0. If ¢ > p/2, then z1 < z5 on Q x (0,T);

(2) Suppose =0, then z; < z5 on Q x (0,7T).

By Lemma 1.1, we know that the solution u(x,t) of (1.1) is nonnegative in the time interval of existence
under corresponding parameters conditions.

This paper is organized as follows. In Sect. 2, we will obtain an upper bound and a lower one for the
blowup time of L> blowup solutions. In Sect. 3, the upper bound for the blowup time of gradient blowup
solutions will be derived.
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2. Upper and lower bounds for blowup time of L°° blowup solutions

In this section, we give an upper bound and a lower one for blowup time of L> blowup solutions to (1.1).
At first, according to [19,20], we have the following results about L blowup solutions.

Theorem 2.1. Let A > 0, u <0, m > max{q,p — 1} and q > p/2 and assume that uy = N for some
satisfying v > 0, ¥]aq = 0 and ¢ £ 0. Then, there exists no (p,m, q, A, 11, 2) > 0, such that for all n > no,
(i) if ¢ <p—1, then L blowup occurs;
(ii) if ¢ > p — 1 and ug satisfies, for any € > 0,

p—2

div <(|Vuo|2 +¢) 2 Vuo) + Ault + p|Vug|? > 0, (2.1)
then L°° blowup occurs.

Proof. When ¢ < p — 1, the conclusion has been shown in [19, Theorem 1.3]. When ¢ > p — 1, by [19,
Theorem 1.3], we just need to exclude the possibility of gradient blowup to occur. Suppose that the
solution u is uniformly bounded and wug satisfies (2.1), then by [19, Proposition 2.4], interior gradient
blowup cannot occur. On the other hand, we can verify that @ = Rdist(x,d) is a super-solution for
suitable large R > 0, which guarantees that u/0v is bounded on 052, where v is the unit outward normal
vector on 0f). Hence, L blowup occurs. O

Remark 2.1. Theorem 2.1 fills one gap in [19] for the case m > ¢ > p — 1, where the L> blowup or
gradient blowup was not clarified.

Proposition 2.1. (See [20, Theorem 3.1]) Let A > 0, u > 0 and m > p — 1 > q and assume that ug is
large enough, then the mazximal existence time T' < 0o and the solution u satisfies

i (1) 2 @) = oo (22)

Remark 2.2. If A > 0 and p = 0, the result is still valid as long as the condition p — 1 > ¢ is replaced by
p — 1> 1. See Theorem 4.1 in [10] for further details.

With the aid of these results, we will derive upper and lower bounds for blowup time of L*> blowup
solutions. In order to acquire upper and lower bounds for blowup time, we introduce the auxiliary function

o(t) = /u” dex, (2.3)
Q
where the constant v > 0 will be decided later. Our main results of this section read as follows.

Theorem 2.2. Let u be a solution of (1.1). Assume that A > 0, then the following conclusions hold.
(1) Suppose p < 0. If m > max{q,p — 1}, ¢ > p/2 and the initial data are sufficiently large, then the
solution w blows up in finite time in measure (2.3) with

7>max{1, %(m—p+1)+(1—m), %(q—p+1)+(m—2q+1),
Fr-2) NW+U_N»NW—®}
p* 2_ p* ’ ’ )
(B-)" =3 +1 p q
where p* = NN—z) forp< N < @p and p* = 3p for p > N, and the blowup time T satisfies
1 1
s =T < - —to, (2.4)

H [¢(0)] P
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where H = H (p,m,q, A\, ;t, {, N) >0, §=6(p,m,q, \,u, N)>1, p = p(p,m,q,\) > 0 and ty
=to(p,m,q, A\, N) > 0 are constants.

(2) Suppose > 0. If m > p—1> q > 1 and the initial data are suitably large, then the solution u
must blow up in finite time in measure (2.3) with

p*(2m —p) —p(m — 1) }

7>max{2, —
p—=p

where p** = NN—_"}, for p < N and p** = 2p for p > N, and the blowup time T satisfies

1 1
MG+ = Sp 2

where M = M (p,m,q,\, 11,2, N), p = p(p,m,q,\) and to = to(p, m,q, A\, N) are positive constants.
Proof. (1) In the case of p < 0. We first show that the corresponding solution of (1.1) blows up in finite

time in measure (2.3). The proof is based upon the construction of a self-similar sub-solution which was
used in [16]. Let

(z,1) ! Z< 21 > fo<t< 2 (2.6)
z2(x,t) = , < -, )
(1—pt)" " \ (L= pt)! ’ p
where
Z0y) =14 Awt — > -
(y) =1+ Aw ety Y20 w -
with p, k,1, A > 0 and tg to be determined. It’s easy to verify that Z(y) satisfies
1<Z(y) <1+Aw™!, -1<Z'(y) <0, if 0 <y <A,
0<Z(y) <1, —(RA)" ' <Z@p<-1, HA<y<R (2.7)
N -1
(|z'p=22") + —=|2'|P~22' = —NA™, if0<y<R,
Y

where R = (A" Hw + A))l/w is the zero of Z(y). Let
D= {(z,t)| to <t <1/p, |z| < R(1—pt)'},
then z(z,t) > 0 if and only if (x,t) € D, and z(x,t) is smooth in D. Define

Ezl)z =z — Apz — X2 — plVz|9, (2.8)
and let y = |z|/(1 — pt)!, then we have
/
—2 N—1 _
1, - PZAyZ) ('Z/|p Z/) 2 AZ™ 2| (2.9)
P = (1—pt)ktt — (1 — pt)kFD(-D+ T A= pt)Fm T (1 - ptyatkD”

We first choose

A 1
k= l i
p<k(1—|—Aw—1)’ m—1’0< <m1n{

m—p+1 m—gq } k
I 7A>77
p(m—1) "q(m—1) !

and next we choose tg (p, m, g, p, N, A) sufficiently close to 1/p, then

1
1 1 -1 Thk—l—(p—1)(k+l
Engi(lipt)kﬂ(pk‘(l-i-/lw )—/\—I-NA (1= pto) (p=1)(k+1)
(2.10)

—p(l — pto)’“““’(k”)) <0
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when 0 < y < A, and

Lly < !

-1 1+k—1—(p—1)(k+!
P —W(P(k—lAHNA (1 — pto) Hh=I=P=Dk+D)

(2.11)
—u (RAA)Q(w—l) (1- pto)kJrlfq(kJrl)) <0

when A < y < R. Combining (2.10) with (2.11), we know Ell)z < 0 in D. By translation, we may
assume without loss of generality that 0 € . Choosing ¢ still closer to 1/p if necessary, we have
B (0,R(1— pt)') C Q. Thus, by the definition of z(z,t), we have ug(z) > z(z,tp) in Q for sufficiently
large initial data, and then, z is a sub-solution of (1.1). By Lemma 1.1(1), it follows that

u(z,t —to) > z(x,t), v€Q, to<t<1/p.
Therefore,

Qﬁ(t*to) :\/U’Y(Jf,tfto)dx

Q
Z / U’Y(.’ﬂ,t—t()) dz
B(0,R(1—pt)l)
> / 27 (z,t) da (2.12)
B(0,R(1—pt)l)
> / 2(z,t) do
B(0,A(1—pt)l)
N
T(N) (A(1 - pt)})
(L=pt)kr 7

where T(N) = % is the volume of unit ball in RY. Since kv —IN > 0, we note that ¢(t —tg) — oo

as t — 1/p. Hence, u blows up in finite time in measure (2.3) and the blowup time 7" < 1/p — to.
Next, we estimate the lower bound for the blowup time 7'. Directly calculating to (2.3) shows that

d
ch _ V/uvfl (A + Ma™ + u|Vul?) da
& (2.13)
=—(y-1) /u772|Vu|p dz + )\’y/umJ”*l dz + m/u%l\vmq dz.
Q Q Q
Letting a = m — 1 and v = ra, we rewrite (2.13) as
d(b _ ra—2 D rata ra—1 q
i —ra(ra — 1)/u [VulPdz 4+ Ara [ u dz + pra | u [Vul? dz. (2.14)
Q Q Q
We notice that
/umfl\vur’?dl‘ = <$)q/ ’Vumzq*l e
ra+q—1
¢ ¢ (2.15)

> C (7q )q/um*qfldx
=1 ra+q—1
Q
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with Cq = (T(N))% ||~ %, where we have used the inequality (7.44) in [5]. For convenience, we set

then, we have d, b < 1. Combining (2.14) with (2.15), we obtain

d P ratp-2 |P
dé <—ra(m—1)<¢) /‘Vu Ea d$+)\7’a/um+adx

dt — ra+p—2
Q Q
q g ra+q—
+Cq///l"a(m) /U +a 1d.’L'
) ‘o o (2.16)
= —ra(ra—l)(i) /‘V’U z dar;—l—)\ra/vw1 dz
ra—+p—2
Q Q
q 4 r
+Cqﬂ/ra<m) /’U +d dz.
Q

We now seek a bound for [v" ™! dx in terms of ¢(¢), the first and third terms on the right-hand side of

Q
(2.16). Using Holder’s inequality and Sobolev’s inequality, we get

/v’url dz < /’UTM dx

Q Q Q

(1—d)<7‘+%b

r+l+%*(b—l) (1fd)%<%72>w+b)

T o% /¥ N\ *
7-+1’7b7(”—71 P__q

By () o (50
/Urdl‘

* a2 (2 5
1 (1) (-a) 2L (EL—2)(r+)

” ﬁb,(i,l
r+ D .

) [ (&

° (2.17)

o (bd)(r#’%b)
o\ 7 (5
. /’Vvyp dx
Q
1'+1+%(b71) %(L*—2 (r+b)

(s &
=4, /vTer dx /vr dx
Q Q
p*

ﬁ(w b) ] (%71)(1—@
(ﬁfl) (ﬁ—l)rJrﬁb r+ 2 p— (2 —1)a
b |P » v ?

[t e
Q

where constants p* and A, are given by
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(i) Forp< N <

‘/52+1p, it follows from the remark in [5, p.158] that

p*u—d)(m%b)

p = ) Ap:A[(%71)7‘4’%5][7‘+%b7(ﬁ,1)d}

14

with

1 NIT(N/2) YNNG -1\ T
vy (o owm) (=)

(ii) For p = N, by Lemma 7.13 and inequality (7.37) in [5], we have

@) oty
. 33N—2|() 30—
pt=3p, A= % ;
(T(IN))" N2

(iii) For p > N,

(1—d)(r+3b)

_3pTt . 3p 3p _ (2r3b) (r+3b—2d)
p* _ 3]9; Ap — (7—(7——1)2]\[ 5 |Q‘ N 2)

with 7 = ;\ES\’;ZB, which are derived from the proof of [5, Theorem 7.10].

Using the elementary inequality

al*ah? < piay +paaz for pi1+p2 =1,a1,a2,p1,p2 >0,

we obtain

oy e

r PGl R

/UTJrl dz < A, . g e [ rtd 4,
— 1)d

Q

Page 7 of 18

(2.18)

(2.19)

90
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with the positive constant 6 to be determined. Applying the elementary inequality (2.18) again, we have

2 %:)(ww * 2 (r :r%b)
] e\ T
/Urd:v /‘VUT dx
Q Q
5 (=)o |(5) o5 nl-g _E(eny)
D (S| (CEDEED g\ O
= /vrdaﬁ /‘ v | dr
2 & (2.20)
) » <r+ﬁb) % %72>(r+b>
B e R L s = ol T GO
R (e o
p p p Q
+ %(T+%b) C/’ergb pdx
(& —1) [(Z - 1)r+28] )

CHETEn »
/ T+1dx<H1/vr+ddx+H2 /v dz | | —|—H3/’VU > pdg;7 (2.21)
Q Q Q Q
where
* (L71>(17d)
Hl— T+}+%(?_1) 9_r+1+L(b 1)
r+Zb— (5 —1)d
P2 gt 1], 2 _ *?<T*%b> _
Hy = A0(1 —d) [(p) i }T P [(5) -2z w220 (2.22)
[r +Zh— (2 - 1)d} [(% ~ 1)+ P—b}
P (4 PIp) (1 —
Hs = A,0¢ - pEr+”b)(l*d)
[r+%b—(%—1 d [(%_1)T+Lb]

Combining (2.16) with (2.21), we get

do <ra [Hl)\ + Cq/A(q)q} /v”‘d dx 4+ AraHs /’UT dx
dt ra+q—1 (2.23)
Q Q ‘

r p
+ra |:H3>\ (Taf 1)(7301:ﬁ :|/‘ +b

dx.
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Now, we choose 6 to make the coefficient of [ v"t4 dz vanish and then choose suitable ¢ to make the
Q

coefficient of [ |Vv%|p dz vanish. It follows that
Q

T LT Ay (2.24)

p*
Noticing r > ———=2——, we find
RGOS

p

Thus, for any t < T, integrating (2.24) from 0 to ¢, we obtain

1 1 1
1-0 {kb(t)]“ - [¢(0)]61} < Araft. (2.25)

Letting t — T, we get a lower bound for blowup time

1
T2 Hsop

where H = yAH>(6 — 1). Hence, we have established the estimate (2.4).

(2) In the case of 1 > 0. Our basic strategy in establishing the bounds for blowup time parallels that
in the case of u < 0. We prove that the solution blows up in finite time in measure (2.3) at first. We take
z(z,t) as (2.6), and let

A 1 m—-—p+1 k
—— k= ——, << ————, A> —.
p<k(1+Aw*1)’ m—1 <p(m71)’ -

Define
Eiz =z — Apz — A2, (2.26)

then we can easily verify that /312,2 < 0. Repeating the procedures in the case of u < 0, we can conclude
that z is a sub-solution of (1.1) with g = 0. On the other hand, we know the solution u of (1.1) with
p > 0, represented by ug,>0y(z,1), is a super-solution of (1.1) with p = 0. Therefore, by Lemma 1.1(2),
we can further show that

>0y (T, t —to) > ugu—oy (v, t —to) > z(z,t), x€Q, to <t <1/p.
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By a similar argument, we have

Pt —to) = /u’{yuzo}(x, t—to)dx

Q

> / ut{yﬂzo}(x, t—tg)dx
B(0,R(1-pt)")

> 27 (x,t) dz
B(0,R(1—pt)")

> / 27 (x,t)dz
B(0,A(1—pt)!)

N

T(N) (A(1 - pt)h)

- (L=pt)kr

(2.27)

Recall that kv — [N > 0, this entails ¢(t — to) — oo as t — 1/p. Hence, uy,>0y(z,t) must blow up in
finite time in measure (2.3) and the blowup time T satisfies

T<1/p—to. (2.28)

To keep the presentation as simple as possible, throughout the remainder of this section, we still use

u to denote the solution of (1.1) with g > 0, rather than wy,>0}(z,t). Now, we estimate the lower bound

for the blowup time T". We seek bounds for [« dz and [u?~!|Vu|?dz in terms of ¢(¢) and the first
Q Q

term on the right-hand side of (2.13), which are different from the case p < 0. Using Holder’s inequality
and the elementary inequality

a*ab?af® < pray + paaz + psaz  for pr+p2+ps=1,a;,p; > 0(i =1,2,3), (2.29)

we have

/u7*1|Vu\qda::/(uV*Z\VUV’)%u(w_l)(l_%)"’% dz

Q Q
q ("’_1)(1_%)"'%
B ot m(17£)7£
< /u7_2|Vu|pdx /um+7_1dx Q| T
Q Q (2.30)
(y—1)(1-2) + 2
< Kg/ 72| VaulP do + ( p) L /um+7_1dx
p m+vy—1
Q
—_mty—1 _49)y_4
+x m(%—l)—l ( p) p‘QL

m+vy—1
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where the positive constant x will be chosen later. By Hélder’s inequality, Sobolev’s inequality and the
elementary inequality (2.29), we deduce

| (et S S |t S—
pT('v+pf2)7'v . pT(w+pf2)fw
_ p* _
/um+7 Tdz < uY dx /u 7 (v hp=2) g
Q Q Q
I S
b (rtp=2)—v oo p**(m-1)
aytp=2 || p** _oy—
/’u,fyd:L' Hu > - (ytp=2)—~v
Lp*
Q

m—1 p** m—1

L;* (v+p—2)—v » P L;* (v+p—2)—v

<G, /u”dx /’Vuwf2 dz

Q Q (2.31)

o)

1 (m-1)(3- ﬁ) (2 27T (yp=2)—~
- p Cp

ok
2PT(m71)

PFF
- (rFp—2m)+(m—~-1)

§X7 + o=
2 EBE-(v+p-2)—~
2
11 —1
+(22p** n )/uwdx
(v tr=2) =9/ \J
>k k _1 p— P
+Xp o o /‘V’uwz’2 dz,
pE(ytp=2) =7

where the positive constant x will be determined later. Here, constants p** and C), are given by

m—1)

(i) F01rp<J\/',p**—M and Cp:A%;

=2
P m—1
) 24

b

2N—-1
(ii) For p= N, p** =2p and C}, = (ﬁ

o 2pr oy N\ FEEpd
(iii) For p > N, p** =2p and C, = (T(**U N—P|Q|~ ) ,
where A and 7 are the same as those in the case of p < 0. It follows from (2.13), (2.30) and (2.31) that

d¢ q/ » “aymm-5) -3
< |y -1 2| [ w2 v d (4 — P Pun0
dt_[v(v )+w7p} u | VulP dz + K pra—— 1| €|
Q
(7—1)(1—%)4-%
A mty=1lq
*7(“ miy-1 >Q/“ v (2.32)
2

< ['y(’y -1)+ nuyg + Ml} /u7*2|Vu|p dz + My /u”’ dz | + Ms,
p
Q Q
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where
M =P __(m-1xy (M(V—l)(l—g)ﬂi+)\>(7+p—2>17’
pE-(y+p-2)—~ m+y—1 p
—1)(1-92)+4 -
M2:7<M(7 m)frv—pi+p+A)<;_;p”(v—n:p—12)—v)’
o i (2.33)
1/M R i%z::;— -1 (7_1)(1_%)"’_%
__miy—1 _9)_4
+K m(é’l)lmfnlﬂp) 1”WIQ\
with

Now, we choose suitable constants x and y to make the coefficient of [4?~2|Vu|P dz vanish. It follows
Q
that

% < Mo (¢(1))% + M; (2.34)

< M (6(t) +1)°,
where M = max {Ms, Ms}. Integrating (2.34) from 0 to ¢ for any ¢t < T, we have

1 1
RGeS

Letting ¢ — T~ and using the fact lim; - ¢(t) = oo, we get

1
T2 Moo+

Combining this with (2.28), we obtain (2.5). O

3. Upper bounds for blowup time of gradient blowup solutions

In this section, we derive the upper bound for blowup time of gradient blowup solutions to (1.1). To get
the result, we start with some known propositions which ensure the gradient blowup of all solutions in
finite time if certain assumptions are satisfied.

Proposition 3.1. (See [20, Theorem 3.2]) Assume that A > 0, u > 0 and g > max{p,m}. Then, there
exists a positive real number Ky depending on p,m,q,\, i and Q such that, if ||uol|p~) > K1, then
gradient blowup will occur.

Proposition 3.2. (See [19, Theorem 1.4]) Assume that A < 0, u > 0 and p,m,q,\ and p satisfy one of
the following conditions:

(i) ¢ > max{p,m};
(ii) g=m>p and p > |A|.
Set B = q/(q — p). Then, there exists a positive real number Ko depending on p,m,q,\, p and Q such
that, z'ffugH dx > Ko, then gradient blowup occurs.
Q
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Remark 3.1. If A = 0 and p > 0, the conclusion still holds as long as the condition ¢ > max{p,m} is
replaced by ¢ > p > 2. See [7, Proposition 5.3] for further details.

With the help of these known conclusions, we get upper bounds for blowup time of gradient blowup
solutions. Different kinds of upper bounds are established in the following theorem.

Theorem 3.1. Let u be a solution of (1.1). Assume that p > 0, then the following conclusions hold.
(1) Suppose A > 0, ¢ > max{m,p} and the initial data satisfy

qt+a—1 m+ta—1
/ug‘ de>1, Ly /ug‘ dz + Lo /ug‘ dz > 215 (3.1)
Q Q Q

with o = 2[1‘1_—_;. If the gradient blowup of the positive solution u occurs in finite time, then the blowup

time T satisfies

2a
T<———In({1+ 2
- (q _ 1)L2 Il( ||u0||La Q)) (3 )
Furthermore, if m > 1, then
2 Ly + La|luol| 7.«
re oy, lwollictey 5
(0=DLe Ly + 207 LofQ = uo | [ g
Here,

a q 4 1-q_ q 1-—m qu FEr
L:TNN(i)Qa ,L:AQa,L:Q(—). 3.4
V= u (0P (2 ) I TR L= dal0f' T Ly = aj0 (2 (3.9

(2) Suppose A <0, g=m >p, u> |\ or ¢ > max{m,p} and the initial data satisfy
/ug dz > (2L5/Ly) 71 (3.5)
Q
with o = Qqq%;’. If the gradient blowup of the solution u occurs in finite time, then the blowup time T
satisfies
2a 1—q 1—q 1=g
T< m (HUO\ Le(Q) — HUOHLW(Q)|Q| “ ) ) (3.6)

where L; = L;(p,m,q, A\, u, N, Q) (i = 4,5) are given by (3.20),(3.21).

Proof. In order to obtain the upper bound for blowup time of gradient blowup solutions, we introduce
the auxiliary function

B(t) = / e da. (3.7)
Q
A direct calculation shows that
do
i a/uo‘*l (Apu+ ™ + p|Vul?) dz
Q
=—ala—1) /ua*2|Vu|p dz + )\a/um“’*l dz + ua/uo‘*1|Vu|q dz.
Q Q Q

(3.8)
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(1) In the case of A > 0. Applying Hélder’s inequality and the elementary inequality (2.18) to the
first term on the right-hand side of (3.8), we obtain

/uO‘*Q\VUV’ dz = / (uafl\Vu|q)% dx
Q Q
< /ua*1|vu\qu Q%" (3.9)
Q
: Gg/““*IWIQdH =P
q q
Q
with e = g—g. Hence,
e g w T Vulfde 4+ Aa [ T e — alQera.
at = (3.10)
Q Q

We notice that

Q/ua‘lwlqu = (q—l—gz—l)qﬂ/ ’Vu% " de
>C, (7(1 )q/uﬁo‘*l dx 1
~ T N\g+a-1 J

with C, = (T(N))% |Q|~ %, where we have used the inequality (7.44) in [5]. On the other hand, Holder’s
inequality implies that

gta—1
/uq+“_1 do > /ua dx \Q|%, (3.12)
Q Q
and
m+ta—1
/um—i-a—l dx 2 /u(x dz |Q‘ 1;7" . (313)
Q Q
Combining the inequalities (3.10)—(3.13), we obtain
d@ gta—1 mta—1
— > L (P(t)) = + Ly (®(t)) = - Ls, (3.14)

dt —
where L;(i = 1,2, 3) are given by (3.4). Recalling (3.1), we have

ata—1

Lgsé(m(@(o)) T Lo (9(0) 7).

It follows that

de
dt

> % (L1 (@®(0) "% + Lo (@(0))%) > 0.

t=0

By the continuity of ®(t), we get
o(t) > ©(0),
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and

when ¢ € (0,7) for small 7. Repeating the procedure, for all ¢ € (0,7T), we obtain

& 25 (1 @) + L (01 )

5 (@) 5 4 Loa().

Integrating (3.15) from 0 to ¢ for any ¢ < T', we have

gta—1
a

(3.15)

vV

[
|
S}

-
|
S

IA
—
+
|
2
=
|

Furthermore, if m > 1, we can verify that u < 91 lluo|| o< () by virtue of the proof of [20, Theorem
3.2]. It then follows that

1—
(1) b,
20 Ly + 2wt T Lol 5 qHUOHLoc(Q

Letting t — T, we get (3.2) and (3.3).

(2) In the case of A < 0. The proof of this follows a strategy similar to that in the case of A > 0.
Estimating the first term on the right-hand side of (3.8) in the same way as the case A > 0, we can also
get the inequalities (3.9)—(3.12).

Applying Holder’s inequality and the elementary inequality (2.18) to the second term on the right-hand
side of (3.10), we obtain

m+ta—1
qt+a—1
/um“‘*ldx < /u‘”o‘*l da QaFarT
Q Q (3.17)
< La_lg/uq-i-a—l dr + ﬂ mracl Q|
qg+a—1 q+a— 1
with ¢ = —2/{&0,1”7‘3;(; 11 (q+g 1) when A < 0 and ¢ > m. Combining (3.10)—(3.12) with (3.17), we
deduce
de q »
a2 1C(gramy) " [ e [t a - ajolerts
Q
1 q A — m+a
> 51 a—1) /uﬁa*ldﬁ Aald = m) esiedt o pja)erts
2 qg+a—1 ) q+a—1 (3.18)
gta—1
1 q 4 1-g )\a(q — m) m+ta—1
>7c(———ﬁsza /“d 2R Q) — of Qe
> oGyl | furae) 4 2SR ) ajoe

Q
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It follows that
do ata-
= = La(@(®) S L, (3.19)
where
1 q 1o
L= 5nCy (- ) 10l =,
2 g+a—1
Aa(g—m) mia—a p (3.20)
Iy = = o T 10] + af0jer®s
when A < 0 and ¢ > m. We notice that the estimate (3.19) is still valid, provided that
Ly = (nCy (-2 )q+)\ Q1'F, Ly = a|0e (3.21)
4= qu+a—1 o ) 5 = (X]3L|€ .
when ¢ = m, u > |\ or A = 0. From (3.5), we have
L a
Ly < 2H(@(0) 5
It follows that
do Ly gta—1
— > —(®(0 o 0.
|20
Using the continuity of ®(¢), we obtain
o(t) > ©(0),
and
L ata—
Ls < 22 @),
2
dd L4 gta—1
— > — (P(t o 0
2> Mg >
when ¢ € (0,7) for small 7 > 0. Repeating the process, for all ¢t € (0,T), we get
dq) L4 gta—1
— > — (P(t a . 3.22
L0 (3.22)
For any t < T, integrating (3.22) from 0 to ¢, we have
L4 (0% 1—g 1—g
< ((@0)F - (@) ) (3.23)
2 q—1
Hence, the upper bound (3.6) is easily obtained by the fact that @ = |lug||L~(q) is a super-solution of
(1.1) when A <0 and p > 0. O

Remark 3.2. As far as we know, this paper is the first one to study blowup time of gradient blowup
solutions. It seems natural to ask whether one can derive the lower bound for blowup time when gradient
blowup occurs. Unfortunately, we have not found any effective method to obtain related results. We leave

it to the interested readers as an open problem.
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