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Abstract. This paper concerns the reaction—diffusion systems modeling the population dynamics of two predators and one
prey with nonlinear prey-taxis. We first investigate the global existence and boundedness of the unique classical solution
for the general model. Then, we study the global stabilities of nonnegative spatially homogeneous equilibria for an explicit
system with type I functional responses and density-dependent death rates for the predators and logistic growth for the
prey. Moreover, the convergence rates are also established.
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1. Introduction

The dynamical relationship between the predator and prey has been investigated widely in recent years
due to its universal existence and importance in mathematical biology and ecology. In the spatial
predator—prey interaction, in addition to the random diffusion of predator and prey, the predator has the
tendency to move toward the area with higher density of prey population. Kareiva and Odell [11] first
derived a prey-taxis model to describe the predator aggregation in high prey density areas. Since then,
various reaction—diffusion models have been proposed to interpret the prey-taxis phenomenon [1,7,19].
The general prey-taxis model with one predator and one prey reads as follows

u — Au+ V- (d(u, w)Vw) = bug(w) — uh(u),
{wt —dAw = f(w) — ug(w), (1.1)

where u(t,x) denotes the predator density at position x and time ¢t > 0 and w = w(z,t) the prey
population density; the term V - (¢(u, w)Vw) describes the tendency of the predator moving toward the
increasing prey gradient direction and d is the prey diffusion rate. The function ug(w) represents the inter-
specific interaction, functions wh(u) and f(w) account for the intra-specific interactions. The parameter
b > 0 denotes the intrinsic predation rate. This system has been studied by many authors. Lee et al. [13]
studied the pattern formation of (1.1) in a bounded interval with zero Neumann boundary conditions.
When ¢(u,w) = xq(u) with positive constant y, Wu et al. [33] investigated the global existence and
boundedness of solutions, and the existence of a global attractor and the uniform persistence of (1.1) in
a bounded domain with zero Neumann boundary conditions under a smallness assumption on y. When
¢(u, w) = xu for positive constant y, Jin and Wang [10] proved the global boundedness of solution and
stabilities of nonnegative spatially homogeneous equilibria of (1.1) in a two-dimensional bounded domain
with zero Neumann boundary conditions. For more related works, we refer the readers to [8,17,22,30].
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Before stating our model, we would like to recall some works on two-predator and one-prey model
without prey-taxis. In [18], the emergence of stationary patterns for a strongly coupled system of partial
differential equations which models the dynamics of a two-predator-one-prey ecosystem is demonstrated.
For the other related works, please refer to [15,16,26]. In this paper, we consider the following two-predator
and one-prey model with nonlinear prey-taxis:

—Au+V - (ug1(w)Vw) = byugr (w) — uhi(u), z € 2, t >0,

— Av+ V- (vp2(w)Vw) = bavga(w) — vhe(v), € Q, t >0,

—dAw = f(w) — ugr(w) — vga(w), z€eQ, t>0, (1.2)
oyu = 0yv = 0,w =0, x eI, t>0,
U(l’,O) = UO(x)v U([L’,O) = 1)0(1'), ’ZU($,0) = wO(m)a r € Q.

In this model, © is a bounded domain in R™ with smooth boundary 092, 9,, = 8% and v is the unit outward
normal vector of 9f). Functions u and v are population densities of two predators, and w is the population
density of the prey. Here d, by, by are positive constants. It is assumed that the prey-tactic coefficients
¢1(w) and ¢a(w) depend only upon w. Functions uhy (u) and vha(v) describe the population kinetics of
u and v, respectively. Functions g;(w) and go(w) are the functional responses accounting for the intake
rates of predators u and v as functions of prey density. The function f(w) is the growth function of the
prey. Problem (1.2) had been studied by Wang et al. ([28]) for the following special case:

P1(s) = xP2(5), gi(s) = Bis, hi(s) = —ai(1—s), i =1,2, f(s) =ass(l—s)
with positive constants y, 01, 02, a1, @z, as. They discussed the global existence of solutions when n = 2,
and the stationary and time-periodic patterns.
In the present paper, we suppose that ¢;, h;, g; and f satisfy the following hypotheses:
(A1) Functions ¢; € C2%(]0,00)), ¢; > 0, i = 1,2. The well-known examples are

(@) ¢i(s) = xi, (i) ¢i(s) = (i) gils) = ——,

s+¢€; (S + Ei)
with positive constants x;,&;, i = 1, 2.
(A2) Functions g; € C%([0,0)), g;(0) =0, g;(s) > 0 in (0,00), i = 1,2. The typical examples are

S
(type I) gi(s) = vis, (type II) gi(s) = z% ,
i TS
38" s
(type II) gi(s) = lﬁ:}/_’_ﬁ, (Ivlev type) gi(s) = (1 — e %),

where 7v;,l;, k; are positive constants, ¢+ = 1, 2.

(A3) Functions h; € C?%(]0,00)) and there exist two constants a; and u; > 0 such that h;(s) > a;
hi(s) > pi in [0,00), i = 1,2. Tt then follows that —h;(s) < |a;| — p;s for s € [0,00), i = 1, 2. The
typical example is h;(s) = a; + u;s, in which a; may be positive or negative.

(A4) The function f € C?([0,00)) satisfying f(0) = 0, and there exist two positive constants ¢, K such

(K

that f(s) <gs for s >0, f(K)=0and f(s) <0 for s > K. Some examples are
isti _ 5 —ds(1- 2 (2
(logistic) f(s) = g¢s (1 K) , (Allee effect) f(s) =¢'s (1 K) (N 1)
with 0 < N < K and ¢ = (I?KJ]\,V)Qq
The initial data ug, vy, wy are supposed to satisfy
ug, Vo, wo >, 20 and wug, vy, wy € WI’G(Q) for some 6 > max{n,2}.

Remark 1.1. In the assumption (A3), our assumption u; > 0 is a technique requirement (see Lemma
2.2). Compared with the condition (H1) in [10], we remove the monotonicity assumptions on g;.

Remark 1.2. Tt is easy to see that, in contrast to the model proposed in [28], system (1.2) is a more
general one.
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Throughout this paper, we denote ||-[|, = ||| £r(q) for the simplicity. And denote the general constants
by ¢;.

The first result of this paper shows that the solution of the prey-taxis system (1.2) in two dimensions
exists globally. In [28], the boundedness of solutions is obtained by introducing several entropy-like in-
equalities (see also [10]). However, we apply a different method ([3]) to prove our existence result in two
dimensions. It seems worth pointing out that, in contrast to the existence results in [28], we relax the
regularity assumptions on the initial data.

Theorem 1.1. Let n < 2. Then, (1.2) has a unique nonnegative and bounded global solution (u,v,w), and
u,v,w € C(Q x [0,00)) N C*H(Q x (0,00)). (1.3)

Remark 1.3. The methods in the proof of Theorem 1.1 (and the following Theorem 1.2) can be applied
to the model discussed by [28].

The following theorem asserts that, in higher dimension (n > 3), the solution of (1.2) exists globally
when the prey-tactic coefficients ¢ (w) and ¢o(w) are small.

Theorem 1.2. Let n > 3. Define m = max{||wo|co, K}. If
2d
o (0m) < . i=1,2, 1.4
Woille~om < s a7 —dtn =2 (14)

then (1.2) has a unique nonnegative and bounded global solution (u,v,w), and (1.3) holds.

Remark 1.4. Inspired by the works in [24,32], we expect that if p1, pso are sufficiently large, then system
(1.2) has a unique global-in-time classical solution that is bounded in € x (0, c0). We are currently working
on such issue in a separate paper.

The second goal of this paper is to understand the role of prey-taxis in the global stabilities of
nonnegative spatially homogeneous equilibria to a three-species predator—prey model. Since it is hopeless
to construct Lyapunov functionals for the general system, we would like to consider an explicit model.
We consider type I function responses and density-dependent death rates for the predators, and logistic
growth for the prey, reading as

his) = ai+ s, gi(s) =5, i= 1,2, f(s) = qs(1 - s/K),

where ay, ag, u1, p2, ¢, K are positive constants (the case of ay,as < 0 had been studied in [28]). For
simplicity, we suppose that 1 = s = K = 1. Then, problem (1.2) becomes

up — Au+V - (upr (w)Vw) = bjuw — u(ag +u), x €, t>0,

v — Av 4+ V- (vp2(w)Vw) = bovw —v(az +v), x€Q, t>0,

wy — dAw = quw(l — w) — (u + v)w, xeQ, t>0, (1.5)
dyu = 0yv = d,w =0, x €I, t>0,

u(z,0) = uo(x), v(z,0) =vo(z), w(z,0) =w(z), x € Q.

In this model, the coefficients a; and b; represent the death rate and predation rate of the predator u,
respectively (ag and by represent the death rate and predation rate of the predator v, respectively), and
q is the intrinsic birth rate of the prey w. We set from now on

A= (bl — al)q + agbl — CL1b27 B = (bg - ag)q + albg - (121)1. (16)
When A, B > 0, one can find a positive solution (u., vs,w,) of the linear algebraic system

biw, —ay —u, =0,
bowy, — as — v, =0,
q(1 —wy) —us — v, = 0.
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The direct computation gives

— A _ B gt ata
_q+bl+b2’ U*_q+bl+b2’ *_q—l—b1—|—b2’
In this case, we shall show that if the prey-tactic coefficients ¢1(w) and ¢o(w) are small or the diffusion

coefficient d of the prey is large, then the positive spatially homogeneous equilibrium (u., v, w,) is global
stable.

Theorem 1.3. Assume A, B > 0 and set

(1.7)

U

m = max{[|wo|L~(0), 1},  Li = [|$illLe@©m), =12
Let (u,v,w) be a bounded global classical solution of (1.5). If

dw, Liu, L3,

_ i > 0, 1.8
m2 461 4b2 ( )

then there exist constants Cy, Ay > 0 such that
1w = tafloo + | = Ve lloo + [|[w — walloo < Cre™t, V> 0. (1.9)

Remark 1.5. It is easy to see that A, B > 0 (uy, v, > 0) implies w, < 1, which yields a; + ag < by + ba.
Therefore, b; < a;,7 = 1,2 implies that A <0 or B <0.
In the case of A <0, B > 0 and as < by. Let
(b2 —a2)g . q+az
= W= .
q+ b q+ b
Then (0,7,w) is a semi-trivial spatially homogeneous equilibrium. The following theorem shows that

if the prey-tactic coefficient ¢o(w) is small or the diffusion coefficient d of the prey is large, then the
semi-trivial spatially homogeneous equilibrium (0, 7, w) is global stable.

(1.10)

7_7:

Theorem 1.4. Let m, Lo be as in Theorem 1.3 and A < 0, B > 0, as < by. Let (u,v,w) be a bounded
global classical solution of (1.5). Under the condition

dw L%f}

— = —— >0 1.11

m2 4b2 > 5 ( )
we have

(i) If ay > byw, then there exist constants Ca, Ao > 0 such that

tlloo + | = D]|oo + |[|[w — W|oe < Coe™ 2!, Vit >0. (1.12)
(ii) If a1 = byw, then there exist constants Cs, A3 > 0 such that
oo + |V = 0loo + | — W||oe < C3(t +1)77%, V¢ >0. (1.13)
Similarly, when A > 0, B < 0 and a; < by, let
o (h—a1)g . qtam
0= —"= = .
q+ by q+ b1

Then (1,0,w) is a semi-trivial spatially homogeneous equilibrium. The following theorem shows that
if the prey-tactic coeflicient ¢ (w) is small or the diffusion coefficient d of the prey is large then the
semi-trivial spatially homogeneous equilibrium (@, 0, w) is global stable.

Theorem 1.5. Let m, Ly be as in Theorem 1.3 and A > 0, B < 0, a1 < by. Let (u,v,w) be a bounded
global classical solution of (1.5). Under the condition

we have
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(i) When as > bo, we can find constants Cy, Ay > 0 such that
lu — tl|oo + [|V]loe + [|[w — @]|oc < Cae™ ™, ¥Vt >0.
(ii) When as = boh, we can find constants Cs, A5 > 0 such that
= lloo + [0]lo0 + [l — oo < Cs(t+ 1), ¥ ¢ > 0.
In the case of b; < a;,i = 1,2, we have the following theorem.

Theorem 1.6. Let b; < a;, i = 1,2, and (u,v,w) be a bounded global classical solution of (1.5).
(i) When b; < a;, i = 1,2, we can find constants Cg, A¢ > 0 such that

lulloo + [|V]loe + [|w — 1]|os < Cee™6t, ¥V ¢ > 0. (1.14)
(ii) When b; = a;, i = 1,2, we can find constants C7, A7 > 0 such that
[wlloo + 19]loe + Jw = 1|eo < Cr(t+1)727, ¥V ¢ >0. (1.15)

From Theorem 1.3, we see that if the predation of both the two predators is strong, in the sense
of A,B > 0, the coexistence steady state (us,v., w.) can be reached if ¢1,¢po is small. Theorems 1.4
and 1.5 show that the prey and the predator with strong predation and weak prey-taxis will reach to
positive constant steady state, while the predator with weak predation will go extinct (with any prey-
taxis). Theorem 1.6 tells us that if the predation of both the predators are weak, in the sense of b; < a;
(i = 1,2), the prey-only steady state (0,0,1) will be attained and both the predators will go extinct.

In order to better understand the model (1.5), it seems worthwhile to mention the following two-species
chemotaxis model

up = diAu— 1V - (uVw) + 1u(l —u — kyv), z€QN, t>0,

vy = doAv — X2V - (VVw) + O20(1 — kau — v), e, t>0,

Tw = dz3Aw + Eu + pv — Y, e, t>0, (1.16)
dyu = dyv = 0,w =0, x eI, t>0,

u(z,0) = up(x), v(z,0) =vo(z), w(z,0) = TwWe(x), T € £,

where 7 = 0, 1. The coefficients d1, ds, ds3, X1, X2, 61, 02, &, p,y are positive constants and k1, ko > 0. Here
u=u(z,t) and v = v(z,t) denote the population densities of two species and w = w(z,t) represents the
concentration of the chemoattractant. When 7 = 0 and k1, k2 € [0, 1), Tello and Winkler [25] proved that
(1.16) possesses a uniquely determined spatially homogeneous positive equilibrium

* ok * 17]{:1 ]-*kZ 6(17k1)+p(17k2)
= 1.17
(u" 0", ) (1—&@’1—@@’ o)) (1.17)
provided
2(X1 + X2) + kleg < 91 and 2<X1 + X2) + k291 < 92. (1.18)

Black et al. [6] replaced the condition (1.18) by a smallness condition on x;/6; (i = 1,2). For 7 = 0
and k; > 1 > ko > 0, Stinner et al. [20] proved that if both y;/6; and y2/62 are sufficiently small then
competitive exclusion occurs for any solution (u,v,w) with v £ 0. For 7 = 1, in the 2-dimensional case
Bai and Winkler [3] obtained global existence of solution to system (1.3). Moreover, for ki, ks € (0,1),
they proved that

u(-,t) = u*[| oo () + [0, 8) = 0¥ || Loo () + lw (1) = w*|[ e () < Ce™, V>0,
for some positive constants C, A\, where u*, v*, w* is given by (1.17),under the conditions

daxiu* X50* (k1€% 4 kop? — 2k1kao&p)

>
4k1y(1—kiks)didads  dikix3v*’ H2 16dodskoy(1 — k1 k
(€2 L hap? 2 FaCp) 02k 23k 1h2)

ny >
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When k1 > 1 > ko > 0, they show that
Jim ([luC, )l @) + 100 8) = Lz @) + w5 t) = p/vll@) =0,
under the conditions that there is k] € [1, k1] such that k1k2 < 1 and

X3(k1€% + kap® — 2K ko€ p)
16d2d3k2’y(1 — kllkg)

Recently, this result is improved by Mizukami [17]. In the 3-dimensional case, Lin and Mu [14] obtained
similar results if #; and 05 are sufficiently large.

The article is organized as follows. Section 2 provides the uniqueness, global existence and boundedness
of the classical solution of (1.2). Section 3 is devoted to prove the global stability results in Theorems
1.3-1.6. The last section is a brief discussion.

Before ending this section, we should mention that if the forms of the two functions g; and go in system
(1.2) are very different from each other, then describing stability properties of spatially homogeneous
equilibria for the general system (1.2) would be a challenging open topic.

0y >

2. Existence, uniqueness and boundedness of global solutions
2.1. Existence and uniqueness of local solutions, some preliminaries

We first give a claim concerning the local-in-time existence of the classical solutions to (1.2).

Lemma 2.1. There exists a T’ € (0,00] and a unique nonnegative solution (u,v,w) of (1.2) defined in
[0,T) and satisfies

u,v,w e C(Qx [0,T)) NC*HQ x (0,T)),
and
w,v>0, 0<w<m:=max{||wolles, K} in Qx(0,7). (2.1)
Moreover, the “existence time T can be chosen mazimal: either T = 00, or T < 00 and

lim sup([lu(:,t)[loc + [[o(+; £)[loc) = 0.
t—T

Proof. The local-in-time existence and uniqueness of the classical solutions to problem (1.2) follows from
Amann’s theorem [2, Theorem 7.3 and Corollary 9.3]. The estimates (2.1) can be derived by the maximum
principle. O

Without loss of generality, we may suppose that T > 1 from now on.

Lemma 2.2. The unique solution (u,v,w) of (1.2) satisfies

b1k Q .
/udx < mj := max /uodx, (IL‘MDH , te(0,T), (2.2)
2 A H1
bok Q .
/Uda: < mg := max /Uodx, (22J;|a2|)|| , t€(0,7) (2.3)
2
Q Q

and
t+1

//(u2 +v?)dzds < M, te (0,7 —1), (2.4)
t Q



ZAMP Boundedness and global stability of the two-predator Page 7 of 24 63
where k; = ||gillc(o,m)), = 1,2, and M = %(blkl +lai|+ 1)+ %(kag +lag| +1).

Proof. From (A2) and Lemma 2.1, we have 0 < g;(w) < ky. By the condition (A3), p; > 0. Integrating
the first equation in (1.2) over Q and using the Cauchy—Schwarz inequality we have

/u—bl/ugl dx—/uhl( )da

< (bik1 + |a1|)/udx — 1 /qux (2.5)

Q Q
2

g(b1k1+|a1|)/udx—ﬁ /uda: e (0,7),

Q Q

where we have used (A3) to derive —h;(u) < |a1| — pyu. By an ODE comparison principle, we derive
(2.2). Inequality (2.3) can be derived similarly.
Integrating inequality (2.5) over (¢, + 1) and using (2.2) yields that

t+1 t+1

Ha //quxdsS/udw+(b1k1+|a1|) //udxdsgml(b1k1+|a1|—|—l), te (0,7 —1).
t O Q t 0

This combined with a similar argument for v yields (2.4). O

Next we provide a lemma containing a general statement on extensibility and regularity of solutions
known to be bounded in L*>((0,T); LP(2)) for some p > n/2.

Lemma 2.3. Let n > 1 and (u, v, w) be the unique solution of (1.2) in Qx (0,T). Suppose that there exists
a number p > 1 and p > n/2 for which

sup  ([[u(-, 0)[lp + [[v(:, )[lp) < oco. (2.6)
te(0,77)
Then T' = oo and
fglg(IIU(wt)Hoo + v D)llee + [[w(-, ) lloo) < o0 (2.7)

Furthermore, there exists a € (0,1) and C > 0 such that

||'LL, v, w||cz+a,1+%(ﬁ><[ < C. (28)

1,00))
Proof. Let ®(u,v,w) = f(w) — ug;(w) — vge(w). Making use of (2.1) we have
[0i(w)| < [1ill Low 0.m)s [® (w0, w)] < K(u+v+1)

for all ¢ € (0,7), where the positive constant K is independent of t. Thanks to [5, Lemma 3.2], it is easy
to deduce that 7' = oo and (2.7) holds. For the details, please refer to [10, Lemma 3.1].

Take advantage of (2.7), inequality (2.8) can be deduced by the standard parabolic regularity theory
([12]). In details, by the same arguments as those in [29, Theorem 2.1] and [27, Theorems 2.1 and 2.2]
we can show the regularity u,v,w € C(2 x [0,00)) N C%1(Q x (0,00)), similar to the discussions in [27,
Theorem 3.1] and [29, Theorem 2.1] we can get the estimate (2.8). O
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2.2. Proof of Theorem 1.1

In order to prove Theorem 1.1, we first give a lemma.
Lemma 2.4. Let n =2, (u,v,w) be the unique solution of (1.2). Then there exists C > 0 so that
[u(-,t)ll2 + [lo(, D)2 < C, t€(0,T).

Proof. This proof is inspired by [3, Lemma 2.5]. For convenience, let us denote ko = || f(w) 4+ w|| £oc (0,m)-
Without loss of generality we suppose T > 1. We first show that
t41

// | Aw(z, s)|2dzds
Q

t
is bounded with respect to ¢ € (0, T— 1). Multiplying the third equation in (1.2) by —Aw, and integrating
the results over €2 and using Young’s inequality, we derive that

1d

ia/|Vw\2d:c+d/|Aw|2dx+/|Vw|2dx
Q Q Q

= —/(f(w) +w)Awdx+/ugl(w)Awdx+/vgg(w)Awdx
Q Q Q

<5 / AwPda + 25 [ [(70) + w)? + g w) + 27 g3w))de
Q Q

< g/\AwIdeJrcl 1+/(u2+v2)dx . te(0,7),
Q Q
where ¢; = %max{kam, k3, k%}, ki = llgillcqo,m)), @ = 1,2. Let
)= [1Vular, gty =2e0 (14 [ +2)dr ), te @)
Q Q
Then y(t) satisfies

V() + 2y(t) + d/ |Aw|2dz < g(t), te (0,7). (2.9)
Q

Taking advantage of (2.4) we have

t+1

/ g(s)ds < ¢y =2¢1(14+ M), te (0,7 —1).

i
In view of [3, Lemma 2.3] it can be shown that

y(t) = / |Vw|?dz < c3 = max /|Vw0|2dx+02, 202 , te(0,7).
Q Q
Notice y(t) > 0. Integrating (2.9) over (¢,¢+ 1) we have
t+1 t+1

d // |Awl|?dzds < y(t) + / g(s)ds < ez +cyi=cy, te(0,T—1). (2.10)
tQ t
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Now we study the L? estimates for v and v. By the first equation in (1.2) and (A3) we have

1
Q Q Q Q
< /U¢1(w)Vu -Vwdx + (biky + |a1]) /u2dz (2.11)
@ )

for all t € (0,7). It follows by the Holder’s inequality that, for some c5 > 0,

/U¢1 (w)Vu - Vwdz = /qﬁl - Vwdz

Q

— -5 [ erwVuPds - 5 [ w2 w)Auda
Q Q

1 k1
< §H¢’1\|Loo(o,m>|\UIli||\Vw|2||2 + 3HUII?1 [[Aw]l,

< oslullF(IVwll + [Awllz), t € (0,7). (2.12)
Thanks to the G-N (Gagliardo—Nirenberg) inequality ([23]) and (2.2) we can find ¢g > 0 such that

[ullf < sl Vullallullz + csllull} < csl|Vullallulla + csm?, t € (0,T). (2.13)
Again, using the G-N inequality and (2.1) we have
IVl < erllAw]z]|w]ee + erllwlf3 < er(m]|Aw]z +m?), ¢ € (0,T), (2.14)

for some c7 > 0.
Substituting (2.13) and (2.14) into (2.12) and applying the Young inequality, we get

/U¢>1 (w)Vu - Vwdz < cs([|Vullz|ullz + 1) ([|Aw]2 + 1)
Q
< IVul3 + co([lull3| Awll3 + [lull3 + [ Aw|3 + 1),
where cg, cg > 0. Inserting this into (2.11) yields that there exists ¢ig > 0 fulfilling

d
2 (t) = a/qux < ¢ /uzdm—t—l /|Aw|2dx—|—1
Q

Q Q
= ci02(t)h(t), te(0,T), (2.15)
where
z(t) = /uzdx +1, h(t) = /|Aw\2dx +1.
Q
Clearly, z(t) is bounded in [0,1]. Fix ¢t € (1,7'). By (2.4), there exists to € [t — 1,t] such that

Q

In view of (2.10) we have

t t t

/h(s)ds:/ /|Aw|2dx+1 ds < / /|Aw|2dm+1 ds <1+ e¢q/d.

to to Q t—1 \Q
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Now an integration of (2.15) over (tg,t) shows that

c10 ft h(s)ds N
2(t) < 2(tg)e ‘o < (M + 1)ecroltes/d ¢ < T

Thus [|u(-,t)|]2 < C in (0, 7). Similarly, ||v(-,#)[l2 < C in (0, 7). O

Proof of Theorem 1.1. Using (2.2), (2.3) and Lemma 2.3 with p = 1 when n = 1; using Lemma 2.3 with
p = 2 and Lemma 2.4 when n = 2, the conclusion of Theorem 1.1 is obtained immediately. The proof is
complete. O]

2.3. Proof of Theorem 1.2

Theorem 1.2 can be derived by Lemma 2.3 and the following lemma.
Lemma 2.5. Under the conditions of Theorem 1.2, there exist k > n/2, C > 0 so that
lu( )l + ¢, Dl < C, t € (0,T).

Proof. This proof is inspired by [21,31,33]. From (1.4), there exists k > n/2 such that

[@ill L 0,m) < i=1,2, (2.16)

d
km <1+2\/(d+ 1)2 — ‘“’3;”)

Let us define L1 = [|¢1]|c(fo,m))> k1 = |91llc(0,m]) and a weight function

p(w) =™, 0<w<m,

where § > 0 will be chosen later, m = max{||wo||s, K} and K is given by the condition (A4). Then
1< p(w) < P’ = for 0 < w < m. The direct calculation yields

1d k _ k—1 1 k /
v | p(w)dx = /u plw)ugdx + . /u P (w)wedx
Q

Q

L p(w)[Au — V - (udr (w)Vw) + biugr (w) — uhy (u)]dz

D\D

+

/ukp/(w)[dAw + f(w) — ugy (w) — vga(w)|dx
)

1
z

< —(k-— 1)/uk_2p(w)|Vu|2dx — /uk_lp’(w)Vu - Vwdz
O O

(k- 1) / W1y (0)p(w) Vs - Vaoda + / Wy () (w) Vo 2d
Q Q

d
+(b1ky + \a1|)/ukp(w)dm— %/ukp”(w)|Vw|2dx
) o)
fd/ukflp’(w)Vu.deer %/ukp(w)wzdx,
O )
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which implies that

1
Edi/ w)dx + (k 1)/uk_2p(w)|Vu|2dx+%/ Fo! (w) | Vw|*da
Q Q
/ =1 (w) V- Vwdz 4 Ly (k — )/uk_lp(w)|Vu-Vw|dx
Q Q
k

P (w)|Vwl dx—|—c1/ukp(w)dx,
Q

+14 /
Q

where ¢; = bik1 + |a1| + 2gBm?/k. It is easy to check that

d
%/ Fo ()| Vw|*dz = 6/ (14 28w?) p(w)u*|Vw|*dz.
Q

Take advantage of Young’s inequality, we have

+ uk (w) \Vw|2d:r,

w

k-1
k—1 1 < k—2
/ P (w)Vu - Vwdz 74(d+1)/u p(w)|Vul? dx+
Q Q

u® p(w)|Vw|*dz.

\{O\

1
Ll/uk_lp(w)|Vu-Vw\dx§ Z/Uk 2p(w)|Vul?dz + L3
Q Q Q
(

Plugging (2.18)—(2.20) into (2.17) we get

Q Q
d+1)? '
< (ktf /(Pp((z)}))) ukIlezderL?(k_ 1)/P(w)uk|Vw|2df”
5 Q

Q

_ d+1)2(P’(w))2 27, w ") ) R IVwl2de 4 ¢ o o(w)da
_Q/( o1 pw) bk Delw) & L >> Vwlde + 15 plw)d

d+1)%23?

= / <(kj__)1/6w2 + L3k —1)+ 2Llﬂw> p(w)u®|Vw|*dz + ¢ /ukp(w)dx.
Q Q

Next we shall show that there exists § > 0 so as to

4(d +1)*p?
k—1

w? + L2 (k — 1) + 2L, fw < ﬂ (1+28w?),

ie.,

1w (%*_11)2 -P) e (L= ) pe - <o

It is sufficient to prove that there exists 5 > 0 such that

J(B) := 4m? <(i+_11)2 - Z) B +2 <L1m - Z) B+ Li(k—1)<0.

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)

(2.22)
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To this purpose, let us investigate the coefficients of J(3). Set

. d+1)* d , d :
]14m2<(k_1) k:)’ ]22(L1mk>’ js = (k—1)L3.

Thanks to (2.16), we have jo < 0. Besides,

33 —4j1js = 4(Lim — d/k)? — 16m>L} [(d +1)* — d(k — 1)/k]
= 4m? [1 —4(d+1)* + 4d(k — 1)/k] L} — (8dm/k)L; + 4d° /K>
= 4m*(1 — ~*)L? — (8dm/k)Ly + 4d*/k?
= al?+bL; +c,

where v = 2,/(d + 1)2 — d(k — 1) /k. It is easy to see that 1 — % < 0, i.e., a < 0, and

b — dac = 64d*m?/k* — 64d°m>(1 — +?)/k* = (8dm~y/k)*

Therefore, the quadratic polynomial aL?+bL; +c has two roots — mk(‘i_l) and mk(le_I) . Hence, j3—4j1j3 >
0 if and only if
d d
—_ < < —.
mk(y—1) = 7"~ mk(y + 1)

Due to (2.16), j3 — 45173 > 0 holds. Recalling j» < 0, we can find a constant 3 > 0 so that J(3) < 0.
Thereby, inequality (2.22) holds.

It follows from (2.21) and (2.22) that

1d
Ed— uF p(w dx+—/ F=2 p(w) |Vl dx<cl/ uf p(w)dz. (2.23)
Q

Taking advantage of the G-N inequality and Poincaré inequality ([9]) firstly, and using (2.2) secondly,

we have
/ W p(w)dz < r / o = 22

Q Q
< a2 | lWH 2 155
< e (V62 + o) /220
= res (V2] + ul$2)” 0~
< rea (1962 + m??) k0=
< e (Va2 3 +1) (224)

with some constants ¢, c3,c4 > 0 and

k/2—1/2

= waiin-12 < 0L
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As p(w) > 1, by use of (2.24) we have

4
/uk 2p(w)|Vul dx>/ =2\ Vul?de = = 2 /\Vuk/2|2dx

Q Q Q
1/s
4 i 4
4
Q
Inserting (2.25) into (2.23) we have
1/s
1d 2k — 1) i X 2k — 1)
%E/UP _k 1/5 /u p(w)dz +cl/u p(w)dm+T
Q Q Q

for all ¢t € (O,T). Recall that s € (0,1) and p(w) > 1. By an ODE comparison principle, there exists
cs > 0 such that

1/k
(D)l < /ukp(w)dx <ecs, te(0,7).
Q

This completes the proof. O

3. Global stability

We shall use the ideas in [3] to prove Theorems 1.3-1.6. Let us first recall a basic result.

Lemma 3.1. (Barbalat’s Lemma [4]) Suppose that h : [1,00) — R is uniformly continuous and that
t

lim [ h(s)ds exists. Then lim h(t) = 0 holds.

t—oo t—o0

1

Next we give a lemma which will play the important roles in our later discussions.

Lemma 3.2. Let (u,v,w) be one solution of
=0, (3.1)

and (u,v,w) be a bounded global classical solution of (1.5). Suppose that there exist two decreasing func-
tions G1(t) and Ga(t) defined in [to, 00) for some tg > 0 such that

llu —ull3 + [Jo = vl3 + [lw —w|3 < Gi(t), t>to, (32)
¢ P
/ /|Vw|2dxds < Go(t), t>to+1.
-1 Q

Then, there exists a constant C' > 0 so as to

lu = tlloo + [[v = vl + [l = wloo < CIGF* (£ = 1) + Ga(t)], > to+2. (3-3)
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Proof. Note that (u,v,w) exists globally and is bounded. It follows from (3.2) and the Holder inequality:

1 .
5 that there exists a positive constant C such that

n—1
[ellzn < llelloc [l
AL
lu = ull2n + [[v = vllon + [[w — wl|2n < CGF (1), t> to.

Evidently, G (t) := CA’Gf% (t) is a decreasing function in [tg, 00) for ty > 0. By use of [3, Lemma 3.6] we
can get the estimate (3.3). O

3.1. Global stability of (., v«,w,): proof of Theorem 1.3

In this subsection, we always assume that A, B > 0, (u,v,w) is a bounded global solution of (1.5) and
(1.8) holds. The constants A, B are given by (1.6), and (u., v, w,) is given by (1.7).

Lemma 3.3. There is € > 0 such that functions E1(t), Fi(t) defined by

1 1
El(t):/{b (u—u*—u*lnu>+b(v—v*—v*lnv)+w—w*—w*lnw dx,
1 U 2 Vs W
Q

Fi(t) = / (v —u)? + (v —v)* + (w—w,)? + |Vw|?]dz
Q

satisfies

Ei(t) < —eFi(t), t>0. (3.4)

Proof. For the convenience, we set

Al(t):bll/(u—u*—u*ln;> dz,
Q *
1 v
Bl(t)ZE v—v*—v*lnv— dz,
Q

Dy (t) = / (w—w* —w*lnjuu> dz.
Q

Evidently, A;(t), B1(t), D1(t) > 0. The straightforward calculation gives

a0 = [ (=T 20 - -+ - - ) ) a,
Q

B0 = [ (-2 2w T o - L0+ - v)w - ) an,
Q

D4 (1) :!(—dw*vﬁ'g g w0 )= )~ (0= 0w - w.) ) de

Thus, we have
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Us Vu Vul? Vs Vv Vol? Vw|?
a0 = [ [ (a5 vu-F2E) + 3 (6 T vu - 50 ) -
Q

L) = - / (0= 0+ o= 0P+ gl - )

Set e1 = min{1/b1, 1/ba, ¢}. Then, it is clear that

I(t) < —e; / [(u—u)?® + (v —v.)% + (w— w,)?] da.
Q
We claim that there exists €5 > 0 such that

t) < —52/|Vw|2dx.
Q

Once this is done, by choosing € = min{eq,e2} we then get (3.4).
Now we prove (3.5). Firstly, as w < m (cf. (2.1)), we have

Use Vu |Vul|? Vs Vo |Vol? _ dw, 5
< o R — Zx M. _
L(t) < / |:b1 <¢1(w) ” Vw 3 >+ by ((Z)g(w) ” Vw 2 e |[Vwl|®| dz
Q

As above, we let L; = [|¢;| = (0,m), ? = 1,2. An application of the Young inequality yields

) 2

/¢1(M)E~dez§Ll/wdzg/‘vu‘ dz —|——/|V |2de,
U

Q

u
Q Q
\Y Vv -V Vol?
/d)g(w)%-dexSLg/”ideS/‘ v dz +—/|Vw| dz.
Q Q Q
Consequently,

dw, L3u, L3v,
L) < — (“’ _ Lue  Lov )/Vdea: - —62/|Vw|2d1:.
2
Q Q

The assumption (1.8) implies 2 > 0, and so (3.5) holds.
Lemma 3.4. The following asymptotic behavior holds:
|l — ts]loo + || — Villoo + [|w — Wil||oo — 0 as t — oo.
Proof. Let
i) = / [(u—u)? + (v —2.)% + (w—w,)?]dz.

Q

Clearly, 0 < f1(t) < Fi(t). Hence, by (3.4), E{(t) < —eFi1(t) < —ef1(t). Since Ei(t) > 0, we have

f fi(t)dt < 1E1(1) < oo. It follows from the regularity of u,v,w that fi(¢) is uniformly continuous in

[ 00). An application of Lemma 3.1 yields

/[(ufu*)Q+(va*)2+(w7w*)2]dx:f1(t)HO as t — oo.
Q

(3.7)
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Note that (u,v,w) is a bounded global solution of (1.5). By the standard parabolic regularity theory,
we can get the estimate (2.8), which implies that, in the space W1>°(Q), u(-,t), v(-,t) and w(-,t) are
bounded for ¢ > 1. Apply the G-N inequality

2
572 Ve Whe(Q)

[lloe < ellbll e o 10

t0 U — U, v — v, and w — wy, respectively, the limit (3.6) is deduced by (3.7). O

Proof of Theorem 1.3. For the given positive constant y., we define h(y) = y — y.Iny for y > 0. By
L’Hopital’s rule, one can easily check that

h(y) — h(y« B 1
) (1; ) (A ) N
v=ve (Y =y v=ue 20y —y) 20
Remember the limit (3.6), it follows that there is tg > 0 such that

1 1
1 /(u — u*)gdx < / (u — Uy — U In u) de < — [(u— u*)de, (3.8)
Us Us Uy
Q Q Q
1 1
Tu. /(v —w,)%dz < / <v — U, — Uy In 11) dz < . (v — v,)?du, (3.9)
Q
1 9 w 1 9
_ < —w. — l < = - .
o /(w wy)da < / (w Wy — Wy 10 w*> dz < " (w —wy)*dx (3.10)
Q Q Q

for all ¢ > to. Recall the definitions of E1(t) and Fi(t), it follows from the right inequalities in (3.8)—(3.10)
that F1(t) < ¢1 Fy(¢) for all t > to and some ¢; > 0. Inserting this into (3.4) we get E'(t) < —eFi(t) <
fiEl(t) for t > tg. Thus, F1(t) < coe™ 9 for t > tg and some co, 0 > 0. In view of the left inequalities
in (3.8)—(3.10), there exist ¢z, c4 > 0 such that

/(u —u.)? + /(v — )2+ /(w —w,)? < 3By (t) < cge 7t > 1.

Q Q Q

Besides, there is ¢5 > 0 such that

t t t

1
//‘VU"QS /Fl(S)dSS—g/E{(s)ds
t21 Q t21 t21

1
< -Ei(t—1)<ecse 7, t>to+1.
5
By Lemma 3.2, we can find Cf, A; > 0 such that
U — tslloo + |V = Valloo + [ — Wlloo < Cre™t, > to + 2.

Thus (1.9) holds, and the proof is complete. O

3.2. Global stability of (0, ¥, w): Proof of Theorem 1.4

Throughout this subsection, we always assume that A < 0, B > 0, as < bs, and (u,v,w) is a bounded
global classical solution of (1.5) and (1.11) holds. Constants 0, w are given by (1.10).
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Lemma 3.5. Assume aq > byw. Then there is € > 0 such that functions Es(t), Fa(t) defined by

11
Es(t) = [u+(u—@—51n7f)+w—w—mn7f da,
v w

[u® + (v—0)* + (w —©)* + |Vw|*]dz

satisfies

BL(t) < —eF(t) — (2‘1 _ ) /udx, £ 0.
Q

1

Proof. Similar to the proof of Lemma 3.3, by a series of calculations we can get

B0 < B0+ 10 - (5 - @) [ ude
Q

1

where

Let £1 = min{1/by, 1/b2, q}. Then

Lit) < —ey | [u*+ (v—10)*+ (w—0)*]da.
/

In treating I3(t), we apply Young’s inequality and (2.1) to derive that

v Vo2 Lo |[Vov-Vuw| do 5
I < [ D -
3(t) < /< b o2 + by . m2|Vw| dz

Q
do L3 )
(=) [t

Q
= 752/|Vw|2dx,
Q

IN

(3.11)

(3.12)

where m = max{||lwo|/oo, 1} and Ly = ||¢2| L (0,m)- By (1.11), €2 > 0. This combines with (3.12) gives

(3.11).

O

Proof of Theorem 1.4 (i). Suppose that a; > byw. Remember that (u,v,w) is a global bounded solution

of (1.5). By the same argument as in Lemma 3.4 we can get

lu]loo + || — D]|co + [|w — W||oc — 0 as t — 0.

(3.13)
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Using the fact lirr%) ﬁ = 1, we assert that there exists ¢ty > 0 such that
yﬁ
1 2 1 2
3 u dx+§ ude < [ ude <2 [ vdx+2 [ udx, t>tq, (3.14)
Q Q Q Q Q
L [ w—pda < (U—ﬁ—ﬁlng)dx<l (v—0)2da, t>t (3.15)
40 = o) T ’ 0 '
Q Q Q
1w = )2de < / (w —@—@h 9) da < l/(w —@0)2da, t> to. (3.16)
4 - w T w ’
Q Q Q

In view of the definitions of Fs(t), F»(t) and the right inequalities in (3.14)—(3.16), we get

Eg(t) < Fg(t) + /Ud.’ﬂ , t>to,
Q

where ¢; = max {2/by, 1/(b20), 1/w}. It follows that

_ Ex(?)

_Fy(t) <
a(t) < .

+/udx, t > to. (3.17)
Q

Note that a; > byw, without loss of generality we can choose € < a1 /by — @ in inequality (3.11). Plugging
(3.17) into (3.11) we get

g
—ZBy(t), t>t.

IN

This implies that there exist ¢z, o > 0 such that F(t) < coe™ 7 for ¢ > to. Hence, by the left inequalities
in (3.14)—(3.16) we have

/ (U2 + (v —9) + (w—©)%]dz < e3Ba(t) < cae™", >t
Q

with some c3, cqs > 0. Moreover,

t

t t
//|Vw|2dxds§ /Fg(s)dsg—1 / iEg(s)ds
€ ds
=1

t—1 Q t—1

1
< SBEy(t—1)<cse ', t>to+1
13

with some ¢5 > 0. In light of Lemma 3.2, there exists C%, A2 > 0 such that
lulloo + v = Blloc + llw = @l < Cae™2", > to +2.

This implies (1.12). Theorem 1.4 (i) is proved. O
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Proof of Theorem 1.4 (ii). Suppose a1 = byw. In this case, we have (a1 —bjw) [udz = 0. And so, (3.13)—
Q

(3.16) hold. Let Fy(t), Fa(t) be given by Lemma 3.5, and ¢y > 0 be as in the proof of Theorem 1.4 (i).
Using (3.15) and (3.16) firstly, and the boundedness of (u, v, w) secondly, we can find ¢ > 0 such that

1 1 1

Ey(t) < — — —9)? = —w)?
2 (t) < b udzx + byt (v—20)*dz + p /(w W) dx
Q Q Q
1/2 1/2 1/2
< ¢ /qux + ¢ /(v —9)%dx + ¢ /(w —w)%dz
Q Q Q
1/2
<

V3e / [W® + (v—10)" + (w — w)*]dz
Q

= C@\/?)Fg(t), t>to.

This combined with (3.11) enable us to find ¢; > 0 fulfilling E,(t) < —c7FE(t)? for t > tq. Therefore,

Eo(t) < %5 for t > to and some cg > 0. Hence, we obtain by the left inequalities in (3.14)-(3.16) that

there exists cg > 0 such that

/ [u? + (v —0)* + (w — W)?]dz < cgEa(t) < tcicgl, t > to.
Q
On the other hand, it follows from (3.11) that
¢ ¢ ¢
//|Vw|2< /F(t)<_1/iE (s)
- 2= ds
=1 Q t=1 t=1
1 C10
< BEy(t-1)< t>to+1

e(t+1)

with some ¢19 > 0. Recall that (u,v,w) is a global bounded solution of (1.5). In view of Lemma 3.2, there
exists Cj, A3 > 0 such that

™

lulloo + l[v = Dllo + llw = Blloo < C3(t+1)72, t>to + 2.

This implies (1.13) and the proof of Theorem 1.4 (ii) is complete. O

3.3. Global stability of the prey-only steady state: proof of Theorem 1.6

Lemma 3.6. Let b; < a;, i = 1,2, and (u,v,w) be a bounded global classical solution of (1.5). Then there
is 0 < & < min{ (a1 — b1)/b1, (az — b2)/ba} such that the nonnegative functions Es(t) and Fs(t) defined
by

1

1
Eg(t):/ —u+—v+w—-1-hw|de,
b be

Ft) = | (v +0* + (w—1)* +|Vw|*)dx

D\D
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satisfies
a az — by
v

ba

E4(t) < —€F3(t)—!< b_lblu+ )dx, t>0. (3.18)

Proof. Similar to the proof of Lemma 3.3, by a series of carefully calculations we have
Vwl?  u?  0? a1 — by as — bay
ey =— [ (d —+ — —12d—/ dz.
3(t) /( ™ +b1+b2+q(w )7 ) do b u+ h )
Q Q

Remember 0 < w < m. Take 0 < e < I{l}%{(ai —b;)/bi, 1/bi, q, d/m?}, then (3.18) is followed. O

Proof of Theorem 1.6 (i). Assume that b; < a;, i = 1,2, and (u,v,w) is a bounded global classical
solution of (1.5). Similar to the proof of Lemma 3.4, we have ||u||cc + ||v]|co + || — 1||oc — 0 as t — 0.
The same as the proof of Theorem 1.4 (i), there exists ¢y > 0 such that

%/qux—l—%/ude /udeQ/qux—&—Q/udx, t > to, (3.19)
Q Q Q Q Q

%/vzdx—l—%/vdz§/vdx§2/vzdx—|—2/vdm, t > to, (3.20)
Q Q Q Q Q

i/(w —1)%dz < /(w —1—Inw)de < /(w —1)2dx, t>to. (3.21)
Q Q

Q
In view of the definitions of Fs3(t), F3(t) and the right inequalities in (3.19)—(3.21), we get

Bs(t) < e Fg(t)+/(u+v)dx st

Q
where ¢; = Zmax{l/bl, 1/ba, 1}. It follows that
FEs(t
— F3(t) < _B@® /(u—|—v)d1:, t > to. (3.22)
C1
Q

Note that 0 < & < min {(a; — b1)/b1, (a2 — b2)/b2 }. Plugging (3.22) into (3.18) we get

—-b -
E4(t) < —eF3(t) — S — /udx I - /vdx
b1 bo
) )

£ ai 7b1 ag *b2
——F5(t) — - dz — — d
o 3(t) < b €>/ux < b 5)/vx
Q Q

€
< ——Eg(t), t > to.
1

IN

This implies that there exist co,0 > 0 such that E3(t) < coe™ % for t > ty. By the left inequalities in
(3.19)—(3.21) we have

/uzdx + /Ule' + /(w —1)2dx < e3F3(t) < cqe” % t >t
Q Q Q
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for some c3, cg > 0. Moreover,
t

//|Vw| dzds < / s)ds < ——/ —Fs(s

t—1 Q —1

< ng(t — 1) <ecse” %, t>tg+1
€

for some ¢5 > 0. Note that (u,v,w) is a global bounded solution of (1.5). In light of Lemma 3.2, there
exist Cf, A¢ > 0 such that

lulloe + 1ollso + llw = Lo < Cge™", &> to +2,

which implies (1.14). The proof of Theorem 1.6 (i) is complete. O

Proof of Theorem 1.6 (ii). Assume that b, = a;, ¢ = 1,2, and (u,v,w) is a bounded global classical
solution of (1.5). Let ty > 0 be as in the proof of Theorem 1.6 (i). Using (3.21), the Cauchy—Schwarz
inequality and boundedness of (u,v,w) we can find ¢g > 0 such that

Es(t) < b /uderf vder/ —1)2
1/2 1/2 1/2

< cg /uzdr + cg /v2dx + cg /(w —1)%dz
Q

Q Q
1/2
< V3cg /[u2+v2+(w71)2]dx
o
3F3(t), t > tg.

This combined with (3.18) enable us to find cr > 0 such that Eg( ) < 07E3( ) for ¢ > to. Thus,
Es(t) < %5 (3.19)—(3.21), we can find
cg > 0 such that

C8Cy
t+1’

/ [u® + 0> + (w —1)*]dz < cgE5(t) < t > 1.
Q

On the other hand, it follows from (3.18) that, for some ¢19 > 0,

t t
1 d
//|Vw| dzds < / Fs(s)ds < - / $E3(s)ds
1 1

t—1 Q

< gEg(t— 1) <

Recall that (u,v,w) is a global bounded solution of (1.5). In view of Lemma 3.2, there exists C% > 0 and
A7 > 0 such that
lulloe + 1ollo + llw = Lo < C7(t+1)73, ¢ > to +2.

This implies (1.15) and the proof is finished. O
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4. Discussion

In this paper, we investigated the reaction—diffusion systems modeling the population dynamics of two
predators and one prey with nonlinear prey-taxis. The following realistic conclusions are obtained.

(i) When the dimension n < 2 or the prey-tactic coefficients ¢;(w) and ¢2(w) are small, problem (1.2)
has a unique nonnegative and bounded global classical solution.

(ii) The global stabilities of the positive and semi-trivial spatially homogeneous equilibria and the con-
vergence rates are established.

The coeflicients a; and by represent the death rate and predation rate of the predator u, respectively
(a2 and by represent the death rate and predation rate of the predator v, respectively), and ¢ is the
intrinsic birth rate of the prey w. The quantity a1bs — asb; can be regarded as the difference of roles
(death rates and predation rates) of the two predators u and v on the systems.

The quantities

(b1 — al)q + asby — arby > 0, (bg — ag)q + a1bg —agb; >0

mean that the predator’s predation rates should be larger than their death rates, and the intrinsic
birth rate of the prey should be large enough. In this case, system (1.5) has a unique positive spatially
homogeneous equilibrium (u., v«, w,) and it is globally stable provided that the prey-tactic coefficients
¢1(w) and ¢o(w) are small or the diffusion coefficient d of the prey is large.

The conditions

(b1 — a1)q + agby —arby <0, (ba — az)q+ aibs —azby >0, az < by

show that the role of the predator u is weaker than that of the predator v. In such a situation, the
predator u will eventually disappear, system (1.5) has a semi-trivial spatially homogeneous equilibrium
(0,9, w) and it is globally stable if the prey-tactic coefficient ¢o(w) is small or the diffusion coefficient d
of the prey is large.

Symmetrically, the conditions

(b1 —a1)q + agby —arby >0, (ba —az)qg+ aiby —azb; <0, a1 <b;

show that the role of the predator v is weaker than that of the predator w. In such a situation, the
predator v will eventually disappear, system (1.5) has a semi-trivial spatially homogeneous equilibrium
(1,0,w) and it is globally stable if the prey-tactic coefficient ¢ (w) is small or the diffusion coefficient d
of the prey is large.

The conditions b; < a;, i = 1,2 mean that the predator’s predation rates are less than their death
rates, and so the two predators will eventually disappear and the prey will stabilize at its unique positive
equilibrium state.
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