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Abstract. In this paper, we investigate a coupled Navier—Stokes/Allen—Cahn system describing a diffuse interface model
for two-phase flow of viscous incompressible fluids with different densities in a bounded domain Q C RN (N = 2,3). We
prove the existence and uniqueness of local strong solutions to the initial boundary value problem when the initial density
function po has a positive lower bound.
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1. Introduction

In this paper, we are interested in a diffusive interface model, which describes the motion of a mixture
of two viscous incompressible fluids with different densities. This thermodynamically and mechanically
consistent model has many interesting features, thus representing an important development in fluid
mechanics. In fact, this model describes two-phase mixture of fluids undergoing phase transitions, where
sharp interfaces are replaced by narrow transition layers. The latter feature has the advantage to deal
with interfaces that merge, reconnect, and hit conditions. This is in contrast to sharp interface models
which usually fail in these situations. A phase field variable y is introduced and a mixing energy is defined
in terms of x and its spatial gradient. The model consists of Navier—Stokes equations governing the fluid
velocity coupled with a convective Allen-Cahn equation for the change of the concentration caused by
diffusion. It is evident that, the change of the concentration is effected by the velocity of the fluids, and
the velocity of the fluids is also related with the concentration because of the surface tension. Actually,
the phase field variable x defined by concentration difference can also be assumed to satisfy different
variants of Cahn—Hilliard or other types of dynamics, see [9,17,33].

In this paper, we investigate the following coupled Navier—Stokes/Allen—Cahn system for viscous
incompressible fluids with different densities

pt + div(pu) = 0,

(pu)¢ + div(pu ® u) + Vp = div(2n(x)Du) — ddiv(Vyx ® V),

divu = 0, (1'1)
(px)e + div(pux) = —p,

pp = —0Ax + p%

for (z,t) € Q x (0,4+00), where Q is a bounded domain in RY (N = 2,3) with smooth boundary 99,
1
p > 0 is the total density, u denotes the mean velocity of the fluid mixture, Du = i(Vu +Vul), pis the

pressure, y represents the concentration difference of the two fluids, p is the chemical potential, n(x) > 0
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positive constant ¢ denotes the width of the interface. The usual Kronecker product is denoted by ®, i.e.,

(a®b);; = a;b; for a,b € RN. The equations (1.1);_3 are nonhomogeneous incompressible Navier—Stokes
equations, which have an extra term Vy ® Vx describing capillary effect related to the free energy

Flp,x) = / (pf(x) + ng2> da.

Q

is the viscosity of the mixture, the free energy density satisfies double-well structure f(x) =

The system (1.1) is a highly nonlinear system coupling hyperbolic equations with parabolic equations.
Here, we point out some special cases of this coupled system:

(i) When the densities of the two fluids are the same or at least very close (“matched densities”), the
total density p is assumed to be constant, then (1.1) reduces to an incompressible Navier—Stokes/Allen—
Cahn system. From another point of view, it is also closely related to liquid crystal model, Magnetohy-
drodynamics (MHD) equations, and viscoelastic system with infinite Weissenberg number, see [40].

(ii) When y is a constant, the system (1.1) becomes a nonhomogeneous incompressible Navier—Stokes
equations. It has been paid many attentions, see Antontsev and Kazhikov [8], Kazhikov [25], Simon [35],
Lions [28], Choe and Kim [13], and the references therein.

(iii) When p and x are constants, the system (1.1) reduces to classical incompressible Navier—Stokes
equation, which is the fundamental equation to describe Newtonian fluids. It has attracted great interests,
see Lions [28] and Feireisl [37] for survey of important developments.

(iv) When p is a constant and u = 0, the system (1.1) turns out to be the Allen-Cahn equation,
which was originally introduced by Allen and Cahn [4] to describe the motion of antiphase boundaries in
crystalline solids. This type of equation has been extensively studied, see [14,22,36] for example.

The diffuse interface models for two-phase flow of incompressible viscous fluids with “matched densi-
ties” have been extensively studied. For incompressible Navier—Stokes/Allen-Cahn system, Xu et al. [40]
discussed the axisymmetric solutions in 3D. They prove the global regularity of the constructed solutions
in both large viscosity and small initial data cases. Zhao et al. [42] investigated the vanishing viscosity
limit. They proved that the solutions of the Navier—Stokes/Allen—Cahn system converge to that of the
Euler/Allen-Cahn system in a proper small time interval. Gal and Grasselli [20] showed the existence of
the trajectory attractor. For another type of diffuse interface model—Navier-Stokes/Cahn-Hilliard sys-
tem, Boyer [10] studied the existence of global weak and strong solutions in 2D, the existence of unique
strong solution in 3D and the stability of the stationary solutions. For the studies on well-posedness, as-
ymptotic behavior, attractor, etc, see [1,20,21] and the references cited therein. Moreover, for numerical
simulations, such as jet pinching-off and drop formation, we refer the readers to [11,29,38,41].

It is evident that, the densities in two fluids are often quite different. Therefore, the investigations
on the phase field models for two-phase flow with non-matched densities are significant. To our knowl-
edge, there are only a few theoretical results available to compressible models. For compressible Navier—
Stokes/Allen-Cahn system, Feireisl et al. [18] proved the existence of weak solutions in 3D. Kotschote
[26] got the existence of unique local strong solutions. In [16], we obtained the global well-posedness in 1D
with constant mobility. We prove the existence of the initial boundary value problem in various regularity
classes, as well as uniqueness for strong solutions. For compressible Navier—Stokes/Cahn—Hilliard system,
Abels and Feireis] [6] derived the existence of weak solutions. Kotschote and Zacher [27] established the
local existence of unique strong solutions. There are also some investigations on incompressible fluids
with different densities under the assumption of p = p(). Helmut Abels has done a series of researches
on it. In [5], he studied the existence of weak solutions of a modified Navier—Stokes/Cahn—Hilliard system
which had been obtained by himself in [7]. A coupled system of a nonhomogeneous generalized Navier—
Stokes system and a Cahn-Hilliard equation was considered in [3], and he proved the existence of weak
solutions by using L°°-truncation method and Galerkin approximation. For related studies of Helmut
Abels, one can find in [2,3,5,7] and the references therein. In 2015, Chun Liu [32] deduced another type
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of Navier—Stokes/Cahn—Hilliard equations by the energetic variational approaches, and carried out nu-
merical experiments to validate the model and the schemes for problems with large density and viscosity
ratios. A similar Navier-Stokes/Allen-Cahn system has been derived by Jie Jiang et al. [23], they got
the existence of weak solutions in 3D as well as the well-posedness of strong solutions in 2D, and then
investigated the longtime behavior of the 2D strong solutions.

In this paper, we investigate the Navier—Stokes/Allen—-Cahn system for two fluids with non-matched
densities, p = p(x,t) is an unknown function, but the velocity u satisfies the divergence-free condition
divu = 0, i.e., the fluids are incompressible and with different densities. As far as we know, there are not
any results about this type of model until now. This paper concerned with the existence and uniqueness
of local strong solutions. The main mechanism for possible breakdown of such a local strong solution has
been investigated in our another work [30].

We supplement the system (1.1) with the following initial conditions

(p7u7X)’t 0 = (pO,UO,XO), T € Qv (12)

the usual no-slip boundary condition on the velocity and Neumann boundary condition on the phase field
variable
Ix
(u7 an) ‘BQ —(0,0), >0, (1.3)
where n is the unit outward normal vector of 0f).
Notations For p > 1, denote LP? = LP(2) as the L? space with the norm ||-||». For k > 1 and p > 1, denote
WkP = WFP(Q) for a Sobolev space, whose norm is denoted by || - ||yy#.», and specially H* = W*2(Q).

Definition 1.1. For T' > 0, (p, u, p, X, p) is called a strong solution of the coupled Navier—Stokes/Allen—
Cahn system (1.1) in Q x (0,77, if

p € LX0,T; W%, p, € L0, T; W), 0<cl<p<e,

we L>®(0,T; H* N Hy) N L*(0,T; W*%), w, € L(0,T;L*) N L*(0,T; Hy),

p € L=0,T; H) N L*(0,T; Wh°),

X € L>®(0,T; H*) N L*(0,T; HY), x: € L>=(0,T; H') N L*(0,T; H?), x4 € L*(0,T; L?),
pw€ L0, T; HY)YN L*(0,T; H?), u € L*(0,T; L),
1)

and (p, u, p, x, ) satisfies (1.1) a.e. in Q x (0, 7).

Our main result is the existence and uniqueness of local strong solutions.

Theorem 1.1. Assume that po € W?25(Q) satisfies 0 < cO_1 < po < ¢ for some constant cg, ug €
H2(Q) N HYQ), xo € H3(Q) and uglog = 0, divug = 0 for z € Q. Then there exist a time T, > 0, a
constant ¢ = ¢(cg, Ty) and a unique strong solution (p,u,p, x, 1) of the problem (1.1)—(1.3) in Q x (0, T].

Remark. (i) To our knowledge, there are only a few theoretical investigations on Navier—Stokes/Allen—
Cahn system for two-phase flow with different densities. For compressible fluids, the first result addressing
solvability is due to Able and Feireisl [6], in which the authors proved the existence of global weak solutions
in 3D, but not uniqueness. In another paper [16], we proved global well-posedness in 1D with constant
viscosity coefficients. This paper is concerned with incompressible fluids with different densities, and the
viscosity coefficient depends on phase variable y, which is of interest from the physical point of view.

(ii) Noticing that if the density p do not appear in Allen-Cahn equation (1.1)4 5 and the viscous coefficient
is a constant, the system (1.1) reduces to the Ginzburg-Landau approximation model of nonhomogeneous
incompressible nematic liquid crystals. Global existence of weak solutions to this type of model has been
proved in [24,34]. Wen and Ding [39] establish the global existence and uniqueness of solution with
small initial data to original nonhomogeneous incompressible nematic liquid crystals in 2D. The system
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(1.1) becomes nontrivial because of the appearance of the density p. Within our knowledge, there are no
results for this type of model even for local existence or global solutions with small initial data in 2D. The
existence of global solutions is closely related to the estimate for ||V p[| (., which is the main difficulty
we can not handle. But for the results about blow-up criterion, we refer the readers to our another work
[30].

Since the constant § plays no role in the analysis, we assume henceforth that § = 1. Throughout this
paper, we assume that 7(s) € C1(R) and there exist positive constants 1, 7 and 1), such that

0<n<nls) <7 |n(s)l <. (1.4)
In the next section, we prove the local existence of unique strong solution by using the technique of
iteration. Firstly, we introduce an auxiliary problem for nonhomogeneous incompressible Navier—Stokes
equations. The proof of the existence and uniqueness of solution to this auxiliary problem is similar to
that in [39]. If the initial density is more regular, the density is also regular too, see Lemma 2.2. This
is an important character of the density. Based on these results and classical theory, we construct the
approximate solutions and begin to do iterate. At last, in terms of the estimates for the approximate
solutions, we derive the desired local strong solution by taking limits.

2. Proof of our main result

Let T be a fixed time with 0 < T < 1. Denote
VT,K] = {U ‘U(J?,O) = UO(Z‘), ’U‘OQ = Oa ||UHV < Kl}a

o
b, = {o[o(e.0) = xolo), G| =0, lllls < K2}

where
[vllv = llvell Lo 0,7522) + vellLz (0,1 m1) + [Vl Lo 0, 12) + [Vl 20, 75w206),
lelle = lleelpoeo,rmy + leellLzomuzy + lellLeom5m3) + 1l L20,1:m4),
and the constants K, Ky > 1 will be determined later.

Firstly, before proving local existence of strong solutions, we consider the following auxiliary problem
with (v, ¢) € Vr i, X Pk,

pe+ (v-V)p =0,

pur + Vp = div(2n(e) Du) + pfi + f2, (2.1)
divu =0
subject to the initial and boundary conditions
(p, u)‘tzo = (po,up), x €9, u‘asz =0, t>0. (2.2)

There exists a unique strong solution to the problem (2.1)—(2.2).

Lemma 2.1. Assume that pg € H'(Q) N L>®(Q), po > 0, ug € H*(Q) N HY(Q), f; € L*(0,T; H'(Q)),
fir € L2(Q7) (i = 1,2), and the following compatible conditions are valid

div(2n(x0)Dug) — Vpo(z) + f2(z,0) = p(l)/2g(z) and divup(x) =0, in Q,

for (po,g) € HY(Q) x L3(2). Then for any T > 0, the problem (2.1)~(2.2) admits a unique solution
(p,u,p) such that

peL>0,T;H')NL>(Qr), pr € L>(0,T;L%),
w e L®(0,T; H* N Hy) N L*(0,T; W2°),
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ug € L*(0,T; HY), /pur € L™=(0,T; L?),
p € L>®(0,T; H) N L*(0,T; W),
When div(2n(¢)Du) is substituted by Awu in (2.1), this result has been obtained by Wen and Ding [39].

The treatment of the coefficient 7(¢) is similar to the proof of step 3 in this section, so we omit the proof
of this lemma here.

Lemma 2.2. In addition to the conditions in Lemma 2.1, if po € W25(Q), 0 < Co_l < p < ¢o for some
constant cg, then we also have

p € L>®0,T; W25, p, € L0, T; W), 0<cl<p<e

Proof. The existence and uniqueness of strong solutions to the hyperbolic equation (2.1); is well known.
Moreover, from [13], the solution satisfies the following estimates

0<c'<p<e inQr, (2.3)
sup (||pHH1 —|—Kf1HptHL2) < cexp{cK1T1/2}. (2.4)
0<t<T

Differentiating (2.1); with respect to x, multiplying by r|Vp|"=2Vp (1 < r < +0c0) and integrating the
result with respect to = over €2, we get

d T r r—
G [19erde == [ v)(¥ndz v [ 19672V Vo V)pds
Q Q Q

= /divv|Vp|de — 7’/ IVp|"2Vp-V(v-V)pdz
Q Q

< (141 Vol 1~ / IVl da.
Q

From which we have
T+
r

d 1
Vel < IVl Vol -

Then Gronwall’s inequality implies
T
r+1
Vol < [Vpollerexp 2 [ [Volnoat
0

Sending r — o0, recalling py € W25(Q2) and using Holder’s inequality yield
sup || Vpllpe < cexp{cK,T/?}. (2.5)
0<t<T

Differentiating (2.1); with respect to x twice and multiplying the above equation by I|V2p|'=2V2p (2 <
[ <6), and integrating the result over (2, we have

%/|V2p|ldx = —l/|V2p\l72V2p:VQ(U-V)pdx+/divv|V2p\ldx
o) Q )
- 21/\v2p|l*2v2p;V(U.V)vpdx
o)

5/6

<Al Volel Vol | [192150 e | e Volun [ (9200
Q Q
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(I-1)/1
<ol Vplo~ | [IVplle ) el ulen [ 1900
Q Q

< clollwae([[Vollze +1) / IV2pl'dz + cl[v]lw= ]| Vol L,
Q

where we have used Holder’s inequality for 2 < < 6 in the third step. Applying Gronwall’s inequality,
we obtain

/ |V2plldx < ¢ (1 + K1T1/2exp{cK1Tl/2}) exp {cKlTl/Q(eXp{cKlTl/Q} + 1)} . (2.6)
Q

Furthermore, differentiating (2.1); with respect to x, we derive that
IVpellze < el Voll el Vollzs + cllvll=lIV2pll o < cllvllm=(1Vpll= + IVl 1)
<cK, (1 + KlTl/Qexp{cKlTl/g}) exp {cKlTl/z(exp{cKlTl/Q} + 1)} . (2.7)
Then Lemma 2.2 follows from (2.3), (2.4), (2.6) and (2.7). O

Next, we consider the following linearized problem

pe+ (v-V)p =0,
pur + Vp = div(2n(p)Du) — p(v - V)v — div(Vx ® V),
divu = 0, (2.8)

1 1
xt=—=58x—(v-V)p——(¢*—¢
v (v-V) p( )

with the initial boundary conditions (1.2) and (1.3), where (v, ¢) € Vi g, X @ g,. Recalling Lemma 2.2
and the definition of Vr k,, ®r x,, we have —(v- V)p — %(@3 — @) € W2 (Qr). Tt follows from classical

arguments [31] that Eq. (2.8)4 subject to the corresponding initial boundary value conditions admits a
unique solution such that

X € Wy (Qr) N L®(0,T; H®), x: € L=(0,T; H').

Moreover, by Lemma 2.1, the problem (2.8);_3 with the corresponding initial boundary value conditions
has a unique solution (p,u,p) and the regularities like that in Lemma 2.1-2.2.

Therefore, we have a solution (p!,u',p',x!) of the problem (2.8) with (v,¢) replaced by (u°,x"),
where (u°, x°) € Vr k, x ®1 k,. Suppose (uF~1 \*1) € Vp x, x &7k, for k > 1, then we can construct
an approximate solution (p¥,u*, p*, \*) satisfying the following problem

pic + (Uk71 ’ v)pk =0,
pruf + VpF = div(2n(x* ) Du) — pF(uF 1 V)uh Tt = div(VxF @ Vi),

divu® = 0, (2.9)
1 1 1
E _ Ak — (uF=1 . )y k-l k=1)3 | k—1
Xe = Rz tX ( )X PG (") X

supplemented with initial and boundary conditions
(pkaukaxk)|t:0 - (pO,UO,XO), T e Q7

(50 = 000 20
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In what follows, we prove Theorem 1.1 by iteration. Throughout this paper, we denote by A < B if
there exists a constant C' such that A < CB. Moreover, in step 1-3, we denote by C' a constant whose
value may be different from line to line but independent of K; and K.

Step 11t holds that

0<Ct<ph<c, (2.10)
6%l L0, msw20) < C, (2.11)
o8| Lo (0.1sw18) < CKy. (2.12)
Taking 0 < T' < T := Iéf’ then the estimates (2.10)—(2.12) are the direct deductions of (2.3), (2.4), (2.6)
and (2.7).
Step 2 We will prove
IX*lle = lIx¢ |z o,y + IXElz20.1:m2) + IX* || Low 0.1:m9) + IX* |l L2 0, 119) < K. (2.13)

We rewrite Eq. (2.9)4 as follows:
(P")2xF = AxF = = (") (WP VT = pP TP+ (2.14)

Differentiating (2.14) with respect to ¢, multiplying the result by x¥, then integrating over Q2 yield

2
th/lp dw+/|th|dx

/p pfxF)Pdw — / p;’f(uk‘l-V)x’“‘ledw—/(p’“)Q(Uf“~V)x’“ "xida

Q Q Q

- /(p’“)2(uk‘1-V)xf’ledm—/pf(x’“‘l)3xfdx—/3p’“(x’“‘1)2xf’1xfdx
Q Q Q

+ /pfx’“’ledxﬂL/p’“xf‘ledx
Q Q

S otz o XE Nz + o lloe llu® = e IV Hlzallo" i e + g ™ 22 VX" e 0" xE | 22
+ et e (X ez 10X e + 18 = I g6 10" 122
+ I Tl 2l xE 22 + ok e I ™ 20Xt ez + IxE ™l o X I e

< (ot llws + 1)/|p’“xfl2dw+ [ 1728 [\ 1720 o [l 4 X[

+ 1 T R IV XE T I + ok e XM 1S + I e I~ 3
. k— Jo—
+ 1o el 32 + 3
< (K +1) / "X 2de + K{K2 + K?K2 + K?KS$ + KS + K2.

1

Taking T := min< 1, ——5——5—=
arking 1o mln{ 1’K%K22—|—K12K26

} and using Gronwall’s inequality, for any 0 < T' < T3, we have

sup /|p |2dx+//\VX |*dzdt < C. (2.15)

0<t<T
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Differentiating (2.9)4 with respect to ¢, multiplying by Ax¥ and differentiating the result over €2, we get
1
Vi |*d AxfPd
w/' Xk :c+/(pk)2| R

= / (ppg AXkAX dor + /( L. V)Xk_lefdx + /(uk_l . V)xfflefdx
Q Q

3 i
X 3Axkdx+/pfk(x’“ D2 Axfde
Q

2

X" lefdxf/— LAYk

< ”ptHL"OHAX 2z AxE 2z + llut ™ 2 VX e [ AXE ] e
e [V 2 I AXE Nz + [1oF | oo I HIZo | AXE | 22
T L T 2 IAXE 22 + ok oo I 22 1 AXE e + ™ 2 1A | 22

1 1 _ _ _ -
55/(pk)QleflgderIIprivwllekHiz+IIU? Nz 9 e + e 1V I
Q

+ 1o IFras X % 4 I 2 I 1T + o sl 172 + i~ 172
It follows that

d 1
&/|fo|2dx+/W\Axf|2dx§K12||AXkH%2 + K?KS + KS + K?K2 + K2. (2.16)
Q Q

From Eq. (2.14) and the estimate (2.15), we see that
IAXPIZ2 S IXEIIZ2 + e HIZe VX IEs + I 120 + X7
S 17 + 1™ VX 3+ I IS+ X2
< 1+ K{K; + K$ + K3. (2.17)
Substituting (2.17) into (2.16) and integrating the result over (0,7, for any 0 < T < Tb, we obtain
¢ || oe 0,731y < C. (2.18)
By (2.15)—(2.18) and the elliptic estimates for Neumann boundary value problem
IVt N2 S IAXE 2z + Vx| 2,
for any 0 < T < Ty, we get
X2 20,7312y < C. (2.19)
On the other hand, for any 0 < T < T5, using the elliptic estimates for Eq. (2.14) gives

IXF 117 S 12X I + 10" (= X I + 10" M2 13 + 10X I + ol

4
= L+ [Ixoll -
i=1
In what follows, we deal with the terms on the right hand side one by one. By (2.18), we get
LS M2 + 1V (0F)Px) 172 S IxelZe + IVxEZ: + 1V [ IXE 172 < C.
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For Iy, we have

12 5/|uk_1|2|ka_1|2dx+/|Vuk_1|2|ka_1|2dx+/|uk_1|2\V2xk_l|2dx
Q Q Q

+ v, ||Lx/\u’f I e = 3

1=1
where
J1+J4,§/|uk_1|2\VXk_1\2dm§/|uk_1—uo\2|ka_1|2dx+/|ka_1|2dx
t 2
S IVEHE / /u “(z,s)ds dx+/|V b~ xo)Pdz +1
0
T
< KgT//|uf-1\2dxdt+K;2/|v2(Xk—1 — xo)Pda
0 Q Q
+ K§/|xk*1 — xol*dz +1
t 2
§K12K22T2+K22/ /Xic Y, s)ds| doz+1
< KPKET? + K3T //Ix Y2dedt +1 < K2K2T? + K212 +1,
Jo =/|Vuk71\2\VXk71|2dx
SKE [ IVt ) Pde [ 900 < o) o+ 1
Q Q
5K;2/|V2(u’f—1 —u0)|2dx+K12K§/|u’f—1 —up|?de + K3T? + 1
gKngT//mf*ledeKgT? +1 < KIKST? + K3T? + 1,
and

J3 :/‘uk71|2|v2xk71‘2d$
Q

S/\uk’l fuOIQIVQXk’l\deJr/IVQ(X’H*Xo)l2d$+1
Q Q

68
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S I = BV + K3 [ IV - o
Q
+ K;‘/Ix’“‘1 — Xo[*dz +1

Q
< K3 / |V (uF~t — ) Pde + KST? +1 < K{K3T? + KST? + 1.
Q

Similarly, we deduce that
L= [p" O3 8 S 1P 0?0 + 1305 ()P e + VR (P12
SN Ze + XM Iz VX e + 1V 12 X1 G
S G+ I V2
S(K3T? + K3T? +1)° + K3T? + KST? + KST? + K)°T?% + 1,
where we have used
VX 22 V2 I
SIVOE = xo) 7 VX 792X 2
+ VO = x0) 72V T + V212
SESIVOET = xo)l7e + KSIVOFT = xo)l7e + IV20F! = xo)ll7: +1
S K2 IVAOET = xo)llze + K5 2 IVEPOKT = xo) 12

+ (K" + KS + KD = xollz- +1
T

< (K210+K26+K§)T//\Xf_1|2dmdt+1
0 Q

S (K + K§ 4+ K3)K3T? + 1.
At last,
L= "X S I 2 + 19X e + VA8 e X117
S I S KT+ K12 + 1.

Putting all the above estimates together, for any 0 < T' < T5, we obtain

X" Il Lo 073113y < C- (2.20)
From Eq. (2.14), we can also derive that

IVAxlZ2 S 1192 ((0")2x8) 122 + 192 () (" V)X 1) 112
+ V2 (PP OFD?) 22 +1IV2 (P°X 1) 1122 + 1
S Il + KPKG + K5 + K3 + 1.

From which and (2.19), for any 0 < T' < T, we get

IX* 220,714y < C- (2.21)

Then (2.13) follows from (2.18), (2.19), (2.20) and (2.21) by choosing K5 > C.
Step 3 We prove that

Ju* ||y = HU?HLO"(O,T;LQ) + ||Uf||L2(0,T;H1) + ||uk||L°C(O,T;H2) + ||Uk||L2(0,T;W2,6) < K, (2.22)
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1" || e o731 + D" L2 0,508y < C. (2.23)
Differentiating (2.9), with respect to ¢, multiplying the result by u¥, and integrating over €2, we get

1d _
sa [ Pk Pde+ [ 2| Duk s
o &
1 !
:—g/pfluflzdar—/%( E-1)y k—lDuk:Dufdx_/pf(ukfl,v)ukfl.ufdx
5
Pt A ufdx—/ Vup=t . ufde

Q

div(VxF @ Vx*) - ufde — /le (VX" @ VxF) - ufda

\D\n

S ||Pt el 172 + lIxE ™ 1HLellDukIIL3HDUfIIL2+Hpt e [l H ] oo [ V2| 2 flug | 2
+ g™ e [V e uf e + ™ oo V0 ™" ol | 2
+ IV L2 VX E e gl e + VX o lIVAXF [ 2ol ] 2
S o lhwne+ K2+ 568) [ FlukPac+y / D P+ s e
Q
ol B T 2 R B e+ P 9
By using (1.4), it follows that
d
T JLRE
Q
< (K3 + K3 + 1)/Pk|Uf|2dfC+K22||uk||§12 + KT+ K2 g e+ K e (2.24)
Q

It remains for us to deal with the term [|u*||%.. We rewrite Eq. (2.9), as
—div(2n(x* 1) DuF) + Vp = —pFulf — pF(uF1 - V)b — div(VE @ ViF).
It follows from (1.4) and the estimates for the stationary Stokes equation [19] that
s + 120 S R 125 + 1o (b0 - V)12, + div(Tx* © xb)ls,
where

oM (- Vb2, < / b1 = |2V 2dz + / IV (F = ug)Pda + 1
Q Q

2

5/ /uf_l(z,s)ds |Vuk71|2dx+K1_2/\V2(uk71 — ug)|?dx
0 Q

+ K12/|u’“’1 — ug|?dz + 1
Q

t T

gT//|u,’f_1(:v,s)|2|Vuk*1(x,t)\2dxds+K12T//|uf_1\2dxdt+1
Q

0 Q
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T
<7 / b=t 8) 20 [ Vb 20ds + AT 41
0

T
< TVl 12 / b=t (-, 8) |2 ds + KiT? +1 < KT + K{T? + 1.
0

From (2.13), we can deduce that
ldiv(Vx* @ VxM)7- < / IVOX* = xo) IV Pz + / V2 (X" = xo)Pdz + 1
Q Q

SKPT? + KST? + 1.
Therefore, for any 0 < T < Ty, we obtain
HukH%m(o,T;m) + ”pk”%m(&T;Hl) S IV eFug |7 + 1. (2.25)
Substituting (2.25) into (2.24) gives
G [Pt [ 1Dut s
Q Q
S (K + Ky + 1)/pk|uf\2dx+K§ + KT A K ™ e+ K5 2 e
Q

Taking T3 := min {TQ, }, applying Gronwall’s inequality and recalling Eq. (2.9)s, for any 0 < T' < T3,

1
K7
we get

T
sup /pk|uf|2dx+//|Duf|2dxdt§C.
==y 0 Q

The well-known Korn’s inequality [12,15] implies that, for bounded connected open domain  C R?
(N = 2,3), there exists a (generic) positive constant Cg such that

[Vl[z20) < CalllDvllrz) + [[vllr2@), Vve (HH ()" (2.26)
Hence, for any 0 < T' < T3, we have
g || Loe (0.7:L2) + lug | 20,7311y < C. (2.27)
Moreover, the estimates for the stationary Stokes equation [19] also implies that
lu* w2 + [P" lwre S l0Pug s + (0" ("~ V)b 2o + [|div(VX* © VX*)| e
S lullze + u = oo V6 o + [IVXF || o VX" s
S gl + e e + 1IXE e S luflla + KT+ 1.
Then for any 0 < T < T3, it holds that
[u* |20, msw20) + 1" |l 20, mwrey < C- (2.28)

Here, we have normalized p as [ p(z,t)dz = 0. Choosing K1 > C, then (2.22) and (2.23) follows from
Q

(2.25), (2.27) and (2.28).
Step 4 Taking limits.
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Here, we denote by C a constant whose value may be different from line to line depending on Kj,

K, and other known constants. Denote pFt1 = pFtl — pb ghtl — k1 _ gk prtl = phtl _ ok
X+t = xk+t — x%. Then from (2.9), we have the following system

P (V)P = f( v)p*

pk+1fk+1 +Vﬁk+1 _ ( (Xk)Duk+1) —‘rdIV(Qn (9X ) kDu ) k+1 k: ﬁkJrl(ulc A V)uk

—pF@* - V)ur = pF(uh1 - V)Eh = div(VXET @ V) - le(Vx ® V*’““)

diva ! =0, (2.29)

k11 Y T AP k k—1 . o\<k

Xt = k+1)2AX —p mAX — @ V)x* = (" V)X

. (Xk—1)3 _ Xk—l (Xk)2 4 kak—l 4 (Xk—1>2 _ 1—k
+p pEEp - P X

where 0 < 6 < 1 is a constant. The above system is supplemented with the initial boundary conditions

(ﬁk+lvﬂk+1ayk+1) ’ 0 = (0,0,0), T e Qv
t=

<k+1 5x’““
u )
on

Multiplying (2.29); by p**! and integrating the result over Q yield

d [_ _ —_k _ _
G [ e = <2 [@ )t e S a1 T o

= t>0.
)\m (0,0), >0

Q
S a2 Vo s P e S IV R (172 + 197422 (2.30)
Multiplying (2.29)2 by @**! and integrating over Q, we get
1d
3 pk+1|ﬂk+1|2dx+/2n(xk)|Dﬂk+1|2dx
Q Q
1 /
= 5/ P a2 de — 2/77 (OX*) X" Du* . Da*dx — /ﬁk+1uf e
Q Q Q
_ /pk+1(uk V)t g — /pk(ﬂk V) g e — /pk(ukq V)aE - w s
Q Q Q
+ /(Vy’“*1 ® Vx* ) - vahtlde + /(VX’“ ® VX vai tlds
Q Q
k _ _ _
S ot e @17 + I s 1Du* || Lo [ DT 12 4 155 | 2 luf || s [T o

+ P e [l | e V" || s [T o + 17" || o V" o [ 2
[ e V@ | 2 [ ] 22 + VX2 [V [ VAR 2
+ VX o (VX |2 [ V@ | 2

Together with Sobolev embedding theorem and Korn’s inequality (2.26), we have

1d
7—/pk+1|ﬂk+1|2dx+/2n(xk)|Dﬂk+1|2dx
2dt

Q

S Hpi”lllvw ol[@ 72 + (X" 22 + 1VX"[lz2) [Ju® [l =]l DT 2

+ (P ezl e + 175 22 a2 Vb ) (1D 22 + 7| 22)



68 Page 14 of 18 Y. Li and M. Huang ZAMP
+ (VU g @ 2 + e @ 22) (1D 22 + (17" 2)
+ (VX 2 VX e + VX a2 VX 22) (1D e + ([ 12)
S + (X e + VX" 22) 1D g2 + (1D (|22 + [[@°)| 22) 12" e
(175 e (bl +1) + IVE 22 ) (1D 2 + 77 22)

By using Cauchy inequality and (1.4), it follows that

jt/ k+1|ﬂk+1| dw+/|Duk+1|2dm

S IV + (lug 17+ DIP 2 + VX7
+ 10X 12 + VR 72 + IV pRa (122 + el Da* |12 (2.31)

Multiplying (2.29)4 by AY**! and integrating over Q, we get

1
zo‘lt/Iv R 2dm+/ (p’““)Q'AXHlex

S ||Pk+1||L2HAX ||Lm||AYk+1IIL2 8" e (I e + I e ) AXE |
+ @ |2 VX oo ARz + [ 2 [VXF 22 AXE |2
+ (le’“llim X oo I o+ X e + 1) IIXE 22 | A 2

1 _ _
55/ G AP 7 A + e (X e + I )
Q

+ [ 122 VX e + e e VX122

k k— k— —
(P22 A+ X I e+ I IR + 1) IXP 12

From which we have
d _ 1 _
&/|VXk+1|2dx+/W|AXk+l|2d$
Q Q

S (IDFIs + 1) 1852 + IV eR a2 + [VX* 172 + 125X 12 (2.32)
Multiplying (2.29)4 by (pF*1)2%**! and integrating over (2, we can deduce that
d
&/|pk+1yk+1|2dm+/|vyk+1‘2dx
Q Q
S PPN+ (I + 1) 185 T2 + IV oR 122 + VX 22 + 105X (122 (2.33)
Putting (2.30)—(2.33) together gives
d /_ _ _ _
= (I + VAT 2+ [ VR e + 05 )
_ 1A 2
+ DT [T + ([ (oM T A
< (b s+ I e + 1) (175 3 + VAT 2 + 030 + 1055 2 )

+ (VPR3 + IV 132 + 10" %013 ) + el DT
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Set
AR = 77 0122 + VR T G022 + VR )12 + 1055 (L 1),
B (t) = | DT (-, 0)]122 + || (") AT 1)

F(t) = llug ( OllF + It F + ||Xt('v )%
Then we have

%A’f“(t) + BFL(t) < O(c"(t) + 1) AFTL(t) + CA*(t) + B (1),

where f c(t)dt < C. By using Gronwall’s inequality, we get

sup AFFL(¢ /Ak dt+e/ F(t)dt exp{é’(l—i—T)}.

0<t<T

Hence

T
< | O s A0+ [ Boa | (CO+DyeiC+ D) 4 1).

1

0
Choosing Ty := {Tg, }, €=
4C(2C exp{?C} +1) 4(2C exp{2C} + 1)
any 0 < T < Ty and k > 1, we have

T T
1
sup Ak+1(t)+/BkH(t)dt <= | sup A*(@) Jr/B’c
0<t<T 4\ o<i<T
0 0
By iteration, we derive that
T T
1
sup AFFL(t) +/Bk+1(t)dt < | sw A%(t —i—/B2
0<t<T ) 4P=1\ o<i<r )

Together with Korn’s inequality, we have
Hpk+1 HLoo(o 72y T H“k+1 HL°°(0 72y T HXkH HL°O(O T;H1)
+ ||ﬂk+1HL2(O,T;H1) + |’yk+l||L2(O,T;H2) = Wé'

Hence, we get

o0
Z HﬁkHLOO(O,T;L2) < 00
k=2
o0

Z (H“HIHLOO(OT 2y T H“kHHL‘Z(OT Hl)) 0,
k=2

oo

Z (HXkHHLoo(o Tty T ka IHL2(0T H2)> < oo
k=2
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and recalling 0 < T < 1, then for
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Therefore, as k — 0o, we have

pf = pt ) Y, in L0, T; L),
k=2

oo

ub —ut 3wk, in L0, T; L) N LP(0,T; HY), (2.34)
k=2

X=X )X, i L0, T; HY) N L2(0, T H?). (2.35)
k=2

By (2.10)—(2.13), (2.22), (2.23), after taking possible subsequences (denoted by itself for convenience),
sending k — oo, we have

p* — p, strongly in C(0,T; H'),
(V¥ o) = (Vp, pt), weak™ in L>(0,T; L?),
(V2p*, VpF) = (V?p, Vpy), weak® in L°°(0,T; L),
uF — u, strongly in C'(0,T; H'),
(Vur, V2uP ulf) — (Vu, V2u, u;), weak™ in L>(0,T; L?),
V2uk — V2u, weakly in L%(0,T; L°),
Vul — Vuy, weakly in L?(0,T; L?),
(", Vp*) = (p, Vp), weak™ in L>(0,T; L?),
Vp* — Vp, weakly in L?(0,T; L),
X" = x, strongly in C(0,T; H?),
(VX" V25, VIR XE, V) = (Vx, V2 Vo xe, Vi), weal™ in L(0,T; LP),
(VAXE, Vi) — (VA V2xy),  weakly in L2(0,T; L?).
By lower semi-continuity, we derive
ol oe (0, 75w2.0) + 1ol oo 0,mw0) + lullv + 1PNl oe 0,750 ) + 1PNl 20, 7w10) + Ixlle < C

By the uniqueness of the limits, we get p = p* + > 02, 7%, u=ut + > 2, @", x = x' + > re, X*. On the
other hand, (2.34) and (2.35) also imply

bl — o, in L°(0,T;L?) N L*(0,T; HY),
Tt —x, in L*®(0,T; HY) N L*(0,T; H?),
as k — oo.

Taking limits in (2.9), we see that (p,u,p, x) is accurately a solution of the problem (1.1) with the
regularities like in Theorem 1.1. The uniqueness of the solution can be obtained by the standard energy
method similar to step 4. Therefore, the proof of Theorem 1.1 is complete. 0
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