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Abstract. The Cauchy and initial-boundary value problems for one-dimensional compressible magnetohydrodynamics (MHD)
system with non-resistive are studied in this article. Global-in-time, strong solutions to this system are shown to exist
uniquely and be asymptotically stable as the time tends to infinity for large initial data. The main difficulties lie in the
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1. Introduction

In this article, we consider the following 1D non-resistive magnetohydrodynamics (MHD) system,

pe + (pu)y =0,
(pu): + (pu?)y + (Rp9 + %)y = (Auy)y, (1.1)
be + (ub)y =0,

(pe)e + (pue)y + Rpbuy = (k0,), + Au?.

As it is well known, the motion of a conducting fluid (plasma) in an electromagnetic field is governed by
the equations of MHD, which is a coupled system of the induction equation of the magnetic field and the
Navier—Stokes equations of fluid dynamics (see also [1,4-7,12,26]):

ot + div(pu) =0, x cR3 tcRt,

(pu); +div(pu @ u) + VP = (V x B) x B + div§,

B-Vx(uxB)=-Vx(eVxB), divB=0, (1.2)

(pe + 3plul® + 3|B|?), + div ((pe + 3p|ul* + P) u — £V0)

=div((u x B) x B+ 0B x (V x B) + Su),

where p is the density, u € R? the velocity, B € R? the magnetic field, and 6 the temperature; the

pressure P and the internal energy e are related with the density and temperature of the flow by the
equations of state:

P=P(p,0) =Rpf, and e=ce(p,0)=c,b, (1.3)
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where the specific gas constant R and the specific heat at constant volume ¢, are positive constants,
respectively; the symbol S denotes the viscous stress tensor

S = N(dive)l + p(Vu + (Vu) ), (1.4)

where I is the 3 x 3 identity matrix, (V)" is the transpose of the matrix Vu, and X/, u are the constants
viscosity coefficients of the flow which satisfy

> 0,204 3\ > 0.

k is the heat conductivity coefficients, while o is the magnetic diffusivity acting as the magnetic diffusion
coefficient of the magnetic field.

When ¢ = 0, Eq. (1.2) implies that in a highly conducting fluid, the magnetic field lines move along
exactly with the fluid, rather than simply diffusing out. This type of behavior is physically described as
that the magnetic field lines are frozen into the fluid. In effect, the fluid can flow freely along the magnetic
field lines, but any motion of the conducting fluid, perpendicular to the field lines, carries them with the
fluid. The “frozen-in” nature of magnetic fields plays very important roles and has a very wide range
of applications in both astrophysics and nuclear fusion theory, where the magnetic Reynolds number
R,, ~ 1/v is usually very high. A typical illustration of the “frozen-in” behavior is the phenomenon of
sunspots. For more details of its physical background and applications, we refer to [4-7,12,26].

However, similarly to those for the Navier—Stokes equations, many physically important and math-
ematically fundamental problems of MHD are still open. For example, to the author’s knowledge, the
global well-posedness of the multi-dimensional compressible non-resistive MHD equations remains un-
known, even that the data are sufficiently close to the non-vacuum equilibrium state in a similar sense as
that in [30] for the compressible Navier—Stokes equations. Here, we would like to refer to the recent works
[3,8,10,11,22,24,25,28,31,37,38]. The articles [8,10,11] established the local solution of incompressible
non-resistive MHD system in Besev and Sobolev space, respectively. The global well-posedness of the
Cauchy problem of two/three-dimensional incompressible non-resistive MHD (MHD-type) equations ob-
tained in [22,24,25,28,31,38] where the small initial data are announced. For the isotropic compressible
MHD system, Bian and Yuan [3] and Wu and Wu [37] obtained the local solution and global small
solution, respectively.

Due to the complex structure of multi-dimensional equations, similarly to that in [2,13,14,19,21],
we consider the simpler compressible, viscous, heat-conducting, non-resistive MHD equations for ideal
polytropic fluids in dimension one (1.1), which based on the specific choice of dependent variables with
yEZCRandtecRT:

p= p(yvt)v u = (u(y7t)7030)—r, 0= 0(y,t)7 B = (anab(yat))—ra A= 2:“ + >‘/a

where Z := R, or Z := (0,00), or Z := (0,1). Clearly, the magnetic field obeys the divergence constraint
divB = 0 due to the special dependent variables. The system (1.1) is supplemented with the initial data
and boundary condition:
(pauaba9)|t:0 = (p07u03b0300)(y)7 Y EIa (1 5)
(u, 0y0)|oz = 0, t>0, if Z:=(0,00) or Z := (0,1). '
For the systems (1.1) and (1.5) in Z = (0, 1), we [40] obtained the strong solution with large initial data,
and obtained the resistive limit. But the large time behavior of strong solution to (1.1) and (1.5) cannot
be arrived. For the Navier—Stokes equations with temperature-dependent viscosity coefficients, Liu et al.
[29] and Wang and Zhao [36] got the strong solutions and the large time behavior of solutions. Recently,
Wan and Wang [35] developed the result of [29]. For the Navier—Stokes equations with constant viscosity
coefficients, Li and Liang [23] established the large time behavior of solutions in (0, 00) and R. Borrow the
method of [23], Wan and Wang [34] obtained the large time behavior for cylindrically symmetric flows.
Inspired by the above results, we [33] obtained the large time behavior of the 1D solution of (1.2) with
some assumption when the viscosity coefficients are dependent on temperature and o # 0. Recently, we
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*|plasma

F1G. 1. The frozen-in behavior of magnetic fields in plasma

[32] develop the result of [33] to the screw pinches for the plasma physics. Inspired of Jiang and Zhang
[18], Li and Sun [27] obtain the large time behavior of weak solution for 1D isentropic of the non-resistive
compressible MHD system. However, the methods of [27] cannot be used to obtain the uniform-in-time
higher-order estimates of strong solutions. Hence, we have to find new ways to establish the large time
behavior of global strong solutions to the Cauchy and initial-boundary value problems for (1.1) with large
initial data.

For this purpose, let x be the Lagrangian space variable, ¢ be the time variable, and v = % the specific
volume. Then, the system (1.1) becomes

UVt = Uy,

RO ﬁ — (Auz
”ﬁ(” * 2)1: (5. (z,t) € QA x Ry, (1.6)
(vb), =0,

e+ B = (55), + 2,

v

where 2 =R, or 2 = (0,1), or 2 = (0, c0).

Due to the frozen-in behavior of magnetic fields, the magnetic line in the body moves along with the
plasma (as shown in Fig. 1b, Fig. 1a is a situation where a plasma is stationary in a magnetic field), when
the plasma is moving in a magnetic field. Moreover, with the plasma compressed, the magnetic sense
lines are also compressed (Fig. 1c).

In view of the above, we can reasonably assume that there exists a constant b # 0 such that

Uobo(.’li) = B (17)

Remark 1.1. Since we are interested in showing that (v, u,b,60) — (1,0, b, 1) as t — oo in a strong sense,
due to the conservation (1.6)3, we may conclude that

vb=1b, (1.8)

which means that the assumption (1.7) is reasonably. On the other hand, the condition (1.7) implies that
there exists a magnetic background b in it.

The system (1.6) is supplemented with the initial condition
(v,u,b, 9)(0a$) = (’U(),U(),b0790)($), X 667 (19)

and three types of far-field and boundary conditions:
(1) Cauchy problem

Q=R, lim (v(z,t),u(x,t),b(x,t),0(z,t) =(1,0,b,1), t>0; (1.10)

|z]— o0
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(2) boundary and far-field conditions for Q2 = (0, c0),
u(0,t) =0, 0,(0,t) =0, lim (v(x,t),u(x,t),b(z,t),0(z,t)) = (1,0,b,1), t>0; (1.11)
(3) boundary conditions for Q = (0,1),
uw(0,t) = u(l,t) =0, 6,(0,t) =0,(1,t) =0, t>0. (1.12)

These boundary conditions are supposed to be compatible with the initial data.
Notations. For the convenience, we define

Il = - Dol e 2= [ iy, [ 5= [
Q

where 1 < p < oo and k € N. The symbol A < B (A 2 B) means that A < CB (A > CB) holds uniformly
for some t-independent constant C' which depends only on the initial data. The positive constants ¢ and
C are different on line to line. C; denotes positive constant depending on . Without loss of generality,
we assume that R = 1.

Under the condition (1.7), we have the following main results.

Theorem 1.1. Assume that the initial data (vo — 1,ug,by — b0 — 1)(x) € H*(Q) are compatible with
(1.11), (1.12) and satisfy

igg{vg(x), Oo(z)} >0, vobo(z) = b. (1.13)
Then the problem (1.6)—(1.10), or (1.6)—(1.9), (1.11), or (1.6)—(1.9), (1.12) has a unique global solution
(v,u,b,0)(t,z) satisfying

C—1 <w(tx),0(tx) <C, V(tz)€|0,+00) x Q,
(v—1,u,b—0b,0 —1) € L=(0,T; H(Q)),

(1.14)
(vzvbzvvhutvbtvet) € LQ([O’T] X Q)’
(uz,0z) € L2(07T§ Hl(Q)),
and
Jim (10 =100 = 5,0 = DOy + | (02 ta, b, 0)O)]2) =0, for @ =R and (0,00),  (1.15)
(v —0,u,b—b/0,0 —0)(t)| g1 < e, for Q=1(0,1), (1.16)
where
9 <p< —._L/ é'—i/9+i(2+ ) (1.17)
p = 00, v i= |Q| Vo, = |Q| 0 QCU Uq Voby) | - .

In the following, we comment on the analysis of the paper. First, this paper is inspired by [15,17,
20,23,34]. However, taking into account of the hydrodynamic and electrodynamic effects, the problem
becomes considerably complicated. In view of the additional nonlinear terms induced by the magnetic
field, our first main difficulties in the proof of the uniform-in-time pointwise upper and lower bounds
for v(t, ). To overcome these difficulties, we, firstly, obtain the lower bound of v which is different from
Wan et. al. [34]. Secondly, based on the lower bound of v and the particularity of Eq. (1.6)3 we arrive
the upper bound of v (see details in Lemma 2.2 and 3.1). Yet, it is also hard to establish the estimate of
the first-order derivative of magnetic. Thanks to the phenomenon that the magnetic field lines are frozen
into the fluid, we can reasonably suppose that vgby = b to solve this problem. Moreover, employing the
Poincaré’s inequality, we arrive that the solutions converge exponentially to the constant state as the time
tends to infinity in the bounded domain © = (0, 1). To the similar result of Theorem 1.1 studied in screw
pinches arisen from plasma physics [32,39] with zero and nonzero resistive term, we cannot overcome the
above difficulties, which is also our research in the future.
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The rest of this paper is organized as follows. First of all, we derive a number of desired a priori
estimates independent of time in Sect. 2 for @ = R and (0, 00) and in Sect. 3 for 2 = (0, 1). Combining
the a priori estimates in Sects. 2 and 3, the existence, uniqueness, and large time behavior of the solutions
are proved in Sect. 4.

2. Global estimates of (1.6)—(1.10) and (1.6)—(1.9), (1.11)

The global well-posedness of strong solutions to the problems (1.6)—(1.10) and (1.6)—(1.9), (1.11) can be
shown in the same way as that in [15,23,34]. So, the main purpose of this section is to derive the global
t-independent estimates of the solutions in Q& = R and Q = (0, 00), which will be used to justify the
existence, uniqueness, and large time behavior of global-in-time solutions. We start with the following
basic energy estimate.

Lemma 2.1. (basic energy estimate) Assume that the conditions listed in Theorem 1.1 hold. Then for

t>0,
/ (v,u, b, h,0)(t,x) //[v@ 092] <1, (2.1)

u? + v(b — vobo /0)?
2

where

n(v,u,b, h,0) := 06 (%) + + ¢,0¢ <Z> , ¢(z)=z—logz—1. (2.2)

Proof. Let 9,60 > 0 be some arbitrary but fixed constants. Multiplying (1.6)1—(1.6)4 by é(ffl —v ), u,
b— %, and (1 — 00~1), respectively, and adding them together, one obtains

s (U vobo 20 k620
[oqﬁ(@)wuegﬁ( >+2u +5 (b— . )LJF i
B [/ﬁ% e dugu <9 0= (wobo/0)? )u] 23)

v v0 v v
Integrating (2.3) over 2 x (0,t), (2.1) is immediately arrived. O

[STYIRNY

v 2

For the simplicity, we take 6 =1and o =1in the following estimates. Employing Jensen’s inequality
to the convex function ¢, we can derive the following corollary from the estimate Lemma 2.1. Because
the proof is standard, we omit it for simplicity (see [20]).

Corollary 2.1. Assume that the conditions listed in Theorem 1.1 hold. Then for all (t,z,7) € [0,T)xQx Z,
there are a;(t),b;(t) € U; := [i,i+ 1] such that
ct < /v(ty)dy, (t,ai(t /9 t,y)dy, 0(t,bi(t)) < C. (2:4)
U;
Next, by means of Lemma 2.1 and Corollary 2.1, we derive the upper and lower bounds of v.

Lemma 2.2. Assume that the conditions listed in Theorem 1.1 hold. Then for (x,t) € Q x [0,T),

N<1 A > C(t), if T < oo, o5
'U(LE, )N Y 'U(l', )— C, lfT:OO ()
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Proof. The proof is divided into three steps.
Step 1 (Representation formula for v) We define that

1, x < [z]+1,
P)= [l+2-=z,  [[J+1<z<[]+2, (2.6)
0, z 2 [2] +2,

where z is arbitrary but fixed point of  and [z] denotes the largest integer that is less or equal to z.
Multiplying (1.6)2 by ¢ and integrating over (y,o0) X [0,t], one has

t 0o
ogett,g) ~loge @) = 1 [ (2+5) (s + 5 [t~y
ogu(t,y) —logv(0,y) = + ot ) (sy)ds+ < [ (uo —uw)ide
0 y
L e 0w
Ug
0 [z]+1
where y € ([2] — 1,[2] + 1) N Q := U. By virtue of (2.7), one has
t
1 0 b
D'B™' = <[ (-+%)d 2.
v exp )\/<U+2>5, (2.8)
0
where
L e, 6
B :=exp f/ / ( ux——)dxds ,
A v
0 [2]+1
1 o0
D := vgexp )\/(uo—u)wdx
Y
Multiplying (2.8) by % [% + %}, one obtains
t
1 [ D(t)B(t) vb?
ty=Dt)B(t) + - | =———= |0+ — ds. 2.
o0.0) = DB+ [ pags (045 ) s (29)
0

Step 2 (Lower bound for v) First of all, we need some estimate of D, B, and 6. By means of Lemma 2.1
and Cauchy—Schwarz’s inequality, it follows

00 [z]+2
/(uo —u)pdr S 1+ / [u? + ud]dr <1, (2.10)
y y
which yields
Cc'<D

IN

C. (2.11)



ZAMP Large time behavior of strong solutions to the 1D non-resistive. . . Page 7 of 24 21

By Cauchy—Schwarz’s inequality, Lemma 2.1, and Hoélder’s inequality, we have

t [z]4+2 [z]4+2 z]+2
//(A“w—e— )dxdr<0///\uxdd—// Zdadr
s [z]4+1 ! ! s [z]+1 s [z]+1
t [2]+2 t
gC—l/ inf 0, 7) / vdz dfgc*—c—l/ inf  O(,7)dr.  (2.12)
23 ([2]+1,[2]+2) aiht / ([2]+1,[2]+2)

Similar as [16], one has

—C’fl/ inf O(-,7)dr < C —C7L(t —s). 2.13
AR (r,7)dr < (t—s) (2.13)

In fact, by Cauchy—Schwarz’s inequality, Lemma 2.1, and Corollary 2.1, there exist b;(7) € ([2]+1, [2]+2)
such that

¢ ¢ o ¢ [ [e42 ” 1/2 (]2 1/2
/ / e dxd7</ / ﬁ / v dr <C+C(t—s), (2.14)
s b;(7) s \[z]+1 [4]+1
where € € ([z] + 1,[z] + 2). By Jensen’s inequality to convex function e*, Corollary 2.1, and (2.14), it
follows
¢ ¢ . ¢
/9(§,T)d7' = /exp{log@(g,r)}dT > (t —s)exp E/log@dT

= (t—s)exp tis/<logm+log9(bj(7),7)) dr

1S
— (t—s)exp 1/ /%dx—i—logﬁ(bj(T),T) dr

s b;(7)

t £
> (t—s)exp| logC — ; ! / / %dm >C(t—s) exp{t_c }7 (2.15)

-5 —s
s bi(7)

which means that (2.13) is valid. Inserting (2.13) into (2.12), one obtains
B(t)

5)

0 < B(t) < Ce /e, < Cet=9)/e, (2.16)

Integrating (2.9) over U, by Corollary 2.1 and Lemma 2.1, we can derive

B7t) < Bl(t)U/vdy <1+ O/tBl(s)U/ (9 + ”32) dyds <1+ jBl(s)ds, (2.17)

which combined with Gronwall’s inequality yields

t
B! < Cexp c/lds < Cet, (2.18)
0
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Hence, for ¢t < ty < oo, one has
v>DB > Ce™ > Ce o, (2.19)

For the enough large ¢, one deduces
t

v > c/g(g’;ods. (2.20)
0

So, we need the estimates of 6. By means of Corollary 2.1, there exits b;(¢) € U, such that
O™t <0(b;(t),t) < C. (2.21)
Hence, by Holder’s inequality and Corollary 2.1, for € U there exist b;(¢) € U such that

|log(0(x,t) +1) — log( ( —|—1 |</

1/2
92 1/2 92 1/2
< -z < _z
N(/UHQ) /vdm N(/U92> , (2.22)
U
which yields
92
>0 — _z 2.2
0>C—C / o (2.23)
Integrating (2.9) over U again, by Lemma 2.1, one has
t t
B(t) vb? B(t)
< e < —ct
1< B(t) + / B(s) /(9 + 5 Ydzds Se™ + / B(s)ds’ (2.24)
0 U 0
that is
¢
B(t) et
>(C — . .
B(s) ds > C —Ce (2.25)
0
Putting (2.23) into (2.20), by (2.16), (2.25), and Lemma 2.1, for the enough large ¢, it follows
t t
B(s) B(s) 62
> > 1— [ ==
U_O/B(t)eds_c/B(t) /092 ds
0
> _ —ct __ s
comcenof [+ )20 [ 2,
0 t/2
/2
ZC—Ce_Ct—C/e_(t_s)c/ z ds—C//—:”ds
/2
> (C — et — Cect/2 - c// —Lds > C. (2.26)
t/2

Step 3 (Upper bound for v) Integrating (1.6)s over [0, t], one has
vb = Uobo, (227)
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which yields

vb? = vibgv . (2.28)
Hence, by (2.28) and the lower bound of v, we obtain
vb? < C. (2.29)
By the boundedness of B, Lemma 2.1, (2.11), (2.16), and (2.29), one obtains
t
—c(t—s) 92
follzewy < € +C [ (o7 ollpmwy [ 525 ) ds, (2.30)
0
where we have used the result
0
10l L@y S 14 [vlln= @) ok (2.31)
In fact, by Hélder’s inequality and Corollary 2.1, there exits b;(t) € U such that
/ g2\ 172 1/2
1/2 1/2 1/2 1/2 x
02 0t) 02050001 5 [ 00,0 < 1ollf2, ([ 5) [ [oae
U U
02 1/2
1/2 o
<ol ([ ) (2.32)
which means that (2.31) is valid. By Gronwall’s inequality, (2.30), and Lemma 2.1, it follows
supv(t,y) < C, Vit € [0, 00). (2.33)
yeU
O
According to Lemma 2.1, 2.2 and Corollary 2.1, we have the following results.
Corollary 2.2. Assume that the conditions listed in Theorem 1.1 hold. Then fort > 0,
ct < <a, (2.34)
t
/||u\|gods <1 (2.35)
0

Proof. By Lemma 2.2, (2.27), and (1.13), (2.34) can be immediately obtained. Next, we prove (2.35) in
Q =R. By u|,—0o = 0, Holder’s inequality, Corollary 2.1, and Lemma 2.2, we have

oo

e s > / ual | 5 lollocsup / ’ Z / s (2.36)

where U; is defined in Corollary 2.1. By (2.36) and Lemma 2.1, one has (2.35). The proof of (2.35) in

= (0,00) is similar as the case Q2 = R, we omit it for simplicity. O

Lemma 2.3. Assume that the conditions listed in Theorem 1.1 hold. Then for t > 0,
t

10 = 1w b )OI + [ (162w (1 VB) iy 00), b)) ds S 1. (2.37)

0
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Proof. For each t > 0 and a > 1, we define
Qy:={ze:0>a}, (0 —a)y := max{0 — a,0}.

Taking inner product (1.6); and (1.6)4 with 2u(f — 2); and (6 — 2)4 over , respectively, and adding
them together, by integration by parts, we have

d Cy /402 )\U%
I P{a-@i+@-2pﬁ}+/‘ dx+/w—2p

2 v v
Q2

0 0
v v

5

Uz U
—2)\/930 » dx—i—/@tqux ::ZIIi. (2.38)
Qs Qs =

By Cauchy—Schwarz’s inequality, Lemma 2.1, 2.2, and Corollary 2.2, one deduces
4
Y I < g/emg,dx + 05/9(9 —2)%dz + s/egdx + 06/9%2
=1 Q Qo Qo

belbal+Ce [ (0 232 + <)l + Colfuu

2
3
< ||V Oug, g, by, 0|2 + C-sup (9 — 2) + C. |luu,||3, (2.39)
2 +
where we have used the fact
/9dx§/¢(9) <1
Qo
By means of (1.6)4, one has
Az Ou, Oz
I = / (uw — u) wlde + cgl/ (K) wlde =I5 + Iso. (2.40)
CoU U v /.
Qz Q2
By Cauchy—Schwarz’s inequality and Lemma 2.1, we have
2
3
Is1 S /(ui + 0*)ulde < /uiu2 + sup (9 - ) . (2.41)
Q 2) .
QQ
To tackle the term I5o, we define
17 0—2 Z ga
we(0) =4 (0-2)/§, 0<0-2<,
0, 0—2<0.

Thanks to Lebesgue’s dominated convergence theorem, integration by parts, and Lemma 2.2, it follows

K . 01 2 2K . 090

= — el < ——

I5o . EhrgJr e (0) < » >1 u“dx . 5hr(I)l+ e (0) » uugdx
Q

gﬂ%@+@/ﬁ@m. (2.42)
Q2
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Putting (2.39)—(2.42) into (2.38), by integration over (0,¢) and Lemma 2.1, 2.2, one can deduce

/ L//‘W +(1+0)u?]
3\ 2
< 1+/sup (9— 2) ds+5/||b H%ds—&—/HuumHst
Q
0

where we have used the facts

t
//Hidsg/ / / 92dmds<//92dxds+0/ / : dxds
0

0 \Q O\ 0 0 O\

t
g//ﬁmm+a

0 Qo

t t t t
1 2
//(1+6)uids§//(9+9) uidsg//u—;ds—k/ /—|— / fu2drds
(%

0 \ Q3 Q\Q

//—xds—i—// —2+udxds<1+//9 2) yuldzds.

0 Q

By means of Lemma 2.1, 2.2 and Holder’s inequality, one also has

/ / / Y2dx < /(G—Q)idx—l-l,
Qg Q\Q3 QS
t 5 t 00 2
3 3
/sup(@—) ds=/sup /83:(0—) dr | ds
) o 2], 0 Q 2],

t

SJ/ /|9 |dz ds<// ”’dx/ﬂdxds

0 Q32 0 Q3/9 Qs/z
¢
,S// rdxds<5//92ds+0//6”ds
0 Q30

t
e//ﬁ@5+qn
0

Substituting (2.46), (2.47) into (2.43), one obtains

t t t
/ 24://‘ 1+ﬁ)x}gc;+5/ﬂ@@d&+0/wmwﬁd&
0 0 0
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(2.43)

(2.44)

(2.45)

(2.46)

(2.47)

(2.48)
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Taking inner product (1.6)s with 4u® over €, by integration by parts, Cauchy—Schwarz’s and Hélder’s
inequalities, Lemma 2.1, 2.2, and Corollary 2.2, we have

d 242 0—1 1-—

/u4+12A/““m=12/< + v)u2u1—4/bbzu3

dt v v v
scwwi/w—n%wa@+omw;/u—wﬂwmm%4ww;/w
< (w2 + [ball2) + Colull (16 — 12 + [lufl? +1). (2.49)

Integrating (2.49) over [0,¢], by Corollary 2.2, one has

t t t
nmﬁ+/wmm@51+e/wmﬁ+wzjwwauw7u@+nw®. (2.50)
0 0 0

Before the estimate of ||b;||2, we have the following calculation. Acting 9, to (2.27), thanks to the initial
condition (1.13), we can deduce

o= - (2.51)

(50, (+9).

Multiplying (2.52) by %=, by (1.6)1, (2.51), Lemma 2.2, and integration by parts, one deduces
d A /U\2 uv, 9 U
< _
B fit sl oo [o(2),
’/9 v /i < 5/6‘1} +5||vw||2/ 1 C. /92 +Clull2, (2.53)

where we have used the fact:

By (1.6); and (1.6)2, we have

0
/vi < C’vaﬂg/ﬁ +C/9vg. (2.54)
In fact, by (2.23), one has
92
9+/9—§ > 1, (2.55)

which means that (2.54) is valid. Integrating (2.53) over [0, ], one has

|ve||2 + /</0v +/b2> ds < 1+/\|vm|\2/ —Lds +/||9x,um|\2ds (2.56)

Choosing suitable small 6 > 0 and suitable large n > 0, multiplying (2.56) and (2.50) by J and 7,
respectively, and adding them together with (2.48), by Gronwall’s inequality, Lemma 2.1, 2.2, Corollary
2.2, and (2.51), one can derive that

10 — 1, 4%, vy, by || + /HQT,UT,IJI,UUTH d5+// u? +v2)ds < 1. (2.57)
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Thanks to (2.54), (2.57), and Lemma 2.1, we have

t

¢ ¢
92

//Uids < Hvﬂ@//ﬁ”ds—i—//@vidsg 1, (2.58)

0 0

0
which combined with (2.57) completes the proof of this lemma. O

Based on the above results, we now estimate the first-order derivative of velocity.

Lemma 2.4. Assume that the conditions listed in Theorem 1.1 hold. Then fort > 0,
t
a3+ [ a0 ()35 S 1 (2:59
0

Proof. Taking inner product (1.6) with 2u,, on €, by integration by parts, Cauchy—Schwarz’s inequality,
and Lemma 2.2, 2.3, we have

d ¥ -1 1-v
gl e [z <] fun (5 + 50+ 150 |4 € [ o

2
< 5”“9013”3 + Csuur”go”vzug + Cel|0z, (0 — 1)z, v, bz”% < 5”“961’”% + Ce ||z, O, va, bx||2 )

(2.60)
where we have used the fact:
16— 1012, S 110 —1]13 + / 10— 1[16.] S 110 — 1113 + (162113, (2.61)
/(9 — 1202 <10 = 12 Nlva 3 < 110 = L lvall5 + 1025 ]v2]13 < [[vall5 + (162115, (2.62)
12 < Clluell3 + Cllus |l2llusellz < elluwell3 + Cellual3. (2.63)
By (2.60), Gronwall’s inequality, and Lemma 2.1, 2.3, we deduce
t
lluz ()13 +/|\um\|§ds <1. (2.64)
0

By means of (1.6)2 and Lemma 2.2, one has
[wr| S g, UzVe| + [0z, (0 — 1)vg, vy, byl (2.65)
which combined with Lemma 2.3 and (2.61)—(2.64) yields

t t
[ llBas £ [ etz 00 balds < 1 (2.66)
0 0
where we have used the fact:
[uzvall2 S luzlloollvalle < llusllmr- (2.67)
O

Next, we estimate the temperature.

Lemma 2.5. Assume that the conditions listed in Theorem 1.1 hold. Then fort > 0,

t
16201+ [ 161, v a5 S 1. (2.68)
0
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Proof. Multiplying (1.6)5 by 6,., integrating over Q on x, by integration by parts, Cauchy—Schwarz’s

inequality, and Lemma 2.2-2.4, we have

Cy d 2 /{eix _ 0—1 1—w 59.@% )\uz

Sa) o = foe | (5 e
6202 A2q4

Ss/&ferCE/ [(91)2Ui+(1’0)2u§+ 2z uﬂ

’1}4 + ’U2
S ellfaell3 + luallZ )0 — 1,0 — 1 ugl3 + 102112 [[v2]13
N 5”99096”% + Huzvumng + 1[0z l2]|0zzl2 S 5HQMH§ + Humumllg + CsHQIH%v

which combined with Gronwall’s inequality and Lemma 2.3-2.4, one has

t
10.()]3 + / 102125 < 1.
0

Hence, similar as (2.66), by means of (1.6)1, (1.6)5, Lemma 2.1-2.4, and (2.70), one can deduce

t
/Hvt,OtHSds <1
0

Lemma 2.6. Assume that the conditions listed in Theorem 1.1 hold. Then for (x,t) € [0,T) x Q,

p - ) - C(t), it T < oo,
(‘T7t) ~ ’ ((E,t) — 07 lf T = 0.

Proof. By (2.61), Lemma 2.3, and Lemma 2.5, one obtains
10lloc STH0 = 1loo S T+6 = 1l2fl0z]l2 < 1.

~ ~

Next, we prove the lower bound of §. Multiplying (1.6)5 by 6~2, we have

1 kr? (1 20k (1) A 92+1<1<C(t)
“\6), v \o),].” v \o), w2\" 2x) Tw "m0
Let G(t,z) =071 — ¢ fot C4(s)ds, then
{G <[5G.],,  (tz) €0, T]xQ,

H(0,z) = 9(01)1) < infi g, forxz €.

In view of the maximum principle (see Evans [9]), we infer that

G(t,z) <

ot 0o for all (¢,x) € [0,T] x Q,

which implies
6> C(t),
If the time tends to infinity, then by (2.69) and Lemma 2.3-2.5, one has

rld

—110,]12
[ |e-te
0

lim [|6,]]2 = 0.
t—oo

dt < ¢,

which yields

(2.69)

(2.70)

(2.71)

(2.72)

(2.73)

(2.74)

(2.75)

(2.76)

(2.77)

(2.78)

(2.79)
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Hence, by Sobolev’s inequality, Lemma 2.3, and (2.79), we obtain

Jim |0 — 1]} =0, (2.80)

which yields
Oz, t) > C, x € R or (0,00) (2.81)
for the large enough time ¢. O

3. Global estimates of (1.6)—(1.9), (1.12)

In the bounded domain €2 = (0, 1), the estimates of the solutions are similar as Sect. 2 besides the proofs
of Lemma 2.2, 2.3, Corollary 2.2, and the lower bound of # when time is enough large. For simplicity, we
just give out these different estimates. First of all, the following estimates of lower and upper bounds of
v are different from Lemma 2.2.

Lemma 3.1. Assume that the conditions listed in Theorem 1.1 hold. Then for (z,t) € [0,T) x Q,

C(t), it T < oo,

< > .
w0 S, ) > { e T (3.1)

Proof. The proof is divided into three steps.

Step 1 (Representation formula for v) By means of (1.6);, integrating (1.6)2 over [0,t] x [z1(¢),z], we
have

1
[log v(a, 1) ~ logv(x1 (1), )| — [log vo(w) — log(a1(1),0)] = & / (u — ug) (£)d¢
@1 (t)
1 / 6 b 1 / 6 b
0 0
where z1(¢) € [0,1] is determined by the following progresses. Next, for the convenience, we define
t T
Aug, 0 b2
F = T T o v = /F(;ms)ds—i—/u(f,O)dﬁ,
0 0

which means that

Pz = U, QDt—F, (33)

2 vb? 2

(vp)y — (rup)y = vF —u® = Auy — 0 — - U (3.4)

By (1.6)1, one has
t
1 o b 1 Aty
3 [ [+ 5w =5 [ (52 - F) o
0
) t
= (logv(z1(t),t) — logv(x1(t),0)) — X /F(a:l(t), s)ds. (3.5)
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Integrating (3.4) over [0,t] x €, by virtue of mean value theorem, there exits x1(t) € [0, 1] such that

/(pv—/vo/uo Jde — //[0++u]ds. (3.6)

By the definition of ¢, (3.3), and (3.6), one obtains

—O/t/[eJr” }ds— uo (€ (3.7)

Putting (3.5) and (3.7) into (3.2), we derive

1 0 b
-1p_ 2z 2.2
vD™"B = exp )\/(U+2>(I,s)ds ) (3.8)
0
where
1 / b?
B :=exp A//<u2+9+v2>ds ,

x x1(t) z

Dimvpexpd 1| [oo [uo@dc— [ uole.nc— [ (- uo) €)ag

0 ml(t)

Multiplying (3.8) by % [% + 21, one obtains

o(z,t) = DIt +i/tB s) D(t) (9+“§2) (2, 5)ds. (3.9)

t 5

sl

Step 2 (Lower bound for v)
First of all, we need some estimate of D, 6, and B. Employing Jensen’s inequality to the convex

function ¢, one has
/zflog/zf 1< /QS(Z) (3.10)

By (3.10) and Lemma 2.1, one obtains
c < /u,/e <C. (3.11)

By the definition of D, Lemma 2.1, and (3.11), one can deduce
cl'<b<cC. (3.12)
Hence, for ¢t <ty < oo, one has

v> DB > Ce > Ce M, (3.13)
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For the enough large t, one deduces

¢
B(s)
> . .
> C’/ B fds (3.14)
0
So, we need the estimates of 6 an B(t) (3.11), there exits z2(t) € [0, 1],
such that
C~1 <0(x2(t),t) < C. (3.15)

By Cauchy—Schwarz’s inequality and (3.11), one has

log(6 + 1) — log(6(x>(¢), £) + 1)| 5/% < </ 1%)1/2 (/0)1/2 < (/ 5562)1/2, (3.16)

which means that

92
HEC—C/U—;Q. (3.17)
By Lemma 2.1, the definition of B, and (3.9), we obtain
B
e—c(t=s) < BS; < e e2(t=s) (3.18)
t
B
/’U S e—ct _|-/ B((j; dS, (319)
0
that is
t
B
/ B((g ds > C — Cet. (3.20)

Putting (3.17) into (3.14), by (3.18), (3.20), and Lemma 2.1, for the enough large ¢, it follows
t
(5 / B(s) / 62
——=0ds > C 1—- [ =5 |d
/ 5= | B w2 ) ¢
> _ —ct __ S
>0 —Ce / / B0 1192 ds

0 /2
t/2 ¢
—ct —(t—s)c 9328 9:%
Z C—Ce - C e st - C Wd
0 t/2
¢
02
>C—Ce - Ce /2 _C / / ﬁds > C. (3.21)
v
/2
Step 3 (Upper bound for v) Integrating (1.6)s over [0, ], one has
vb = Uobo, (3.22)

which yields
vb? = vibgv L. (3.23)
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Hence, by (3.23) and the lower bound of v, we obtain
vb? < C. (3.24)
By the boundedness of B~!, Lemma 2.1, (3.12), (3.18), and (3.24), one obtains

t
—cC —S 9%
mmsc+c/ezawa/wQ@7 (3.25)
0

where we have used the result

92
S o | 3 3.26
Ol S 1+ ol [ 52, (3.26)

In fact, by Holder’s inequality

9\ 1/2 1/2
10122, t) — 012 (za(t),1)] 5/9”%5 [v]l & (/ %z) (/9>

< 1/2 0% i
<l ([ ) (3.27)

which means that (3.26) is valid. By Gronwall’s inequality, (3.25), and Lemma 2.1, it follows

sup [|v]leo < C. (3.28)
0<t<T

According to Lemma 2.1 and Lemma 3.1, we have the following results.

Corollary 3.1. Assume that the conditions listed in Theorem 1.1 hold. Then fort > 0,

c1l< /v,/o <C, (3.29)

1blloc < 1, (3.30)

t
[ s < @31
0

Proof. By (3.11), (3.22), and Lemma 3.1, (3.29)—(3.30) can be immediately obtained. By u|opq = 0,
Holder’s inequality, and Lemma 3.1, we have

2 2 2
25 < L 0</“i. 32
fule s (f1ual) S holl [ 2 [o< [ 2 (3.32)

By (3.32) and Lemma 2.1, one has (3.31). O

In the bounded domain, Lemma 2.3 cannot be established employing the method of unbounded do-
main. Next, we give out the estimate similar as Lemma 2.3 in domain (0, 1).

Lemma 3.2. Assume that the conditions listed in Theorem 1.1 hold. Then for t > 0,

t
/ (92 bt b ol + bi)(t) + // (92 Fuu? 4 ud 4 002 + 02 + bi)(s)ds <1 (3.33)
0
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Proof. Taking inner product (1.6)s with 4u® over €, by Hélder’s and Cauchy—Schwarz’s inequalities and

Lemma 3.1, we have
% u4—|—12)\/u1u‘2” = 12/zu2ux—|—12/b22uxu2
S el ([0 41) + elul (3.34)
Multiplying (1.6)2 by u, adding together with (1.6)4, we have

u? b2 b2 K0, AU
<cq,0+2>t+[<P+2>u]x2ur< » >w+< » )z (3.35)

Taking inner product (3.35) with ¢,0 + "72 over {2, by integration by parts, Holder’s, Cauchy—Schwarz’s
and Poincaré’s inequalities and Corollary 3.1, one can deduce

lg/ 69_’_u22+cﬁ/03+>\/u2u§
2dt v 2 Y v v

0;5 . bQ bQ 2
=—(k+ cU/\)/ Yol /(P—|— E)u(cvﬁm + uug) + / Eux(cve + ui)

v 2
5/|9muu$|+/|9u+ub2||9$+uuz|+/|u19|

< ez 13 + Celluug |13 + CellullZ (/ 0% + 1) + Celug 13- (3.36)

By virtue of (3.34), (3.36), and Gronwall’s inequality, one can deduce

/(02+u4)(t)+/t/(92+u2u§)(s)dsg/t||uz||§ds. (3.37)
0 0

Before the estimate of ||vg||2, we have the following calculations. By (1.6)3, one has
(logv)y = —(logb). (3.38)
Acting 9, to (3.38), thanks to the initial condition (1.13), it follows

L (3.39)

(20 (%),

Multiplying (3.40) by “=, by (1.6)1, (3.39), Lemma 3.1, and integration by parts, one deduces
d A /Ug\2 uvy ) ) / / (%)
= A (Vg \T UV _ B "
dt |:2 (’U) v :l +C/(9U$+baj)_c HI’UI U ).

2 92
S| [+ [ se fozaclulp [ 5 +c. [ crus (3.41)

where we have used the fact:

By (1.6)1-(1.6)2, we have

62
/vg < Clvz||3 9—2 —l—C/(‘)vi. (3.42)
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2
In fact, by (3.27), there exits a constant a such that (0%/2 — a'/2) < [ & 75 - Hence,

T

a1/2/vi:—/(91/2—a1/2)vi+/91/2viSa/v + C. /(91/2 1/2) v+ C. /91}
0
2
Ss/vi—i—Ce/Z—;/vi—i—Cg/ﬁvi, (3.43)

which means that (3.42) is valid. In (3.41), only the term ||u,||2 needs to be tackled. Taking inner product
(1.6)2 with u over 2, by Cauchy—Schwarz’s inequality, it yields

Sl < el o, b3 + Collul

<5/9v +6/92/v T ell6s, ball2 + Cullull. (3.44)

By means of Corollary 3.1, (3.41), (3.44), Gronwall’s inequality, and (3.39), one can derive that

/(u + 02 +b2 // b2 + 6v2 + u )(s)dsgL (3.45)

Thanks to (3.42) and (3.45), we have

/ [z [ / [ / [nzaszn 40

which combined with (3.37) and (3.45) completes the proof of this lemma. O

mu+¢%u<cﬂ/ )

Next, we give out the proof of lower bound of 6 for the enough large time ¢. Similar as (2.79), one has
tlim 162112 = 0. (3.47)

Hence, in the domain = (0,1), by (4.11), Lemma 2.4, Lemma 3.1, Lemma 2.5, and (3.47), one can
deduce

Jim (16— 6]l < lim (|6 — 6],/ [16,]15"* = 0 (3.48)
which yields
O(z,t) > C, xz € (0,1) (3.49)

for the large enough time t¢.

4. Proof of Theorem 1.1

In order to show the global existence of the solutions to the problems (1.6)—(1.10), or (1.6)—(1.9), (1.11),

r (1.6)—(1.9), (1.12), one can use the standard argument in [15,23,34], that is, first to construct an
approximate problem in the bounded interval (0, k) and to prove the a priori estimates independent of
k similar to those obtained in Sects. 2 and 3, then to let k tend to infinity for the purpose of getting the
global strong solutions as the limit. We omit the details for proving (1.14), while we deduce the assertions
(1.15) and (1.16) of Theorem 1.1 as follows.
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4.1. Proof of (1.15)

Applying 9, to (1.6); and taking inner product with v, over 2, one has

d
el < [ (v < v, (11)

By (4.1), (2.60), (2.69), and Lemma 2.2-2.5, one can deduce

714
/‘dt”i}xauw x %
0

which combined with (2.51), Lemma 2.2, and Corollary 2.2 yields
Jim vz, by, v, 0013 = 0. (4.3)

dt < C, (4.2)

By means of Lemma 2.1, 2.2 and Lemma 2.6, one has

o= 1+ 6~ 113 S [ o) + 0(6) S 1. (1.4
By virtue of (1.6)3, one has
b— bo’UO = bo’l]o(U - ].)/U, (45)
which combined with (4.4) and Lemma 2.2 yields
b — bovoll2 < 1. (4.6)
By means of (4.4), (4.6), Lemma 2.1, and (4.3), it follows
tlim lv—1,u,b—bovy,0 — 1|, =0, 2<p<oo. (4.7)
The proof of (1.15) is thus completed by (4.3) and (4.7). O

4.2. Proof of (1.16)

By mean value theorem and (3.22), there exists a(t) € (0,1) such that
v(a(t)) =7, b(a(t)) = vobo/v. (4.8)
By Poincaré’s inequality, we have
[0 =0, u,b = vobo /D2 S [|va, U, bal2- (4.9)

Multiplying (1.6)2-(1.6)5 by uw and b — vgbg /v, respectively, adding them with (1.6)4, and integrating the
resulting identity over [0,¢] x Q, one can deduce

[CUH + —(u"+ovb-— vobo/fu)Q)} (t,z)dr =c,0  Vte[0,00), (4.10)
where 6 is given by (1.17). We use Poincaré’s inequality, Lemma 3.1, and (4.9) to obtain

16 =) (B3 S/Ie(t,x)*/G(t,y)dy\zder||(u, Vob —vobo /9|3

S (s ba, 02) (113 (4.11)
Taking & = o and 6 = 6, by means of (2.3), (3.41), (2.60), (2.69), Lemma 3.1, Lemma 2.6, and (3.49),
one has
g/ <9¢(1_))+cv9¢< ) + 12 +7 (b— ”°b°> ) +c/(u2 +6%) <0, (4.12)
dt v 2 2 v v
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d [|[XA/ve\2 wv

G155 -] ve fozem <l (4.13
d

gy lluel3 + elltasllf < C flus, 6, v, ba 3 (4.14)
Q&WHM%WME<W%wmﬁM, (4.15)

Choosing suitable small n; < 79 < 13 < 1, multiplying (4.13)-(4.15) by 73, 12, and 7, respectively, adding
them together with (4.12), we can deduce

th( ) + CHUzaeszm,bx,Umﬁm”% S 0. (416)
where
’Uobo 2
At) = ). — - _ 27
“)./G“>+%%%“‘“+z(b @))
A /Ug\2 uv, 9 MCy
pn [ [5(2) = 2]l + 22203 (1.17)

By means of Cauchy—Schwarz’s inequality, Lemma 3.1, Lemma 2.6, (3.49), (4.9), and (4.11), one has
A(t) S v —10,0 — 0,u,b— vobo /T, Ug, 02|32 < ||Ve, Or, s, De|3- (4.18)

By virtue of Cauchy—Schwarz’s inequality, one has

UV, A [ 02 9
- [ R [ ol (119)

By (4.19), one can choose suitable small 73 > 0 such that

w3 (o) -] = [ - e (20

Inserting (4.20) into (4.17), by (3.39), Lemma 3.1, and Corollary 3.1, it follows

At) Z [z s O[3 2 (1025 s O, b 13- (4.21)
By virtue of (4.16), (4.18), and (4.21), one can derive
[0z, 1z, 02,13 S A(t) S e, (4.22)

which combined with (4.9) and (4.11) completes the proof of (1.16). O
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