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temperatures. To be more precise, we focus on the Green—Lindsay theory with two temperatures and the Lord—Shulman
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1. Introduction

The study of the spatial behavior of solutions of partial differential equations is a topic related to the
Saint-Venant’s principle. This is an interesting question to analyze both from a mathematical and from
a thermomechanical viewpoints. Such studies describe how the influence of perturbations on a part of
the boundary is damped for the points which are far away from the part of the boundary where the
perturbations are applied. There exists a long tradition for the study of this question, and many investi-
gations have been developed to understand the spatial damping of the solutions for several thermoelastic
situations (see [12] and the references therein). Spatial decay estimates for elliptic [9], parabolic [13,14],
hyperbolic [10] and/or combinations of such [28] have been obtained in the last years. It is worth recalling
that some contributions have also been proposed in the study of phase field models (see [20-24] and [25]).
However, it is worth noting that such a knowledge for nonlinear problems is very limited. What is usual
is to consider a semi-infinite cylinder whose finite end is perturbed and to study how the solutions behave
when the spatial variable goes to infinity.

The infinite speed of propagation for the Fourier law of heat conduction is an important drawback
from a physical point of view. This led many scientists to look for alternative heat conduction models.
At the end of the 1960s, Gurtin and several co-authors proposed and studied a thermoelastic theory
that they called “thermoelasticity with two temperatures” ([3-5,32]). Several authors have dedicated
their attention to this problem (Iesan [15], Quintanilla [29,30] among others). At the same time, other
heat conduction theories have been proposed and developed. We can mention the damped hyperbolic
heat conduction proposed by Cattaneo and Maxwell or the theories proposed by Green and Naghdi. In
particular, two thermoelastic theories based on the Cattaneo—Maxwell heat conduction were proposed
by Green and Lindsay and Lord and Shulman ([11,18]). A remarkable fact is that these theories are
susceptible to be merged in a way which allows to consider the generalized thermoelastic theories with
two temperatures such as the ones proposed in [8,31] and [33]. In this paper, we focus on such theories.
It is worth recalling that the combination of the theories proposed by Green and Lindsay and Lord and
Shulman with the two temperatures theory was suggested by Youssef [33]. This theory has attracted
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a lot of attention in the past years ([2,19,26]). The spatial behavior for the classical theory with two
temperatures was considered by Awad [1]. Our aim in this paper is to extend these arguments to the
theories of Green—Lindsay with two temperatures and Lord—Shulman with two temperatures. Therefore,
it is suitable to recall that the spatial behavior of solutions for the Green—Lindsay theory was studied in
[6,27]. However, to the best of our knowledge, there is no such contribution for the Lord—Shulman theory.
Nevertheless, the arguments to study the usual Lord—Shulman theory would be very different from the
ones proposed here for the Lord—Shulman theory with two temperatures.

Here, we do not study the existence of solutions of the problems; in fact, this can be a difficult question
in many nonlinear situations (see, e.g., [24]). We note, however, that the existence of solutions can be
done by adapting the arguments proposed in [17] to the three-dimensional unbounded case. We thus
assume the existence of solutions and then only study the spatial asymptotic behavior in that case. More
precisely, we obtain a Phragmén—Lindelof alternative for the solutions, i.e., either a growth or a decay
estimate of exponential type can be shown. An upper bound on the amplitude term, when the solution
decays, is also derived, in terms of the boundary conditions.

The plan for the paper is the following: In the next section, we recall the boundary-initial-value
problems that we are going to work with. Section 3 is devoted to the study of the Green—Lindsay ther-
moelasticity with two temperatures. The exponential alternative is obtained, and an upper bound for the
amplitude term by means of the boundary conditions is obtained. Section 4 considers the Lord—Shulman
thermoelasticity with two temperatures, and we also obtain an exponential alternative for the solutions.
Some conclusions end the paper.

2. Preliminaries

The system of equations that governs the thermoelastic deformations of a centrosymmetric material for
the Green and Lindsay theory with two temperatures reads

(cijrrun, + aij (0 + b)) ; = pii;, (2.1)
he +df — agjii; = (kijd,i) 5, (2.2)
¢—0=a(kij¢) ;- (2.3)

Here u; is the displacement, € is the thermodynamic temperature and ¢ is the conductive temperature.
Furthermore, p is the mass density, h and d are constitutive functions, a is a positive constant, c;;; is
the elasticity tensor, a;; is the coupling tensor and k;; is the thermal conductivity tensor. Finally, a is a
strictly positive constant, which is typical of the Green—Lindsay theory.

Throughout this paper, we assume that the elasticity tensor satisfies

Cijkl = Cklij, (2-4)
and that the thermal conductivity tensor is also symmetric
kij = kji. (2.5)
We also assume that a and « are two positive constants and that
p>po>0, h>hyg >0, du—h>mg>0. (2.6)

The last inequality is a consequence of the entropy inequality of Green and Lindsay [11], and po, ho
and mg are positive constants. At the same time, we also assume that all the constitutive functions and
tensors are essentially upper bounded in the region in which we consider our study.

The elasticity tensor and the conductivity tensor are also assumed positive. That is, there exists a
positive constant cg such that

Cijri&ij&ut > co&ijij, (2.7)



ZAMP Spatial behavior in thermoelasticity Page 3 of 16 110

for every tensor &;;, and there exists another positive constant kg such that
ki;&&5 > ko&i&s, (2.8)
for every vector &;.
We also assume that there exists ¢; such that the following inequality
cijri&ijr < 18564,
is satisfied for every tensor &;;. In a similar way, we assume the existence of k; such that
kij&i&5 < k1&i&,
for every vector &;.
We denote 3 = sup a;ja;; and introduce the parameters

Asup k11 /2 . o (supkq 1/2 . asup ki1 1/2
k= —— , k== ——— , K= ——— ,
]C() 2 mo 2

where A is the Poincaré constant for the domain D (which will be defined below).
The system that governs the deformations of a thermoelastic solid for the Lord and Shulman theory
with two temperatures reads

(Cijriurs + aijb) ; = pii, (2.9)
hb — aijiii; = (kijé.i) 5, (2.10)
¢ —0=a(kij¢,),;, (2.11)

where f = f+dy f. In this theory, d is a constitutive constant. When considering this theory, we assume
that (2.4), (2.5), (2.7) and (2.8) hold, but we also need to impose that

a>0, p>po>0, hy >hi>0, d >0. (2.12)

In this paper, we study the spatial behavior of the solutions of systems (2.1)—(2.3) and (2.9)—(2.11).
Therefore, we study the problems in a semi-infinite cylinder R = [0, 00) x D, where D is a two-dimensional
bounded domain smooth enough to apply the divergence theorem.

We then need to impose the boundary and initial conditions. We thus assume that

u;(z,t) = ¢(x,t) =0, x€[0,00) x ID, (2.13)
and
ui(x,t) = fi(we, x3,t), O(x,t) = g(w2,73,1), T € {0} x D, (2.14)
where f; and g are given functions. We also impose null initial conditions
u;(z,0) =0, ¢(z,0)=0, z€R. (2.15)

Remark 2.1. Here, we have not defined initial and boundary conditions for the thermodynamic tempera-
ture 0. Actually, in the computations below, § does not appear and can be seen as an auxiliary unknown
only, so that such conditions are not needed. Note, however, that 6 can be expressed in terms of ¢, so
that initial and boundary conditions on ¢ imply proper conditions on 6, although, strictly speaking, one
would also need to impose boundary conditions on the first and second derivatives of ¢ to do so.

It is worth noting that the existence, uniqueness and continuous dependence of the decaying solutions
determined by problems (2.1)—(2.3), (2.13)-(2.15) and (2.9)—(2.11), (2.13)—(2.15) can be obtained by
means of a semigroup approach. The existence of solutions can be obtained by extending the arguments
proposed in [17] and used there for the one-dimensional problem. However, we do not address this here,
and we will assume the existence of solutions to study their spatial behavior. We refer the interested
reader to [7] or appendix 1 of [16] for more details on this.



110 Page 4 of 16 A. Miranville and R. Quintanilla ZAMP
3. Green-Lindsay theory with two temperatures

In this section, we study the spatial behavior of the solutions of the problem determined by systems
(2.1)—(2.3) subject to the boundary conditions (2.13), (2.14) and the initial conditions (2.15) whenever
assumptions (2.4)—(2.8) hold. To be more precise, we will give a Phragmén—Lindel6f alternative for the
solutions of this problem, as well as an upper bound for the amplitude term for the decaying solutions.
To simplify the notation, we will write

K(¢) = (kijd.i) j-
It will be useful to take into account the following identities:
((Cijkluk,l + aij(0 4 )i + kijdi(d + 0@)) ,
J
= Cijkluk’lﬂi,j + a;j; (0 + Ozé)’[tiyj + (cijklukﬁl + a; (9 + aé))’j’[ti
+kijbid ;i + akijd b+ (kijbi) (¢ + ad)
= CijkiUk, U j + @35 (0 + ab)t; j + pilt; + kijod 0 + akijo ¢
(h@ +df — Clij’L'LiJ')(gb + oqu)
_1d

2 dt
+aij (0 + af)i j + (kijo.), ‘( (Ktm®.1) m + ac(kim®.1) m)

— [eijrti jurs + plgi; + akijé b 5] + kijé b + (hd + df — agj1; ;)(0 + ab)

=5q — [Pty + Cijriu; jugg + — (9 + a9)

+ (d — Z) 0% 4 akijbidj + aa(K(6))?] + (da — h)(0)? + kijp.io.; + a(K(9))>.
(3.1)

We note that the last equality comes from the relation

(hé—i—dé)(@—i—aé):;;( 0+ ab)? + (d—Z)62>+(da—h)(9)2.

3.1. Phragmén-Lindelof alternative

We start our analysis by considering the function

F,(z,1) = / / exp(—2ws) ((Cilk-lﬂrkJ + a1 (0 + oz@))uZ +kngi(o+ 04(;.5)) dads, (3.2)
0 D(z)

where w is an arbitrary positive constant to be fixed later and D(z) = {x € R, =1 = z}.
We have, owing to the boundary and initial conditions, the evolution equations and the divergence
theorem,

¢

2wt)

F,(z+ h,t) — Fy(z,t) = exp(% / %% da:—!—/ / exp(—2ws)W5 dx ds, (3.3)
0

R(z,z+h) R(z,z+h)

where R(z,z+h)={x € R, z<xz1 <z+h},

- h . h
W = plyty; + cijratti jur, + 5(0 +ab)? + <d - > 6% + okijdid ; + aa(K(9))?,
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and
W3 = wWy + (da — h)(0)® + kij6.i6 5 + a(K(¢))%.

We then obtain
t

aF“’a(Z’t) = exp(;?wt) / Wy da+/ / exp(—2ws)W5 dads. (3.4)
z

D(z) 0 D(z)
We note that
(0)* = (9)* — 20K () + a*(K())*.
We now consider an auxiliary function to control the expression involving the term K ((;S)gb We define
t

G(z,t) :2a/ / exp(—2w5)m0ki1q-5gz.51idads,

0 D(z)
where my is given in Sect. 2.
We find, proceeding as above,
t
G(z+ h,t) — G(z,1t) = 2a/ / exp(—2ws)mo(kij¢.i¢.; + d(kijbi) ;) dxds. (3.5)
0 R(z,z+h)
Therefore, we see that
t
0G(z,t oo -
8(? ) = 2am0/ / exp(—2ws)(kij¢.:0,; + K(¢)¢) dads. (3.6)
0 D(z)

Next, we consider the function H, = F,, + G. We have

¢

—2wt

H,(z+ h,t)— H,(z,t) = M / Widx + / / exp(—2ws)Wa dx ds, (3.7)
0

R(z,z+h) R(z,z+h)

where

Wa = wWi +mo((9)? + 2akijdi0,5 + a*(K())*) + (da — h — mo)(0)* + kijd,i05 + a(K (¢))*.

We also have
t

aHgiz,t) :exp(g%ﬂf) /Wl*daJr/ / exp(—2ws)Wy da ds. (3.8)

D(z) 0 D(z)
The next step consists in obtaining an estimate on |H, | in terms of the spatial derivative of H,,. First,
we note that
|Ho| < [Fu] + G- (3.9)
In fact
|Fol < [Ii] + [L2] + 1],

where
t

I1:/ / exp(—2ws) ik, 1U; da ds,
0 D(z)
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t

]2:/ / exp(—2ws) a1 (0 + af)i; da ds,

0 D(2)
and
/ / exp( 2ws)ki1¢’i(¢+aq.5) dads.
0 D(z)
We see that
1/2
|| < ( exp( 2w8)c”klumukldads/ / exp(—2ws)cijrtin;t,n dads
D(z) 0 D(z)
1/2 ¢ ¢l
< (4p0w2> / / exp(—2ws) ¢ riti, jUk,1 dads+w/ / exp(—2ws)pt;i; dads
0 D(z) 0 D(z)
: . 1/2
|| < (/ exp(—2ws)ai;jaij (0 + ab) dads/ / exp(—2ws);u; dads
0 D(2) 0 D(z)
¢ ¢
< (4p0w2h0) w/ / exp( 2ws)h(9+a9) dads—|—w/ / exp(—2ws)pt;iu; dads
0 D(z) 0 D(z)
. 1/2
I3 < ( exp(—2ws)kij¢ ; qudads/ / exp(—2ws)k11¢? dads
0 D(z) 0 D(z)
. 1/2
+a / / exp(—2ws)k;j¢ ;¢ ; dads/ / exp(—2ws)k11(¢)? dads
0 D(z) 0 D(z)
t
<k / / exp(—2ws)ki;¢ ¢ ; dads
0 D(z)
t t
+k* / / exp(—2ws)k;;¢ ;¢ ; dads+/ / exp(—2ws)mo($)? dads | |
0 D(z) 0 D(z)

where k£ and k* are given in Sect. 2.
In a similar way, we see that

t

¢
|G| < k** //exp(—2w5)2am0kij¢.5,iq-5,jdads—|—/ / exp(—2ws)mo(¢)? dads
0

0 D(z) D(z)



ZAMP Spatial behavior in thermoelasticity Page 7 of 16 110

From the previous inequalities, we can select

o 1/2 af 1/2
C3:max<(w> () ””’“’”’“>'

|Ho(2,t)] < CgiaH“é(Zz’t), (3.10)

We obtain

for every t and z > 0.
Inequality (3.10) is classical in the study of spatial estimates (see [9]) and yields a Phragmén—Lindelof
alternative. If there exists zp > 0 such that H,(t, z9) > 0, then the solution satisfies the estimate

H,(t,2) > H,(t,2z0) exp(C5 (2 — 20)), 2 > 2. (3.11)

This estimate gives information in terms of the measure defined in the cylinder. Indeed, it follows that

t
w / Wl*dx+/ / exp(—2ws)Ws da ds (3.12)
0

R(0,z) R(0,2)

tends to infinity exponentially fast, where R(0,z) = {z € R, x; < z}. On the contrary, when H,(z,t) < 0,
for every z > 0, we deduce that H,(z,t) < 0 for every z > 0 and the solution decays and we can obtain
an estimate of the form

— H,(2,t) < —H,(0,t)exp(—C5 '2), z > 0. (3.13)

This inequality implies that H,(z,t) tends to zero as z goes to infinity. Furthermore, in view of (3.13),
we see that

E,(z,t) < E,(0,t)exp(—C5'2), 2 >0, (3.14)
where
¢
E,(z,t) = w / Wi d;v—i—/ / exp(—2ws)Wy dx ds (3.15)
R(z) 0 R(z)
and R(z) = {z € R, x1 > z}.
Setting finally
. ¢
E(z,t) == Wi dx —|—/ / W dz ds, (3.16)
R(z) 0 R(z)

we have the

Theorem 3.1. Let (u;, ) be a smooth solution of the problem defined by (2.1)—(2.3), the boundary condi-
tions (2.13), (2.14) and the initial conditions (2.15). Then, either this solution satisfies the growth estimate
(3.11) or it satisfies the decay estimate

E(z,t) < B,(0,t) exp(2wt — C3'2), 2 >0, (3.17)

where the energy £ is defined in (3.16) and E,, is given by (3.15).
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3.2. The amplitude term

The spatial decay estimate obtained in the previous subsection is of limited use unless we have an upper
bound on the amplitude term in terms of the boundary conditions. The aim of this subsection is thus to
obtain such a bound.

We denote by v;, ¢ functions satisfying the same boundary conditions as u; and ¢ and such that they
tend to zero in a fast way when x; increases. We have

t
- //exp —2ws) (Cijritti j0r + ai; (0 + aB)vi j + piist; + kijd.i(p.; + ap ;)

0
+(K D)) + ap))dvds
t
+2am0//exp —2ws)( 1jq'§7¢),j<,b+k‘ijé,igb,j)dwds. (3.18)
0 R

We note that

//exp —2ws) pii;v; dvds = exp(— 2wt)/puzv1das—//exp —2ws)pt;v; de ds

R
t
—|—2w//exp —2ws) pi;v; dx ds. (3.19)
0 R
We further see that

t
/ exp(—2ws)ci kit j0k, da ds
0

1/2

1/2 .
//exp —2wS)C;jRiti juk, deds X //Cijkl’(‘)iyji}k’l dx ds ,
0 R

1/2
/ exp(—2ws)a; (0 + ab)v; ; deds < //exp —2ws)aijai; (0 + af)? dz ds
0 0 R
1/2
//i)@ji/@jdl‘ds s
0 R
1/2 1/2
eXp(—th)/puii)i dz < exp(—2wt) /pami dx /,ovzvZ dx ,
R R R
12, 1/2

t t
—//exp(—2ws)pui1'}i dzds < //exp(—Qws)pumi dz ds //pvlvl dz ds ,
0 R 0 R 0 R
t
Qw//exp(72ws)pﬂmi dzds
0 R
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1/2

¢ /2,y
< 2w //exp(—Qws)puiuidxds //pi}iijidxds ,
0 R 0 R

1/2

exp(—2ws)k;;¢ i(p; + ap ;) dzds exp —2ws)k;j¢ ¢ ;drds

o
?3\
o\

1/ 1/2

t
//kijsﬁ,iw,jdfvds +a //k”golgojdxds ,
0 R 0 R

/t/exp(—QW3>(K(¢))(<P+ag0 dz ds /t/exp —2ws)(K(6))? do
0 R )

1/2

1/2

O/JZ(sﬁﬂLa«b)zdx ,

t
2am0//exp(—2ws)kij¢.>7igb,jdxds§2am0 //exp —2ws) ”-(;.S,iq'ijdxds
0 R

0

1/2

1/2

t
//k‘ijgb)igb’j dz ds s
0 R

2am0//exp(f2ws)K(gz.5)gbdzd5 < 2amyg //exp —2ws)K ()% dz ds
0 R

/t/(gb)deds
0 R

Employing the arithmetic—geometric mean inequality, we see that

t
1//exp —2ws) nga:ds—FDl//cuklv”vkldxds
0

t

—|—62//exp —2ws) ngxds—i—Dg//vmv”dxds

2wt)
+63M/W1 dac—i—Dg,/vavZ dx

t t
+e4//exp(f2ws)W2 dxds+D4//p1’}i1’ji dzds
0 R 0 R

1/2

1/2

110
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+es5 /
0

exp(—2ws)Wa dazds + Ds / / pUv; da ds

/exp(—Qws)Wg dz ds + Dg / /(gpvigpﬁi +¢ip,)drds
R R
t

/exp(—Qws)ngxds+D7//(g0 +()?) dads
R

=]
2]

/exp(—Qws)Wg dzds + Dg// Zdzds
R R

/exp —2ws) ngxds—l—Dg// 4, dxds.
R

Here ¢;,7 = 1,...,9, are positive constants that are as small as needed and D; are positive constants
depending on the constitutive tensors, the parameters ¢;, the parameter w and time. In fact, we can take

[}

/
/
j |
/

D1 = (461&))71, D2 = Oéﬂ(4€2who)71, D3 = (263)717 D4 = (464(.«))71, D5 = wegl,
Dg = max(1,a)k; (4e6) ™", D7 = max(1,a)(2e7a)™!, Dg =moeg', Do = amok;(2¢9) ™"

We can always select ¢; in such a way that ¢; + e+ €4+ €5 + €6+ €7 +€s +e9g = 1/2 and ez = 1/2.
We then obtain

t t
—Hw(O,t) < 2D1//Cijkl'[)i,j®k:,l dxds—l—QDg//i)i,jiJM dx ds
R

t t
R 0 R 0 R

t

+2D7//<p +( dxderZDg// 24z ds
+2Dg//(p7igb7i dzx ds.
0 R

We now select v;(z,t) = fi(x2,x3,t) exp(—ma1) and ¢(z,t) = g(x2, x3,t) exp(—ma1), where m is an
arbitrary positive real number. We have

t
. 1 - . . 1 .
//Cijklvi,jvk,ldx ds = i//(mcilklfifk + Citka fifr,a + Ciakl fi,afr + Eciakﬁfi,afk,ﬁ)dadsv
0 R 0D
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t t
.. 1 . 1. .
0;,50;, 5 dords = By (mfifi + Efi,afi,a)dadsv
0 R 0 D
1 .
/p@iijidxds: —/pfifida,
2m
R D
t t
1 o
//pi}ii}idxds:—//pfifidads,
2m
0 R 0 D
t t
1 .
//p’[)i’[)idxds:—//pfifidads,
2m
0 R 0 D
t t
.. 1 . 1 .
//(cpyigavi +¢p)drds = 5// (m(92 + (9)2) + E(g,ag,a +g,a9,a)) dads,
0 R 0 D

t

[+ @aras = o [ [0+ @) dads.
R

0 D

o _

We then obtain

t
E,(0,t) < Dl// <mci1k1fifk + Citkafifr,a + Ciak1 fi,afr + mCiakai,afk,B) dads
0D
/ 1 D
#0n [ [ (mhdit o findin) dads+ 22 [ pfida
m m
0 D D

t t
D . D .
+i//Mﬁm®+i//ﬁmm®
m m
0 0 D

D

m

+(Dg + Dy) /<m(92+(g)2)+ ! (g,ag,a+ggag,a)> dads
D

One would like to optimize the value depending on the parameter m. However, it is clear that this is
a very cumbersome task.

4. Lord-Shulman theory with two temperatures

In this section, we study the spatial behavior of the solutions of the problem determined by system
(2.9)—(2.11) subject to the boundary conditions (2.13), (2.14) and the initial conditions (2.15) whenever
assumptions (2.4), (2.5)—(2.7)—(2.8) hold. As in the case of the Green-Lindsay theory with two tempera-
tures, it is possible to obtain the spatial decay of solutions.
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We note that from the equation for the displacement in the Lord—Shulman theory we obtain
(Cijriln, + aijé),j = pii;.
Now, we consider the equalities
((cijrrting + aij@)ii + kijd.id) 5 = (Cijrrling + aij0)iij + (Cijrting + aii0) jui + (kijb ) jé + kijd.id.;
ke + ai0)i; j + plit; + (hlé — il )+ kij 6.0,

= (C
1d, .

2 dt (puzul + Cz]kluk lul ]) + aljoul 7

+(h1 o— a; j1:.7)0 + akijd.i) j (kim®,0)m + kijdi6j + dikij.:6.;
o 1d,
2 dt (puzuz + ngk‘luk lu’L,j + h1(02) + adl( (¢))2 + dlkij¢,i¢,j)

+a(K () + kijdid;.

Phragmén—Lindel6f alternative

As far as this theory is concerned, the analysis starts by considering the function

t

F,(z,t) = / / exp(—2ws) ((anlﬁk,l + ailé)ﬁi + kil@i)’iqg) dads. (4.1)
0 D(z)
We have
t
Fu(t,z+h) — F(t,z) = (mx?;zm) / W dx+/ / exp(—2ws)Wy dzds,  (4.2)
R(z,24h) 0 R(z,z+h)

where R(z, z + h) has already been defined,
Wi = pligti; + cijrrtii jing + hi(0)? + dikijé,:0,; + dia(K (¢))?
and
W5 = wWi +kijéid,; + a(K(9))*.
We then obtain

t
aFB(jZ) :exp(;th) /WdeH'/ / exp(—2ws) W3 dads. (4.3)
0

D(2) D(2)

We need another function G. Here, we define the function G by

¢
G(z,t):awhé/ / exp(—2ws) ki ¢¢; dads.

0 D(z)

We have

t

= awhf)/ / exp(—2ws)(kij<£,j$,i + (kijé,i),jé) da dS, (44)

0 D(z)

0G(z,1)
0z
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As in Sect. 3, we define H, = F,, + G. We also have

¢
—2wt
H,(z+ h,t) — H,(z,t) = w / Wi der + / / exp(—2ws)Wa dx ds,
R(z,z+h) 0 R(z,z+h)
(4.5)

where
Wo = w(piltit; + cijritis jin, + dikijdip.; + dia(K(¢))?

(10 =2 02+ 3 4 20560, + PKG)) + Koo + K0

Similarly, we have
[Fu| <[]+ [a] + [I5],

where

//exp QWS)CilklakJ'éLidads,

0 D(z)

t
//exp —2ws a119uldads
0

D(z)

] / exp(—2ws) ki ¢ ;6 da ds.

0 D(z)

and

We can estimate I1,..., I3 in a similar way, and we have
1/2

|| < //exp(f2ws)cl-jklﬁi7jﬂk7ldads/ / exp(wiS)Cijklﬁmjﬁkmdads
0 D(z) 0 D(z)

t t

/ / exp(—?ws)cijklﬁijﬁkldads—i—w/ / exp(—?ws)pﬁiﬁi dads |,
4p0w2 ’ ’
0 D(2) 0 D(z)
t
O/D (2)

: t
ho )2 P
< - T —_ . .
< <2p0w2h0> w/ / exp(—2ws) <h1 5 > (9) dads—i—w/ / exp(—2ws)pt;u; dads |
0 0

IN

1/2

t
|I5] < exp( Qws)a”au dads//exp Qws)ﬁiﬁidads
0

D(z)

D(z) D(z)

1/2
. /

73]

IN

exp —2ws)k;ijd ; gb]dads/ / exp(—?ws)kug%zdads

O D(z) 0 D(z)
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t t
*

+m* //exp(—Qws)dlkiqu}iqS,jdads+/ / wThOexp(—Qws)(é)Qdads ,

0 D(z) 0 D(z)

m* N supkn 1/2
-\ 2d1hjw '

where

On the other hand

. . 1/2
|G(2,1)| < (2a)*/? / / exp(was)wahSking)J(Z),j dads/ / exp(wis)wgkng%z dads
0 D(2) 0 D(z)
t t .
< m* / / exp(72ws)wah8k”q§,iqﬁj dader/ / wThOeXp(fzug)((;S)? dads |,
0 D(2) 0 D(z)
where
m** = (asup k1 /2)Y2.
From the previous inequalities, we see that
Ho (2, 1)] < 0378]{3(;”&), (4.6)

for every t and z > 0, where

o 1/2 3 1/2
O — * k% .
e () () o)

From this equality on, the analysis is identical to the one proposed in the previous section. If we
define the functions E,(z,t) and £(z,t) as in Sect. 3, but with the functions W;* and W5 proposed in
this section, we have the following result:

Theorem 4.1. Let (u;, ) be a smooth solution of the problem defined by (2.9)—(2.11), the boundary condi-
tions (2.13)—(2.14) and the initial conditions (2.15). Then, either this solution satisfies the growth estimate
(3.11) or it satisfies the decay estimate

E(z,t) < B,(0,t) exp(2wt — C3'2), 2 >0, (4.7)
where the energy & is defined in (3.16) and E,, is given by (3.15).

To have a complete description of this estimate, we need an upper bound on the amplitude term
E,(0,t). This can be done by using an argument similar to the one proposed in Sect. 3. However, we do
not do it here to avoid repetitions.

5. Conclusion

In this paper, we have analyzed the spatial behavior of the solutions for the thermoelasticity theory
of Green—Lindsay with two temperatures and the thermoelasticity theory of Lord-Shulman with two
temperatures. We have seen that the alternative for the solutions is of exponential type in both theories.
In fact, the growth/decay are also quite similar, but of course depending on the constitutive functions
and tensors. It is worth noting that from the first system we obtain the classical thermoelasticity when
a=a =0 and h = 0. We then see that the growth/decay for the classical thermoelasticity could be
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faster in general. A similar comment can be done for the Lord—Shulman theory. Another relevant result is
that both theories determine the infinite speed of propagation in view of the alternative result obtained
in each case.
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