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Abstract. In this paper, a reaction—diffusion system known as a bimolecular model with autocatalysis and saturation law is
considered. Firstly, we briefly obtain some characterizations for the positive solutions, including the a priori estimate of the
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dimensional case.

Mathematics Subject Classification. Primary 35K57; Secondary 35B35.

Keywords. Bimolecular model, Autocatalysis and saturation law, Positive steady state, Existence and nonexistence, Bifur-

cation, Degree theory.

1. Introduction

In this work, we deal with a bimolecular autocatalytic reaction—diffusion model with autocatalysis and
saturation law and attempt to present some existence analysis for the corresponding stationary problem.
First of all, let us give a brief description regarding the derivation of the system. The reaction process
[1,2] of the model is given by

Aty
X +pY 2 x (autocatalysis),

S(ks3,ka)
X —>

in which A, X,Y and P are chemical reactants and products, and the system is considered open to
in-and-out-flow of A and P. In addition, p denotes the order of the reaction with respect to the auto-
catalytic species; k1, ko, k3 and k4 represent the reaction rates, and S(ks, k4) accounts for the Langmuir—
Hinshelwood law in heterogeneous catalysis and adsorption, the Michaelis-Menten law in enzyme-
controlled processes and the Holling law in ecology. It is assumed that all three steps of the reaction
process are irreversible and the concentrations of A and P are independent of time and spatial variables,
that is, the concentration of these two chemicals is kept uniform throughout the reactor. Disregarding
convective phenomena and considering isothermal processes only, the above scheme can be described by
the nonlinear partial differential equations

A8 — DixAIX] = ke[X][Y]P — £, W)

0 — Dy AlY] = ki [A] - ko[ X][Y]P,

P (saturation law),
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where A is the Laplace operator, showing the spatial dependence of the reaction, [4],[X] and [Y] are
the concentrations of A, X and Y, respectively; D|x} and D}y| denote the diffusion coefficients which are
assumed to be positive constants, and the nonlinear term
response or the Monod equation.

% represents the Holling II functional

To simplify the reaction—diffusion system (1.1), Peng et al. [3] introduce the following quantities with
p=1:

U=Rix), v=pl Tk,

D D
N = Fike [A]’ k= 1631647 dy = =X dy = =Y

k3 ko ks k3
By dropping the upper bar on ¢, system (1.1) becomes
au U
Y dAV =1-UV zeNt>0,

where (2 is a bounded domain in the Euclidean space RY with smooth boundary, denoted as 9. Peng
et al. [3] considered the existence and nonexistence of non-constant stationary solutions of system (1.2)
when the diffusion rate of a certain reactant is large or small, which showed that the diffusion rate of this
reactant and the size of the reactor play decisive roles in leading to the formation of stationary patterns.
Soon afterward, Yi et al. [4] discussed the Hopf bifurcations and steady-state bifurcations which bifurcate
from the unique constant positive equilibrium solution of system (1.2) in the one-dimensional space
both theoretically and numerically. They obtained the existence of spatially non-homogeneous periodic
orbits and non-constant positive stationary solutions, which implied the possibility of rich spatiotemporal
patterns in this diffusive bimolecular system. To further explore this model, Peng and Yi [5] continued
with the analysis on the steady-state bifurcation and the effect of various parameters on spatiotemporal
patterns was discussed.

By introducing the following quantities:

u=(ki[A)X], V= ky/PY),
dy = Dix), dy =Dy, c=ks, b=kiksA], A\=kiky"[A], a=c—b,

Zhou [6] simplified system (1.1) as follows:

%7: = dj Au + uvP — (’fﬂ;?f xeQt>0,
9 = dyAv + A(1 — woP) zENt>0, (1.3)
%:%:0 x € 00,t >0, '
u(z,0) = up(z) ># 0,v(x,0) = vo(z) >£0, =z€Q,

where v and v represent the concentrations of the two reactants, respectively; A = ZN 9° is the

i=1 Q9x?
Laplace operator in RY; Q is a bounded domain in the Euclidean space R with smooth boundary,
denoted as 09, v is the unit outer normal vector on 0€; d; and dy are the diffusion coefficients; p
denotes the order of the reaction with respect to the autocatalytic species. The constants a, b, dy, ds, p, A
are positive constants, but p > 1. By analyzing the eigenvalues of the linearized system and using the
bifurcation theory, Zhou [6] derived the conditions to occurrence Turing instability and Hopf bifurcation
from the unique constant solution of system (1.3).
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Our main aim in this paper is to investigate the steady-state solutions of system (1.3) mathematically.
This leads us to investigate the associated steady-state problem, i.e., the following coupled elliptic system:

diAu+uvP — 9 — gz e,

1+bu
doAv + A1 —wP) =0 x € Q, (1.4)
Ju=20v—p z € 9N

It has been emphasized that the order p is a positive integer with p > 1, throughout this paper. It is easy
to check that (1.2) has a unique positive constant solution U* = (u*,v*) = (1/a, ¥/a).

The present paper is organized as follows: In Sect. 2, we briefly obtain some characterizations for the
positive solutions of (1.4), including the a priori estimate of the positive solutions and the nonexistence
of non-constant positive solution of (1.4). In Sect. 3, by taking A as the parameter, we emphatically
analyze the bifurcation solution which emanates from the constant solution U* = (u*,v*) = (1/a, ¥/a),
with both simple eigenvalues and double eigenvalues, respectively, in Sects. 3.1 and 3.2. Combined with
the a priori estimates, some other existence results are shown to supplement the analytical conclusions
with the degree theory in Sect. 4. Finally, the results obtained in this paper are summarized in Sect. 5.

2. Some characterizations of positive solutions

This section is devoted to some basic properties of non-homogeneous steady-state solutions of (1.3),
namely the non-constant positive solutions of (1.4). We first set out to seek for the a priori estimate of
positive solutions of (1.4).

The following three lemmas derived from [7, Lemma 2.1-2.3] are the main tools in obtaining our
estimate. The first lemma is based on the result which is well known as a local result for weak super-
solutions of linear elliptic equations (see, for example, [8, Theorem 8.18] and [9, Theorem 6.40])

Lemma 2.1. (See also [10, Lemma 2.1]) Let Q2 be a bounded Lipschitz domain in RY, and let A be a
nonnegative constant. Suppose that z € W12(Q) is a nonnegative weak solution of the inequalities
Az —Az<01inQ, %gOonaﬂ.

Then, for any q € [1, %), there exists a positive constant Cy, depending only on q, A and 2, such that

< i .
l|2]lq < Co 1gfz

The next lemma is a simple but useful result, which was first derived by virtue of the Maximum
Principle in [11, Proposition 2.2].

Lemma 2.2. (See also [12, Lemma 2.1], [13, Lemma 2.1] and [14, Lemma 2.1]) Assume that g € C(QxR?!).
1) Assume that w € C?(Q) N CH(Q) and satisfies: Aw(x) + gz, w(z)) > 0 in €, g% <0 on 0Q. If
w(zo) = maxgw, then g(xg, w(xg)) > 0.
2) Assume that w € C%(Q) N CH(Q) and satisfies: Aw(z) + g(z,w(z)) < 0 in Q, g—i‘; >0 on 00 If
w(xp) = ming w, then g(xo, w(zg)) < 0.

Lastly, we have the following Harnack inequality for weak solutions, which is an analog of [8, Theorem
8.16].

Lemma 2.3. (See also [15, Lemma 2.2]) Let ) be a bounded Lipschitz domain in RY | and let c(z) € L(Q)
for some q > N/2. Suppose that = € W12(Q) is a nonnegative weak solution of the boundary value
problem

Az+c(z)z =0 1in Q, %:Oon 09.
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Then, there exists a positive constant Cy, depending only on q,||c||, and Q, such that

sup z < Cy inf z.
Q Q

Theorem 2.1. There exists two positive constant Cy and Cs, depending possibly on a,b,dy, and €2, such
that any positive solution (u(x),v(x)) of (1.4) satisfies the following inequalities:

2] 1 Co(a+ D)
— P <u< Oy, <v<p/ =22
Golats) =" =7 WG ="\
Proof. Assume that (u(x),v(z)) is a positive solution of (1.4). By integrating the two equations in (1.4)
over (), we first get
(a+b)u /
p = = _— < . .
/uv dz = |9 / T bu de < (a+b) [ udx (2.1)
Q Q Q
Since
(a+b)u
di A P =
14U + uv 1+ bu
uvP (a+Dd)u
& Au+—————=0
T T G+ b
uvP (a+Dd)u
& Aut+—————=0
T T h+bw)
di
it follows from Lemma 2.1 (when ¢ = 1) and (2.1) that there exists a Cy := Cy(a, b, d1, ), such that
1]

< /udm < Cyinf u.
a+b Q

Q
Thus, we have

. 12|

fu>—1—7. 2.2
= Colatb) (22)

Since
daAv 4+ A1 —uw?) =0
1 — woP
o Apg MWy
dy
it follows from Lemma 2.2 that
AL =~ u@o)v(@o)?] 0
do -

where v(xg) = supg, v(z) for some xq € Q. Thus, by (2.2) we have

w(zg) < —m < 2 _ o Colat?) (2.3)

u(zo) — </ 8] Q-

Co (a+b)

P b .
Let c(z) = §- — Wibu)' Since

(a+bu
1+bu

vP a+b —0
i)

diAu + uv? —

= Au—l—u{
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and ||c(z)]|oo = ||% - dl(alﬁ_"bu) [loo < Cfg(;‘ldtb) + “d—tb. It follows from Lemma 2.3 (when ¢ = o) that there

exists a Cy := Cq(a, b, d;, ), such that

supu < C inf u. (2.4)
Q Q
Now we claim that there is a positive constant Cy such that the following inequation holds:

supu < Ch. (2.5)
Q

Suppose that (2.5) does not hold. Then by (2.4) above, we have u(x) = oo almost everywhere (a.e.) in
0. Let w = Adyu + dav. It follows from (1.4) that w satisfies

Aw+ A [1 - m} =0. (2.6)

By integrating two sides of (2.6) over Q, we get

/ [1 - m} dz = 0. (2.7)
Q

Since

(a+bu] a.e. a+b a .
R GRILOLY PIE -7 )
{ 1+ bu b p =0

which is a contradiction with (2.7), this verifies that (2.5) holds, where Cs := Cy(a, b, d1, Q).
Similarly as the proof of the upper boundedness (2.3) of v, it follows from Lemma 2.2 again that

1 1

v(z1) = info(z) > > . 2.8
(o) = igfole) 2 T 2 (28)
for some x; € Q. Summarizing (2.2), (2.3), (2.5) and (2.8), the proof is completed. O

By Theorem 2.1, we can obtain the following result easily, so we omit the proof here.

Corollary 2.1. Assume that (u(x),v(x)) is a positive solution of (1.4) and denote v = ﬁ Jv(z)dz. Then,
Q
there exists a positive constant Cs such that the following inequality holds:
[P —TP| = [v— 0| - [P + 0P 2o 4 0P+ P < Oy - v — T, (2.9)

where C3 is depending possibly on a,b,dy,p and €.

By Theorem 2.1 and Corollary 2.1, we will give the sufficient conditions for the nonexistence of non-
constant positive solutions to (1.4).

Theorem 2.2. Assume that the following inequality holds:

> max (a + b)(20() + 2|Q| + Oo)\) + CQC3‘Q| C()/\((l + b) + CQC3‘Q|(1 + 2)\)
i 2d, |9 ’ 2d,| Q] ’

where Cy,Cy are defined in Theorem 2.1, and C3 in Corollary 2.1. Then, (1.4) has no non-constant
positive solutions.

(2.10)
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Proof. Denote w = IQ\ fw )dz. It is obviously that f (u—n)dz = [(v—7)dz = 0. Multiplying the both
Q
sides of the first two equatlons in (1.4) by (u—7) and (v — ), respectively, it follows that

d1/|V u—u)|2dx—/ {uv”— (?IZLU] (u —w)dx

/ [wp gy (a0 (a+b)u} —

1+bu 1+ bu
(a+b)(u—1)

{v” —u) +au(v? —7P) — (1+bu)(1—|—bu)] (u—u)dz (2.11)

{{ 1+b(it1b+ bu)} (”_“)+“(”p—vp)}(u—u)dx

l:CO a—+ b
2]

1+bu 1+ bu

(uv? —w?) + (uv® — woP) + [(a +u_ (et b)u} } (u—u)dx

IN

+b)} (u—7) dx+/C’QC’3|u—u||v—v|dx

s
/
/
/

IN

[0 141y 4 EO] [lu g E0 1o

Q Q

and

I
>

d2/|V(v —7)2dz

Q

(I —wvP)(v —7v)de =X [ (Wo? — wvP)(v —v)de

b\

Il
>

Il
SR -, b< SO

[@o? — ut? + uv? — woP](v — T)dx

[((@—w)v? 4+ u(@? — vP)](v —v)dx

(2.12)

IN
>

[(@— u)t? 4+ u(®? —vP)](v —v)dx

C()(a + b)
9]

IN
>

|u — al||lv — v|dx + )\/C’QC’g(v —7)%dx
Q

Co(a+0b)A 9 Co(a + D)X / 2
< 20T 77 - NI A A - .
20 /(u u)“dx 21 CyC3A| [ (v —7)"dx
Q Q

Thanks to the well-known Poincaré inequality

221 /(w —w)?dx < /|V(w —w)[*dz, Y we HY(Q),
Q Q
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where 17 is the first positive eigenvalue of —A with Neumann homogeneous boundary condition, we have

pady [(u—1u)*de < [W +(a+b)+ %} [(u—w)%dz + 02203 (v - )2da,
Q Q

/hdzZ(v —)2%dz < % S{(u —u)%dx + [w + Cng)\} (fz(v —v)2dw. (2.13)
Adding the two inequalities of (2.13), we get
pdy /(u —0)° + pud /(v o)y < (0F D@0+ 2|f22|IQ+| Co)) + C2C59) /<u —u)’de
¢ ¢ ¢ (2.14)

" CoX(a+b) +26|;22|C’3|Q|(1 +2X) /(’U - 5)2(21.%,

which yields that v = @ and v = ¥ by the condition (2.10). That is to say, (1.4) has no non-constant
positive solutions. The proof is completed. O

Corollary 2.2. If X is small enough or ds is large enough, then (1.4) has no non-constant positive solutions.

Proof. Assume that (u,v) is a positive solution of (1.4). Note that 7 = ﬁ Jv(z)dz. It follows from the
Q
proof of Theorem 2.2 that (v — U) satisfies the second inequality of (2.13). So we must have v =7 if A is

small enough or ds is large enough, and then, v = 1/¢/o by the second equation of (1.4). The proof is
completed. O

Remark 1. Theorem 2.1 will be still valid, if p > 1 is a positive constant, but not an integer.

3. Existence of bifurcation solutions: one-dimensional space
3.1. The bifurcation from simple eigenvalues

In this and next section, we will consider the steady-state bifurcations from both simple eigenvalues
and double eigenvalues, which imply the existence of non-constant positive solution of (1.4). The idea in
constructing this paper is partly due to the techniques developed in [13,16].

By using the Crandall-Rabinowitz bifurcation theorem [17, Theorem 13.5], we first take A as the
parameter to discuss the bifurcation solutions of (1.4) with = (0,7), i.e., the local bifurcation of the
following system:

1+bu

diAu 4+ upP — 9D — g e
doAv + X1 —uwv?) =0 z € (

0
0,7), (3.1)
Uy = Vg, = 0, z=0,m,

where the Laplace operator A can be understood as A = 822 in R.

022
It is common knowledge that all the eigenvalues of problem (3.2) (See Theorems 2.44 and 2.55 in [18])
¢"+pu=0, wze(0m),
(3.2)
¢z =0, x=0,7

are i, =n?,n=0,1,2,..., and the corresponding eigenfunction are

1 _
\/;, TL—O,
\/Ecosnx n>0

T ) ’

On(x) =
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which construct the normal orthogonal basis of L?(0, ).

Let X = {(u,v) : u,v € W?P(0,7),u; = v, = 0,2 = 0,7} and Y = LP(0, ) x LP(0, 7). Then, X is a
Banach space, and Y is a Hilbert space with the inner product (U, Us)y = (u1,u2)12(0,x)+ (V1,V2) 12 (0,7x)-
Define the mapping F': (0,00) x X — Y by

diAu+ g(u,v) — h(u
Py - (0o A
daAv 4+ A1 — g(u,v)]
where U = (u,v), g(u,v) = uv? and h(u) = (‘ffb’L". Then for any (u,v) € X, that U = (u,v) is a zero of

(3.1) is equivalent to F(\,U) = 0.
The Fréchet derivative of F'(,U), with respect to U at U*, could be characterized by

dA + b 2
L(A):( T ve ) (3.3)

~\a do A — %7%

The characteristic equation of L(X) is L(A)(&,1)T = A(&,n) T, where (¢,7) € X. That is to say, (£,7)
satisfies

dAE+ 2HE+ o= A, x € (0,m),

dy Ny — Zfn — Maé = A, w € (0,m),

uI:U.'L':O7 1‘20,71'.

[ee] [ee]
Let £ = Y andn,n = > byodn. Then, the above characteristic equation translates into

n=0 n=0
> 0,00 (57 ) on =0,
n=0 n
where ,
_dlun + aLJFb %
M,(\) = < N iy — ,}7% . (3.4)
Letting |M,(\)] =0,n=0,1,2,..., we have
AN -T,A+D,=0, n=0,1,2,..., (3.5)
where

To(N) = —(di + d2)pun + 25 —

Dy (X) = dapin (dwn - a"—f;,) + 0= (a‘fb + dmn) A.
Letting A = 0 in (3.5), which yields D,,(\) = 0, we have
_ Yfads(ab — d(a+ b))
p(a? + di(a+ b))
Hereafter in this paper, we will impose the condition
(H): ab>di(a+b).

Accordingly, there exists a positive integer ny such that —dipu, + aa—fb >0 for 1 <n < ny. Now, we will
prove the existence of non-constant positive solutions of F/(A\,U) = 0 near (\,,U*) with 1 < n < n,.
By the Crandall and Rabinowitz bifurcation theorem (See Theorem 13.5 in [17]), (Ao, U™*) is a bifur-
cation point of F(\,U) = 0 if the following conditions hold:
(1) Fy, Fy and F) y exist and are continuous;
(2) dim ker Fyy(Ao,U*) = codim R(Fy (Ao, U*)) = 1;

Ap

(3.6)
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(3) ker FU()\(), U*> = span{@}, F)\}U()\(), U*)(b g R(FU()\(), U*))
Theorem 3.1. Suppose that (H) holds and takes
_ {ady(ab—di(a +b)pn)pn

p(a® + di(a+b)pyn)
If \i #Xj when i # j (1 <i,j <ny), then (\;,U*) with 1 <1i < ny is a bifurcation point of F(A\,U) =0
with respect to the curve (A, U*), A > 0.
Moreover, there is a curve of non-constant positive solutions
(A(s), (u(s),v(s))) = (A(s), (u” + s(¢i + 0(s)), v + s(bidi + 0(s))))
with |s| < 1, satisfying A(0) = A;,u(0) = u*,v(0) = v* and A\(s),u(s),v(s) are continuous functions with

., where 1 <n < ny and,un:ng.

An

respect to s. Here, by = —2i%_
dapi+ Ve
Proof. Note that
di A+ 2 L.
L(\) == Fu(\, U*) = ath Voo |
() = Fu ) < ~\ia N

and from (3.4), we have
d2,un (_dl,u/n + aaifb)
3 (5 + i)

By some simple calculations, we obtain that ker L(\;) = span{®},® = (1,b;)"¢;, where

IM,(0)|=0 < A=\,=

dypi — 2 —\ia
b= o ath _

=y <O
Ya 244 Ya

The adjoint operator of L(A;) can be expressed as

i diA + 2 —-\ia
L*(\) = < ot dﬁ—“’)'

Va Va
Similarly, we get ker L*()\;) = span{®*}, ®* = (1,b})*¢;, where

b
b* = 7d1ul + GLM = % >0
! Aia dapt; + %%}

Since R(L) = (ker L*)+, we obtain
codim R(L();)) = dim ker L*(\;) = 1.

Besides,
Fro (O, U ( 00 ) o ! &
AU (Ad, =|\_, _- = a2 i
a {71/)5 - (dl,ui + m)
and
* * a’2 %
(Fru (X, UM, @)y = — | dupi + —— s <0, 70. 3.7)
atb/ dapi + 77
Inequation (3.7) implies that F) y(A;, U*)® & R(L();)), which concludes the proof. O

Remark 2. Theorem 3.1 will be still valid, if p > 1 is a positive constant, but not an integer.
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A\

tv

F1G. 1. a The relation between X (1) (the vertical axis) and p (the horizontal axis), b the relation between A(u) (the vertical
axis) and g (the horizontal axis)

3.2. The bifurcation from double eigenvalues

d2#( d1
_p_ ( a2
from the continuity and monotonicity for A(u) (see Fig. 1), t at )\ in (3.6) may be or not be equal to \;
when i # j, 1 <i,7 < ny. So there are two cases:

(1) For any 4,5 € [1,n,], A; # \j when i # j;

(2) For any 4,5 € [1,n,], there will be at most two positive integers ¢ # j with X\; = ;.

Kt a+b)

Recall the definition of A, in (3.6) and take A(u with ¢ > 0. It can be easily verified

Case (1) was discussed by Theorem 3.1, which implies the bifurcation from simple eigenvalues. In this
section, we will discuss the bifurcation solutions of (3.1) from double eigenvalues, i.e., Case (2), by using
the implicit function theorem.

Theorem 3.2. Suppose that (H) holds and there exist two positive integers i # j, but \; = A\j = A and
Jj=2i,1<4,j<n,. Take wy € R with coswy # 0 and (a + i'fb )cos? woeres # (a+ {rb])sjrﬂ WoCaCy.
If 14 bib; # 0, 1 +b;b7 # 0, then (7,U”) is a bifurcation point of F(v,U) = 0 with respect to the curve
\U*), A >0.

Moreover, there is a curve of non-constant positive solutions (y(w), U*+s(cosw ®;+sinw ®;+W(w)))
with |w — wo| < 1, satisfying Mwo) = A, s(wp) = 0, W(wp) = 0 and A\(w), s(w), W (w) are continuously
differentiable functions with respect to w. Here, \; and X\ are defined by (5.6) and

P P

;= (1,b;) ¢i, @5 = (1,b;)¢;,

—da . —da * Va * Va

dz,u + %\}1’ J dzMJ-‘r 2}/%’ i dapi+ %\/g’ J d2,uj+L(7%.

Proof. Take the translation U = U* + (y, z), then F(v,U) = 0 yields a new map F : R x X — Y=

_ [ dAy+g(u” +y,v" + z) = h(u” +y)

=L\ (y,2)" + (fi, f2) 7,

where L()) is defined by (3.3), g(u,v) = wv?, h(u) = (‘IIZL" and

fl = fl(y7z) :g(U* +y7U* +Z) _h(u* +y) - aaiﬁby_ %27

o= fa(y,2) = A= Aglu® 4y, 0" + 2) + day + =
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By the most basic version of Taylor’s theorem, the third-order expansion of f; and f5 at (0,0) can be
expressed as follows:

f1=3Ay* + Byz + 3C2% + 1 Dy® + 1 Ey2® + tHZ2 4+ O(|y|*, |y||2]?),

~ . N A , (3.9)
fo=Byz+ 3C2% + LEyz? + LH2 4+ O(Jy||2)3, |2]%),
where )
3 p=1
A:%>O, B=par >0,
C=pp—1)a"» >0, D=-Fk <o,
p—2 _3
E=pp-1)ar >0, H=plp-1)(p—2a >, (3.10)

B= f)\pa%l <0, =—Ap(p — 1)a_% < 0.

¢
E=Jp(p—1)a"7" <0 H=-2lp~1)(p—2a"".
A L

Recall L(\) in (3.3) and M, ()\) in (3.4) and let L(\)(&,7) " = 0. It’s easy to check that |M,,(0)| =0
is equivalent to n = 4, j. Accordingly, we have

ker L()\) = span{@i,q)j}, (I)i = (1,bi)T¢i, ‘1)]‘ = (1,bj)T¢j,
where
- -

b= —— <0, bj= <0, b #by.

dapi + 55 dap; + o

Similarly, for the adjoint operator L*(\) we have
ker L*(X) = span{®;, 7}, ®; = (1,b]) ¢, ;= (1,b)" ¢,

where
P P
p=—" >0, b=—Y" >0, b £b)
dapi + % dapi; + 55
Therefore, the image space of L(\) can be expressed by
RILO) = (pow) €Y+ [ (ot biw)ands = [+ b000ds =05
0 0

which yields
codim R(L()\)) = dim ker L*(\) = 2.
Set Xy = span{®;, ®;}. Decomposes X = X; & X, with

T T

Y= (e Y [+ bivyonds = [(o+bu)05d0 =0
0 0
And again, we define a projection from Y to X; C Y by

Yy 1 . 1 .
P2 ) =55 ) ida| B+ —— DNbede| B
0 0

Thus, we can decomposes Y = Y; @ Ys with ¥; = R(P) = X; and Y5 = ker(P) = R(L()\)). One can see
[19] for the detailed decomposition.
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Now, we will find solutions of F(A, (y,z)) = 0 in the following form
(y,2)" = s(cosw ®; + sinw O, +W), W= (wy,ws) " € X, (3.11)

where s,w € R are parameters. Take a fixed wy € R such that coswy # 0 and (a + %bi) cos? wocicy #
(a + %bj) sin? wocacy. Define a new mapping G(v, s, W;w) : R x R x X X (wg — 6,wo + ) — Y by
G\, 5, W;w) = s ' F(7,s(cosw ®; +sinw &; + W))
= L(\)(cosw ®; +sinw &; + W) + s (f1, f2)
= L(\)(cosw ®; +sinw ®; + W) +s(g1,92) ",

where
91 = AP + Byz + 5CZ° + s(4 Dy° + S Eyz* + tHZ) + O(|s]?),
g2 = Byz + 1022 + s(LEgz? + LHZ®) + O(Js]?),

and (7,%) = (cosw ¢; +sinw ¢; + w,b; cosw ¢; + bjsinw ¢; + ws).

It is obvious that G(X,0,(0,0);wo) = 0. At (\,s,W;w) = (),0,(0,0);w), the Fréchet derivative of
G (A, s, W;w) with respect to (A, s, W) can be characterized by the mapping

g()\,S,W) (X7 0) (07 0)7 WO)()\, S, W)

= L)W =) (a + %b» COS wo <£> - (a + %ly) sin wo ((;(5))
i j

1A+ Bb; + Low? , A+ Bb; + Bb; + Chib, (3.12)
+scosw§(2 ﬁbj _’_J%éi? ]>¢?+ssmwocoswo< / ]>¢i¢j

Bb; + Bb; + Cb;b;
1A+ Bb; +Lion?
o2 [ 20T J T 2vY 2
+ssinwg ( Bb, + %C’b? ) ¢;.-

By the projection P from Y to Y7, we have

(0)=ame (4) (8)=eme (2)

e v\ —C10i

= 1 70, <zl) - {(1 - C1bi)¢i] ©
R S I

C2 = l-’rbjjb; 70, (22) - {(1 _C2bj)¢i] e

Note that j = 2i. Thus, we have [¢7¢;dz = (/5= # 0 and [ ¢3¢;dz = 0. In addition, [¢idz =
0 0 0

[ #3dx = 0 is valid. Accordingly,
0

where

T

1A+ Bb; +icp?
Ys \ . [ 244 T PY T 2V 2
<Z5>_< B, + 1Cv? )d’JEYQ‘
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Then, we decompose

LA+ B + 1082 Vs
< Bb +1Cb2 >¢izc3¢j+<zg>a

A+ Bb; + Bb; + Cbib - "
( Bb; + Bb; + Cb;b Pidj = ca®it | T )

where
- LA+ Bb;+1C)+b3 (% ﬁo+§obj)
€3 = 2# 150,07
[ 1 (A+Bb;+Bb;+Cb;b;)+b: (Bb;+Bb;+Cb;b; )
€1 = 27r e bt
and

vs (5A+ Bbj + 5Cb3)¢7 — ¢3¢,

(23) | (Bby + 106202 — esbso; ] >
Ya (A+ Bbj + Bb; + Cb;bj)ipj — cathi

<Z4> - [ (Bbj + Bb; + abibj)ﬁbi(ﬁj — c4b;p;

|er

In order to use the implicit function theorem, it suffices to verify that G\ s w) (X,0,(0,0);wp) : R x
R x X9 — Y is an isomorphism, in other words, gw,W)(X 0, (0,0);wp) is injective and surjective. Let

Gorsw) (2,0, (0,0);00) (A, 5, W) = 0. (3.13)

Note that L()) is an isomorphism from Xs to Ya, ®;,®; € Y; and (y,2)' € Ya, k = 1,2,3,4,5. By
(3.12), (3.13) translates into

[ A (a + (fb ) coswpCy + §sinwyp coswocd P,

+ [ A (a+ {,fb ) sin wgco +scosw0c3} ®; =0,
LYW — X (a + %bo coswy (‘Zi) A (a + %bj) cos wy (gz)

+scoswi (yi) + ssinwg cos wy (Zz) + ssinw? (Z5> =0,
5

Since (a + {,fb )cos? wycres # (a+ (fb )sm2 wpCacy, we obtain A = 0,s = 0 from the first equation of

(3.14)

(3.14). Since L()) is an isomorphism from Xz to Y3, we obtain W = 0 from the second equation of (3.14).
This yields that G s,w) (), 0, (0,0);wo) is injective.
Next, for any (y,z) € Y, we will prove that there exists (A, s,7¥) € R x R x X5 such that

G()\,s,W) (Xa 07 (07 0)7 WO)(Av S, W) - (y7 Z)T' (315)
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By the decomposition of Y, there exist o, 3 € R and (yo, 20) € Y2 such that (y,2) " = a®;+6®;+(yo, 20) -
Substituting (y, z) in (3.15), we have

{f/\ (a + %bi) COS woC1 + s sin wq cos wocd D,

+ [—A (a + %bj) Ccos wyCo + scoswgc::,} ®; =ad; + [P,

(3.16)
LYWW — X (a + %bg cos Wy (Zi) - A (a + %bj) CoS Wy (gz)

+scoswg (y3> + s sin wp cos wy (y4) + ssinwg <y5> - (yo) ,
23 24 25 20
b

Since (a + %bi) cos?wocres # (a+ %bj) sin? wocacq again and coswy # 0, we obtain

\ acoswycs — Bsinwgcy

P_p ) gin2 — P_p. 2 ’
(a—«—%b])sm woczcy — (a+ %bl) cos? wpcrcs

ala + ,L{,/Ebj) sinwges — B(a + ,L{J/abi) CoS wpCq

(a+ %bj) sin wocacs — (a + %bi) cos? wycics

from the first equation of (3.16). Since L(\) is an isomorphism from X5 to Y3 again, we obtain W =
L7Y(\)(9,2)" € X3 from the second equation of (3.16), where

v\ _ (Yo P37 Y Py Y2
(5) = <z0> —i—)\(a—l— %bl) COS Wy (2'1) —&-)\(a—k le) COS wWo <22)
_ 2 [ Y3\ _ L Yo\ _ in2 (Y5
S cos Wy (Z?)) $8in wo cos wy <z4> ssinwg <25> ,

This yields that g(,\7s7W)(X, 0, (0,0); wp) is surjective. Consequently, Q(A7(97W)(X, 0,(0,0);wp) : R x R x
Xs — Y is an isomorphism.

By using the implicit function theorem to G(\, s, W;w) = 0, there is a curve of non-constant solutions
(Aw), s(w), W(w)) with |w — wg| < 1, satisfying A(wp) = A, s(wp) = 0, W (wp) = 0, and \(w), s(w), W (w)
are continuously differentiable functions with respect to w. Hence, (A(w),U* + s(cosw ®; + sinw ®; +
W (w))) are non-constant positive solutions of F'(A,u) = 0. The proof is completed. O

Remark 3. Note that if i = 2j, then [ ¢;¢7dz = \oe #0, [¢2¢;dz = 0. By using the different space
0 0
. 0 0 o Gid; o3 . e . .
decomposition to , , 5 | 9 and 5 |, ones will come up with similar bifurcation
bi oy b3 ontol ¢;

conclusions for (3.1) by repeating the above procedure.

Remark 4. Theorem 3.2 will be still valid, if p > 1 is a positive constant, but not an integer.

Remark 5. Note that Sect. 3 mainly discusses the existence of bifurcation solutions of system (1.4) with

one-dimensional space, especially the bifurcations from double eigenvalues. Next section will consider the
higher dimension case, for the completeness of our results.
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4. Existence of non-constant positive steady states: the degree theory

In view of the nonexistence results in Sect. 2, it is particularly interesting to know if (1.4) admit non-
constant solutions when the system parameters take on small or larger values. We shall give a positive
answer this section, by using a standard approach based on the Leray—Schauder degree theory for compact
operators in Banach space.

We first reformulate the system (1.4) in the framework that the degree theory can be easily applied.
Let (u,v) = (u*v*) + (y, 2). It follows from (3.8), (3.9) and (3.10), that (1.4) is shifted to

—d1Ay = a1y + azz + fi(y,z) © € Q,

—doAz = b1y + baz + fo(y,z) = € 9, (4.1)
Qv == x € 0Q.
where
ab P Ap
= =—, b=-A\ by = ——=
aj a+b7 az w7 1 a, 2 %

and f1, fo consist of higher order terms of y and z, which are defined by (3.9). The constant positive
solution (u*v*) is thus shifted to (0,0), and if (u,v) is a positive solution of (1.4), then (y, z) must satisfy

B 19l 1+ - 1 Cola+b)
%—{(y,z).co(a+b) . <u < Cy PR 0N Ya—e <v< BT Ya+eoyp,

where € is a positive constant with ¢y < 1 and Cy, Cy are defined in Theorem 2.1.
Denote a space F by

E= {(u,v) cu,v € CH(R), 9v = v =0on 89}

ov v
and W = (y, z). Then, (1.4) can be interpreted as the following equation
W =KMNW + H(W) (4.2)

in F, where
K\W = (2a1 K1y + as K12, 01 Kay), H(W) = (K1 fi,Kaf2) = o(W),

are two compact linear operators on E, and K; = (—d1A +a1) ™, Ko = (—da A — by) 7L,

Let 0= Xg < p1 < p2 < pg < --- be the sequence of eigenvalues for the elliptic operator —A subject
to the Neumann boundary condition on €2, where each p; has multiplicity m; > 1. Let ¢;;, 1 < j < m;,
be the normalized eigenfunctions corresponding to p;. Then, the set {¢;;},i > 0,1 < j < m;, forms a
complete orthonormal basis in L2(2).

Take
Yaab
Ao =

_ _Vaab ~ {fada(ab —di(a + b)) i
pla+0b)’ :

As(pi) = p(a® + dy(a + b))

(4.3)

and assume that
(H): ab>dipi(a+b), ie., ap > djp,.

Accordingly, there exists a positive integer ny such that ab > djp;(a+b), i.e., a1 > dyp;, for 1 <i < njy.
Then we can define A and A by

Xi= max {As(ui)}, A= masc{As (4} (4.4)

1<i<nx

We first give the asymptotic stability of the unique positive constant solution (u*v*) for (1.3).
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Lemma 4.1. (See [6, Theorem 3.1]) If A > max{)o, A}, then (u*v*) is linear stable (and then local
asymptotic stable) with respect to (1.3); if A < max{Ag, A}, then (u*v*) is unstable.

Theorem 4.1. Assume (H’) holds. Assume that a,b,p,dy, X are fized positive constant. If g < ﬁi—b) < 2

and py has an odd multiplicity mq, then (1.4) possesses at least one non-constant positive solution if
A< As(u1) and dy > 1.

Proof. By Theorem 2.1, (1.4) has no solution on the boundary of 8. Thus, the Leray—Schauder degree
deg(I— K(\)—H, E(\R,0) is well defined, and by the homotopy invariance it is a constant for all ds > 0.
By [20, Theorem 6.3.9], we note that if (0,0) is an isolated zero of I — K(\) — H and the linear operator
I — K()) is a bijection, then

deg(I - K()‘) - H7 B(O)7 0) = Z(I - K(A)a (070)) = (_1)Ua
where o is the sum of the algebraic multiplicities of the positive eigenvalues of K(\) — I and B(0) is a

small open ball with center at (0,0). Note that if ¢ is an eigenvalue of K(\) — I with a corresponding
eigenfunction (&, ), then

—di (¢ + 1AE = (1 = Q)ar + azn,
—do(C+ 1)An = b1E+ (¢ + 1)ban.

Let

£= Z ijPij, n= Z bijbij-

0<i<00,1<j<m; 0<i<00,1<j<m;
Then
> M; (a”) ¢ij =0,
, A bij
0<i<o0,1<j<m;
where
1—Q)ar —di(C+1)p; as )
M;(\) = (

z( ) ( by (C-i-l)bz _d2(<+1)/1,i

Hence the set of eigenvalues of K (\) — I consists exactly of all roots of the characteristic equation
asb
(a1 + di )% + 2dy piC + dypi — ay + ——— = 0. (4.5)
by — dayi;

Note a; = %,G;Q = %,bl = —Xa,by = —% and let P; := 2dyp;, Q; := dip; — a1 + b;f‘;;m. Then we

obtain that

(1) Ifi:O,thenH-zO,Qi:aa—_;>Oforany)\>0;
(2) If 1 <i < ny, then P, >0 and Q; > 0 since A\ > Ag(u1) > X;
(3) If i > ny, it is obviously that P; > 0 and @; > 0 for any A > 0.
In summary, (4.5) has no positive root for any i > 0, and thus, K(\)— I has no positive eigenvalue, which
yields that i(I — K()), (0,0)) = (=1)7 = (-1)° =
It follows from Corollary 2.2 that, if we chose a constant Ag small enough, then (4.1) with A = Ao has
no solution other than (0,0) in . Thus,

deg (I ~K(\) - HE(®, 0) = i(I — K(\o),(0,0)) = 1. (4.6)

Now suppose for contradiction that there exists d > D such that (1.4) does not admit any non-constant
solution under our assumption. Then (0, 0) is an isolated zero of I — K(A) — H in M. Recall that

. %dg(ab—dl(a—&-b)ul)ul
As(p) = p(a? +di(a+b)uy)
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Since 1 < ﬁib) < e, we have
(1) For i =1, (4.5) has one positive root (7, and a negative root;
(2) For i # 1, (4.5) has no roots with positive real parts.
In summary, we conclude that K(d) — I has exactly one positive eigenvalue 1 > 0, and all other
eigenvalues have non-positive real parts. Thus,

deg (I ~K(\) - HE[%, o) = i(I — K(\), (0,0)) = (=1)7 (4.7)

for all A < Ag(p1)-
Next, we prove that ¢ = my. By the definition of the algebraic multiplicities,

o=dim| Jker £,  L=KQX) — (¢ + DI
i=1
Note that m; = dim ker L. It is obviously that o > m;. It is now sufficient to prove

ker £? = ker L, (4.8)

which implies ker £¢ = ker £ for all i > 1. It is known that (4.8) holds if and only if ker £ R(L) = {0}.
Let £* be the adjoint operator of £, then R(L) = (ker £*)*. Note that £* = K(\)* — (¢; + 1)1, where
K(\)* is the adjoint of K(A).

By the above statement, we have

— a2 . 1 .
kerﬁ—{<(cl1)a1+d1(<l+1)’u1>¢13,1§]sz}.

By some similarly standard argument, we also have that

ker L* = {(dl(CI + 1l +M1)) $15,1 <j < mz}

az
Since d; > 1, we have

(¢t —1ay +di(Cr + Dpr+di (G + 1) (ar + p1) =

2y (G+ 1)+ G (14 ) + (6~ 1] >0, o

so, we have ker L[ R(L) = {0}, which implies that ¢ = m;. Thus, we have
deg(I — K(\) — H,E[|R,0) =i(I = K(X),(0,0)) = (-1)7 = (-1)™ = —1 (4.10)
for all A < Ag(p1), which is a contradiction to (4.6). This completes the proof. O

Remark 6. The condition “d; > 1”7 in Theorem 4.1 is a technical condition in the proof procedure. In
fact, we just need to seek out some appropriate parameters such that the inequality of (4.9) is established.

Remark 7. Note that Theorem 4.1 discusses the existence of non-constant positive solutions of system
(1.4) with higher dimension space. Unfortunately, it does not give us the definite expressions of the
solutionis, as Theorems 3.1 and 3.2.

5. Conclusions

In this paper, we investigate a bimolecular autocatalytic model, which appears in a diffusion—reaction
process with autocatalysis and the Langmuir-Hinshelwood (Michaelis-Menten, Holling) saturation law.
The main motivation is to propose the effects of the reaction rate A on the bimolecular reaction kinetics,
which is characterized by the parameter k; in Sect. 1.
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In the introduction, by some changes in variables the original system (1.1) essentially has the same
dynamical behavior as the reaction—diffusion system corresponding to (1.3). For the bimolecular station-
ary model (1.4) and its corresponding reaction—diffusion system (3.1) in one-dimensional case, we have
obtained the existence results of spatially non-homogeneous steady states by the bifurcation theory and
the Leray—Schauder degree theory. In addition, some boundedness and nonexistence results steady state
is investigated in terms of parameters.

On the other hand, the steady-state bifurcations from simple and double eigenvalues are intensively
studied. The techniques of space decomposition and implicit function theorem are adopted to deal with
the case of double eigenvalues, which is an extension of the classical Crandall and Rabinowitz bifurcation
theorem (Bifurcation from simple eigenvalues).
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