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Abstract. We establish weak convergence rates for noise discretizations of a wide class of stochastic evolution equations with
non-regularizing semigroups and additive or multiplicative noise. This class covers the nonlinear stochastic wave, HJMM,
stochastic Schrédinger and linearized stochastic Korteweg—de Vries equation. For several important equations, including the
stochastic wave equation, previous methods give only suboptimal rates, whereas our rates are essentially sharp.
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1. Introduction

This paper establishes weak convergence rates for noise discretizations of a wide class of stochastic
evolution equations with non-regularizing semigroups and regular nonlinearities. We confirm that the
weak convergence rate equals twice the strong convergence rate and is characterized in terms of two
components:

(a) the decay of the covariance of the noise, and

(b) regularity of the solution, encoded in the choice of an invariant subspace.
In the case of additive noise, the upper bound on the weak error is sharp.

Our result is motivated by the study of stochastic partial differential equations driven by infinite-
dimensional noise processes, which came up in a large variety of applications. Numerical simulations
of these equations require a full discretization in space, time, and noise. Our result complements the
results on spatial and temporal discretizations in [5,24,25] and thereby completes the weak error analysis
of numerical discretizations of the above-mentioned class of equations, providing a full picture of their
complexity (see Table 1). Weak (as opposed to strong) convergence rates offer a flexible way of measuring
the quality of the approximation, as the class of test functions can be chosen to reflect the priorities at
application level.

Our results are general and can be applied or are applicable to a variety of equations, as we demonstrate
in several examples. For the nonlinear stochastic wave equation with additive or multiplicative space-time
white noise, they give the essentially sharp rate 1 — ¢, € > 0. Further examples are the Heath—Jarrow—
Morton-Musiela (HIMM) equation, the stochastic Schréodinger equation, and the linearized stochastic
Korteweg—de Vries equation.

The proof of our main result works as follows. First, we regularize the equation using Yosida approx-
imations of the semigroup, as this allows us to work with the Kolmogorov equation and the strong It
formula. Second, we express the weak discretization error of the regularized equation in terms of the solu-
tion of the Kolmogorov equation. Third, we introduce an additional subspace, which links the regularity
of the solution to the quality of the noise approximation and determines the error rate. This last step
is essential for obtaining optimal rates in many examples, including the stochastic wave equation, and
constitutes an important theoretical contribution of this paper.

In the previous literature, weak convergence rates have been studied intensively for equations of the
above type with regularizing semigroups, see e.g., [21] and references therein. However, in the case of
non-regularizing semigroups there remain many open questions. While temporal and spatial discretiza-
tions have been studied in [14,17-19] for additive noise and in [5,8-10,15,20,24,25,29] for multiplica-
tive noise, this is the first result on the discretization of multiplicative noise in this setting. More-
over, our framework is general and encompasses a variety of equations from mathematical finance and
physics.

TABLE 1. Weak convergence rates of exponential Euler and Galerkin discretizations of the stochastic wave equation with
space time white noise

Discretization
Noise coefficient Time Space Noise
Constant 1 1 1
Affine 1 1 1*
Non-affine Unknown Unknown Unknown

The rates are to be understood as 1 — € for arbitrary e > 0. References are given in Sect. 1. The starred rate is a result of
this paper (see Proposition 3.1)
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1.1. Notation

N denotes the natural numbers without zero. Function spaces are denoted as follows: B denotes bounded
functions with the supremum norm, C' denotes continuous functions, Cj denotes continuous bounded
functions with the supremum norm, C* denotes continuous functions which are k-times Fréchet differen-
tiable on the interior of the domain and whose derivatives up to order k£ extend to continuous functions
on the domain, C{f denotes the subset of C* whose derivatives of orders 1 to k belong to Cj with norm
[fllex = NFON+If e, +---+ | £*)||c,, L denotes linear operators with the operator norm, Lip denotes
Lipschitz functions with norm || fly;, = [|f(0)[| +sup,, [|f(z) — f(¥)Il/lz =y, LP denotes strongly mea-
surable p-integrable functions, P denotes the corresponding equivalence classes modulo equality almost
surely, L(?) denotes bilinear operators, Lo denotes Hilbert-Schmidt operators, W®? denotes the Sobolev—
Slobodeckij space with smoothness parameter o and integrability parameter p, H® = W*?2 denotes the
Bessel potential space, and H§ denotes the closure of the compactly supported smooth functions in
H®. For any Hilbert space H, B(H) denotes the Borel o-algebra on H, [X|p gy € L°(S%; H) denotes
the P-equivalence class of X € £°(Q; H), and op(A) denotes the point spectrum of a linear operator
A: D(A) C H — H. Note that we do not require functions in Cf to be bounded.

1.2. Main result

The following theorem establishes weak and strong convergence rates for noise discretizations of a certain
class of stochastic evolution equations. Roughly speaking, the assumptions of the theorem guarantee that
the equation is well posed on a Hilbert space H and a continuously embedded subspace V' of H, and that
Kolmogorov’s backward equation for H-valued solutions is well posed. This is used to bound the weak
and strong discretization errors in terms of the Hilbert—Schmidt norm of the difference between the actual
and the discretized volatility. The role of the subspace V is discussed in Sect. 1.3. An extended version of
the theorem with explicit bounds is presented in Proposition 2.4. Note that the function ¢ € C’g (H;R)
in the theorem may be unbounded according to our definition.

Theorem 1.1. Let T € (0,00), let (H, (-,-) ), (U, (-,-) ), and (V,{-,-),) be separable R-Hilbert spaces with
V C H densely and continuously, let (Q,F, (ft)te 0,71, P) be a stochastic basis, let (Wy)iejo,r) be an Idy-
cylindrical (F;)-Wiener process, let S: [0,00) — ( ) be a strongly continuous semigroup, which restricts
to a strongly continuous semigroup 5 S\V. [0,00) — L(V), let F € CZ(H) and B € C}(H; L2(U; H))
be such that F(V) C V, B(V) C Ly(U; V), and the mappings V > ¢ — F(z) € V and V 3 2 —
B(x) € Ly(U; V) are Lipschitz continuous, let & € L2(Q; V) be Fo/B(V)-measurable, let (ex)ren be an
orthonormal basis of U, for eachn € NU{oo} let P, € L(U) be the orthogonal projection onto the closure
of the linear span of {ex: k € NN [0,n)}, and let X™: [0,T] x Q@ — H be a predictable process which

satisfies that P [fOT ||Xt”||§{ dt < oo] =1 and for all t € [0,T],

[Xf]P,B(H) = St§ +/St_sF(X:L) ds + /St_sB(X:)Pn de
0 P,B(H) O
Then there exists C € (0,00) such that for each n € N and ¢ € CZ(H;R)\{0},

Elo (X#)] -El (Xl _ o Tin IB@exls
||¢Hcg(H;R) - wev 1+ Hx||%,

0o n| 2
X7 = X712 0um) + (1)

Proof. Tt may be assumed without loss of generality that S: [0,00) — L(H) is uniformly bounded by
adding and subtracting a multiple of the identity to the generator of the semigroup and the nonlinear
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part of the drift, respectively. Then the assumptions of Sect. 2.1 hold. Thus, the bound of the weak error
follows from Proposition 2.4, noting that it holds for each = € V' that

D IB@)(Pos + Pa)erlly [|B(@) (Pos = Pa)exlly =2 [B@)er -
k=0 k=n

It remains to bound the strong error. For each ¢ € [0, 77, it holds that

t
12 = X o) < / 1S o (F(X2) = F(X™)|a(urn) s
0

t
2
| [ 18 (BOE) ~ BRI samy 4o
0
Taking the square yields

t
00 n| 2 2 00 ny 2
12 = X W < IS nmscny (27 [ IFOK) = POy 0o
0
t
oo o0 2
4 [ IBOEE) = B Pl ea iy 45
0
t
oo n 2
+ 4/ 1B(X®) P — B(X) Pull 120,000 ds)
0

t
2 2 2 ) nj|2
< ||SHB([O,T];L(H)) (2T ||F||Lip(H;H) +4 ||B||Lip(H;L2(U;H))> /be - Xs ||L2(Q;H) ds
0

2 oo )2 Sore 1B(@)ex|;
+ 41501700 T (1 + || X5 ||B([0,T];L2(Q;V))) sup . 1n+ e .
Both sides of this inequality are finite by Lemma 2.1.(ii) with H replaced by V, and the strong rate
follows from Gronwall’s lemma. O

1.3. Convergence rate and regularity of the solution

The space V in Theorem 1.1 can be used to encode regularity properties of the solution which go beyond
those present in H. Choosing V strictly smaller than H allows one to extract a stronger convergence rate
from Theorem 1.1 in some cases, as the following example demonstrates.

Example 1.2. Let H = U = L?((0,1)), for each * € H and u € U let B(x)u be the constant function
B(x)u = (s fol x(r)u(r) dr), let A: H?((0,1)) N HE((0,1)) — L?((0,1)) be the Dirichlet Laplacian on
H,let § € (0,1/4), let V be the domain of (—A)° with |||, = H(—A)‘;()HH, and for each k € N let
er = (V2sin(kms))se0,1) € H. Then B € L(H; Ly(U; H)), Blv € L(V; Ly(U;V)), and it holds for each
n € N that

w2 1B@erl _

2
o S IB@elyy s

—40

y n

vel 14 |z|l3 vev 14 |z]3
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To see this, note that for each z € H

2 2 2 2
Do IB@exlls =D e ml* 1117 = ll2ll7

keN keN
2 211412 2 2
S IB@exlly =D Kaew)ul* I = ll=l7 115
kEN keEN
and for each n € N,
o) 2 o] 2 2
s qup Sz IB@enlly o S IOl 0
weH 1+ ||z||5 A>0 L+ || Xenllzy A>0 L+ A

45— 2
S IB@)er[3 S TR (2, (—A) er) |
su 3 < sup 5
zeV 1+ |\z|ly eV 1+ |zl

2
< 7040 gy 7H$||V 5 = i
zeV 14 ||z

Thus, in this example Theorem 1.1 with H = V = L?((0,1)) does not establish convergence. Similarly, it
can be shown that setting H = V equal to the domain of (—A)? does not establish convergence either.
However, one obtains a positive rate of convergence by choosing V strictly smaller than H.

1.4. Sharpness of the rate in the additive noise case

The weak and strong rates provided by Theorem 1.1 are sharp in the additive noise case when there is
no drift, as is shown next. Some related results on spatial discretizations can be found in [24].

Proposition 1.3. Let (H, (:,-) ) and (U,(-,-);) be separable R-Hilbert spaces, let (2, F, (Fi)tej0,1), P) be a
stochastic basis, let (Wi)iejo,1) be an Idy-cylindrical (F;)- Wiener process, let B € Lo(U; H) be injective,
let (ex)ren be an orthonormal basis of eigenvectors of B*B, for each n € NU {00} let P, € L(U) be the
orthogonal projection onto the closure of the linear span of {eg: k € NN [0,n)}, let X™ be a predictable
process which satisfies for all t € [0,1] that [X}']p gy = fg BP, dW;, and let ¢ = exp(— H||i,/2) €
CZ(H). Then

IXP = X i, El(XD] -E[B(X{) _ E[B(X7)

n—>n<;lo 00 B 2 00 00 B 2 - 2
Zk:n [ @kHH Zk:n [ ekHH

Proof. By It6’s isometry it holds for each n € NU {oco} that

€ (0, 00).

2 2 2
X1 — Xfon(Q;H) =|B(P, — POO)HLg(U;H) = Z | Be|[7 -

k=n

This proves the strong convergence rate, and it remains to show the weak convergence rate. For each
n € NU{oo}, the random variable X} is Gaussian with covariance BP,, P} B* € L,(H) by [7, Theorem 5.2].
Setting A\, = ||Begl|, one has for each n € N U {oo} by [7, Proposition 2.17] and a singular value
decomposition of the operator BP,, € Ly(U; H) that

E[¢(X])] = exp (—; tr (log(1 + BPHP;B*))>

n—1

= exp (; tr (log(1 + P:B*BPn))> = exp ( - % Z log(1 + /\i)>

k=0
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The basic inequalities
Vr,y € R:x <y = exp(y) — exp(z)

>e p( )(y—x),
Ve > 036 > OVz € [0,6] : log(1 + z) >

(1 - 6)1‘,
imply that
i int 212X 12”; E/\[f (X))
e k=n Mk

exp (=5 g log (1+A7)) 5 300, log (1+4F)

> liminf ZOO ¥
e k=n "k

> sup lim inf exp (=3 Yizolos (1; )‘il) 3 2nen(l = AR
e>0) N—oo Zk:n )\k
1 Iy o) _ E[6(X)]

and
Elp(X™)] —E[p(X®
lim sup [¢ (XT )]OC [55( )]
n—00 Zk:n )\k

o exp(—5 XS log (14 A2)) 3 5, log (1+2)

< lim sup s
n— oo Zk:n )\k

oy exp( D Olog (1—1—)\%)) %Z;":n A2

< lim sup
n— oo Zk:n )\%

(S b)) - A

2. Error analysis

This section contains the proof of our main technical result, Proposition 2.4, where the convergence rate of
noise approximations is analyzed in an abstract framework for semilinear stochastic evolution equations
with multiplicative noise. Proposition 2.4 is used in the proof of Theorem 1.1 and will be applied to
various examples in Sect. 3.

2.1. Setting

We will repeatedly use the following standard setting: let 7" € (0, 00), let (H,(:,-) ) and (U, (-,-);;) be
separable R-Hilbert spaces, let U be an orthonormal basis of U, let (2, F, (Ft):ef0,7], P) be a stochastic
basis, let (W})icjo,7) be an Idy-cylindrical (F;)-Wiener process, let S € B([0,00); L(H)) be a uniformly
bounded and strongly continuous semigroup, let F' € Lip(H), let B € Lip(H; L2(U; H)), and let £ €
L2(; H) be Fo/B (H)-measurable.
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2.2. Existence and uniqueness of solutions

The following lemma collects some results on existence and uniqueness of solutions of stochastic evolution
equations, explicit a-priori bounds, and continuous dependence of the solution on the semigroup.

Lemma 2.1. Assume the setting of Sect. 2.1. Then the following statements hold true:
(i) There exists an up to modifications unique predictable process X : Q x [0,T] — H which satisfies
that PP [fOT ||Xt||i1 dt < oo} =1 and for each t € [0,T],

t t

Xlesm = | Si6+ [SF) 5|+ [s.BCx) aw.,

0 P,B(H) O
(i1) The process X satisfies
1 XN 50,1120 < 1SN 50,77 1.2

X (||§||L2(Q;H) + V2T || Fllpipceny + V2T ||B||Lip(H,L2(U;H))>

2 1 2 2
X exp (T 151 (o,7y; L.y (2 I Wiy + ||BLip(H;L2(U;H))>>
(iil) Forn € N let S™: [0,00) — L(H) be a strongly continuous semigroup such that for x € H

lim ||S"z — Sz| 5 om0 =0 sup ||S™| 0.7, L(H)) < 99
oo ([0,7],H) el (10,77

and let X™ be the process X given by (i). with S replaced by S™. Then
Jm X = X 0,7y, 205my) = 0
Proof. (i) Follows from [7, Theorem 7.2] and moreover, we get

sup E [HXtH?{} < 0.
t€[0,T]

(ii) To derive the explicit bound, we follow the proof of [25, Lemma 2.1] and apply the mild It6 formula [6,
Corollary 1] to the transformation ¢(z) := ||.’L‘||§{, which belongs to C?(H;R). This yields

t

B[1X1%] = [ISi1] + 22 [ (Si-aP(X.), SimXuby ds

0

+E/||St B, o) ds

<E[Isicly] +2,[B / ISt FOC)I ds, B [ 15X, ds
0

+E/||St s HLQ(UH) ds



16 Page 8 of 28 P. Harms and M. S. Miiller ZAMP

By the inequality of arithmetic and geometric means, which states that all x,y € [0,00) satisfy
VTy < (x +y)/2, it follows that

E 1107
t

2 2 2 2 2 2
< 183 omyecny | B [1613) +E | [ (VPR + 1B R pmcaimmy ) (1 1Xeln)? + 115 ds
0

2 2 2 2
< IS0, 73;.0)) (||§HL2(Q,H) + 2T | F Ly + 2T ||B||Lip(H;L2(U;H))
t

2 2 2 2
IS0z (14 21F i + 2 1B sy | B (115 ] ds.
0

By (i) all terms are finite. Thus, an application of Gronwall’s lemma proves (ii).

(iii) For each n € N and t € [0,T] we get by the triangle inequality, Minkowski inequality, Jensen’s
inequality, Fubini’s theorem and It6’s isometry that

Xt — thHLZ(Q;H) < H(St - Sf)fHLz(Q;H)
t

+ || [ (St—s — St o) F(Xs) ds
/

L2(Q;H) L2(Q;H)

4 / SP, (F(Xs) — F(XD)) ds

/ Sio (B(Xs) — B(XD) dW,

L2(SGH) L2(Q;H)

< IS = 8™l L2 ese o, 7350

T

T
+ / (S = S™)F(Xo)ll 1200 ((0,7:2ry) 48+ /H(S - Sn)B(XS)”iz’(Q;C([O,T];H)) ds
0 0

t
n nll2
+ ST Nsqto,r32e0yy (1F wspgery VT + 1B iptsaqurany ) /”XS*XS 22y ds-
0

Taking the square and applying Jensen’s inequality yields

1Xe = XT3y < 2 (165 = S™El ooy

T

T
+ [ 168 = S aaeommy 5+ | [ 165 =SB @ueqo iy 45
0 0

t
2 2 2
218" B0 iy (Fllspon YV + 1Bliprnanimy) [ 1% = X3 agam s
0
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An application of Gronwall’s lemma, which is justified by (ii), shows that

2
X = X" 50,77, 12(0: 1)
<2 (H(S = 8"Vl L2 s 0,135

T

T
+ /H(S = S")F (Xl 2o iy 98 + /H(S - Sn>B(XS>Hi?(Q;C([O,T];H)) ds
0 0

n (2 2
x exp (2T HB([O,T];L(H)) (HFHLip(H)\/T+ ||B||Lip(H;L2(U;H))> :

The right-hand side tends to zero as n — oo by the dominated convergence theorem. O

2.3. Uniform bounds on solutions of Kolmogorov’s equation

Under suitable regularity conditions, the Markovian semigroup associated to a stochastic evolution equa-
tion satisfies the Kolmogorov equation. This is made precise in the following lemma. Part (i) of the lemma
bounds the spatial derivatives uniformly in the coefficients of the equation, and Part (ii) establishes spa-
tial and temporal differentiability and the Kolmogorov equation. Part (ii) is well known, and we will
roughly follow the idea in [7, Theorem 9.23]. We will, however, go into more details because of some
inaccuracies in this reference.! An alternative would be to generalize the proof of [15, Lemma 6.2.(xix)]
to our assumptions.

Lemma 2.2. Assume that the setting of Sect. 2.1 holds true and, additionally, assume that S has a bounded
generator A € L(H), F € C}(H), and B € C3(H; Lo(U; H)), for each x € H let X*: [0,T] x Q@ — H be
a predictable stochastic process which satisfies P {fOT ||X,§‘H?q dt < oo} =1 and for all t € [0,T7,

¢ ¢
[Xtm]IP,B(H) = St93+/St_sF(sz) dS +/St_gB(X;E) de,
0 P,B(H) O
let ¢ € CZ(H;R), and for each t € [0,T] and x € H let u(t,x) = E[¢(XF_,)]. Then the following
statements hold true:

(i) For all t € [0,T] the map (H > z — wu(t,z) € R) is twice Fréchet differentiable and satisfies
2ue Gy([0,T] x H; L(H;R)), Z5u € Cy([0,T] x H; L (H;R)), and

9
S sup et 0l < W6y s @)
9% 2
sup sup ||=u(t,x oo < || P m (C5 + Cy), 3
te[().,T]mGHHBIZ ( )HL()(H’R) | HC*’Q(H’R)( s ) )

1For example, the statement u € C’;’Q is not correct if H = R, F = 0, B = 0, A = Idyg, and ¢ = sin because

SUPgecH

%u(t,x)‘ = sup,ey |cos(e’z)x| = oo for all t € [0, 7).
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where the constants Cs and Cy are given by
”SHB([O T);L(H)) &XP <T ”S”B( [0,T];L(H)) <||F|01(H) t 3 ||BHcl(H Lo (U; H))>)

7 2 4
Cy = exp (T (2 1 ez ) +4 |B||cg<H;L2<U;H)>) S“B([&T];L(H)))

3 2
X VT 181 0.0y VIF ez + 2 1B a0

(i) The function u is of class C*? and satisfies for each t € [0,T] and x € H that

— (L) (t,2) = (Zu) (t,0)(Ax + F(x)) + % >~ (&) () (B(2)Pb, B(x) Pb).

belU

Proof. (i) Note that the generator A of S is bounded and thus sectorial. Hence, by [1, Theorem 3.3.(iii)]
we get for each ¢ € [0,77] that the mapping H > z +— u(t,z) € R is of class CZ(H;R). Moreover, [1,
Theorem 3.3.(v)] yields that for each ¢ € [0,T] and z,v,w € H,

() (tx) =E [/ (X5 ) X525 (1)
()t 2) (v, w) = B " (XF,) (X257 x265) + o/ (x5 (X357 (5)

where for each =, v, w € H the stochastic processes X (@) X2 (@v.w). [0,T] x Q — H are predictable
and satisfy that P [fOT <||Xt1’(z’v)||%, + ||Xt2’(x’v’w)||§{) dt < oo] =1 and for each ¢t € [0, T

t

{XW’”)]P’B(H) - Stv—i—/St o (F(xo)xten) as

P,B(H)

/St . Xa: X2 (wi)) dWs,

/ Seca (P/(X2)X2E00) 4 P(XE) (X0, X1E0))

P,B(H)

t
+/St_s (B’(Xj)Xf’(m>”*“’) —|—B”(X;”)(Xj’(“"*“),Xj’(””*“’))) dw,.
0

Hence, it holds for each t € [0,T] and z,v,w € H that
() (b2l < 10llog arm B [[1X55 ] (6)
| () (62) (0, 0)| < UBllegemnmy B (16557 X251 + K25 ) (7)
From [1, Theorem 3.3.(vi)] we get for each p € [1,00) and z,v,w € H that

sup E {HX1 (@ U)H + HXtZ’(:C’U’w)H?} < 0.
tefo,T
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To derive explicit bounds, we use mild It6 calculus and proceed as in the proof of Lemma 2.1.(ii), following
the proof of [25, Lemma 2.1]. To this end, note that for all p € [1, c0) the function ¢, (z) := ||x\|§f is twice
Fréchet differentiable with derivatives, for x, v, w € H,

U (x)o = 2p (@, v) |7,
2 (v,w) p=1
Uy (z)(v,w) = {0, r=0,p>1
2p (v, w)  |2ll77 ™ + 4p(p = 1) @, 0) g (& w) g 3", x #0.p> 1
In particular, it holds for each p € [1,00) by the Cauchy—Schwarz inequality that

2 1
[ (@] < 2p o]l )77

[y (@) (v, )| < 2p [[wll g [0l l2l77 ™ + 4p(e = 1) o]l el 1]l

Then we get by the mild It6 formula [6, Corollary 1] for each p € [1,00) and z,v € H that

E (|15 ] = B [ (X))

2p—2 2p—2

t
=1 (Sﬂ)) + /E |:'(/); (St_SXSL(I»”))St_sF/(X;c)Xsl,(z,u)] ds
0

+ Z / U (Si- o XEE) (8, (BI(XDX @), 5, (B(X5) X)) | ds
beUO

t
2 z,0) [|2P
< ol HSHB([O,T];L(H)) + 20 18115 10, 73:1. 1y ||FHC§(H;H)/E [HXsl( )HH} ds
0
t
2 z,0) [|2P
+pHS||B([0T 1:L(H)) ||Bch1(H;Lz(U;H))/IE [HXsl( )HH} ds

0

t
2 2 z,v)[|2P
+ 2000 = D181 0 1m0 VB szacry [ B [0 ds
0

t

= vl F ||S||B([O,T];L(H)) +/]E [HXSL(I’U)Hiﬂ ds
0

2
x D11 0 11ce o) (21PN ) + 20 = DIBIEs . caquinry )
which implies by Gronwall’s lemma that
< v

sup |3

S
up ez 1S to, 15y

L2 (Q;H)

(2p—1) 2 2
X exp <T (|F||c;(H;H) + = IBlloyiawimy | 151s00,30.0m)) ) -

In the special case p = 1, this shows for all x,v € H that

sup || x}) < Gy ol - (8)

s X
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Plugging this into (6) proves (2). For th’(m’v’w), we need only an L? estimate, which we get from the
mild Tt6 formula [6, Corollary 1 and Example 2] and the Cauchy—Schwarz inequality: for each ¢ € [0, 7]
and x,v,w € H it holds that

t

B[] <2 [B[[(sxtere), s s xiee) ] as

0
t

+ 2/E H<St,sX§’(‘”’“’w),St,SF”(Xg)(XSl’(‘”’“),Xsl’(””"“’))>H‘ ds}

/[

t
< ||SH2B([0,T];L(H)) 2HF||C§(H)/E {HXSQ’(W’“))HZ} ds
0

t

+ IIFllcg<H>/E [z o el ke ] as
0

} ds
L2 (U;H)

(BI(Xx)XQ (wi)+B//(Xx)(X1 ,(xz,v) Xl (£w))>‘

t

+2 HB”ég(H;LZ(U;H)) E [HXSZ’(“’”"”)HZ} ds

o
~+

+ 2HB||2C§(H;L2(U;H)) E {HXSL(M)H?{HXSL(%MHi{} ds

0
2 2
< IS0, ncmy tUE N2y + 21Bllcz ;10w im))

S bt e B

0<s<t HL4(Q;H)| (H)

t
2 2 z0,w)||2
IS o y:2.c)) (3||F||c§<H>+2||B|\c;<H;L2<U;H>>)/E [HXSQ’( )HH} ds
0

Hence, Gronwall’s lemma shows for all x,v,w € H that

sup |7
t€[0,T]

Inserting the bounds (8) and (9) into (7) proves (3).
It remains to verify the continuity claims of the statement. By [2, Theorem 2.1.(vii)] it holds for each

€ (2,00), t €[0,T], and 2 € H that
lim sup [ Xy — XY 150 m =0,

rey < Callvlly lwllg - (9)

YT 1e]0,T]
lim sup HXl () th’(y).)HL ey = O (10)
Y= yelo.] (H;LP(;H))
2 (I, s ) 2,(:’!7'7') —
yhir;:tes[%pT [Rey — X HL<2>(H;LP(Q;H)) =0

Moreover, for each x, v, w € H the processes X%, X (%) and X2 (#vw) admit continuous modifications.
Thus, Burkholder-Davis—Gundy type inequalities and the dominated convergence theorem yield for each
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p € (2,00) and x € H that the mapping [0,7] > t — X € LP(Q; H) is continuous; see also [15, Proof

of Lemma 6.2.(xiii)]. Similarly, the proof of [15, Lemma 6.2.(xiv), p. 27] shows for each p € (2,00) and

x,v,w € H that the mappings [0,T] > ¢t — th’(z") € L(H;LP(; H)) and [0,T] 2 ¢t — X2 (@) ¢

L2 (H; LP(Q; H)) are continuous. This and (10) implies for all p € (2,00), t € [0,T] and 2 € H that
lim XE = XY o .m) =0,

s—ty—x

lim ||X1 (@) X1

s—t,y—x

lim || X7 — x 2

s—t,y—zx

||L(H Loy = O (11)

HL(2)(H L (Q;H)) =0.

Thanks to the continuity and boundedness of ¢’ and ¢”, the subsequence criterion, and the dominated
convergence theorem, this implies for all p € (2,00), t € [0,T] and x € H that

ll_{f% ¢ o X —¢'o XgHLP(Q;L(H;]R)) = E—% [¢" 0 Xy —¢" o X;IHLP(Q;L@)(H;R)) = 0.

y—z y—z
Now, for each p € (2,00), t € [0,T], and = € H it holds by the triangle inequality, Holder inequality, (4)
and (11),

lin% sup ’(%u) (T —t,z)v — (%u) (T - s,y)v’
S— EH
Y78 o)y <1

T 1,(x,v
< hm |¢" 0 XF — ¢ o XY ||LP (Q:L(H;R)) sup HX 5 )H
yﬂw HUHH<1
+ hm H¢||Cl(HR) sup ||X1 (o) — Xbwv)

y—>x H1)HH<1

L(H;L7-T (:H))

HLl(Q;H) =0.

For the second derivative, one obtains similarly for each ¢ € [0, 7] and © € H that

lim  sup  ||¢/(XP)X] (o) g (XY X 2 we) I

s—t v, weH (4R)
Y7 ol g lwll gy <1

< lim ¢/ 0 X7 — ¢ 0 XY| [Reanial| :

= 0 t LP(Q;L(H;R))) L&) (H;LP-1 (;H))

y—z
2,(z,,7) 2,(y," —
+ hm ¢’ ch(HR HX - X5 w )HL(2)(H;LP(Q;H)) =0,
y—>ZE

and, for p, po, p1, p2 € (2,00) with p% + p% + p% =1,

hil} sup Hqs//(ng)(th,(z,v)’th,(z,w)) _ ¢//(X§)(X;,(m,v)7X§7(z,w))HLl
ys—mt v, weEH
lloll grsllwll <1

< iLn% ||¢” o X[ — ¢ o XEHLPO(Q;L@)(H;R))HX
y—T

(R)

1,(x

(L P [ el P

+ llg}: ||¢”||Cb(H;L(2>(H;R)) Hth’(w).) - Xsl’(y“)HL H;LP(Q;H)) HXl o H

Yy—x

+ il_% ||¢II||C,,(H;L(2>(H;R)) "Xsl’(y")HL(H;L;,(Q;H))"th’(z") — Xslv(yw)H

Yy—x

L(H;L 7T (3 H))

LOH;LPoT (H))



16 Page 14 of 28 P. Harms and M. S. Miiller ZAMP

which is actually 0. Plugging this into (5) yields

lim sup %;u(T —t,x)(v,w) — BB—;U(T —s,y)(v,w)| =0.
5:; v, weEH

01l g7l <1

Thus, we have shown the continuity of -2 Azu and 2 w. This proves (i).

(ii) We follow the idea in [7, Theorem 9.23]. By [15, Lemma 6.1.(ii)] it holds for all ¢,h € [0,7T] with
t+h <T that

u(t,x) = E [¢(X7_,)] =E[u(t + h, X;)].
Fix now to € (0,T]. As A € L(H), it holds for all t € [0,T] and « € H that
t t
X7 e s00) = x+/AX§ + F(X?) ds +/B(X;’”) aw..
0 PB(H) O

By the classical (as opposed to mild) It6 formula it holds for all h € [0,¢o] that
u(to — h,x) —u(to, z) = E[u(to, Xi) — ulto, x)]

h
=E/< ulto, X)) (AX? + F(X?)) ds
0

- E/Z Lulto, X2))(XZ) (B(XZ)b, B(X?)b) ds.

bel

Indeed, the process (f(;5 (a%u) (to, XZ)B(XY) dW)seqo,1) is a true martingale thanks to Lemma 2.1.(ii)
and the estimate

T

B | [ 10) (o, XOBOKI gy
0

= THaa:“ch([o T|x H;L(H;R)) S[“p k {”B(XI)”LQ(UH }

]

oy 22
=T H%“ch([o,T]xH;L(H;R)) ||B||C§(H;L2(U;H)) tes[%pT]E [(1 + I XE ) } < 0.
The integrands under the time integral in (12) are continuous because for each € H and p € (2, 00) the
mapping [0,7] 5> t — X7 € LP(Q; H) is continuous, u(to,-) € CZ(H), and the mappings A, F, and B are
Lipschitz continuous. Thus, the mean value theorem for integration gives

(Gruto,a) i= — i & (uto = h,2) — ulto, )
= — (&) (to,2) (Az + F(x)) - % > (Zou)(to, ) (B(2)b, B(2)b).
bel

As the right-hand side is continuous in tg € [0,7] by part (i), we get for all x € H continuity of the
mapping [0,7] 5 ¢ — (Z-u)(t,z) € R. Summarizing, for each z € H, the mapping [0,7] > ¢ — u(t,z) € R
is left-sided differentiable on (O T with continuous left derivative on [0, 7. Therefore, it is continuously
differentiable on [0, 7] with Zu = Z-u. O
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2.4. Yosida approximations

For later usage, we summarize some properties of Yosida approximations. The lemma is formulated under
a uniform boundedness assumption on the semigroup, which leads to a simpler estimate in (ii). In the
context of semilinear stochastic evolution equations, this assumption can always be guaranteed by adding
and subtracting a multiple of the identity to the generator of the semigroup and the nonlinear part of
the drift, respectively.

Lemma 2.3. Let (E,|||z) be an R-Banach space and let A: D(A) C E — E be the generator of a
uniformly bounded and strongly continuous semigroup S. Then the following statements hold true.

(i) The interval (0,00) is contained in the resolvent set of A, and for each X € (0, 00) the bounded linear
operator Ay == A(Idg —A/)\)~! generates a uniformly continuous semigroup S™.
(ii) The semigroups S* satisfy for each x € E and T > 0 that

S <|s : , li Sz — S}z, = 0.
/\es(‘é’poo) | ||B([O,oo);L(E)) < 1SN B(fo,00);L.(E)) /\I_{I;otes[%%] [Sex — 87|,

Proof. (i) As S is strongly continuous and of negative exponential type, S belongs to B([0,00); L(E)).
By the Feller-Miyadera—Phillips theorem, the interval (0, c0) is contained in the resolvent set of A.
Thus, the resolvent Ry(A) := (AIdg —A)~! € L(E) and Ay € L(FE) are well defined.

(ii) The Feller-Miyadera—Phillips theorem comes with the resolvent estimate

G , VkeN, A >0,

HR/\(A)kHL(E) <

which implies for each A € (0,00) and ¢ € [0, 00) that

52y = e @] <o DT |
tllLm) we = =R L(E)

>tk A2k [S]| ;
. ([0,00); L(E))
<e t} : z )\ZO = ||SHB([0,oo);L(E))'
k=0

To see the second statement, note that limy_., Ayxz = Az, for all x € D(A). The Trotter-Kato
approximation theorem then implies limy .., Sfz = S;z locally uniformly in ¢; see e.g., [11, Lemma
I1.3.4.(ii) and Theorem II1.4.8] for details. O

2.5. Weak error

We are now ready to present and prove our main technical result, which is an upper bound on the weak
error under perturbations of the noise coefficient. The proof builds on the results of Sects. 2.2, 2.3, and 2.4.

Proposition 2.4. Assume that the setting of Sect. 2.1 holds true, and additionally, let V be a separa-
ble R-Hilbert space, which is densely and continuously embedded in H, let F € CE(H), let B,B e
CZ(H; L2(U; H)), let S|v: [0,00) — L(V) be a uniformly bounded and strongly continuous semigroup,
let Fly € Lip(V), let Bly, Bly € Lip(V; Lo(U; V), let € € L2(Q;V) be Fo/B(V)-measurable, and let
X, X: [0,T7] x @ — H be predictable processes which satisfy for each t € [0,T] that

P{Jy (Il + 1%l ) dt < o0] =1 and
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r t . L
[(Xele,pm) = StEJr/St_sF(Xs) ds +/St_sB(X5) dw,,
L 0 dpBH) O
r t 7 t
Riraon = [Si€+ [ SoPR)ds| 4 [So.BR) aw.
L 0 dpBH) O
Then

E X)) — d(X 2(F-
[E[¢ (Xz) = ¢(X)]| < C l1éllcz(armsup 1+ ||z[f}

where C = 2.C, (14 C3) and

7 2 4
01 =exp (T (3 1PNy + 1By gy ) 15 encon) )

3 2
X \/THS”B([O,OO);L(H)) 1F W2y + 21 Bllca (m.na (1)
b b

2 2 2
+ IS 0.0oyiz ) X (T (21Fllog oy + 1Bl r,zawiiny ) 15 booniiany )

C2 = |15l p(j0,00),L(v) (Hme(Qy) + V2T [|Fllyp0) + V2T HB||Lip(;L2(U;V))

2 1 2 2
X exp (T 15115 (0,00): (V) (2 + 1 FlLipevy + ||BLip(V;L2(U;V))>) :

Proof. We prove the statement in two steps.

> peu | B(2)b + B(2)b| || B(2)b — B(2)b||

ZAMP

Step 1 We assume temporarily that S: [0,00) — L(H) and S|y : [0,00) — L(V) are uniformly contin-
uous. The generator of S is denoted by A € L(H). Let u € C12([0,T] x H;R) be defined as in Lemma 2.2.

Then

E[¢(X7) — ¢(X7)] =E [u(T, X1) — u.(0,X0)].

As A is bounded, X can be written in strong form as

t
K e = | Xo+ / (AX, + F(X.)) ds + / B(X,) aw,,
0 P,B(H) O

and we get by It6’s formula and the Kolmogorov equation that

U(T, XT) — U(O, XQ)
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T
/ t Xt ( t) dW;
0
/Z 9o U ) (B(X )b+ B(X)b, B(X,)b— B(X,)b) dt.
belU

The stochastic integral on the right-hand side above is a martingale thanks to Lemma 2.1.(ii), Lemma 2.2,
and the estimate

/ () (6 XOBEOI?, oy

5o\ p2 50 N (|2
: Ttes[l(l)pT]E [H( w) (6 X0 1) HB(Xt)HM(U;H)]

12 o 2
<T ||%“ch([o,T]xH;R) ”B”C;(H;LQ(U;H)) tes[%lf;]]E {(1 + [ Xl ) } < 0.

Discarding the martingale part and using that X takes values in V by Lemma 2.1, we can estimate
similarly

[ K0y S IBE b+ BE )bl |B(X ) B()h)an]

beclU

IN

ol CERD{FA—
ox Co([0,T] x H;R) B([0,T];L2(;V))

>pew | B(@)b+ B(2)b] 7 | B(a)b — B()b|
X sup 5 .
zeV 1+ ||$||V

Plugging in the estimates for X and v of Lemmas 2.1 and 2.2 shows the statement of the lemma in the
special case where S: [0,00) — L(H) and S|y : [0,00) — L(V) are uniformly continuous semigroups.

Step 2 We next show the lemma in the general case where S: [0,00) — L(H) and S|y : [0,00) —
L(V) are strongly continuous semigroups. Let S* and S*|y, be the Yosida approximations of S and S|y
constructed in Lemma 2.3, and let (X*, X, u*, C*) be defined as (X, X, u, C') with S replaced by S* and
A replaced by Ay. Then limy_, o HX% — XT||L2(Q-H) = 0 by Lemma 2.3.(ii) and Lemma 2.1.(iii) Thus, it
follows from the Lipschitz continuity of ¢: H — R that

E[6(Xr) — ¢ (X7)] = lim E[¢(X7) — ¢ (X7)].
Therefore, using the result of Step 1,

Shey [B@)b + B@)bl |B(x)b — Ba)bl
1+ ||z[f3

[E16(Xr) = & ($r)] < limsup € 6] ¢z a0 sup
—00 aS

It follows from Lemma 2.3 that limsup, . C* < C, which proves the lemma. g

3. Examples

The examples in this section demonstrate that Theorem 1.1 is applicable to a wide variety of semilinear
stochastic evolution equations. Beyond the examples treated below, it can also be applied to the stochastic
heat equation with spatially colored noise. The convergence rate can be obtained as for the stochastic
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Schrédinger or linearized Korteweg—de Vries equation below. However, the stochastic heat equation with
space-time white noise requires different techniques which hinge on the analyticity of the heat semigroup.

3.1. Stochastic wave equation

For the stochastic wave equation with additive noise, weak error rates of temporal discretizations were
studied in [14,18] and of spatial discretizations in [5,17,19]. For the stochastic wave equation with multi-
plicative noise, weak error rates of temporal discretizations were studied in [5] and of spatial discretizations
in [25]. See Table 1 for a summary of the obtained convergence rates. We now complement these results
by providing an essentially sharp weak convergence rate for noise discretizations of the stochastic wave
equation with additive and multiplicative noise.

Proposition 3.1. Let 0 € (0,00), let € € (0,1), let p = (1 —€)/4, let 0 € (1/4,00), let H be the R-
Hilbert space L?((0,1);R), let A: H?((0,1))NH((0,1)) C H — H be the Laplace operator with Dirichlet
boundary conditions on H, let A = 0A, let (Hy)rer be a family of interpolation spaces associated to —A,
let one of the following two statements hold true,

(a) n=0, fo€e H,_1, f1 € L*((0,1)), and f: (0,1) xR > (s,z) = fo(s) + fi(s)z € R,

(b) € (0,p) N (0,1/4 = p) and f € C"*([0,1] x R;R)
let by € H?7((0,1)), let by € H*((0,1)), let H = H,, x H,_1/5, let A: D(A) C H — H be the linear
operator which satisfies D(A) = H, 11,9 x H, and [V(x1,72) € D(A) : A(xy,22) = (22, Axy)], let
V =H,x H, 13, let U= H, let (Q,F,(Ft)iepo,r);P) be a stochastic basis, let (Wy)icjo,r) be an Idy-
eylindrical (Fy)iepo,r)- Wiener process, let & € L*(;V) be Fo/B(V)-measurable, for each k € N let
er = (V2sin(kns))se0,1) € U, and for each n € NU{oo} let P, € L(U) be the orthogonal projection onto
the closure of spang{ex : k € NN[0,n)}. Then the following statements hold:

(i) A is the generator of a strongly continuous semigroup S: [0,00) — L(H), which restricts to a
strongly continuous semigroup S|y : [0,00) — L(V).
(ii) There are unique mappings F € CZ(H) and B € CZ(H; Lo(U; H)) which satisfy for all (z1,72) € H,
ueU, and s € [0,1] that
F(z1,22)(s) = (0, f(s,21(5))), (B, 22)u)(s) = (0,bo(s) + br(s)x1(s)u(s)).

The mappings F and B restrict to F|y € Lip(V) and Blv € Lip(V; Lo (U; V)).
(ii) For each n € NU{oo} there is an up to modifications unique predictable process X™: [0,T]xQ — H

which satisfies that P [foT ||X;‘||f{ dt < oo] =1 and for each t € [0,T],

t t
X2 p 5060 = | Si€ + / S, F(X") ds + / S, B(X")P, dW,.
0 P,B(H) O

(iv) There exists C € (0,00) such that for each n € N and ¢ € CZ(H;R)\{0},

|E [¢ (X7°)] — E ¢ (XP)]]
H¢||CZ(H,R)

< Cn'~e.

o n|2
X7 = X7l 2 m) +

Proof. (i) We will prove in two steps that for any § € R the linear operator

A: H6+1/2 x Hs C Hs X H5—1/2 — Hs X Hs_1/9
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satisfies A* = —A. First, A* is an extension of —A because for each (v1,ws), (v2, w2) € D(A),

(A(v,w1), (va, W2)) HyxHy_y p = (W1, v2) 1y + (Avi, W) H, ),
= ((—A)" 2wy, (*A)1/202>H5,1/2 +((—A) Y2 Ay, (= A) T wo) i

= <’LU1,—A2}2>H571/2 - <Ulvw2>H5 = _<(Ulaw1)7A(v23w2)>H5><H571/2'

)

Second, to see that A* = —A let (v, w) € D(A*). Then the following linear mapping is bounded:
H5+1/2 X H& C H5 X H6—1/2 — R, (h, k) = <A(h, k'), (U,U})>H5><H571/2.
Rewriting the last expression as

(A(h, k), (U7w)>H6><H5—1/2 = (k,v)m; + <Ah7w>Haf1/2
= (k,v)m, + <_(_A)1/2h7 <_A>_1/2w>H5

and using that (—9A)1/ 2. Hs — Hs_,4 2 1s an isometry shows that the following linear mappings are
bounded,

Hs CHs_ 10 — R, k= (k,v)ms,
Hs; C Hs_ 12 — R, h— (h,(—A)"Y2w)y

5
By [25, Lemma 3.10.(ii)] this implies that v and (—A4)~'/?w belong to Hs1/2, which is equivalent to
(v,w) € Hsy1/2 X Hs = D(A). This proves that A* = —A. It follows from a theorem of Stone [11,
Theorem 3.24] that A generates a strongly continuous group of isometries on Hs x Hjs_1 /5. As this holds
true for § = n and § = p, we have proven (i). We now show (ii): For each z € H, let F(z): [0,1] — R
and B(x): [0,1] — R be the mappings which satisfy for each s € (0,1) that

F(x)(s) = f(s,x(s)),  B(x)(s) = bo(s) + br(s)z(s).

We claim that F € CZ(H) and F|y € Lip(V). As F(21,22) = (0, F(21)), it is sufficient to show that
F € C}(Hy; H,_13) and F|p, € Lip(H,; H,_1/2). This can be seen as follows under assumptions (a) or

(b):

(a) Recall that n = 0. The function fo belongs to H_y/, N H,_1/2 = H,_1/5 by definition. Moreover,
multiplication z +— fi belongs to L(H) and therefore also to L(H; H_/3) and L(H,; H,_y,2). This
proves the claim in the case (a).

(b) For each § € (0,1/4) we have Hs = H? by Lemma A.2.(i), F € C?(Hs; L*((0,1))) by Lemma A.4,
and F' € CZ(Hy; Hs_1/2) by Lemma A.2.(ii). Choosing § = p and 6 = 1 proves the claim in the case
(b).

We claim that B € CZ(H; Lo(U; H)) and B|y € Lip(V; L2(U; V)). The conditions on by, b; guarantee
that B € CZ(H,) and B|y, € Lip(H,) by Lemmas A.2.(i) and A.3.(i). As B(z1,22)(u) = (0, B(z1)u), it
remains to show that the multiplication operator M : x +— (u +— 2u) belongs to L(H,; Lo(U; H,_1 /7)) and
L(Hp; La(U; H,—12)). We will prove the more general statement that M belongs to L(H.; La(H_; Hp))
for each v € [0,1/4) and § € (—o00,—1/4 — 7). This can be seen as follows. By Lemma A.2.(i) and
Lemma A.3.(ii) the following is a finite constant for each v € [0,1/4),

1wl

1-2
o#ewlx«m» lall gz, 110,29y 1 T 0.0y
0#u€eH,,

cy =
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Therefore, it holds true for each z € H, that

IM @70,y = D (=AY enlly llzenllZr, = > lla(=A)enlfy, = D (=4 (x(=A) eIl

neN neN neN
=¥ ‘<(—A)5(x(—A)’Yen),em>H|2 =Y > [(z(=A)Ten, (—A)ﬂem>H|2
neNmeN neNmeN
=33 A ey la(=A) enem) = 303 (=4 em| 5y (= A) en, zem) g
neNmeN neNmeN
= %W—A)ﬂemuz lzemly, < C2 ZN||<—A>%M||Z il llewm 2% i, lem . o1y
me me
=202 |27, D (mm)* (14 m)* < oo.
meN

This proves that M € L(H,;Lo(H—+;Hg)), and we have shown (ii). (iii) follows from (i) and (ii) by
Lemma 2.1.(1). We now show (iv): For each n € N U {oo} the conditions of Theorem 1.1 are satisfied
thanks to (i), (ii), and (iii). The convergence rate provided by Theorem 1.1 can be estimated as follows.
Asn < p—1/4, we have M € L(H,; Lo(H_,; Hy_1/2)), as shown in the proof of (ii). Therefore,

2 — 2
S B melh L Saen P Bzl
@adev 1+ |(@Lz)|y (21,2)EV L+ |21, 22) |3,
2 2 2
e > ken ||ek||Hp ”B(JU)‘%”H_U2 e ”M(B(x))HLz(H,p;H_I/Q)
=n su 3 =n up 2
weH, 1+ =]y, veH, 1+ |[z]l,

1 2 2
<MLy ) 1BllLip,) < o0

O

Remark 3.2. Choosing V = H in Proposition 3.1 leads to a worse convergence rate. In fact, this means
7 = p, and in this case the proof of Proposition 3.1.(ii) requires p < 1/8, which entails e = 1 —4p > 1/2.
Thus, one gets only a rate of ~ 1/2 with V = H compared to the rate of ~ 1 with V. C H.

3.2. HIMM-type equations

HJMM-type equations are used to model the stochastic evolution of interest rates. Weak error rates
of numerical discretizations of HIMM-type equations were studied in [9,10,20]; see also the references
therein. The following proposition provides an upper bound on the weak error of noise discretizations
of HIMM equations with additive noise, i.e., of infinite-dimensional Ornstein—Uhlenbeck forward rate
models. The result does not generalize to multiplicative noise because this would lead to a quadratic
term in the drift and to explosion of the solution in finite time [12, Section 6.4.1]. To ensure that the
noise discretization preserves the HJMM-condition and thereby the absence of arbitrage, we discretize
the drift together with the volatility.

Proposition 3.3. Let H = U be a separable R-Hilbert space of real-valued functions on [0,00), let
(0 F, (Ft)epo,1),P) be a stochastic basis, let (Wi)icjo,r) be an Idy-cylindrical (Fi)ieo,1)- Wiener pro-
cess, let S:[0,00) — L(H) be a strongly continuous semigroup which satisfies for each x € H and
s,t € [0,00) that (Six)(s) = x(t +s), let Hy be a subspace of H consisting of locally integrable functions,
let m: Hy x Hy — H be a bounded bilinear mapping which satisfies for all x,y € Hy and t € [0,00) that
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m(a,y)(t) = 2(t) / y(s) ds,
0

let B € Ly(U; Hy), let (er)ren be an orthonormal basis of U, for each n € N U {oo} let P, € L(U)
denote the orthogonal projection onto the closure of spang{ey : k € NN [0,n)}, and let £ € L2(; H) be
Fo/B (H)-measurable. Then the following statements hold:

(i) For eachn € NU{oo} there is an up to modifications unique predictable process X™: [0, T] x Q — H
which satisfies that P [fOT ||Xf||i1 dt < oo} =1 and for each t € [0,T]

. t
(X{' ey = | Se€ +/Stfstr (m(BP,, BP,)) ds +/StisBPn .
0 P,B(H) O
(ii) There exists C € R such that for each n € N and ¢ € CZ(H;R)\{0},
Elp (X&) —E[¢ (X7 3
B0 (X] BB XD 0 5™ ey .
10l c2 arim) k=n

0 n| 2
X7 = X7l 72000 +

Proof. (i) Follows from Lemma 2.1.(i).
(ii) By Lemma 2.1.(i) there exists for each n € NU {oco} an up to modifications unique predictable

process Y": [0,T] x  — H which satisfies that P [fOT ||Yt”\|?q dt < oo} =1 and for each ¢t € [0, T7,

¢ ¢
D/tn]P;B(H) = Stf—l—/St_S tr (m(B,B)) ds + /St_SBPn dWS
0 P.B(H) O
As X°° =Y one has for each ¢ € CZ(H;R)\{0} and n € N that

Elo(X?) —E|p (X7

16l cz arim)
Efp (V7)) — Efo (V!
<2V = Y2720y =l ||T¢||]c2(H ﬂ£> o
b )
" xn Elp (V)] ~ Elo (X
+2|[Y7 — XFlI ey + [ |r;25||]c2(HL) &
b 5
o yn Elp (V)] ~Elo (V7
<20V = Y212 a ey = ||T¢|)|]02(Hﬂi>( h
b 5

n n|2 n n
+2(|Y7 — X7l + Y7 — X7l g

where it was used in the last step that [|¢]| i, p) < |9llc2(prr) and that Y’ — X7 is deterministic. The
first two summands on the right-hand side can be bounded using Theorem 1.1, and the third and fourth
summands can be bounded as follows:

IV — X3, = H /TST_t(tr (m(B,B) — tr (m(BPn,BPn)))> dtHH
0

< TSN soryzimy |tr (M(B(Poo + Pa), B(Poo — Pa)))) ||

2
< 2T (1SN g0,y Il L) (o Z | Be|[7 -
k=n



16 Page 22 of 28 P. Harms and M. S. Miiller ZAMP
3.3. Stochastic Schrodinger equations

Weak error rates for temporal discretizations of Schrédinger’s equation were established in [8]. In the
following, we provide a convergence rate of the weak error under noise discretizations of Schrodinger’s
equation. The equation is formulated on a Hilbert space of complex-valued functions. Nevertheless, we
do not require the coefficients of the equation to be complex differentiable because this would be overly
restrictive, and real differentiability is sufficient for our purpose. Thus, we will treat all complex Hilbert
spaces, including the field of complex numbers itself, as Hilbert spaces over the real numbers.

Proposition 3.4. Let Cp = { ¢ _b €R?*2: q,b € R} be the R-Hilbert space with inner product given
by ((¢70), (512 >C = ac+bdf0r all (4°0),(57 %) € Cr, leti=({3) €Cr,letdeN,letac
(0,00), let € e ( ), let v > d/2, let H = U = L*(R%Cg), let A: H*(R%;Cg) C H — H be the
Laplace operator, acting componentwise, let V.= H"(R% Cg), let fo, f1,bo,b1 €V, let ¥ € Ly(U; V), let
(0 F, (Ft)iepo, 1), P) be a stochastic basis, let (Wy)iejo,r) be an Idy-cylindrical (Fy)iejo,r)- Wiener process,
let (er)ken be an orthonormal basis of U, and for each n € NU {oo} let P, € L(U) be the orthogonal
projection onto the closure of the linear span of {e : k € NN [0,n)}, and let & € L2(Q; V) be Fo/
B (V')-measurable. Then the following statements hold true.

(i) The operator —iA generates a strongly continuous group of isometries S: R — L(H), which restricts
to a strongly continuous group of isometries S|y : R — L(V).

(ii) There are unique mappings F € CZ(H; H) and B € CZ(H; L2(U; H)) which satisfy for all u,v € H
and x € RY that

F(v)(z) = fo(z) + fi(z)v(z),  B)(u)(z) = (bo(x) + bi(2)v(@)) (Zu)(z).

The mappings F and B restrict to F|y € Lip(V;V) and By € Lip(V; Lo(U; V).
(iii) For each n € NU{oo} there is an up to modifications unique predictable process X™: [0,T] x Q — H

which satisfies for each t € [0,T] that P [fo HthHH dt < oo] =1 and

Xpleaun = |Si€—i [ S P ds| —i [ SeBOT)P, AW,
PB(H) 0
(iv) There exists C € R such that for each n € N and ¢ € CZ(H;R)\{0},
[E ¢ (X7)] — E ¢ (Xp)]|
I8l c2mm)

n 2
X7 _XT||L2(Q;H)

2
<CY |Selly -
k=n

Proof. (i) As the mapping C > A — (Eﬁi _ngl)\)‘) € Cg is an isometric isomorphism of R-Hilbert spaces,
the statement is equivalent to the following well-known fact: the linear operator
V—1A: H?*(R%C) c L*(R%,C) — L2(R% C) generates the strongly continuous group of isome-
tries G: R — L(L?(R%; C)) which satisfies for all t € R, v € L?(R% C) and ¢ € R? that ét\v(é“) =
exp(v—1t&2)0(€), and G|yrra,cy: R — L(H" (R C)) is a strongly continuous group of isometries.

(ii) This follows from the fact that V is a Banach algebra, and multiplication V' x H — H is bounded
bilinear, as shown in Lemma A.3.(i). (iii) follows from (i) and (ii) by Lemma 2.1.(iv) follows from

Theorem 1.1 and the estimate

B(x)ey, 2 b0—|—b15c
vev 1+||90||v vev 1+ zl} =

noting that the first factor is finite because V' is a Banach algebra.
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Remark 3.5. Proposition 3.4 remains valid if the condition fi,b; € V is replaced by f1,b; € R. In fact,
all that is needed is that the mappings z — fix and = — bz belong to L(H) and L(V'). Furthermore,
nonlinear Nemytskii operators F' could be accommodated by increasing the Sobolev regularity of H,
which however potentially lowers the convergence rate.

3.4. Linearized stochastic Korteweg—de Vries equation

Due to its non-linearity the Korteweg—de Vries equation is not directly amenable to the current methods
of numerical weak error analysis, but its linearization, which is sometimes called Airy’s equation, is. In
the following we establish a weak convergence rate for the discretization of additive and multiplicative
noise.

Proposition 3.6. Let a € (0,00), let € € (0,00), let r > 1/2, let H=U = L*(R), let A: H*(R) C H — H
be the linear operator which satisfies for all v € H*(R) and x € R that Av(z) = —v"'(x), let V. = H"(R),
let fo, f1,b0,b1 €V, let ¥ € La(U; V), let (0, F, (Ft)iepo, 1), P) be a stochastic basis, let (Wy)icjo,r) be an
Idy -cylindrical (Fy)¢ejo,r)- Wiener process, let (ex)ren be an orthonormal basis of U, for each n € NU{oo}
let P, € L(U) be the orthogonal projection onto the closure of the linear span of {ey : k € NN[0,n)}, and
let £ € L2( V) be Fo/B (V)-measurable. Then the following statements hold true.

(i) The operator A generates a strongly continuous group of isometries S: R — L(H), which restricts
to a strongly continuous group of isometries S|y : R — L(V).
(ii) There are unique mappings F € CZ(H) and B € CZ(H; Lo(U; H)) which satisfy for all u,v € H
and all x € RY that
F(u)(@) = fo(z) + filz)v(z),  B)(u)(z) = (bo(2) + bi(2)v(z)) (Xu)(2).

The mappings F' and B restrict to F|y € Lip(V) and Bly € Lip(V; Lo(U; V).
(ii) For each n € NU{oo} there is an up to modifications unique predictable process X™: [0,T]xQ — H

which satisfies that P [foT ||th||§1 dt < oo} =1 and for each t € [0,T]

t t
[XZL]IP’,B(H) = St€ +/St_sF(X:) ds + /St_sB(X:l)Pn dWs
0 P,B(H) O

(iv) There exists C € R such that for each n € N and ¢ € CZ(H;R)\{0},

|E (¢ (X3)] —E[o (X7)]| Coo .y
s < ];H exll? -

o0 n 2
X7 — XT||L2(SZ;H) +

Proof. (i) Let " denote the Fourier transform, and let i = /—1. For each v € H and t € [0, 00) let Syv
be the unique element of H which satisfies for each & € R that Syv(¢) = exp(it&3)v(€). This defines
a strongly continuous group of isometries on H, whose generator is A. Moreover, S restricts to a
strongly continuous group of isometries on V.
(ii) can be seen in the same way as Proposition 3.4.(ii).

(iii) and (iv) can be shown similarly as in Proposition 3.4.
O

Remark 3.7. Proposition 3.6 remains valid if the condition fi,b; € V is replaced by f1,b; € R. Nonlinear
Nemytskii operators F' can be treated as mentioned in Remark 3.5 for the Schrodinger equation.
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A. Auxiliary results from interpolation theory

We will use several results from interpolation theory to apply the abstract setting of Theorem 1.1 and
Proposition 2.4 to the concrete equations in Sect. 3. Throughout this section, we will often write H* :=
H*((0,1)), LP := LP((0,1)), W*P := W*P((0,1)), « € R, p € [1, 0].

A.1. Interpolation spaces of negative order

Recall that for a (real or complex) Hilbert space H and a symmetric diagonal linear operator A: D(A) C
H — H with inf op(A) > 0 there exists an up to isometric isomorphisms unique family of interpolation
spaces associated to A (see [16, Theorem 3.5.24] or [27, Section 3.7]). This is a family of Hilbert spaces
(H,)rcr which satisfies for all v € H and r, s,t € R with » > s and ¢ > 0 that H, is densely contained in
H,. D(AY) = Hy, |7, = | AYC) . and o]l = [ A"l

The following lemma is well known in the more elaborate setting of sectorial operators (see e.g., [23,
Theorem 1.18]) and reads as follows in the present simpler setting of diagonal operators.

Lemma A.1. Let K € {R,C}, let H be a K-Hilbert space, let A: D(A) C H — H be a symmetric diagonal
linear operator with inf op(A) > 0, let (H,)rer be a family of interpolation spaces associated to A, and
let r € [0,00). Then there is a unique isometric isomorphism ¢: H_, — H) which satisfies for allu € H
and v € H, that ¢(u)(v) = (u,v) .

Proof. Uniqueness of ¢ follows from the density of H in H_,. It remains to show existence. Letting A-r
denote the isometric extension of A~" to H_,, one has isometries A" H_, — Hand A": H, — H. Both
mappings are surjective: they have closed range because they are isometric, and dense range because their
range contains the dense subset H, of H. Thus, they are isometric isomorphisms. Let j: H — H* be the
Riesz isomorphism, and let (A")*: H* — (H,)* be the Banach space adjoint of A”. As A" is isometric
and injective, (A")* is isometric and surjective. Then the mapping ¢ = (A”")* 0 jo A~": H_, — (H,)* is
an isometric isomorphism, which satisfies for each w € H and v € H,. that

o(u)(v) = <A_Tu,AT'v>H = (A7"u, A0) = (u,0) .

A.2. Interpolation spaces associated to the Dirichlet Laplacian

The interpolation spaces of the Dirichlet Laplacian on the unit interval coincide with certain Sobolev
spaces. This is described in the following lemma, which summarizes several well-known results in this
regard.

Lemma A.2. Let H be the R-Hilbert space L*((0,1)), let 6 € (0,00), let D(A) := H?((0,1)) N H}((0,1))
and A: D(A) C H — H be the Laplace operator with Dirichlet boundary conditions, and let (H,),cr be
a family of interpolation spaces associated to —0A. Then the following statements hold true:
(i) For each r € [0,3/4)\{1/4} the spaces H, and HZ"((0,1)) are equal and carry equivalent norms.
(ii) For each r € (1/4,00) the inclusion of H into H_, extends to a unique continuous embedding

¢: L'((0,1)) — H_,.
Proof. The operator —0A is symmetric diagonal linear with inf op(—6A) > 0, which implies that the
interpolation spaces associated to —0A are well defined.
(i) Foreachr € [0,1/4)let HYy = H?", and for each r € (1/4,1) let HY = {u € H*" : u(0) = u(1) = 0}.
Then the spaces H, and HZ are equal and carry equivalent norms by [28, Theorem 1.18.10] and
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[13, Theorem 8.1]. Moreover, by [22, Theorem 11.4] it holds for each r € [0,1/4) that HZ" = H?",
and it holds for each r € (1/4,3/4) that H3" = {u € H?": u(0) = u(1) = 0}. Hence, it holds for each
r € [0,3/4]\{1/4} that the spaces H, and HZ" are equal and carry equivalent norms. This proves
(i).

(i) It is sufficient to show the statement for each r € (1/4,3/4). Uniqueness of ¢ follows from the density
of H in L', and existence follows from the following estimate: by Lemma A.1 one has for each u € H
that

[{u, v) 4| 0]l o
lully_, = sup = <lull, sup 7o E
ozvet, [, ozvet, [V,

and the right-hand side is finite by (i) and the Sobolev embedding theorem.

A.3. Multiplication operators on Sobolev—-Slobodeckij spaces

The following lemma summarizes some well-known conditions for the continuity of pointwise multiplica-
tion of functions with Sobolev—Slobodeckij regularity. Point (ii) is specialized to the setting in Proposi-
tion 3.1 where the supremum norms of the multiplier f and its derivative f’ can be calculated explicitly.

Lemma A.3. The following statements hold:
(i) Let o, B €[0,00) and p,q € [1,00) satisfy B> o, B —a>1/q—1/p, B> 1/min{p,q}. Then

F9llwar
I f9llwer(01)) -~

sup
0£feW?9((0,1)) ||f||W,8,p((o,1)) HgHWaa((O,l))
0#geW*?((0,1))

(ii) Let p € [1,00], a € [0,1]. Then
Hngme((o,l))

2L (o) T o I 19l
0£FEWL>((0,1)) L5°((0,1 wies((0.1)) 19llwer o
0£gEW P ((0,1)) ((0.1)) ((0,1)) ((0,1))

Proof. (i) This is a special case of [4, Theorem 7.5].
(ii) For each f € W' the multiplication operator My: g — fg is continuous on the spaces L? and
WP and satisfies HMf”L(LP) < |Ifll;~ and ||Mf||L(W1,p) < 2|[|fllyr.« because it holds true for

each g € LP and h € WP that N fall e < N fllpee 9l and
1fPllwrw < IRl s + 0GR e < A Flpoe Rl + 1 Lo 1B Lo + 111 oo 17Nl 2o
< 2{|fllwree 1Al -

Therefore, My acts continuously on the real interpolation space (L, W), ,. which equals W*?

by [23, Example 1.26] and satisfies | M|, (yap) < 2% [ £l (il
0

A.4. Nemytskii operators on Bessel potential spaces

The following lemma gives sufficient conditions for twice continuous differentiability of certain Nemytskii
operators on function spaces below the Sobolev threshold. Similar results in slightly different settings can
be found in [3,26].

Lemma A4. Let f € C,?’Q([O, 1] x R), let o € (0,1/2), and for all u € H*((0,1)) and = € (0,1) let
F(u)(x) := f(z,u(x)). Then F € CZ(H*((0,1)); L*((0,1))).
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Proof. Let p = 1/(2a) and g = 2/(1 — 2«). We will use repeatedly that H® embeds continuously in L.
For each u,v,w € H* and x € (0,1) let
(F'(u)o)(z) = OV (@ u@)o(@),  (F"(w)(v,w))(@) = fOD (2, u(2))o(z)w(z).

We will show below that F’ and F" are indeed the derivatives of F. For each u € H one has F(u) € L*
because

IE@l s < 7OV oy Nl + 17, 0) s < o0,
For each u,v € H® one has F'(u)v € L' because
1 @)l < 1O o a2 < .
This also shows that F': H* — L(H*; L') is bounded. For each u,v,w € H* one has F"(u)(v,w) € L*
because
HFH(U)(va)”Ll < ||f(072)HLoc((O’1)XR) ”UHL2 ”wHL2 < 0.

This also shows that F”: H* — L) (H*; L") is bounded. Moreover, F" is continuous. To see this, let
(un)nen be a sequence which converges to v in H®. For any sequence (ny)ren there exists a subsequence
(nk, )ien such that Up,, converges to u almost everywhere. By Hélder inequality, the continuity of f(%-2)
and the dominated convergence theorem,

hgnsup H Unk ) = F"(u))(v w)HLl

< hmwp 17O g, () = FOP ) o 0] o o = 0

This implies the continuity of F”. The function F’ is the Fréchet derivative of F. This follows from the
following estimate for u,v € H*, v # 0,
-1
0]l e [1F/(w +v) = F(u) = F'(wvll 1,
1] 1
= ol [ [ (£ o) +0(@) - 7OV, ula)) deofo)] da
0 |0
1 2
S HU”HQ Hf(072)||Lm((071)XR) ”v”L2 )
noting that for each u € H® the right-hand side converges to zero as v — 0 in H®. The function F” is
the Fréchet derivative of F’. This follows from the following estimate for u,v,w € H®,
[1F" (u+ w)v = F'(w)v — F" (u) (v, w)]| .,
1] 1
:/ /(f(O’Q)(x,u(x) + tw(z)) — f(O’Z)(x,u(x))) dtv(x)w(x)| da
0

0
/ 1FO2Cul) +tw() = FOD CuO) p dt ol lwllz -

By the above subsequence argument and dominated convergence theorem the integral term converges to
0, as w — 0 in H®. Using this and that H¢ is continuously embedded in L? we finally get
I e w) = F() = )G

weH*\{0} lw|l o
w—0

=0.
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