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Long-time behavior for suspension bridge equations with time delay

Sun-Hye Park

Abstract. In this paper, we consider suspension bridge equations with time delay of the form

wie (2, 1) + A2u(x, t) + kut (z,t) + ague(z, t) + arue(z, t — 7) + f(ulz, t) = g(z).
Many researchers have studied well-posedness, decay rates of energy, and existence of attractors for suspension bridge
equations without delay effects. But, as far as we know, there is no work about suspension equations with time delay.
In addition, there are not many studies on attractors for other delayed systems. Thus we first provide well-posedness for
suspension equations with time delay. And then show the existence of global attractors and the finite dimensionality of the
attractors by establishing energy functionals which are related to the norm of the phase space to our problem.
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1. Introduction

We study the following suspension bride equations with time delay

gy + A%u+ ku + ague(x,t) + ajug(z,t — 7) + flu) = g in Q@ x RT, (1.1)
u=Au=0 ondQ xR, (1.2)
u(0) = ug, ut(0) =wuy on £, (1.3)
u(z,t) = jo(z,t) for (z,t) € Q x (—1,0), (1.4)

where Q C R? is a bounded domain with smooth boundary 99, k > 0 is spring constant, u™ = max{u,0}
is the positive part of u, the term —ku™ models a restoring force due to the cables, which is different
from zero only when they are being stretched. The constants ag and a; are real numbers, 7 > 0 is time
delay, and f and g are forcing terms.

The suspension bridge equations were introduced by Lazer and McKenna [7] to describe the transverse
deflection of the roadbed in the vertical plane and they were regarded as new problems in the field of
nonlinear analysis. In the absence of delay, that is, when a; = 0 in (1.1), problem (1.1)-(1.3) was
intensively studied about well-posedness, uniqueness of solutions, and attractors (see, e.g., [1,7,10,11,21]
and references therein). An [1] obtained the existence and uniqueness of a weak solution for k > —1
and showed decay estimates of the solution, and Ma and Zhong [10] investigated the existence of global
attractors in H3 () x L?(£2). Later, the authors of [21] improved the results of [10] by showing the existence
of strong solutions and global attractors in D(A) x HZ(£2), making use of the norm-to-weak continuous
semigroup scheme developed in [8]. Moreover, we refer [9,15,16] for works of suspension bridge equations.
In this paper, we will study suspension bridge equations with time delay of the form (1.1)—(1.4).

Time delays arise in many applications depending not only on the present state but also on some past
occurrences. The presence of delay may be a source of instability (see, e.g., [4,13]), and hence it affects the
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existence of attractors. Thus, partial differential equations with time delay effects have become an active
area of research (see [12,14,18] and references therein). As regards wave equations with delay, Nicaise
and Pignotti [13] investigated the wave equation with time delay

uge(x,t) — Au(z, t) + aoue(z, t) + arup(x,t —7) = 0. (1.5)
They proved that the energy of the problem decays exponentially under the condition 0 < a3 < ag. And
then they extended the result to the time varying delay case in [14]. For the related works of equations
with time delay, we also refer [6,17,20] and references therein.

Based on the above-mentioned research results, we investigate the existence of attractors and finite
dimensionality of the attractors for problem (1.1)—(1.4). It is worth to mention that there are not much
literature on attractors for delayed systems. Furthermore, as far as we are concerned, this is the first
work in the literature that takes into account the global attractors for suspension equations with time
delay. To obtain our desired results, we establish some functionals which are equivalent to the norm of
the phase space to problem (1.1)—(1.4).

The outline of this paper is as follows. In Sect. 2, we give some notations and material needed for
our work. In Sect. 3, we prove the existence of attractors for problem (1.1)—(1.4). Finally, in Sect. 4, we
examine the finite dimensionality of the attractors.

2. Preliminaries

We first review some notations about function spaces and give hypothesis for problem (1.1)—(1.4). For a
Banach space X, we denote the norm of X by || - ||x. As usual, we denote the scalar product in L?(Q)
by (-,-) and L?(€2) norm by || - ||,, respectively. For brevity, we denote || - ||2 by || - ||

Let A\ be the best constant in the Poincaré-type inequality

Mlul|* < [|Au|* for u € H*(Q) N H(Q).
Let us introduce the phase space
H = (H*(Q) N H}Q)) x L*(Q) x L*(Q x (0,1))
equipped with the norm
(v, 2)11F, = 1Aul® + [[o]]* + |2l @x (0,1))-

With regard to problem (1.1)-(1.4), we impose the following assumptions:
(H1) f: R — R satisty

[f(u) = f(@)] < 1A+ [uf” + [a[)|u —a] for w,aeR, (2.1)
—lp < F(u) < f(uw)u for ueR,

here [ > 0, lp > 0, F(u ff )ds, and p > 0.

(H2) g € L3(Q), jo € LQ(Q x (—7,0))
(H3) The coefficients ag and ay satisfy

0 < |a1] < ag.
As in [13], we introduce the function
z(x, p,t) = ue(z, t — pr) for (x,p,t) € Qx (0,1) x (0, 00). (2.3)
Then problem (1.1)—(1.4) is equivalent to
gy + A%u+ ku 4 aguy + ayz(z,1,t) + f(u) = g on Q x R, (2.4)

Tz (2, p,t) + 2,(x, p,t) = 0 for (z,p,t) € Q x (0,1) x (0, 00),
u(z,t) = Au(z,t) =0 for (z,t) € 9Q x R,
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u(z,0) = up(z), u(z,0) =wuy(z) for z € Q, (2.7)
z(z, p,0) = jo(x, —pT) := 2zo(x, p) for (x,p) € 2 x (0,1). (2.8)
To obtain the global attractor of problem (2.4)—(2.8), we state the existence result:
Theorem 2.1. Assume that (H1) and (H2) hold. Then we have:
(i) For every (ug,u1,20) € H and T > 0, there exists a weak solution (u,uy, z) of problem (2.4)—(2.8)
in the class
w € L0, T; HA(Q) N Hy(Q)), u € L°(0,T; L*(Q)), z€ L>(0,T; L*(Q x (0,1)))

satisfying (u,ut, z) € C([0,T]; H).
Moreover, the solution is unique and depends continuously on the initial data (ug,u1,z0) € H and
g € L*(Q).

(ii) Let (u,uq, z) and (4, 4, 2) be two weak solutions of problem (2.4)—(2.8) corresponding to initial data
(uo, u1, 20) and (o, U1, Z9), respectively. Then one gets

[[(uy e, 2) = (@, g, 2) |l < €| (uo, ur, 20) — (o, @1, 20)) |3 for some ¢ > 0.
Proof. The proof can be established by combining arguments of [1,6,20,21]. O

The aim of this paper is to prove the existence of attractors for problem (1.1)—(1.4) and examine the
finite dimensionality of the attractors. For this purpose, we present some basic concepts and abstract
results on dynamical systems by following the Chueshov and Lasiecka’s book [3] (or see, e.g., [2,5,19]).

Let F be a Banach space and B be a bounded subset of F. We call a function ¢(-,-) which defined
on F x F is a contractive function on B x B if for any sequence {x,}52; C B, there is a subsequence
{Zn, 152, C {xn}5%, such that

likm inf lilm inf ¢(zp, ,xn,) = 0.
Lemma 2.1. Let {S(¢)}1>0 be a semigroup on a Banach space (F,|| - ||#) and have a bounded absorbing
set By. Assume that for any € > 0 there exist T = T(By, €) and a contractive function ¢r(-,-) on By x By
such that
IS(T)z = S(T)yllF < e+ dr(x,y) for all z,y € By,
where ¢ depends on T. Then S(t) is asymptotically smooth in F.

Lemma 2.2. A dissipative dynamical system (S(t),F) has a compact global attractor if and only if it is
asymptotically smooth.

Let XY, Z be three reflexive Banach spaces with X compactly embedded in Y, F = X XY x Z, and
(S(t),F) a dynamical system given by an evolution operator

S(t)r = (u(t),us(t), 2(t)) for a= (ug,u1,20) € F, (2.9)
where the functions v and z have regularity
ue C(RT; X)NCRT;Y), 2 C(RT;2). (2.10)

We call the dynamical system (S(t), F) is quasi-stable on B C F if there exists a compact seminorm nx
on X and nonnegative scalar function a(t) and c(t), locally bounded in [0,00), and b(t) € L*(R*) with
lim;_, o b(t) = 0 such that

1Sz = S@OyllF < at)llz — yllF (2.11)
and

1Stz — Syl < b(t)lle — yl% + c(t) Sup [nx (u(s) = a(s))]?, (2.12)

where S(t)x = (u(t), ui(t), z(t)), St)y = (a(t), u(t), 2(t)) and x,y € B.
Lemma 2.3. Let (S(t),F) be given by (2.9) and satisfy (2.10). If (S(t), F) has a compact global attractor
A and is quasi-stable on A, then the attractor A has finite fractional dimension.
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3. Existence of attractors
In this section, we prove the existence of global attractors for problem (1.1)—(1.4) adapting Lemma 2.2.
To do this, we define a map S(t) : H — H by

S(t)(ug,u1, 2z0) = (u(t), u(t), 2(t)), (3.1)

where (u(t),ut(t), 2(t)) is the unique weak solution of system (2.4)—(2.8) corresponding to initial data
(ug,u1,20). Then, by Theorem 2.1, {S(t)};>0 is a C-semigroup on H.
Inspired by [14], let us define the energy of problem (2.4)—(2.8) by

i
1 1 k £ s—
B = 3llurll + S8ulP + Sl P + [ Fde = g+ 5 [ Ol (32
Q t—1

where

la1| < & < 2ap —|ai| and 0<0<1n|a€1| (3.3)

Using integration by substitution s =t — p7, we find

0
éh/ 0(s— t||u( I ds——%//e_e‘” 2 — pr)dadp
1

5 1
¢
0

F(u)dz — > _pojl — Lpjae - 192
(w)d — (g,) = ~1o|92 — 4 |u* = H5T (35)

Q

/670‘” 2(z, p, t)dxdp. (3.4)

From (2.2), we get

Applying these to (3.2), one sees that

1

1 1 k llg LT -
> = 2 - 2 a2 Hna S OTp
B0) > Sl + 1Al + 22 — ol — 191 2//£ 2(z,p,)dadp
0
1 ! k loli |, ¢ iy
S 2 2 1 2 M2 Te // 2
> Sl + 1Al + Zllt |2 = bl = TEE + 25 22(, p,t)dadp
0 Q
2
> L (ull* + 130+ // (2. )dzap) — pojo] — 4 (3.0
where
1 (1 Ere O
o min {4, 5 } . (3.7)
This yields that
lgll?
s e, 2)1 By < o (B() + ol + 251 ). (3:8)
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Lemma 3.1. Assume that (H1), (H2), and (H3) hold. Then there exists positive constants ¢; and co
satisfying

t
0
E(1) < —allu®IP - el 0] - = / 5y (s) | d.
t—T1
Proof. Multiplying u; in (2.4), we have
d & /
< B - / 5y () Pds S = —aolluc(£)]? — ax(=(1, £), ue(8)).

t_

Thus, by direct calculation and Young’s inequality, we get

B'(t) = — aollur(®)][2 = ax (=(1.), % / 0050y () [2ds
5 56—97
+ 2l ()|* - (s (t =)
2 2
|ai] f) 2 (56707 |a1|) 2
< _ L b R _
< — (a0 = 5+ = 3) )l 5 12(1 )]
t
o0& .
-5 / "D Juy(s)|[*ds. (3.9)
t—T1
From (3.3), the coefficients ag — @ — % = ¢; and 5"797 @ := ¢o are positive. This completes the

proof. O
Next, let us define the perturbed functional by
L(t) = E(t) + e¥(t),
where U(t) = (ug,u).

Lemma 3.2. Let the conditions of Lemma 3.1 hold. Then, for € > 0 small enough there exist a; > 0,
i=1,2, and c3 > 0 such that

arB(t) — (z [ + Itilk ) < L(t) < anE(t )+03(10|Q|+ It ) for t>0. (3.10)
Proof. Young’s inequality and (3.8) give that
1 1 1 2
¥(0)] < gl + g5l aul? < comax {5, 35 b (B0 + ol + 155 ).

Thus, we obtain

|L(t) - ( )| < Ecomax{; 21)\} (E( )+l |Q| + ||§i\”2>

Choosing e > 0 small and letting a; = 1—ecomax {3, 55 } , ao = 14€eco max{3, 35}, c3 = ecomax{3, 55},
we complete the proof. O

Lemma 3.3. Let the conditions of Lemma 3.1 hold. Then, there exist positive constants ¢y and cs satisfying

V(1) < eallu (O] - %HAu(t)IIQ = kllu™ ()1 + esll2(1,1)]]* — /F(U)dﬂc + (g, u(t)).

Q
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Proof. Using (2.4), we have
W(t) = [lue ()] = [|Au(®)[]* = k(u(t), u* () — ao(u(t), u(t)
— ax(u(t), 2(1,1)) = (f(u(®)), u(t)) + (g, u(t))- (3.11)
Thanks to
—k(u(t),u*(t)) = —kllu™ @)%,

1 2a2 9
~ ao(u(t), u(t) < Z11Au]? + 3w ()],
1 , a3 9
—an(u(t), 2(1,) < Zl18u)]2 + 21,01,

fuwmmm»sfjmwm,
Q
we have from (3.11) that

v(0) < (14 D) 0] ~ 318uOI ~ Hlju* (5]

A
af 2
+ 0l — [ Pz + (g, u0).
Q
Putting ¢4 =1+ Li\—é and c; = a—j, we complete the proof. O

Lemma 3.4. Under the conditions of Lemma 3.1, the semigroup {S(t)}i>0 defined by (2.1) has a bounded
absorbing set in H.

Proof. From Lemmas 3.1 and 3.3, we see that
0¢ /
L0 < = erllu®F - el oI = T [ 0 ) Pas
t—T1

€
+ ecallus(@)|* = 51 Au@)[]* — ekllu® ()]

+ ecs|2(1,1)||> - e/F(u)dm + e(g,u(t))
Q

= — (1 — eca)lJue (B)]]* — %HAU(??)H2 — ekl (B)]* - €/F(U)dw +e(g, u(t))
Q

t
0 .
5 [ Iuds - (2 = a1, )| (3.12)
t—T1
Choosing € > 0 small enough such that ¢; — ecy > 0, co — ec5 > 0, we deduce that
L'(t) < —azE(t) for some az > 0.

From this and (3.10), we have
2
L) < — D) 4+ 289 (l Q lgl| )
(0 <210+ 2% (o) + 1210,

and hence

L(t) < {L(O) — e (zom + ”9;”2) } e % +cs (zom n ”“3'2) . (3.13)
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Applying (3.10) to (3.13), we deduce that

E(t) < %E(O)e_ oy 2c3 (l 1| + lgIl* ) (3.14)
a1 A
Consequently, we conclude from (3.8) and (3.14) that

[1(u(t), ue(t), )3, <

Cot2

3
_oat llgll*
- E(0)e =2 +co(203+1)(l0|Q|+ )

2

This shows that any closed ball By = B(0,R) with R > \/60(263 + 1)(l0|Q| + Hg)\H ) is a bounded
absorbing set of (S(t), H). O

Lemma 3.5. Assume the conditions (H1)-(H3) hold and 0 < k < A. Let By be a bounded absorbing
set obtained in Lemma 3.4; S(t)yo = (u,ut, z) and S(t)yo = (4, U, 2) be two weak solutions of problem
(2.4)—(2.8) corresponding to initial data yo = (ug,u1,20) € Bo and go = (to, U1, 20) € Bo, respectively.
Then,

¢

1S (w0 — S®)ol13e < ce™*[lyo — wiol3 + C(Bo) / e U lu(s) — ()3 ds, (3.15)
0
where ¢ > 0, w > 0, and C(By) is a constant depending on the size of By.

Proof.

Step 1. Let w(t) = u(t) —a(t), q(z, p,t) = z(z, p,t) — Z(x, p,t). Then from (2.4)-(2.8), w and g satisfy
wiy + A%w + k(ut — aT) + agwy + arq(z,1,t) + f(u) — f(@) =0 on Q x RT,
Tqi(x, p,t) + q(x, p,t) =0 for (x,p,t) € Q x (0,1) x (0, 00),
w=Aw=0 ondQxR", (3.16)
w(0) = ug — g, w(0) =uy — Uy on €,
q(z, p,0) = zo(x, p) — Zo(x, p) :=qo for (x,p) € Q x (0,1).

Adapting the same arguments used to get (3.9), we can easily see that

EL() < (0—M—§>|| (Ol - (557 = 9D)jgca, o (317)

0 _ . _
O )P — O — 80— 70— 0,0
t—7
where
1 1 ¢
Bul®) = 5 llue@) + 5118w+ 5 [ (o) P,
t—1
here 6 and & are as given in (3.3).

Observing that [ut — at| < |u — @] and |Jw|]* < A|w|[?
constant, we have

(p+1)7 where X is the embedding

+_at, k2 2
—k(u" =", wy) < THW( W) + 7 Hwt”

Also, we have from (2.1) that

— (f(w) = (@), wr) < ICEIQATFT + [[ullf ey, + 1l o) lwllagn ]
< C(Bo)llwllagpen ]
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C(Bo) n
= p ||w‘|g(p+1)+1||wt”27

here and after C'(-) denotes a generic constant, which depends on the variable, different from line
to line or even in the same line.
Substituting these into (3.17), we find that

2,0 < (a0 — 20 & - Do - (S5 - 9 g,

t ~
95 0(s—t) 2 Ak C<BO) 2
Y / e |[we(s)[|"ds + (T + T)”wHQ(;H»l)‘ (3.18)

On the other hand, it can be observed that E,, is equivalent to ||(w, w, q)||3,, that is, there exist
positive constants a4 and as such that

By (t) < [[(w, we, )3 < asBu(t). (3.19)

Indeed, integration by substitution s =t — p7 gives

1
1 1 &t —0or
Bul®) = 5 lux®IF + 318w + & [ e |un(e ~ o) P

0
1 1 Ere? /
Te T
> Sl + 318w+ 5= [ [ p.tidadp
0 Q

1 &re®
>m1n{2 2}||(w7wt,q)|$1. (3.20)

Moreover it holds that
1

1 1 o
Eult) = gllwOIP + 3|0 + // 07 g2 . p.)dadp
0
1

1 1
< Sl + 5l Aw @) + // (., t)dardp
0
1 &7
= max{ 5. 54w w0 e (3.21)

Step 2. Now, let us define
Ly (t) = Ew(t) + (1),
where 9(t) = (w¢(t), w(t)). It can be easily shown that for appropriately small € > 0 there exist
positive constants ag and a7 satisfying

agEy(t) < Ly(t) < arEy(t). (3.22)
From (3.16), it follows
V(1) = |lwel [ = [|Aw][* = k(u™ — @, w) — ag(w, w)
—ai(g(1,1),w) = (f(u) = f(a), w). (3.23)

Since

=

—k(u" —a",w) < Kljwl]® < Tl|Aw|],
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Ui >, 4 2
—ao(wy, w) < 7 ||Aw||” + nj\l\ﬂ&ll :

2
—ar(a(1,1),w) < FllAwl? + Sla(, ]

and

- n C(B
~(1(w) = 7 0) < OB il < il + S w0y

we get from (3.23) that
2
l ap 2 k
< il _ _ -1
w0 < (1+ Bl - (15 = ) Ilaw]?

C(BO) 2
A ||w‘|2(p+1)' (3.24)

g, +
) qll,
Combining (3.18) and (3.24), we have

2
/ < _ _ @ _ § _n_ a6 2
Lot < ~{ao =50 =5 = 5 (14 ) ol
t
k- 3n s B¢ 6(s—t) 2
(1= 5= T AwlP =5 [ e ) Pas
t—1

(e |t s, (20WB) N OBy)
(*5 e L oIF + (5 5+ 5+ =)

Taking n > 0 and € > 0 sufficiently small, we arrive at

Ll (t) < —ceEyw(t) + C(Bo)Hng(p_H) for some cg > 0.
We have from this and (3.22) that

Ly, (t) < —wLy(t) + C(Bo)[wl[3, 41y for some w > 0.
This and (3.22) ensure that

||w||§(p+1)' (3.25)

t
Ey(t) < cre ™' E,(0) + C(By) /e w(t=9)| |4p(s) ||2(p_~_1 ds for some c¢7 > 0.
0

This and (3.19) complete the proof.
U

Lemma 3.6. Assume (H1)-(H3) hold and 0 < k < X. Then, the semigroup {S(t)}i>0 defined by (2.1) is
asymptotically smooth in H.

Proof. We apply Lemmas 3.5 and 2.2. Let By be a bounded absorbing set obtained in Lemma 3.4, and
S(t)yo = (u,ut, z) and S(t)yo = (4, Uy, Z) be two weak solutions of problem (2.4)—(2.8) corresponding to
initial data yo = (uo, u1, 20) € Bo and yo = (o, U1, 20) € By, respectively. Let € > 0. Then, from (3.15),
for every € > 0 there exists T’ = T'(By, ) > 0 such that

I1S(T)yo — S(TYgol ¢ < &+ C(Bo) /ﬂw@—maﬁwﬂm . (3.26)

Gagliardo—Nirenberg inequality implies that
[lu(s) = a(s)ll2p1y < cllAu(s) — Aa(s)[|7][u(s) — a(s)|['~7 < C(Bo)llu(s) —als)[|'~7,
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where ¢ > 0 and o = ﬁ.
This and (3.26), we observe that
1S(T)yo = S(T)oll5 < & + dr(yo, Go), (3.27)
where
T 3
or(ans ) = C(Bo) | [ Iluts) — (o) P1-ds | (3.25)
0
Now, it remains to show that ¢ defined in (3.28) is a contractive function on By x By. Let (u",u}, z™)
be the corresponding solution for the initial data y = (u,uy,z2y) € Bo, n = 1,2,.... Since By is a
bounded positively invariant set in H with respect to S(t), without loss of generality, we assume that
u" — u weakly star in L>(0,T; H*(2) N Hy (), (3.29)
ul — u; weakly star in L>(0,T; L*(Q)), (3.30)
2" —  z weakly star in L>(0,T; L*(22 x (0,1))). (3.31)
These and Aubin—Lions lemma give that
u™ — u stongly in L2179 (0, T; L*(Q2)). (3.32)
This implies that
T
lim lim ¢p(yd,yi) = C(By) lim lim [ |[u™(s) — u™(s)]|?* ") ds = 0.
0
Hence, ¢ is a contractive function on By x By. From Lemma 2.1, the proof is finished. O

Our main result of this section reads as:

Theorem 3.1. Under the condition of Lemma 3.6, the semigroup {S(t)}1>0 corresponding to problem
(2.4)—(2.8) has a global attractor in H.

Proof. Lemmas 3.4, 3.6, and 2.2 ensure the existence of a global attractor. O

4. Finite-dimensional attractor

In this section, we prove the finite dimensionality of the attractors given in Theorem 3.1 making use of
Lemma 2.3.

Lemma 4.1. Let the conditions of Theorem 3.1 hold. Then, the dynamical system (S(t),H) defined by
(2.1) is quasi-stable on any bounded positively invariant set B C H.

Proof. Theorem 2.1 (i) ensures that the dynamical system (S(t), H) satisfies (2.9) and (2.10) by consider-
ing X = H2(Q)NH}(Q), Y = L?(Q), and Z = L?*(Q x (0,1)). Furthermore, we observe from Theorem 2.1
(ii) that (S(t), H) satisfies (2.11). Now, it remains to show that (S(t), H) satisfies (2.12). Let By C H be
a bounded set positively invariant with respect to S(t). Let S(t)yo = (u, u, 2) and S(t)go = (@, Uy, Z) for
Yo € By and yy € By, respectively. Define the seminorm

nx(u) = \|U||2(p+1)7
then nx(-) is a compact seminorm on X = H?(Q) N H}(Q) because the embedding H?(2) N H () —

L2P+1)(Q) is compact. Hence, (3.15) can be rewritten as

15(t)yo — SE)gol 3 < b(t)llyo — oll7, + e(t) Oiggt(nx(u(S) —(s)))%,
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where b(t) = ce* and ¢(t) = C(By) [ e~ “(*~%)ds. Moreover we see that b € L'(RT), lim; ., b(t) = 0,

o o

and ¢(t) is locally bounded on [0, c0) because By is bounded. O
Our desired result of this section is following:

Theorem 4.1. Let the conditions of Theorem 3.1 hold. Then, the global attractor A given in Theorem 3.1
has finite fractal dimension.

Proof. Since the global attractor A given in Theorem 3.1 is a bounded positively invariant set of H,
Lemma 4.1 yields that the dynamical system (S(t), H) defined (2.1) is quasi-stable on .A. Thus, Lemma 2.3
implies that A has finite fractal dimension. O
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