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Investigation on the effects of temperature dependency of material parameters
on a thermoelastic loading problem
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Abstract. The present work is concerned with the investigation of thermoelastic interactions inside a spherical shell with
temperature-dependent material parameters. We employ the heat conduction model with a single delay term. The problem
is studied by considering three different kinds of time-dependent temperature and stress distributions applied at the inner
and outer surfaces of the shell. The problem is formulated by considering that the thermal properties vary as linear function
of temperature that yield nonlinear governing equations. The problem is solved by applying Kirchhoff transformation along
with integral transform technique. The numerical results of the field variables are shown in the different graphs to study the
influence of temperature-dependent thermal parameters in various cases. It has been shown that the temperature-dependent
effect is more prominent in case of stress distribution as compared to other fields and also the effect is significant in case of
thermal shock applied at the two boundary surfaces of the spherical shell.
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1. Introduction

Earlier in thermoelasticity theory it was assumed that the all thermal parameters are free from tem-
perature. But at high temperature, considering many practical and theoretical results of the materials
Noda [1] in 1991 reported a detail review on temperature-dependent material properties and showed
that thermal conductivity of the materials decreases exponentially with temperature. In recent years,
different researchers consider the generalized thermoelasticity theories by taking into account that ther-
mal parameters vary with temperature. It must be mentioned here that earlier in 1918, considering only
shear modulus depending on temperature, a thermoelastic model was solved by Suhara [2] and the effects
of temperature dependency of shear modulus were investigated. Youssef et al. [3] discussed the depen-
dency of modulus of elasticity and thermal conductivity of the material on temperature in generalized
thermoelasticity theory for an unbounded medium with a spherical cavity. Othman [4-7] investigated
the thermoelastic interactions in two-dimensional thermoelastic problems with temperature-dependent
elastic moduli. Zenkour and Abbas et al. [8] analyzed a problem with density and thermoelastic prop-
erties depending on temperature and discussed some characteristic features of temperature-dependent
properties of the materials.

The classical theory of thermoelasticity was given by Biot [9] and earlier it was widely being employed
to study problems in coupled thermomechanics. This theory removes the drawbacks of uncoupled theory
that mechanical disturbance does not affect the temperature field of the medium. But this thermoelasticity
theory is based on parabolic-type heat conduction equation and indicates an infinite speed of thermal wave
which is really not true in practical sense. Several experimental works are also carried out to verify that the
classical heat conduction law is inadequate in some typical situations, specially those which involve short
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time and/or high heat flux. During last few years, various efforts are made to understand this physical
drawback in classical thermoelasticity theory and subsequently some alternative theories are proposed to
deal with this issue. The very first generalized thermoelastic theory was proposed by Lord and Shulman
[10] in which Fourier’s law of heat conduction is replaced by the Maxwell-Cattaneo law that includes one
time relaxation parameter. After this generalized theory, Green and Lindsay [11] introduced an alternative
thermoelasticity theory with two relaxation parameters of time that were introduced in the constitutive
equation of stress and the entropy. However, Fourier’s law of heat conduction remained unchanged in
case of centrosymmetric properties. Experimental as well as theoretical studies verify that the effects of
relaxation parameters are prominent in certain cases, although it is very small and negligible in many
engineering applications. Both the above theories predict the finite speeds of propagation of heat waves.
Later on, Green and Naghdi [12-14] proposed three different generalized thermoelasticity theories termed
as GN-I, GN-IT and GN-III theories by introducing a new term named thermal displacement gradient in
the constitutive relations. Further the linear form of GN-I is equivalent to the classical Fourier’s law of
heat conduction.

Tzou [15] and Chandrasekharaiah [16] developed new thermoelasticity theory with two phase-lag
parameters and termed it as thermoelasticity with dual-phase-lag effects. Tzou [15] replaced classical
Fourier’s law ¢ = —KV0 with §(P,t+1,) = —KV6 (P,t+75) where 7, and 7y are two delay times.
Further, Roychoudhuri [17] modified the GN-IIT model with the introduction of three different phase-
lags. The constitutive relation of heat flux and temperature gradient is considered in the form

F(Pt+7,) = — [KW (Pt +79) + K*Vu (Pt +7,)

where 7, is another delay time, Vv is the thermal displacement gradient with v= 6 and K* is a material
constant.

The thermoelasticity theories with phase-lags have drawn the attention of several researchers in order
to obtain the wellposedness of solutions under these cases. Some qualitative results are reported in this
direction. Quintanilla and Racke [18] discussed the stability, and Hetnarski and Ignaczak [19] show the
theoretical significance of dual-phase-lag generalized thermoelasticity theories. Recently in 2011, Quin-
tanilla [20] has reformulated the three-phase-lag model in an alternative way by defining 7, > 7, = 79
and 7 = 7, — 7, in the above equation. By combining this with energy equation —V¢g = c 9, he obtained
the heat conduction equation with a single delay term in the form

ci(t) = KAO(t) + K*Av(t +7)

which is termed as exact heat conduction with a delay.
He further discussed Taylor’s series approximation of the heat conduction equation in a form

l
cv=KN)+ K* (Au +TNO+ -+ ;AOUU)

From the above equation with [ = 0 and [ = 1, we get the known thermoelasticity theories, while for
I = 2, a different thermoelastic theory is obtained as follows
*, 2

27 Ai=(K+KT)AO+K* Av

Subsequently, Leseduarte and Quintanilla [21] investigated the stability and spatial behavior of the
solutions of this newly proposed model with single delay term. A Phragmen-Lindelof-type alternative
is obtained, and it has been shown that the solutions either decay in an exponential way or blow up
at infinity in an exponential way. The obtained results are extended to a thermoelasticity theory by
considering the Taylor series approximation of the equation of heat conduction to the delay term and
Phragmen-Lindelof-type alternative is obtained for the forward and backward in time equations. Kumari
and Mukhopadhyay [22] made an attempt to establish some important theorems in this context. A
uniqueness theorem has been established for an anisotropic body, and a variational principle as well as
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a reciprocity principle is established too. Recently, an uniqueness theorem and instability of solutions
for this model under the relaxed assumption that the elasticity tensor can be negative have been proved
by Quintanilla [23]. For the half-space, a detailed analysis of analytical and numerical results under the
current theory is provided by Kumar and Mukhopadhyay [24].

In the present work, we aimed at the investigation of thermoelastic interactions in a temperature-
dependent spherical shell under the recently proposed modified thermoelasticity theory by Quintanilla
[20]: an exact heat conduction model with a single delay term. The thermal properties of the medium
under the present thermoelasticity theory is taken as linear function of temperature. We consider the
problem to be studied under three different kinds of boundary conditions. Due to the consideration
of varying material properties, the governing equations reduce to nonlinear differential equations. We
apply Kirchhoff transformation along with Laplace integral technique to solve the problems. Inversion of
Laplace transform carried out by a numerical approach gives the final solution for different field variables
inside the medium. The numerical results of the field variables are shown in different graphs to study the
influence of temperature-dependent thermal parameters in the context of new model.

2. Problem formulation

We consider an isotropic elastic medium with temperature-dependent material properties and employ
the thermoelasticity theory based on the heat conduction model with a delay term as recently given by
Leseduarte and Quintanilla [21] to consider the thermoelastic interactions in the absence of any body
forces or heat sources. The basic governing equations in usual indicial notation therefore can be written
as follows:

The equation of motion:

pijj 4 (A p) g i =20, = pis (1)
The equation of heat conduction:
9 o TP 0 90 e
— (K6;) . 1 — 4+ ——— | (K"0;) . = — — +Toy— 2
o ( ,),ﬁ( +T8t+28t2)( W= g [chatJr wat} 2)

The equation of stress—strain—temperature relation:

045 = 2pe;; + ()\ek;c — ’}/9) 5”‘ (3)
where u; are the components of displacement vector, ¢ is the time, e;; are the components of elastic
strain tensor, e = e;; is the dilatation, o;; are the components of stress tensor,0 =T — Ty, i.e., 0 is the
temperature variation above the uniform reference temperature, Ty. A and p are the Lamé’s constants, p
is the mass density, v = (3A + 2u)ay, where a4 is the coefficient of linear thermal expansion, K, K* are
the thermal conductivity and conductivity rate, respectively. 7 is the thermal diffusivity, where n = ££
and cg is the specific heat at constant strain. 7 is the delay parameter [11].

We consider a spherical shell of inner radius a and outer radius b, initially at uniform temperature
To. Considering the center of the shell at the origin, introducing spherical polar coordinates (r, 9, ), and
assuming spherical symmetry, Egs. (1)—(3) reduce to

Oe a0 0%u

(A+2M)§—7§—Pﬁ (4)
o ,, 0K [(00\* o 122 veo,  OK* (007

920 Ocy (90\° d%e
= reEgE TP (m) MRELPT 5)
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0
Opp = Zua—:f + de — 6 (6)

Opp = Opy = QM% + de — 0 (7)

where u is the single nonzero component of displacement vector for the present problem.
We assume that material properties like, the thermal conductivity, K, and conductivity rate, K*, vary
with the temperature and assume that they are varying linearly in the form as

K(0) = Ko(1+ K,0) 8)
K*(0) = Ki(1+ K10) 9)

where K is a constant and it is zero at reference temperature. Ky and K are the thermal conductivity
and thermal conductivity rate at reference temperature, Ty, respectively. For the simplicity of the problem,
specific heat, c¢g, and other material parameters are assumed to be independent of temperature.

In view of Egs. (8, 9), we find that Eq. (5) is nonlinear, and therefore to tackle the nonlinearity we
consider a new function @ that is expressed in terms of temperature, § with Kirchhoff transformation as

o 0
1 1
@z—/K(p)dp: — /K*(p)dpz9—i-7K192 (10)
K; 2
0

Ko
0

Hence, by using Egs. (8)—(10) and the fact that | 8/Tp |<< 1, Egs. (4)—(7), respectively, reduce to

Oe o 0%u

A2U)— — V7 = p— 11
A2 =5 =Pan (11)
~ o 1209 0?d d?%e

K\V?O+K§ (147 + 575 | VO =nKo—5 + 7055 12
oVTE °< +Tat+28t2) oG TG (12)
ou
Opp = ZLLE—F)\e—'y@ (13)
Opp = Ouy =2u%—|—)\e—'yd5 (14)
Now, we use the following symbols and notations to make Egs. (11)—(14) dimensionless:
r = Comr, u' = Conu, t = anta = C%T]Ta ' = %a e = ¢, agj = ()\oii.?juo) ) C% = (AEQ#) KT = CE()\IQ#)7

5

_ 0 _ _1To _ 0 2 A
W = Koo M = Grzey 2= Ko B = Gz

Therefore, after dropping the primes for clarity, Eqs. (11)—(14) change to their dimensionless forms as
follows:

Oe 15X’ 0%y

o Mo T (15)
. 0 72 9?2 0% 02%e
Vie (”%ﬁmw) Ve = G g (16)
5]
o = (1 - 2) a—?—i—ﬁze—al@ (17)

u
Tpp = 0 = (1 — %) ;+ﬁ26—a1¢ (18)
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3. Solution of the problem

Applying Laplace transform to Egs. (15)—(18) with homogeneous initial conditions, we obtain

e 9d

o gy (19)
2 2
Vo= e e (20)
G = (1 3%) % +e—a® (21)
Gop = Oy = (1= 37) g +p%e—a1® (22)
where by(s) = agr2s% + 2 (1 + ap7) s + 2ao.
Now, taking divergence of Eq. (19), we get
Ve —a,V?9 = s’e (23)
We employ Egs. (20) and (23) to get
Al izzj P+ ( 1)206(882) + 32> e (24)
where € = ajas. Applying V? operator on Eq. (24) , we get
vie = 2322)2 V2o 4 (1)2:(882) + 52> Ve (25)
With the help of Egs. (23) and (25), we find
(V4 —b1(s)V? 4+ ba(s)] €= 0 (26)
where by (s) = b%z) + l?oe(f) + 52 and by(s) = bii)'
Applying (V2 — 52) operator on Eq. (20) and using Eq. (23), we get
[V4 = b1(s)V2 +ba(s)] & =0 (27)
Now, Egs. (26) and (27) can be rewritten as
(V2 —ni) (VZ—n3) (2,6) =0 (28)
where n? and n3 satisfy the equation
n* — by (s)n? +ba(s) =0 (29)

Clearly, (28) represents the modified spherical Bessel equations. Hence, the general solution of Eq.
(28) can be obtained as

2
- % > [Culaja () + Difys (i) (31)

where A;, B;,C; and D; are arbitrary constants and I, (r), K,(r) are the representations of modified
Bessel functions of order a of the first and second kinds, respectively.



98 Page 6 of 12 A. Kumar and S. Mukhopadhyay ZAMP

Using Egs. (23), (30) and (31) , we get
Ai = fiCi and Bz = leZ (32)

where f; = 2722, 1=1,2.
With the help of Eqgs. (19), (21), (22), (30) and (31), we get the solution of other physical variables
in Laplace transform domain as follows:

2
1 C’z D;
h=—> {nif:a/z (nr) — nT_Ka/z (nﬂ“)} (33)
2

Orp = L Z [Ci {2211/2 (nir) — 2((17;7,)6)[3/2 (nﬂ’)} + D; {ZgKl/z (nir)

%

2 ((1 - 3?) K3 (mr)H (34)

n? — s? - B2
[ s

(nir

> n? — g2 — 32
Jrirz Di{(ﬂQ an >K1/2(nir)(1(mf))K3/2(nl)}] (35)

4. Applications of the problem
Case-I: Unit step increase in temperature and zero stress on the boundary of an elastic spherical shell

We consider the thermoelastic spherical shell with initial conditions as homogeneous, and it is assumed
that the inner and outer boundaries » = a and r = b of the spherical shell are traction free and are
subjected to a unit step increase in temperature. Therefore, the boundary conditions in the dimensionless
forms can be written as:

O(r,t) =07H(t) and o(r,t)=0atr=a (36)
O(r,t) =05H(t) and o(r,t) =0at r =5 (37)
where 67 and 65 are two constant temperatures and H (¢) is the Heaviside unit step function.

Therefore, using Eq. (10) and applying Laplace transform to the boundary conditions given by (36)
and (37), we find that

B(a,s) = 951 (1 + 2K19*) (b, ) = %2 <1 + ;Kle;)  Glas)=0=c(bs).  (38)

Case-I1: Exponential variation in temperature and zero stress of the boundary of an elastic spherical
shell

It is assumed that both the inner boundary r = a and outer boundary r = b of the spherical shell are
traction free and the inner boundary is subjected to an exponential variation in temperature, whereas
the outer boundary is maintained as insulated as follows:
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2

O(r,t) = i—e*t/tf, t>0and o(r,t)=0atr=a (39)
aeg; 2 =0and o(r,t)=0atr=>5 (40)

where t; is a constant parameter to control the nature of temperature prescribed on the inner boundary.
Hence, using Eqgs. (10), (39) and (40), we get

Blas) = 2t 3Kt
’ (14 sty)® 42+ st,)°

, (b, s) =0,5(a,s) =0=5(b,s). (41)

Case-III: Sinusoidal varying temperature and zero displacement at the boundary of an elastic spherical
shell

Now, we assume that the inner boundary r = a of the spherical shell is rigidly fixed and is subjected to
a sinusoidal variation in temperature as follows:

it
O(r,t) = Gosm(t), 0<t<t0, t>0 and u(r,t) =0,at r=a (42)
0, otherwise

The outer boundary is also kept rigidly fixed and insulated, i.e.,
A0(r,t)
or

where t( is a constant that controls the range of temperature to be positive on the inner boundary.
Therefore, we get in this case

=0 and u(r,t)=0atr=2»> (43)

Oomt —sto K037 —sto) g
b(a,s) = ﬁ(l—i—e )+M7T;7i52t3)(1—e ), ®(b,s) = (44)
u(a,s) = 0 =u(b, s). (45)

Now, for the Case-I, from Egs. (30), (34) and (38) we obtain a linear system of four equations in four
unknowns as given by

2 0*

> [filij2 (nia) Ci + fiKy 3 (nia) D;] = ‘/i 1 <1 + %Kﬁf) (46)
=1

2 bo% 1

Z [lel/2 (nib) C; + fzK1/2 (nib )Dz] \/; 2 (1 + §K19§> (47)

s
Il
—

2 _ 52
2 —akKy o (nia) + 2(1717_5)1(3/2 (nia)} Di} =0 (48)

k3

e

2 2
{ {82(1]1/2 (nja) — Mlgﬂ (nia)| C; +
n ng

2(1-p%)
n;

i=1

I35 (nib)| C; +

e

2 2 2(1 — 2
{ {221’11/2 (nib) — %b}(l/g (nib) + %Km (nib)} Di} -0 (49)

k3

i=1

After solving Eqgs. (46)—(49), we can find the unknowns C; and D;, hence the 4; and B;, i = 1,2 from
Eq. (32) and this completes the solution of the present problem in Case-I in Laplace transform domain.
We can obtain the solution for temperature 6 by using Eqgs. (10) and (30) in the Laplace transform
domain. The solutions in Laplace transform domain for the cases II and III can also be obtained in the
similar way.
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5. Numerical results and discussion

The solution in the physical domain can be derived by inverting the solutions obtained in the Laplace
transform domain as found out in the previous section. However, it is difficult to find the solutions in
space-time, (r,t) domain analytically since the solutions of the physical field variables , 4, &, and
044 have the complicated expressions in Laplace transform parameter s. Therefore, we find the Laplace
inversion for the physical variables temperature, displacement, radial stress and shear stress with the help
of MATLAB software and by employing a suitable numerical method of Laplace inversion. We employ
here the method proposed by Graver—Stehfest et al. [25,26] in which if m is the Laplace transform of
the function f(t), then

N
k=1

where N is the suitable positive integer and Vj is given by

y min(k,N/2) j% (2])'
Vi = (=1)(FHN/2) ——— ———
j_[(kzﬂw (5 =) it G=Dk =525 —k)!

We assume that the spherical shell is made of copper material and the physical data points for which

are taken as below [27].

A=7.76x10""Nm™2 ;4 =3.86x10"Nm?, oy =178 x 107° K™, 5 =8886.73sm 2,
cp =383.1JKg 'K, p=8954Kgm™3, Ty =293K.

(51)

We assume the following dimensionless values of the constants:
T=001, t,=02 ty=10, =1, 0i=1 65=1.

To analyze the numerically computed solutions for nondimensional temperature, displacement, ra-
dial stress and tangential stress in space-time domain inside the spherical shell, the results under three
different cases are displayed in Figs. la—d to 3a—d. In each figure, we plotted the graphs for the fields
at three different times, t = 0.30, ¢t = 0.35, ¢ = 0.40 and for three different values of the coefficient of
temperature-dependent effect, K7(0.0,—0.3, —0.5). Specially, we aim to understand the effect of temper-
ature dependency on the solutions at various times of interaction. The specific features related to the
effect of temperature dependency under various cases of prescribed boundary conditions arising out from
our investigation are highlighted as follows:

Case-I:

In this case, we find the effect of temperature-dependent material properties on the distributions of various
fields inside the spherical shell when the inner and outer surfaces of the shell are subjected to thermal
shock. The variations of displacement, temperature, radial stress and circumferential stress are shown in
Fig. 1a—d, respectively. Figure la shows that the variation in displacement is prominently affected only
near the boundaries and through the middle region of the shell, the effect of time- and temperature-
dependent property on displacement is negligible. The amplitude of displacement w increases with time ¢.
It is further evident that at higher time, the absolute value of displacement decreases with larger numerical
value of K and for smaller time, the dependency of thermal parameters is negligible for displacement wu.

Figure 1b shows the variation of temperature, € in spherical shell for Case-1. It is clear from Fig. 1b
that for a fixed time, the temperature starts increasing from inner boundary of the shell and after getting
maximum value starts decreasing till the outer boundary of the shell. In this case, the temperature field
is more sensitive to the temperature-dependent material properties. The temperature increases with the



ZAMP Investigation on the effects of temperature dependency Page 9 of 12 98

x 10 1.004
(a) s (b) ' I I I I I : K,=0and 030
K,=0.and =0.30 K,=0.3 and =0.30
4 — —K=03and =0.30 1.0035 |- - ¥K':‘053"dt:l730 4
— - = -K=05and =0.30 == K09 and =0,
3t K;=0 and t=0.35 LT -, K,=0and t=0.35
— Ke03amdt035 1.003 | - . — —K,=0.3and =035 | |
ol — -~ K05 and t=0.35 R S == K=05and =035
K,=0 and t=0.40 1.0025 X P N N, ——K;=0and t=0.40 | |
— —K,=0.3and t=0.40 R >~ N — —K=03and =040
1 o K=05andt=0.40 1002 e — -~ K=05and =040 |
== @
1.0015
1.001 -
1.0005 - 7/,
1
L PRIV R e e v e TRy 0.9995 . . ‘ . . . . s .
o122 14 16 i 22 24 26 28 3 1 12 14 16 18 2 22 24 26 28 3
(¢) _ x10?® @) 2 10° r
2 T T T T T T T T T T T T ! ! T T
——K,=0and t=0.30 \ K,=0and =0.30
— —K,=0.3and t=0.30 y 3r — —K;=03and =0.30
0 o K~05and =030 ’/ - ah — - — -K;=0.5and t=0.30
- - { . K,=0and t=0.35
K,=0 and t=0.35 ﬁJ § = — —K=03and =035
2+ — —K,=0.3and t=0.35 f/ 1 Sp = XN — -~ -K=05and t=0.35
— - —-K=05and t=0.35 na W N K,=0and t=0.40
4l ———K,=0and t=0.40 5// ; | BF AN — —K=03and =0.40
- A — —K,=03and t=0.40 I T, -~ K=05and =0.40
o \ - K=05and =040 o
6+ 4 Al
8+ B 9
-10-
10 + i
A1
12 | 1 ) ) 1 1 i ! ) 1 | ) 1 L ) ) ! L )
12 14 16 18 2 22 24 26 28 3 1 1.2 14 1.6 1.8 2 22 24 26 28 3

Fic. 1. a Variation of displacement, u versus r for the Case-I. b Variation of temperature, 6 versus r for the Case-I.
Variation of radial stress, o, versus r for the Case-I. d Variation of tangential stress, Og¢p VErsus r for the Case-1

o

increase of the temperature-dependent coefficient K;. It can also be seen from Fig. 1b that temperature
distribution is in agreement with the boundary conditions given for the problem.

Radial stress o, and shear stress o4 are shown in Fig. lc, d, respectively, and it is observed that
both the stress components show significant variations near the boundaries of the shell and in the middle
region of the shell. The stresses increase with higher negative value of K; for all time. One important fact
is observed that the effect of temperature dependency of stresses is independent of time, implying that
at any time, a similar effect of temperature dependency is observed for the stress components in Case-I.

Case-II:

Figure 2a-d displays the variation of field variables for the exponentially varying temperature on the
inner boundary. It is observed that there is no adequate effect of temperature-dependent material prop-
erties on any physical quantities excluding the temperature. At any time, the same effect of temperature
dependency is noted for all the field variables. Figure 2a shows the distribution of displacement w. It can
be seen that the effective value of displacement u increases with increase in time. Displacement tends to
zero through the radial distance 7 for all times. Figure 2b shows the variation of temperature with radial
distance, and it can be seen that values of temperature increase with respect to the time and K; both.
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F1G. 2. a Variation of displacement, u versus r for the Case-II. b Variation of temperature, 6 versus r for the Case-II. ¢
Variation of radial stress, oy versus r for the Case-II. d Variation of tangential stress, o4 versus r for the Case-II

Figure 2c¢,d measures the variation of stress components, and it can be seen that radial stress o,.. satisfies
the boundary condition. It could be observed that the effective regions of stress components increase with
increase in time ¢.

Case-III:

Distributions of displacement, temperature and stress components for the current generalized thermoe-
lasticity in Case-11I are displayed in Fig. 3a—d, respectively. It is observed that like Case-1, the influence of
temperature-dependent properties is prominent in this case. From Fig. 3a, it is clear that the displacement
is in agreement with the boundary conditions. The displacement, u, is positive throughout the distance
r and gets a local maximum value within middle region of the shell. The effect of temperature-dependent
property is more prominent at higher times. The displacement increases with time implying that the
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Fic. 3. a Variation of displacement, u versus r for the Case-III. b Variation of temperature, 6 versus r for the Case-III. ¢
Variation of radial stress, o, versus r for the Case-III. d Variation of tangential stress, Og¢p Versus r for the Case-I11

region of influence for w increases with the time. However, it decreases with larger numerical value of
K.
Figure 3b shows the variation for temperature, 6. It is depicted in the graph that the tempera-
ture is influenced significantly by the temperature-dependent property of the material. The tempera-
ture, 6, increases with time and also with the increase of the coefficient K;. The variation of stress
components in Case-III is shown in Fig. 3c,d, respectively. The stresses are compressive in nature
throughout region of the medium, and the influence of temperature-dependent properties on stress
distributions is much prominent in this case. This effect on stresses is higher near the inner bound-
ary of the shell, and it approaches to zero as » — b, where b is the outer radius of the spherical
shell.
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