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Well-posedness and asymptotic behavior of Timoshenko beam system with dynamic
boundary dissipative feedback of fractional derivative type
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Abstract. We consider the Timoshenko beam system with two dynamic control boundary conditions of fractional derivative
type. We show that the system is not uniformly stable by a spectrum method and we establish the polynomial stability
using the semigroup theory of linear operators and a result obtained by Borichev and Tomilov.

Mathematics Subject Classification. 93D15, 35B40, 47D03, 74DO05.

Keywords. Timoshenko beam system, Dynamic boundary dissipation of fractional derivative type, Polynomial stability.

1. Introduction

In this paper we investigate the existence and decay properties of solutions for the initial boundary value
problem of the linear Timoshenko beam system of the type

{P1<Ptt(l’,t) — K(pz +)z(z,t) =0 in (0,L) x (0, +00), (P)
ptht(xat) - bwrr(xvt) + K(QDI +’l/1)(l‘,t) =0 in (OvL) X (Oa +OO),

where (z,t) € (0, L) x (0,+00). This system is subject to the boundary conditions

©(0,t) =0, (0,t) =0, in  (0,400),
mi @tt(Lv t) + K((p$ + '(/))(La t) = _7187?7”()0([” t) in (0? +OO)7
Mot (L, t) + bihy (L, t) = —v20;"")(L, t) in (0, +00),

where v; > 0,7 = 1,2. The notation 9;""7 stands for the generalized Caputo’s fractional derivative of order
«,0 < a < 1, with respect to the time variable. It is defined as follows

t
1

dw

() = ——— [ (t—s) % 1T —(s5)d > 0.

Pt = gy [ =9 e I s
0

In other words, we investigate two dissipative effects at the boundary. The system is finally completed

with initial conditions

{50(3370) = ‘pO(x)a (pt(l’,()) = Qﬁl(fﬂ), 1/)(93,0) = 7/}0(9:)’
Q/Jt(x,O) = 1/11(@7 S (OvL)v

where the initial data (¢o, ¢1,%0,11) belong to a suitable function space.
A simple model describing the transverse vibration of a beam, which was developed in [23,24], is given
by a system of coupled hyperbolic equations of the form

{putt(amt) = (K(uz — @) in (0,
pdi(x,t) = (Elpy) e + K(u, —¢) in (0,

0, 400

L) > (0, +00),
L) x (0,400

X
X

~— —

)

) Birkhauser
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where ¢ denotes the time variable, x is the space variable along the beam of length L, in its equilibrium
configuration, u is the transverse displacement of the beam, and ¢ is the rotation angle of the filament
of the beam. The coefficients p, p, E, I, and K are, respectively, the density (the mass per unit length),
the polar moment of inertia of a cross section, Young’s modulus of elasticity, the moment of inertia of a
cross section, and the shear modulus.

There are a number of publications concerning the stabilization of Timoshenko system with different
kinds of damping (see [1,8-10,16,17,19,22]). Raposo et al. [22] proved the exponential decay of the solu-
tion for the following linear system of Timoshenko-type beam equations with linear frictional dissipative
terms:

p1os — K(og + )z + p1oe =0

Messaoudi and Mustafa [16] (see also [19]) considered the stabilization for the following Timoshenko
system with nonlinear internal feedbacks:

P1Ptt — K((Pac + w)z + 91(1/%) =0
p20es — Doy + K (0z + 1) + g2(¢4) = 0.

Recently, Park and Kang [19] considered the stabilization of the Timoshenko system with weakly nonlinear
internal feedbacks.
Kim and Renardy [9] considered (P) together with two boundary controls of the form

K(px + ¥)(L,t) = —m0p(L,t)  in (0, +00)
e (L, t) = =201 (L, t) in (0, +00)

and used the multiplier techniques to establish an exponential decay result for the natural energy of
(P). In addition, a polynomial decay result was established by Yan [27] when considering two boundary
frictional damping terms with polynomial growth near the origin. We also recall the result by Xu and
Feng [26], where the authors proved a result similar to the one in [9] by adopting the spectral analysis
approach.

Zietsman et al. [28] considered a one-dimensional hybrid structure consisting of a Timoshenko beam
system (P) with a tip load attached to one free end. The beam is clamped at = 0, while the tip load is
fixed to the end x = L in such a manner that the center of mass of the load is coincident with its point
of attachment to the beam. We assume interaction between the beam and the load. Thus, the forces
and moments within the vibrating beam are transmitted to the tip load which moves in accordance with
Newton’s law. Dissipation is introduced into the coupled model by applying feedback boundary moment
and force controls on the shear and displacement velocities ¢y and ¢; at © = L. Hence the system (P) is
subject to the following boundary conditions

m(ptt(Lv t) + K(‘»Dw + w)(lﬁ t) = _'Ylat(p(L7 t) in (07 —I—OO),
Imwtt(La t) + b'(/}w(La t) = _728tw(La t) in (07 +OO),

where the coefficients m and I, denote, respectively, the mass and the rotary inertia of the tip load. It
is established an efficiency and accuracy of the finite element method for calculating the eigenvalues and
eigenmodes.

In [18], Muiioz Rivera and Avila studied the same problem as in [28]. They proved that the decay
of the energy is not exponential, but polynomial. They used the Weyl’s theorem for lack of exponential
stability and Borichev—Tomilov theorem for establishing decay rate E(t) < ¢/t,t > 0.

Very recently in [15], Mercier and Régnier studied a more general problem than [18] (with constants
k1 and k3 instead of K and b in boundary conditions). They proved that the decay of the energy is not
exponential, but polynomial that is E(t) < ¢/t,t > 0. They used a semigroup theory with a frequency
domain approach and Riesz basis property of the generalized eigenvector of the system.
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The boundary feedback under the consideration here is of fractional type and is described by the
fractional derivatives
t

dw
a,n —a —n(f s)
o lt) = /  (s) s
0

The order of our derivatives is between 0 and 1. Very little attention has been paid to this type of
feedback. In addition to being nonlocal, fractional derivatives involve singular and nonintegrable kernels
(t7,0 < a < 1). Therefore, the employment of mathematical analysis tools, such as stability analysis, is
very difficult.

It is well known (see [14]) that, as O, the fractional derivative 95 forces the system to become
dissipative and the solution to converge the equilibrium state. Therefore, when applied on the boundary,
we can consider them as controllers which help to suppress or attenuate the undesirable vibrations.

Nowadays, fractional calculus is a well-established theory with strong mathematical bases and its
application has become a new interest in research areas such as electrical circuits, chemical processes,
signal processing, bioengineering, viscoelasticity, and obviously control systems (see [20]).

Control of fractional order type is not only important from the theoretical point of view but also for
applications. It is the generalization of the classical integer order control theory, which could lead to a more
adequate modeling and more robust control performance. Indeed, it has been observed by experiments
that many concepts cannot be described in Newtonian terms. For example, in viscoelasticity, due to
the nature of the material microstructure, both elastic solid and viscous fluid like response qualities
are involved. More precisely, the stress at each point and at each instant does not depend only on the
present value of the strain but also on the entire temporal prehistory of the motion from 0 up to time ¢.
Viscoelastic response occurs in a variety of materials, such as soils, concrete, rubber, cartilage, biological
tissue, glasses, and polymers (see [3-5,12]).

Our purpose in this paper is to give a global solvability in Sobolev spaces and energy decay estimates
of the strong solutions to the problem (P) for damping of fractional derivative type. To obtain global
solutions to the problem (P), we use the argument combining the semigroup theory [7,11] with the
energy estimate method. To prove decay estimates, we use a frequency domain approach and a theorem
of Borichev and Tomilov.

2. Augmented model

This section is concerned with the reformulation of the model (P) into an augmented system. For that,
we need the following claims.

Theorem 2.1. (see [13]) Let p be the function:

u(€) = €| D2 _so <€ <400, 0<a<l. (1)
Then the relationship between the ‘input’ U and the ‘output’ O of the system
(&, 1) +E2(& 1) + o€, t) —U(Hpu(€) =0, —o0 <& <400, 720, >0, (2)
¢(£,0) =0, (3)
400
O(t) = (v)sinfam) [ n(€)o(é.0)d¢ (1)

is given by
O =T1"". (5)
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where
¢
[Ianf %/ a 1 —n(t— T)f(T)dT
0
Lemma 2.1. If N € D={A € C:ReA+n>0}U{Ae€ C:Im\+#O0} then

+oo 9
no = [ ) qe - T (g et

A+n+ &2 sin
Proof. Let us set
2
_ m(E)
We have
12 (&)
5 5 Or
‘ =€) ReA+n+¢
Atn+€2| 12 (8)
[ImA| +n+ &2
Then the function f) is integrable. Moreover,
2
1= (§)
——>—  forall ReA>mny>—
‘ e |+ =
A+n+&2 7 ) p2(¢) .
— for all |ImA| >1y >0
ot £ or all |ImA| > 1

From Theorem 1.16.1 in [25], the function
F,:D — C is holomorphic.

For a real number A\ > —n, we have

70 12(€) i« +eo g2t ” 70 g1 4o (withé® — o)
— fry —_— = —_— W =
A+n+E&2 A+n+E2 Atnt+x

0

— 00 — 00

—+oo

=(A+n)“‘1/y‘1(y—1)“‘1dy (withy = /(A +n) +1)
1

=A+n)* [ 271 - 2)* tdz (withz = 1/y)
/

= +n) 7Bl - o) = A+ n)* (1 - a)l(a) = (A +n0)*~

Both holomorphic functions F}, and A — (A +n)* ! — " coincide on the half line ] —

) o ) sin T
D following the principle of isolated zeroes.

1

UE

ZAMP

sinma’

oo[, hence on
O

We are now in a position to reformulate system (P). Indeed, by using Theorem 2.1, system (P) may

be recast into the augmented model:
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prpe — Koz + )y =0

Fpr(&,1) + (€2 +me1(&:t) — (L, t)u(§) =0
prtt - b’(/]wz + K(SDI + ¢) =0

Dpda(&,t) + (€2 +n)2(€, ) — Yu(L,t)p(€) = 0
@(O’t) =0, ¢(0at) =0,

QD(:C, 0) = WO(I)y ‘pt(xv O) = 501(‘77)7

¥(2,0) = vo(z), Yi(z,0) =vi(z), . (P")
mipu(L,t) + K(pe +¢)(L, ) = =G / p(€)e1(&,4)dé, ¢ =mn(m) " sin(ar)

+00 -
mett(Lﬂf) + bwz (Lat) = 7C2 / M(£)¢2(£7t) dg, CQ = 72(,”)71 sin(onr).

We define the energy associated to the solution of the problem (P’) by the following formula:

1 P2 b K
Et) = T lledls + Zllvells + 5 llvell3 + = llex + 913
2 2 2 2
2 +oo

g IRl + L O+ (1) sinfam) 32 [ e (6)

Lemma 2.2. Let (¢, d1,%,d2) be a regular solution of the problem (P’). Then, the energy functional
defined by (6) satisfies

2 teo
E(t) = ~(r) sinam) Yo [ (€ 4 m)(6i(6.0)*de < 0 (7)

Remark 2.1. For an initial datum in D(A) (see Theorem 3.1 below), we known that (@, ¢1,1, @) is of
class C! in time; thus, we can derive the energy E(t).

Proof of Lemma 2.2. Multiplying the first equation in (P’) by ¢; and the third equation by v, integrating
over (0, L) and using integration by parts, we get

1 d

L
3ol = K [ (a wheds =0
0

L L

1 d

gorsglinl —b [Gentido + 5 [Gou+ vvde =0
0 0

Then
Dl 4+ 2212+ 212+ Elw + 002 + e (L) + T2 (L, )2
dt2§0t2 B tll2 g 1Wxll2 QSDm 2 230ta B) t\ L,
“+oo “+o0
IR / 1(E)d1 (€, 8) dE + Gty (Lut) / (€ (6, £) dE = 0. (8)

Multiplying the second equation in (P’) by 7 (7))~ !sin(an)dy, the fourth equation in (P’) by ~o(m)~*
sin(am) s and integrating over (—oo, 4+00), to obtain:
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“+o0 —+o00

SalelB+a [(@+neien? - aaln [ ueonnds=o
- o
286+ [ (€ +)oa(€07 e Gun(L1) [ u©oale.0aE =0, )

From (6), (8) and (9) we get

Z@/ (€2 + 1) (i(€, 1) d.

This completes the proof of the lemma. O

3. Global existence

In this section we will give well-posedness results for problem (P’) using semigroup theory. Let us introduce
the semigroup representation of the Timoshenko system (P’). We consider the following condition of the
right end contour of wave

th(Lvt) = e(t)a wt(Lat) = ﬁ(t)v for t > 0 (10)
where 6 and ¢ solve the system
+oo
() + Koo + 00+ G [ w(©r(&de =0,
P (11)
madh(t) + b0 (L) + Go [ u€)oa(€6)d€ =0,

Let U = (¢, 1, 01,0, 0, ¢2,9)T and rewrite (P') as

{ =AU, (12)
U(O) - (5007 ©1, ¢01; 007 w07 1/)13 ¢027 190)3
where the operator A is defined by
u
K
E(@m + 1/1)1
@ —(&2 + )¢ + u+(L)u(§>
u oo
o| |- & [ ua©
0 — 00
A " = v (13)
v b K
¢2 szw - g(@w + w)
9 —(&2 + )¢ ++ v(L)p()
D) - & [ e
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with domain
(s 61,0,9,0,02,9)" in H:p,9p € H*0,L)NHL(0,L),u,v € HL(0,L),
D(.A) _ 0719 € (Ca 7(52 + 77)¢1 + U(L)H(f), 7(52 + 77)¢2 + U(L)M(f) € LQ(*OOa JrOO), (14)
u(L) =0,v(L) =9, ’
|€]é1, €2 € L?(—o00, +00)
where the energy space H is defined as
H = (HN(0,L) x L*(0, L) x L*(—o00,+00) x C)
where
HI0,L) = {o € H'(0,L) : (0) = 0}

For U = (¢,u, ¢1,0,,v,¢9,9)T, U = (@,1, ¢y, 0,9,0, dy,9)", we define the following inner product in
H

L
= / (pluﬂ+ p2T + b, + K (o + ) (7, + ¥) do
0

+Z@ / ¢id; AE + m168 + myd.

We show that the operator A generates a Cp- semigroup in H. In this step, we prove that the operator
A is dissipative. Let U = (o, u, ¢1,0,1,v, ¢2,9)T. Using (12), (7), and the fact that

B() = 21013 (15)
we get
(AU, U), §jgj"€+w (61(€))* de. (16)

Consequently, the operator A is dissipative. Now, we will prove that the operator A\I — A is surjective

for A > 0. For this purpose, let (flv f23 f3v f47 f57 f67 f7a fS)T € Ha we seek U = (QD, U, ¢1a 03 ZZ% v, ¢27 ﬂ)T
D(A) solution of the following system of equations

Ap — u= fr;
Au — E(‘pz +1)e = fo,
A1+ (€2 4+ n)p1 — u(L)p(§) = fs,

—+oo
20+ K (e + 0L+ S [ 1O = 1o

M=o = fi, h 4

Mo p—l’zwm + %(% ) = for
Ao + (€2 + 1)ba — o(L)ulE) = fr,

+oo

X+ Lo (L) + & / 1(€)d2(€) € = fe.

— 00

Suppose that we have found ¢ and . Therefore, the first and the fifth equations in (17) give

u:)‘(p_fv
{v:)\w—f;. (18)
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It is clear that u € H}(0,L) and v € H}(0, L). Furthermore, by (17) we can find ¢; (i = 1,2) as

51 = B+ n(Ou(L)
E24+n+A

{ 5y = 11O + 0OV (19)
E24+n+A

By using (17) and (18) the functions ¢ and % satisfying the following system

{ N — Dot 0)e = fo b M
P1 (20)

M= L+ Eon 1) = fo 4 0,
P2 P2

Solving system (20) is equivalent to finding (¢,v) € (H> N H}(0, L))? such that

L
(P \20w — K(py + )pw) dz — / pr(fo+ Mo )wda,

0 L (21)

(pa N2 hx — bge X + K (g +)x) dx = /Pz(fes + A fs)x de,
0

C\ho\h

for all (w,x) € H}(0, L) x HL(0, L). By using (21) and (19) the functions ¢ and v satisfying the following
system

(P \2ow + K (¢ + ¢)wy) dz + (Amy + C)u(L)w(L)

o\h

/ (o4 Mude = G / @ dg () + mifuu(z),
o (22)
[0+ b + K+ 0)x) o+ (e + &)l DX(E)
0

L

~ [ oalts 4 Afxde— o / ) f(€)dé x() + mafix(D)

0

where (; = (; / foLH(f—)F)\ d¢. Using again (18), we deduce that

| (23)
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Inserting (23) into (22), we get

L

/ (P X20w + K (g + $)wy) dz + Ay + &)(L)w(E)

0
L

+oo
— [zt amude- [ @ dc w@)+ (o + DAL +mfruL),

0

(P2 N*YX + b Xa + K (95 + ¥)x) da + M(Ama + &)Y (L)x(L)

L

oS—

— [ oalts 4 Afxde— o / 1€ a6 (L) + (ma + &) o (LIX(E) + mafix(D).

0

(24)
Consequently, problem (24) is equivalent to the problem
a((e,¥), (w, x)) = L(w, x), (25)

where the bilinear form a : [H}(0,L) x H}(0, L)]?> — R and the linear form L : H}(0,L) x H}(0,L) — R
are defined by

a((,¥), (w, X)) = [ (pNow + K (s + ¥)(ws + X)) dz

o\h

+ [ (p2Nx A+ bibaxa) de + A(Ama + G)p(L)w(L) + A(Ams + G)v(L)x (L)

o\h

and
L “+o0 (5)
[ = + wdxr — _ms w(L) + m+~ L)w(L
(w, x) {m@b Afjwd C{/£277Aﬁ@ﬁﬁ (L) + (Am1 + Q) fi(L)w(L)
L

+myfaw(L) + [ p2(fo +Afs)xdzr — G f2(§) d§ x(L)
J ]

+n+A

+ (Ama + &) f5(L)x(L) + ma fsx(L).

It is easy to verify that a is continuous and coercive, and L is continuous. So applying the Lax—Milgram
theorem, we deduce that for all (w,x) € HL(0,L) x H!(0,L) problem (25) admits a unique solution
(p,v) € HY(0,L) x HL(0,L). Applying the classical elliptic regularity, it follows from (24) that (p,) €
H?(0,L) x H?(0,L). Therefore, the operator A\I — A is surjective for any A > 0. Consequently, using
Hille-Yosida theorem, we have the following results.

Theorem 3.1. (Existence and uniqueness)

(1) If Uy € D(A), then system (12) has a unique strong solution
UecC'R,,D(A) NCHRy,H).
(2) If Uy € H, then system (12) has a unique weak solution
U e C'R,y,H).
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4. Lack of exponential stability

We first state three well-known theorems.

Theorem 4.1. [21] Let S(t) = et be a Cy-semigroup of contractions on Hilbert space H. Then S(t) is
exponentially stable if and only if

p(A) D {if: B e R} =iR

and

T |(i87 — 4) oo < .
Theorem 4.2. [6] Let S(t) = e be a Co-semigroup on a Hilbert space H. If

iR C p(A) and sup

1. -
S @II(ZM ~ A7y <M

for some I, then there exist ¢ such that
A C
le " Up|* < EHUOH%(Ay

Theorem 4.3. [2] Let A be the generator of a uniformly bounded Cy semigroup {S(t)}i>0 on a Hilbert
space H. If:

(i) A does not have eigenvalues on iR.
(ii) The intersection of the spectrum o(A) with iR is at most a countable set.

Then the semigroup {S(t)}i>0 is asymptotically stable, i.e., ||S(t)z|lx — 0 as t — oo for any z € H.
Our main result is the following
Theorem 4.4. The semigroup generated by the operator A is not exponentially stable.

Proof. We will examine two cases.
Case 1 n = 0: We shall show that ¢\ = 0 is not in the resolvent set of the operator A. Indeed, noting that
(sinx,0,0,0,0,0,0,0,)T €H, and denoting by (¢, u, $1,6,%, v, ¢p2,9)T the image of (sinx,0,0,0,0,0,0,0)T
by A~1, we see that ¢1(¢) = |¢|*2" sin L. But, then ¢y ¢ L%(—o00,+00), since o € (0,1) and so
(&r11, 61,0, 6,0, 6, 0)T & D(A).
Case 2 1 # 0: We aim to show that an infinite number of eigenvalues of 4 approach the imaginary axis
which prevents the Timoshenko system (P) from being exponentially stable. Indeed we first compute the
characteristic equation that gives the eigenvalues of A.

Let A be an eigenvalue of A with associated eigenvector U = (i, u, ¢1,0,%,v, ¢2,9)*. Then AU = \U
is equivalent to
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Ap —u =0,
Au — g(ﬁaﬁ +7/])x = Oa
1
Ap1+ (€2 +n)p1 — u(L)u(E) = 0,

MNp—v =0, - (26)

b K
AV — 7wxz + 7(<pz + w) = 07
P2 P2

Ao + (€2 + n)pa — U(f)/ﬁ(f) =0,
X9+ B (L) + & / 1(€)s(€) de.

From (26);-(26)2 and (26)5—(26)s for such A, we find

K
Mo — —(ps + 1) =0,
P1

(27)
Ny L+ K, 1) =0
P2 P2
Since 6 = u(L) and ¥ = v(L), using (26)3—(26)4 and (26)7—(26)s, we get
K gi! a—1 _
a0+ (M L) dpln) =0,
b 2 a1 _ (28)
o)+ (A 0w =0,
©(0) = ¥(0) = 0.
We set
p=(pr+¥), b=1n
(27) is equivalent to
)\280 - ;@1 - 07
- (29)
A2y — L K
P2 P2

Then

K\ _ K _ b
(A? ; p) 6= e = L = 0((29)0+ (29),),
) 2 g 1 2 (30)
)\21/) - 77/)9095 + 7951 =0.
P2 P2

From (29), we have

Replacing this in (30),, we get

¢///1_)\2 <&+&) 1//’4_&&)\2 <)\2+K)1/):0. (31)
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The characteristic polynomial of (31) is

47&@22 P1P2 2 25_
s (K+b)>\s KbA(AJr >o.

The solution v is given by

4
x) =Y ciel” (32)
1=1

where ¢; € C for all 1 <i <4 and

From (29); and (30)2, we have

K 1 _ p2 1 9 b -~
Y= /\2%6_;)\2 <_/\ 1/’1“‘%#%1 .

Thus, the boundary conditions may be written as the following system:

0):0:24:@:0
—0=>Z< +t3> ;=0

! 1 b b1
Z(—AQ— A(A+ (A +n)*” )ti—&- 4+ — ()\+ (A+n)*” )t3) Lei=0
‘ mi P1

mip2 P1pP2 >\

i=1
1 1 1 1 e 0
Moo~ | ™ (t1) ha(t2) ha(ts) ha(ts) el o 33)
( ) hg(tl)etlL hg(tz)etzL hg(t3)6t3l‘ hg(t4)€t4L C3 o 0 (
hg(t1)eE  hg(ta)et2l  hg(ts)esL  hg(ty)etsl ] \Ca 0
where
2 b 3
hi(r) = =Xr+ — r°,
P2
b
ho(r) = —r + <>\ + —(A +n)* 1) A,
mao
1 1 b b 1 .
ha(r) = ——X2 — —\ <>\ + oy n)@”) r+ ri4 —= (/\ + Lo+ n)al) 7.
my ) my m1p2 p1p2 A my

Set r{ = 52,73 = £L and | = K /b. We will examine two cases.
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Case 1 r; = 7ry:
We start by the expansion of ¢; and t3:

i 111 i VI 1 5 12\ 1 7i PV 1
i) =m+ (z”) TR (162> el (1283> ot <256r‘f at

i 111 i VI 1 5 12\ 1 7i PV 1
() = A — [ ovT) 4ot (V) 2 (2 D) L DEvE)
34 =1 <2\/)+8r1)\+<16 r§>A2 (128r{’) e <256 T

Using (34) and (35), we find the asymptotic development of:
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0<;5> (34)
0<A15> (35)

3
z 11 l 1 (V1) N 21— )i
hs(t1) = z‘iAZ +|—5—+ zi A oim—L— 4y ivi A4+ i1 — o)V Aot
p1 2p1r1 man 8 p1ry mip1 2mip1r1
1 21 5 15 1 1 s o 1 a—1
S S Y PR T -1 Yot ZiNe202,/1 -9
16 p17r3 A 1281;)17"‘1l A2 + g’ myp1ry + 2 Vi (e -2) mip1
1 a—1 1
! — . 36
2 n%m1p17‘1+0<>\2) ( )
] 11 1 1. 13 —ivl —1—2i(1 — a)V1
ha(ts) = Ve (L VI Si—— 4 Vo - i1 = )Vl yoy
p1 2 p1m1 myry 8 piry myp1 2myp1ry
1 21 5 15 1 1. 3 o 1 a—2
- = 7~77_7~l§)\a—2 _7~)\o¢—2 2 l -1
16 p17r3 A + 1282;)17*1L a8 myp1r? 2" Vi (a - 1) mip1
1 a—1 1
—\72 — .
+ 5 mlm1p17“1 + o0 (AQ) (37)
] 11 ] 1,13 i1 1+ 2i(1—a)Vl
ha(t;) = PR CINY (N S (I B Sie sy VL o oy 2 Vs oo
p1 2 p1ry myry 8 piry myp1 2myprry
1 1 5 1351 1.s5.., m 1. a—1
l27 R 77_712)(1 2 _7)\04 2 2 l -9
+ 16p1m3 A * 1281/)17"‘1l A2 82 myp1ri 22 " \/71 (o ) mip1
1 a—1 1
! — . 38
2 n%mmﬂ“l +O<)\2) (38)
Vi 11V 1. 12 iVl —142i(1—a)Vingr
hs(ts) = Z£A2 +1 5 M At ci—s+m Vi A =m ( )i At
p1 2p1r1 My 8 piry mip1 2myp1m1
1,1 5 131 1.5 .45 m 1. 0o s o —2
- S L AP ZiNe Iy (a—1
16p175 A 1282/)17“‘11 A2 + 8 myp1r? + 2" *Vin (a-1) mip1
« 1
A2 — 39
+5 mlmlperO(AQ) (39)
A 1 l a—1 1 1 1 a—2
ho(t1) = A +b—r1 + LVl g 2 ey M2——A " cb——— + APy (a - 1)
mo me  m mo 8 mori A 2 mo
1. 15 1 1
_ 40
16" mor? 2 O(v) (40)
A 1 l -1 1 1 1 -2
ho(ts) = A2 — b2y — LVl 72 e, R s a2, (a—1) 2
mo 2 mo  Mmo mo 8 mori A 2 mo
1. 15 1 1
b——F5 — — 41
16 QT%)\QJFO()\Q) (1)



94 Page 14 of 38 A. Benaissa and S. Benazzouz ZAMP
ha(ts) = A2 + bn%rl - ;zbn\Z + %A“ + wo‘m—;lv 1 Sbmirl i %)\0‘*27)272 (a—1) 0‘7;22
+ 116“’771127«%;2 +o0 (/\12) (42)
ha(ts) = A2 — b%rl + szn{i + —Aa 2 _21)\"‘1 = é mirl % %/\a—%% (a—1) 0‘7;22
S ml; 0 (;) (43)
h1(t1)=i\ﬁ)\2—1l)\ ; il +11651—1;8 /\1204+O<)\13)' (44)
ha(ty) = —ivVIN2 + %l% - ;zi% - Tlml; + 1;8 'Al; 40 (;) (45)
hi(ts) = —ivVIN2 — %l% - ;zg 116;;? 1281;21% +0 (;) (46)
hi(ts) = iVIN? + %z% é il — 116;:1 - 128';234 +0 (;3) (47)

Using the asymptotic development (36)—(47)

F(A) = efots (hl(tg) - (hl(tl)) (hQ(tS)hB(u) _ h3(t3)h2(t4))

+e17% (ha(ta) = (ha(ta) ) (ha(t)ha(ts) = ha(tr)ha(ts) )
fetitts (hl(tg) - (hl(t?,)) (hg(tl)hz)(m _ h2(t1)h3(t4))
+e27% (ha(ta) = (ha(tr) ) (ha(t2)ha(ts) — ha(ta)ha(t2) )
o2t (ha(tr) = (ha(ta) ) (ha(t2)ha(te) = ha(t2)ha(ta) )
e (ha(ta) = (ha(t2) ) (ha(t1)ha(ts) — ha(t2)hs(t1))
_ _4leL(t1+ts) + el(tatts) _ 2)\6 L (mapr 4 mip) oL(titts) _ (Llta+ta) A
7 mimapiri
4t (g ) S T 2 2

mimap1

L(t1+t3) + eL(t1+t4) + eL(t2+t3) + eL(t2+t4) —4

leL(t1+t3) + eL(t2+t4) +2

2
pITY

+ (lze

4 2ibl> ( ! b

mip2  Mme2p1

mimso

) G 7eL<t2+t3>)> X

eL(t1+t3) + eL(t2+t4) -9

eL(t1+t3) _ eL(t2+t4)

—4 (n (rime + v2m1) (e — 1)

_ 1% ( 1 + 5#) (eL(t1+t3) _
2 r1 \'mip2 m2p1

7172
mimap1

— 4] eL(tlths) 4 eL(t2+t4)

mimap1

— AT

+ (y2p1 + v1p2) pepp——

olt2tLts ) A3

) )\3+a
8In(1

— )12 (eL(t1+t3) + eL(t2+t4) . 2))\1+2a
mimsap1
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2

+ {1 (l + E) (—41772 Dt - 21d2n2> (el (titts) 4 gLltztte) _ g)
p1 \mi m2 ri

+ 4411)(1 — 04)177’1 <£ + E) (eL(t1+t3) _ eL(t2+t4)) _ 1?
mi1 ma

<£ + E) (eb(itta) 4 oLltatts) _ o)
mi1msa pL - p2 r2p1

—2b l3/2 (ﬂ + E) (eL(t1+t4) 7eL(t2+t3)) A2+a
mimz \p1 P2

" [ 4’(eL<t1+tz) 4ellatta) | oLtitta) 4 oL(tatts) _ y)
Py
B pbll; (eL(t1+t3) 4eLltatta) 4 (Ltitta) | (Lltatts) 4 4)
1

A 4+ oA (48)

_ 1215/21) 1 + 3 (eL(t1+t4) _ eL(terta))
4 r2 \mipz map1
1

) eL(t1+t3) _ eL(t2+t4)

= ,47Z>\6 [(eL(t1+t3) 4 eL(tztta) _ 2) + (map1 +mip2

P1 mimeory A
L (nme +1emi) el(titts) 4 oLltatta) _ o
mimso )\270‘
eL(t1+t3) + eL(t1+t4) + eL(t2+t3) + eL(t2+t4) _ 4 eL(t1+t3) + eL(t2+t4) + 2
1 mimsa

_apPis < v 1) (eL(t1+t4) _eL(tz-‘rta)) iz
2 mip2  Mopy A

eL(t1+t3) + eL(t2+t4) -9 eL(t1+t3) _ eL(t2+t4) 1
1 _
+ (77 (yimz +y2ma) (a0 — 1) p— (v2p1 + 11p2) e —— ) oo
LT O (eL(t1+ts) _ eLt2+Lt4) 1
8 r1 \mip2 map1 A3
Y1V2 [ L(t1+ts) L(ta+ts) _ 9 —on(] — Y1V2 [ L(t1+ts) L(t2+ta) _ 9 1
4 I (bt 4 R M )y
N RNl + 0z —dn? — d + 6an® — 2a°%1° (eL(t1+t3) 4 el(tatta) _ 2)
4\m;  mo r?
+ b(]_ _ 04)77,01 ™ ﬂ 4 B (eL(t1+t3) _ eL(t2+t4)) _ Lz l + E (eL(t1+t4) + eL(tz-Ha) _ 2)
mimz \p1 P2 dry \ma mo
112 Yo, 2 1
—ib Ty 12 L(ti+ta) _ jL(t24ts)y| =
01 2m1m2 (pl + /72) (e € ) )\4704

2
i Ll?A(eL(tﬁts) +eL(t2+t4) +eL(t1+t4) +eL(t2+t3) N 4)
1
_ b
47“‘11
3/2
_izl / bpl 1 + 3 (eL(t1+t4) _ eL(tz-‘rts)) i
16 r} mip2  Mapi A4

(eL(tlthg) +eL(t2+t4) JreL(tmLm) +eL(t2+zt3) +4)

1
+o /\5—04 :
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We set

F) = foN) + fl/(\’\) - 1\022(_{3 - f?’/\(?) + f;@j + fSA(;‘) + J;‘Z(_’\O?

i) | fs(N) | fo(N) < 1 )
+ +o

+ \4—2a + \5—2a 24 \o—o

fo(A) = oL (titts) + oLttt o e—L(t1+t3)(eL(t1+t3) B 1)2
A = 2Pt maps) ()L () Ly
mimari

= we—(tl+ts)L(e(t1+ta)L _ 1)(e(t1+t3)L +1)
mimsari

Fa(0) = 0m2 £ Y2) (Ltatta) | Lttt _ g

mim2
_ (nme +y2mm) e b) (Ll +) _ g2
a mi1msa € €
0 = leL(t1+ts) +el(titta) 4 oLtatts) | (Llta+ts) _ y ) eL(titts) 4 oLltatta) 4 o
’ 47‘% 1 mima

_apPL ( 1 > (eL(tl+t4) _eL(t2+t3))
2 mip2  M2p1

— o~ L(t1+t3) L L(ti+t3) _ 1\2 Lty Lts\2 bp1 L(t1+t3) 9
~c (M((e 17 4 (P e)?) L (ohe) )

_abPrs ( 11 > (ethl eQLt3>>
2 mipz  M2p1

mims2 mi1monri

fay) = e FFR) (n(a — 1) (yama + y2m) (el(tritta) _ )2 4 M(eQL(tnLta) —1

1o (1 1 _
= =32 (g LYt (pnen )
2711 \'mip2 map1

Lim 2 2 2 2 2\ L(ti+ts) 2
= — | = —_ —4 R, —92 1Tts) 1
Fo () {4 (m1 + m2> ( " r? +6an o’ ) (e )

+b(1— a1 (ﬂ n 'ﬁ) (2E(t+ta) _ 1y _ e <£ n E) (el — oFisy?

mime L1 P2 47"% mai1 mo
112 a1 ’72) 2Lt 2Lt
—ib —+ = (T —eT
P1 Y <p1 2 ( )
2 —L(ty+t3)  L(ti+ts) 2
) = —= -1
fr) = e (e )
B V1Y2  —L(t1+t3), L(t1+t3) 2
A) =291 —a)—— -1
fs) = =2n(1 —a) e (c )
2
fo(A) = —e” ) M«e“““” S 4 (e - et)?)
4r]
bl

- —1
4r} 16 7"% mip2 map1

_j((eL(t1+t3)+1)2+(eLt1 +eLt3)2) i.l3/2bp1 < 1 " 3 )(eutl —e2Lt3)}

ZAMP

(49)

(50)
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Lemma 4.1. (Asymptotic behavior of the large eigenvalues of A) The large eigenvalues of A can be
split into two families (N],)kez |k|>ko-J = 1,2, (ko € N chosen large enough). The following asymptotic
expansions hold:

1 1
Either \l. = A2 and this root is of order 2, or \-. # A2 and these two roots are simple.
k k k k

Proof. The multiplicity of the roots of fy given by (60) is two, and A is a root of fj if and only if
(t1 +t3)L = 2ikn.

111 1
Since tq +t3 = 2ri A+ E—ZX + O(X). we deduce that, for each k € Z, with |k| large enough, corresponds
1

a double root of fo; denoted by A} which satisfies
i 1
M= —Fk .
k Lrl T+ O <k)

We will now use Rouché’s theorem. Let By, = B(Lilmr, ) be the ball of centrum ¢kn and radius ry, = L
T1

ki
and \ € 0By, (i.e, A = ﬁkﬂ' + e 0 e [0,27]). Then we successively have:
1

. 1
L(tl + tg)(/\) = 2ikm + 2Lr17‘kew + O (k)

eL(t1+ts)(N) _ e2Lr1rkew+O(%)
=1+ 2Lrrge 4 O(r}).
and
foQ) = (1- 2L e’ + o(r})) (2Lr1rkei9 + O(r,%))2

=(1- 2LrrRe’® + O(ri)) (4L2rfr,%e%9 + O(r;i))

= dr? L% + O(r}).
It follows that there exists a positive constant ¢ such that
¢

ﬁ.
1

1
Then we deduce from (49) that |f(\) — fo(A\)| = O () =0 (k‘) It follows that, for |k| large enough

VYA € 0By, |fo(N)|>cri=

A
VA€ 0By, |f(A) = foN] < [fo(N)].

Since the imaginary axis is an asymptote for the spectrum of A then system (12) is not uniformly
stable. 0

More information concerning the asymptotic behavior of the spectrum of A is given by:

Proposition 4.1. (Asymptotic expansions for the eigenvalues of A) Assume Condition
PL 4 P2 VD4 2%, ke N (H)
mi mo

Then the large eigenvalues of the dissipative operator A are simple and can be split into two families

()\i)kez,\k\zkmj = 1,2,(ko € N, chosen large enough). Moreover, we have the following asymptotic
expansions for the eigenvalues of A:
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)\1 qu ql
ke L1 k k k|3

)\k:)\lk7k< —ko.

iq2 Go
L - k k kP

A= N2, k< —ko.

M=

Proof. Let Ay = X, with j =1 or j = 2. It follows

A. Benaissa and S. Benazzouz

ZAMP

1
+0<k3a>’ @ €ERa €iR g1 €R,q1 <0,k > ko

1
"‘rO(w), @ €ER,as €iR, g2 € R, o <0,]€2k'0

)\k Tﬁkﬂ_ + €k (61)
Using (34)—(35), we get
IL 1 5 L2121 1
t t =2riA O —=
(t1 +t3)L =2 k+ b N 64 rF /\3+ ()\3>
lL
= 2ikm + 2Lr g}, — Ly +o k2> + o(eg)
IL 1 iLVI1 1
2t1L =2r1\ L —
1 I S - S o () (62)
A2 i LV 1
= 2ikm + 2Lrep, +iLV1 — Gy + S 22 +o (I<:2) + o(ex)
IL 1 iLIVI1 1
2t3L =2r{ )\, —iL —— 4 = — 40| —=
s A= ILVEE g g 2 22 ()\3>
A2 i LRIV 1
= 2ikm + 2LT’15]€ — ZL\/’ — m 8W o (k’2) + O(Ek)
It follows that
1L? 12L* L3 e 1
L(t1+ts) -1 2L o= _ 1 k
¢ FAne —ip T~ s Ty g T O B2
Lz Pt IL37y ey, L3M €
2Lt _ GLVI 1 2L, l _ 3 1 i (i
) - ( e T e T 3ok o k8 a2 v +o (63)
lL2 24 IL3r ¢ zL3l\/
2Lts — 7’LL\[ 1 2L 4 1<k (i) .
¢ < e T T e ok sk O\
1
Using (49), inserting (63) into f(Ar) and keeping only the terms greater than or equal to O(kz) we
obtain after calculations
J(\g) = 4L%r%e% — 41%mr% + %%lrl) e — (o2 iz 12+ ﬁ%lmm
L2p2 LV1 1 (64)
+ 2;;( m — 4Asin? (j)Bsin(L\ﬁ))) o(e )+0<k>+0(k2)0,

where

_maoprt+mips = bp B
m=———= m=-—— 9 A=

mimari

2 b)
4ry

B:bplel(

)
mip2 map1 .
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Multiplying (64) by k? leads to:
1 1
AL%r3 (kep)* —i (47TL2mr% + 7TL317“1> (ker)
L2
| 1672 +
Thus, key is bounded and

L2mr? L3
4L2rf(ksk)2i<4 Tl + W”)(kek)

L2
~\ 1672 +

The previous equation has two solutions

L3lmr,

272 T

2

L3lmr
272 w2

k&k =
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+ Lo (47’7;1 — 4Asin? (L;ﬂ> - Bsin(L\/l))> +o(1) + o(ker) + O(k%i) = 0.

| Lot (47% — 4Asin® (T) - Bsin(L\ﬁ))> +o(1) =0.

L 4imrq —4r1\/47’%— 2A + 2Acos L1 — Bsin LV1 — m2 +iLl | or

871'7’1
ke, = ﬁ 4imry + 47“1\/47% —2A +2Acos LVI1 — Bsin LVI — m2 + iLl
It holds:
ek = g | 4imry — 4r1\/4r% —2A+2Acos LV — Bsin LV — m2 +iLl) or
gk = ﬁ dimry + 47‘1\/41% —92A +2Acos L1 — Bsin LV — m2 +iLl
Set
P =4dm—2A+2A cos(L\/1) — Bsin(LV1) — m?
=4m —m2 —24+2A cos(L\ﬂ) — Bsin(L\ﬁ).
Asr? =712 = p—b2, we deduce that
s —m? = L (m Pz)
L mq mo
Then
2
1 l 11 11
P—g(Z-2)- VI (2= 22 sl - 5 + g cos(
r{ \mi me r{o\mi Mg 2ry 27y
2
1 (VI p1 P2 ! 2
= [ Ysin@vi) + (22— L2) ) - - (cos(LVD) — 1)2.
2 < 5 sin(LV1) + (m1 o 12 (cos(LV1) — 1)
Hence
2 1
er = dmry — 24 (Visin(VD) +2 (22 — P2} ) 4 (cos(LVI) — 12+ LI | +o(~) or
8mrik mi Mo k
i 2 1
e = amry 4+ 24/ | Visin(LV1) + 2 LN + (cos(LVI) =12+ Ll | +o( = ).
8mrik mi Mo k
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Step 2. From Step 1, we can write

AT [
L ko k’
=g 24 %k
k Lr1”+k+k’

where sk =o(1).

2rLq;  2rmLel  IL* 1L L% ; .5 PL*

(t1+t3)L:Z L + L —Zm+l4k3 2qj+4k3 2519_7’@7]{3,”_3
o L 1iL? 1L2 L i L3V
Lty = kmwi +1 5 krlq] STk — — iﬁT%q?JFE kr1+ 2z

Vi L 14 L2 112 L i L3l\/
Bty = ki = 537 i g Ll s+ febn g T
L 12 14 L2 % L 1 LA 5 i LA
t+t)L o 22 v g o 22 -~ o i P V]
eltitts 1= ZZEH(]] +2k ( ) 1 177 l 2k2 TY; +2k5irl 3972 52 G130

5 LS, L2 7 L5, i L3 1 L3 1L,

; J 2. - . f——
B 2567r4ﬁl +4Zﬁ€kr1qﬂ + 3973 k4l rq; — 2 ) Sleln + — 12 5B el — o2 A lrig;
1 L3 14 L3
2 2 lrlqj+4 573 —=lrig;.
2 2 4
0L kLI L 143 L 1L o L ; 1 L*
et = (-1 14+i—rig; —l ==+~ — ===
(=1 (+k1% e Y el R T
1 i L3, L*,, 1iL? 1 L3
TG?I?QZQ —l—zﬁekrlqj 3772 lakrl + — > —=1lrig;
2 2 4
L iL T L 14 L 1L 12,2 L 1 L*,
S =(e (1+Zk”q3 Srh T 2Rt R T g e
1 i L3, L2 1i L3 1 L3
_176??[2 +Zk2€k7“1qj g;ﬁl&krl—f—g?ﬁl?”lq]‘ .
Using (49), Taylor series and simplification in the term of order 1/k? coming from Step 1, we get
L? 5\ j\2 L? , L 55 iL* 5 3 L°, i L3 2 LY 5
fx) = (4ﬁr1) (el)” + <8zﬁr1qj - 24ﬁrlqj - 4;ﬁmrl - S—QEZ ry— ;ﬁln — ﬁﬁlmrl
6L* , 16 L2 4 ; L* 4, L% 4 1 4 LS 4 5 LS4 1 L%,
ottt P gmrte ) e+ (ral - st + g et - e e i e
1i L°, 5 L°, 1 L7 s, 3 L° 23 2 2
e L in gl Mt gl T~ g el
1 L7 i L 1Lt 2L 4 L3
~ 353 5 13r1qj + 3;ﬁlrfq32- +8t T mr‘;’q? 5 ﬁlrfq? — ;ﬁl i’q}o’ 5 mril”qj2
— §L—4m7"4 - QL.L—lmr2 i + LL—Allmr2 i + iljlmr3 — iL—6l2mr2
T k4 195 7'('2 k3 195 3 k4 19; 7'('2 k4 195 ] 3 k4 195
Lri\* ¢ L 55 1 LY 5, 113
Toa (7) (_4k4—a“qj Tl el T ey

e (DN (Lo i L\ (DT
Sme i ki—a 19 27 ki— 4=\ Gkr

+5 ﬁ 4+S ﬁ 4+S ﬁ 4+_|_S 4i£7‘ ._liljl ﬂ ’
ik 2 \ikr 3\ kr 3 g T 5 A i
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2
LVl L 1iL? bp1 L i L? )\ [(Lri1\?>
< ) ( ( 2 )) (Zk3rlqj a7 k3l>+m1m2 Sina — 2t ) i

Lry

7'('

Lr 5, 1 LY, 1118 11 L3 s 5 [ LV
<7) < qu] — —1 + l?”lq] SIH(L\/)*72EZQ — 4sin T

4 1672 k*

( R 217r2gl + ?%l”q’)) * mbf;zz <_12%jr%q12' - 16?;2%1 + §§l“%)
( ) (T)zsin(l/\[l) <2i%r1qj i ! ij l) + 21’52(%)2 sin(LV1)

(B - e L) v () v, (E)
( gy alskh + 8zk4L2a Ekrlq]) + 83—« (%) - kilLa skrl +2 I;?];ls 71 sin’ <L;ﬁ> 5{:

by (gL Lri\® L \*(, I* I _
<8ﬁ > <?) + S2—a <?) 4]{;‘17_‘3‘(5;)27“% —|—42827T2k‘;1,) SIH(L\/Z)E?C,

mimso
where
Y 41 Vi ( 1 1 > _ Mima 4 y2my _ p1ima + pama _ mip2 21
S2 = — b—V1 - y S2—a = , M= yS3—a = B
2 mipa  Mapy mims mimsary mimary

11b 1 bVl
L S IR LR RMIAY

8 11 \mipz  Mmap1 mime \p1 P2

12 Vi bi? L bl?
Sq1 = jsin2 <\/> y S42 = —f (COS ( \[> + 1) y 843 = — /;1 Sin(L\[l)-
] 2 T 8ry

Considering only the dominant terms of %, the following is obtaining:

L% 5\ o L2, iL? 5 L3 i L% s 1 i LS g
FOg) = <4—r1> (1) + <81ﬁr1qj 74;k—2mr1 — fk—erl €y, — 82k—3r1q]~ +&;k—3l

;2
14 L5, 34 L%, i L4 i L3 4, i LY,
+§;k—3l mry — g—zk—l r1q; +3 _— l +87k—3mr1qj 72§k—3lmrlqj
Lrl 1 rr , 1 L3
Fs2-a | k4 arlq] T 1672 k47al + ;k47alrlqj' +83-a
Lrl ui L 14 L? .
Zk4 e 145 — 7; kd—a

(Lr1>4 oL (Lr1>2 i [V 2( L 1iL2Z)
— S4—a — | — isin | —— 2i—r ———
4o ik 42 \im 2 kT T ks

bp1 L i L2 Lri\? . Lry 14 L2
+m1m2( k3r1q] k—31> (7> + 2is9 - sm(L\/) z rlqj 4;k—3l .

We remark that

3 1 4 LS 14 LP 5 i LA 3

L 34 L° , i L i L
8ZET q +674?ﬁl + §73]<;3l mry — §§ﬁl 1G5 +3;Elr 24182 ksmrlq]

2
i LY, I (Lr v L 1iL?
— zpﬁlmrlqj + 474% (m) (21 sin (2 (2 Pl l)

bpr (.. L i L2\ (Lri\? .. (Lmr 1i L2
4—m1m2 <8ZI<;3T1%_7TI~:3[ — + 2isg - sm(L\/) rlqj i k3l =0.
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Then Ei satisfy

L? i L* i L3 ;
f( ( ) < k2 qu] 4;@7’)’7}7’% — ’]Tk2lr1> é‘i
L L 1Lt , 1 I3

T2 7 a1 T g el e

N Ly L 1i L2 z Lr \ 7
- s lk4 o147 27 ki« 54— ikm

Multiplying (65) by k* leads to:

17

Fw) = (4L2 2) (kel)? + k (8iL*r2q; — 4L LPmr} — LL31r) (kel) + s2—a (“1)2‘0“ ke (—4L*r}q?

167r2 i T

Hence £} and &7 satisfy

2 2 2 o (L LQT%
(4L%r3) (ket)? 41<; 5 Vord(kel) + Lik ? —+ +o(1)=0
L 2—a L2
(4L%r%) (kep)? + dk— L2fr1(kek) + Iok* <w> — L +o(1)=0,
where
I = 255_o(m — V0) — s9_o(m — V) + s4_4
Iy = 2s3_4(m+ \/@) — So_o(m + \/@)2 + S4—a
1 (V1 ’ l
P2 2
=== L - == — Lvi) -1
2 ( sin(LV1) + (m1 m2>> + pre: (cos(LV1) — 1)
I Lry Zma T . T 1
kel = — s 1—a)s —icos(l—a)s) —— + o1
€ 47”/5( - > (cos( a)2 i cos( a)2) R +0o(1)
I Lri\ > T T 1
2 _ 2 1 —a)s — _
key, = 47r\/§( - > (cos(l a)2 icos(l —a)- ) o +o(1).
Then

M
e
I

L Lry o (cos(l )7T i cos(1 )ﬂ> ! + 1
— _— —a)= —1 —a)— o ——
Amvo \ T 2 2/ k2o k2o

&2 I (Im o (cos(l - Oz)z —idcos(l — a)w) ! +o !
k 47r\/§ - 9 L2—a k2—a |

ZAMP

(65)

LA 4 LI30r1g) + 550 (220) "7 ko (4ilryq; — LEL21) — s4_ok® (£2)7 4 0(1) = 0,

Since all the eigenvalues of A are on the left of the imaginary axis, necessarily I; > 0 and Is < 0. Note

that, if Y1 = Y2 = 0 then Il = IQ =0.

Remark 4.1. If condition (H) does not hold, we can study the asymptotic behavior of the spectrum of

A, but the calculation is long.

Case 2 r| # 1a:
We start by the expansion of ¢; and t3:

l r2 1 Prisr2—r2) 1 1
th=rmA—5 : ) ?s( 21 22§?+O N5 )

2ri(r2 —r3) N 8 ri(r? —r3)3 A A

I rg 1 PrBri-—r3)1 1
ty = oAb o2 S ~4o(=).
PR N TS (- 8 OA\R
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r2 1 re+r 1 1
hi(ty) = l)\212r412+0(>. 68
() ri(ry —r3) 2 27":1)’(7*% ) A A3 (68)
r2 1 r24+r2 1 1
hi(te) =IN——2—— +=Pri—L "2 —10(=). 69
T T I T AP (%9
T 1 1 3T2 9 7“‘1l + 97“31 — 27“%7“% 1 1
hi(t3) = =X3(r? —r2)—= — l A+ l rp——=——==—+4+0(—=|. (70
(t2) ri = i i (rf —r3) 8 r? (rf — T%)g A A3 )
rg 1 r? — 3r3 1, ri+9r5—2rir2 1 1
hi(ts) =X (rf —13) 5 + Slro5r 5 A— 2Pt — 2121+ 0( = ). 71
A L T T A S P =
brq Yo . a—1 1 blr2 1 1
ho(ty) = N2+ — A4+ =X 4ot — = 2 —4+0 . 72
2(t1) + mo + mo n "2 mo 2mary (12 —r3) A + A2—a (72)
bry Yo a—1 1 blr3 1 1
ho(ts) = N2 — —\ A et - 2 —4+0 . 73
2( 2) meo + 2 2 2 moTq (7"% — 7‘%) )\ + )\270‘ ( )
ha(ts) = A2 4 24 D2pa et @b Ly, e L 0] (74)
2\"8) = mo mo " " ma 2" ma (r¥ —7r3) A A2-a )
bro Y2 . oa—1 1 9 1 1
ho(ty) = A2 — ==\ )\a Pt — =bl -+ 0 . 75
(i) me” g Ty T i (R A <A2—a> (%)
ha(ty) = — Ir3 B Ir3 ey, r3
piry (ri —r3)"  murg (rf —13) mypiry (rf —r3)
1 r2 4 r2 1 1
YRS IS -
D T I PR P
Ir2 r2 r2
hs(ts) = 2 A—1 2 + X1y 2
)= e = e = T M 07— 1)
1 r2 4 r2 1 1
+oPr 12—t () (77)
2 et
) 1 Y172 1 r? — 3r2
halta) = —\3 (12 — 12 _ )2 2 Ao (2 _ g2 _ 3 1 2
olla) = =X i) Sy = =) e AT ) G T R e )
—1 r2 1 r2 —3r2
PR 2 2y @ 2 _ et 1 2
P (=) e Y e 2 M 0T - )
1, a—2 1
— —p?xet 2 1) (a—1 . 78
1A (=) (0= 1) P o (78)
h(t)—)\3(7°2—r2) 2 —)\2(7"2—7“2) + \e ro (r —r)7r1+r2 1 7“770%_370%
3\ta) = 1 2 pir? 1 2 mar? 7172 (71 2 mipir? | 2 2p1r% "2 —12)
-1 r2 1 r? —3r2
)\a 2 _ .2 « 2 7[)\04—1 1 2
P (=) e Y =) T2 M T 07—
I ovact 2 2 a—2 1
+51 Ay (rf = 13) (a — 1)m1p17“f +o e ) (79)

Using the asymptotic development (68)—(79)

2
) = A8 ijA (rn — 7“2)2(7“1 + TQ)Z[GL(tlths) _ L(titts) _ L(tatts) + eL(t2+t4)]
17
)\7 ] (7"1 B 1"2)2(?"1 + 7’2)2[(7712[)1 + bmlrlr2)(eL(t1+t3) o eL(t2+t4))

4
mimsap1Ty
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+ (map1 — bmlrlrg)(eL(t1+t4) — eL(t2+t3))]

4 \O+a r5(71mae + Y21 ) (r% _ T%)Q[GL(tﬁ-ta) — oL(titta) _ oL(ta+ts) | eL(t2+t4)] + O()\Q)

mymap17t
2
=8 p7“24(r1 _ r2)2(7"1 + r2)2 (eL(t1+t3) _ eL(t1+t4) _ eL(t2+t3) + eL(t2+t4))
T
1
+ ((mapy + bmlTlrz)(eL(tl+t3) _ eL(t2+t4)> + (mapy — bmlrlrg)(eL(t1+t4) _elltatta)yy___ —
m1m2r2)\
+ 1 1
+ (Wlm,,;lm’fml) (eL(t1+t3) - eL(t1+t4) o eL(t2+t3) + eL(t2+t4))/\2_a +0 <)\2)} ) (80)
We set
= Ji(A) | 2 (A) 1
FO) = fon) + 57 + 5 Ag (81)
where
f0(>\) — eL(t1+t3) _ eL(t1+t4) _ eL(t2+t3) + eL(t2+t4) — e*L(t1+t3)(eQLt1 _ 1)(62Lt3 o 1) (82)
f1 ()\) _ (mzpl + bm17’17"2) (eL(t1+t3) _ eL(t2+t4)) + (m201 - bm17’17"2) (eL(t1+t4) _ eL(t2+t3))
mi1Mmaoro mimaro
— o~ L(ti+t3) (map1 + bmyrira) (ezL(t1+t3) 1)+ (map1 — bmyrira) (62Lt1 . eQLtg) (83)
mi1MmoTa mimarsg
f2(>\) _ (71m2 + 72m1)efL(t1+t3)(e2Lt1 o 1)(e2Lt3 7 1) (84)

myms
U

Lemma 4.2. (Asymptotiq behavior of the large eigenvalues of A) The large eigenvalues of A can be
split into two families (N],)kez,|k|>ko-J = 1,2, (ko € N chosen large enough). The following asymptotic
expansions hold:

1 v 2 o
M=o e+ o(l), AR = ookt o(D) (85)

and these two roots are simple.
Proof. From (85), fo has two families of roots that we denote A} and u{. Now, we prove that
fo(A) =0 ifand only if 2t;L = 2iknr and 2t3L = 2ik'm, k, k' € Z.
Indeed, Suppose that
t1L =ikr and t3L #ik'w, k, k' € Z.
Then
1 1 1 1

hi(t1) —hi(t1) hi(ts) —h1(t3)
ho(t1)(—1)F  ha(te)(=1)%  ha(tz)e!sE  ho(ty)e 'l
hs(t1)(—1)k hg(tg)(—l)k hs(ts)etsL  ha(ty)ets
We can check that hq(t1) # 0 and hq(t3) # 0 for X\ large enough. Since t3L # ik'w for all k' € Z, then
using Gaussian elimination for M, we get

cp=cy=c3=cy =0.

which is a contradiction with ||U||3 = 1. Similarly if

t1L #ikn and t3L =ik'n, kK € Z.
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we get U = 0. We conclude that
fo(\) =0 ifand only if L =ikr and t3L=ik'w, k,k' € Z.
Then from (66) and (67), the large roots of fy satisfy the following asymptotic equations

i 1
Np=—kr+0|(=)Vkl >k
L <k) Ik = ko
M= waro ()W) > w
k Lry k' =
We will now use Rouché’s theorem. Let By = B(Lilmr,rk) be the ball of centrum lLk—T’; and radius
) 1
TE = k% and A\ € 0By, (i.e, A = ﬁlm + e’ 0 € [0,27]). Then we successively have:
4 1
, 1
2Lt (N\) = 2ikm + 2Lriree’? + 0 (k>
Q2Lt1(N) _ g2Lrirke’®+0(1)
=1+ 2Lrrpe? + O(r}).
and

fo(N) = (2Lryrre’® + O(r3)) ((2L7"2’“kew +0 (;)))

= 4L2r1ror3e®? + O(r3).
It follows that there exists a positive constant ¢ such that

Ve 8Bk, |f0(>\)| > c’r% =

=l

Then we deduce from (81) that |f(A) — fo(A)] = O (i) —0 <

YA € 0Bk, |f(N) = foN)] < |fo(V)],

Since the imaginary axis is an asymptote for the spectrum of A then system (12) is not uniformly
stable. g

>. It follows that, for |k| large enough

| =

5. Asymptotic stability
5.1. Strong stability of the system

In this part, we use a general criteria of Theorem 4.3 to show the strong stability of the Cy-semigroup
etA associated to the wave system (P’) in the absence of the compactness of the resolvent of A. Our main
result is the following theorem:

Theorem 5.1. The Cy-semigroup e is strongly stable in H; i.e., for all Uy € H, the solution of (12)
satisfies

lim [|e" U] = 0.
t—oo

Lemma 5.1. A does not have eigenvalues on iR.
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Proof. We will argue by contraction. Let us suppose that there A € R\ # 0 and U # 0, such that
AU = iA\U. Then, we get

iAp —u =0,
Mu—?@%+¢hz&
1
A1 + (€2 +n)¢1 — U(L)M(i) =0,
D20+ £ (o +0)(0) + 8 [ o =0
iXp—v =0, - (86)
2 2
iAp2 + (62 + 1)z — v(f)u(f) =0,
0+ L)+ & [ u©eale)dg = o
Then, from (16) we have
b =0, i=1,2. (87)
From (86), and (86),, we have
u(L) =v(L) =0. (88)
Hence, from (86),, (86);, (86), and (86) we obtain
p(L) =¢(L) =0 and ¢u(L) = ¢(L) = 0. (89)
From (86), we have
{ —Np1p — K(pg + ¥)s =0, (90)
*>\2P2¢ — 0y + K(‘Px + 7/}) =0,

Consider X = (p, 1, @z, ;). Then we can rewrite (89) and (90) as the initial value problem
d

X=X (91)
X(L)=0
where
0 0 1 0
N 0 0 0 1
== 0 0 —1
—p2 N2+ K K
0 P2 > T 0

By the Picard theorem for ordinary differential equations the system (91) has a unique solution X = 0.
Therefore p = 0,9 = 0. It follows from (86), that w = 0,v =0,0 = 0,9 =0, i.e., U = 0.

The condition (i) of Theorem 4.3 will be satisfied if we show that o(A)N{iR} is at most a countable set.
We will prove that the operator iAI — A is surjective for A # 0. For this purpose, let (f1, fo, fs, fa, [5, fo, f7,
)T € H, we seek U = (¢, u, $1,0,9, v, ¢p2,9)T € D(A) solution of solution of the following equation

(ix — AU = F.
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Equivalently, we have the following system

g —u = fi,

idu — g(% + )z = fa,

i1 + (€2 +m)d1 — u(L)p() = f,

+oo
D20+ K (pa DD+ 5 [ w(©or©)de = 1o

i~ v = fs - o

. b K
AU — 771)1% + *((Pm +w) = fﬁa
P2 P

Xy 1 (€2 + m)ba — o(L)u(€) = fr.

+oo

M+ )+ & [ a6 d =

— 00

We get
2 K ;
—A ¥ — E(Sﬁx + 'w)m = f2 + Z)\flv
b K .
A — — g + —(pz + ) = fo +iMf5.
P2 P2
Solving system (93) is equivalent to finding (¢, ) € (H? N HL(0, L))? such that

(—p1 2w — K (@, + ¥),w) dz

O\ho\h

p1(fe +iAfi)wdz,
(94)

(—p2 XX — baax + K (oo +)X)dz = [ po(fe + iAfs)x da,

oS — o Y—_

for all (w,x) € HL(0,L) x HL(0, L). By using (21) and (19) the functions ¢ and v satisfying the following
system

(—p1A\w + K (g, +¥)w,) dz + (idmy + G )u(L)w(L)

ot — =

L

+oo
= [t ivpuwds - [ G dg i)+ migao)
0 —0o0

L (95)
ﬂﬂM%xM%m+M%+wmm+Wm+@MDMD
0

L

“+o0
[ oattarirgiixds -G [ i€ a6 x(z) + mafix(n)
0 —0o0

§)

+oo
~ 2
where (; = (; / 52175—!-2)\ d¢. Using again (18), we deduce that
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Inserting (96) into (95), we get
L
/(—pl)\Qapw + K(pp + ¥)w,) dz + iX(idmy + G)e(L)w(L)

0
L

~ [+ ixpyuds - / RO dE wlL) + (D + QALY+ faw (L),

0

(=p2A2Px + bibyxo + K (0 + 1)) dz + iX(idma + &)Y (L)X (L)

oSY—

L
/ o(fo +iAfs)xda — G / mf 7(£) A& X(L) + (ixmy + Go) f5(L)x (L) + ma fsx(L).
O (o7
We can rewrite (97) as
= (LU V), + (U V), = UV) (98)

where
Hp(0,L) = H:(0,L) x H(0,L),
with the inner product defined by

L
O )i, = [ Klpa ) 0 +) + b o
0

L
(LU V) / prigw + patx + da — iA((xmy + &)p(Lyw(L) + (iAms + E)p(L)X(L)).
0

Using the compactness embedding from L?(0, L) into H~*(0, L) and from H!(0, L) into L?(0,L) we de-
duce that the operator L is compact from L?(0, L) into L?(0, L). Consequently, by Fredholm alternative,
proving the existence of U solution of (98) reduces to proving that 1 is not an eigenvalue of Ly. Indeed
if 1 is an eigenvalue, then there exists U # 0, such that

(LU V) gy, = (U, V), YV € Hp,. (99)
In particular for V = U, it follows that
N2 (10l 0.1, + P2l 0,0y — AN+ EI(D)? + (ima + E)(L)P)
= Kllgs + ¢l Z20.2) + bl¥lZ2(0,1)-
Hence, we have
#(L) = %(L) = 0. (100)
From (99), we obtain
@a(L) = ths(L) =0 (101)
and %
N — —(po + ) =
, h K (102)
P2 P2
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Consider X = (¢,v, ¢z, %;). Then we can rewrite (102), (100) and (101) as the initial value problem

d
EX—BX

X(L)=0
where

0

0
—/\2/31
K

0

o O O

1

5 0
- 0
—p2 X4+ K K
b b

(103)

-1

0

By the Picard theorem for ordinary differential equations the system (103) has a unique solution X = 0.

Therefore p = 0,9 = 0. It follows from (86), that w =0,v =0,0 = 0,9 =0, i.e., U = 0.

Lemma 5.2. If n # 0, we have
0 € p(A).
Proof. From (92)

—1}{2 f17
*T(Saz + ¢)r = an
(& m)n - W(LIH(E) = fo

K0+ [ w(©a(©)ds = fu

—sz s, "

—— Yy + *(41032 + '(/)) = f67
52 P2

(& +n)p2 —v(L)u(§) = fr,

+oo

Ly (L)+ & / 1(€)da(€) A€ = fi.

— 00

K(QOI + w)wx dx

o\h

L

Z/plfg’wdl‘—<1

0

1
52

70
(bz Xz + K(po +¢)x) dz
7
Consequently, problem (105) is equivalent to the problem

an((%iﬁ)v (wa)()) - Ln(va)

3 ~
L HO w(L)+ &

o\h

L

= /szexdx—@

0

w()
&+

O

(104)

fi(L)w(L) +my faw(L),
(105)

F2(€)d€ x(L) + G fs(L)x(L) + ma fsx(L).

(106)
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where the bilinear form a,, : [H}(0, L) x H!(0, L)]* — R and the linear form L, : H}(0,L)x H!(0,L) — R
are defined by

aﬂ((@v d))v (’LU, X)) =

o\h

L
K(pg + ) (wy + x) dz + /b%xz dz.
0

and

£3(8) dé w(L) + G fi(L)w(L)

L “+oo
Ly(w,x) = /Plf2Wd17—C1 / 5’;(_?77
0 —00

L “+o0
(€)
+ [ pafexdr — (2 P
e [ 5,

+my faw(L) +ma fsx(L).

F2(€) dé X(L) + G fs(L)x(L)

It is easy to verify that a, is continuous and coercive, and L, is continuous. So applying the
Lax-Milgram theorem, we deduce that for all (w,x,() € H(0,L) x H}(0,L) problem (25) admits a
unique solution (p,) € H}(0,L) x H!(0,L). Applying the classical elliptic regularity, it follows from
(24) that (p,) € H?(0, L) x H?(0, L). Therefore, the operator A is surjective. O

5.2. Residual spectrum of .4

Lemma 5.3. Let A be defined by (13). Then

—Uu

© — (&% +n)p1 — u(L)p(€)
u +oo
o || oD+ & / (€)1 () de

Aol J

Ay | = b v (107)
v
9 (€8 4+ mon — o(Lyute)
Ly (L) + L2 / (€ (€) de

with domain

(o, u, d1,0,90,0,¢02) in H:ppe€ H*0,L)NH0,L),u,v € HL(0, L),
0,9 € C,u(L) =60,v(L) =9,

—(&2 +mpr — w(L)(€), —(&* +n)pa — v(L)u(§) € L*(—o0, +00),

|§|¢17 ‘€|¢2 € LQ(*OOa +OO)

D(A*) = (108)
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PTOOf' LetU= (SD7 u, ¢17 97 ¢7 v, ¢27 19)T and V' = (@, ﬂ? ¢~1u éu d;u 777 d;27 @)T We have <AU7 V>H = <U7 A*V>H

(AU V), = K

o\h

L L L
ﬂ(gpw—I—w)wdx—l—b/ﬁwmdx—K/ﬁ(g&w—kw)dx—l—K/((ﬁm+1ﬁ)(uw—|—v)dx
0 0 0

“+ o0 “+ o0

L
+b [ Ypvade+ G [ (€ +m)d1 +u(L)p(©)]drdE+ & [ [—(E2 +n)do
oy j

— 00 — 00

+0(L)p(€)]d2 A€ +my (—jfl(% +)(L) — T% / 11(€)¢1(€) d&) 0

L L
- K / (e + 9) (s + ) dz + K (0 + ) (L)L) — b / Bty da
0 0

L

+ 0o (L)B(L) + K (@g + 9) (L)u(L) — K/(sbm +zﬁ)mudx+K/(¢7x +)pvda
0 0
+oo +oo

L
b / B i + b, (L)o(L) + Gru(L) / W(€)Fr dé + GoulL) / (€2 de

— 00 — 00

+oo +oo
-G / $1 (€ +n)d1 + 0u(€)] dE — G / $2[(&% + 1) 2 + Dpu(€)] dE

— K(pz +¥)(L)0 = bip, (L)D
As 0 = u(L),9 = v(L) and if we set 6 = a(L),J = (L), we find
L

L L
(AU, V), = —K/(ﬂw + 0)(pz + 1) dz — b/fwgg dz — K | (pe +¥)pudz
0 0 0

oS —— =

—+oo

+o0
+u(L) (K<@+¢?>(L)+<1 / 1(€)ds dg) + (L) (mzz(mcz / u(f)cﬁzdg)

— 00 —00

400 +oo
G / H11(E + 1 + a(L)p(©)] de — & / Gal(E + m)da + H(L)u()) de.
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Theorem 5.2. o0,.(A) = 0, where 0,.(A) denotes the set of residual spectrum of A.

Since A € 0,(A), X € 0,(A*) the proof will be accomplished if we can show that o,(A) = o,(.A*). This
is because obviously the eigenvalues of A are symmetric on the real axis. From (107), the eigenvalue
problem A*Z = \Z for A € C and 0 # Z = (p,u, ¢1,0,9,v, ¢2,9) € D(A*) we have

Ap+u =0,
M+ 5(4,0;5 +1)s =0,
P1
Ap1 4+ (€2 +n)p1 +u(L)p(€) =0,
+oo

A — K (o ) (L) — & / (€)61(€) dE = 0.

o (109)
M) 4+v=0,

b K
Av + 71/%&0 - 7(@x + ?/1) =0,
P2 P2

Ap2 + (€2 +n)d2 + v(L)p(€) =0,
+o0o

NI — L (L) — L2 / () ba(€) d€ = 0.

— 00

From (109), and (109),, (109), and (109)4, we get

—Au + 5(907" + 1/1)T =0,
h K (110)
(‘pm + w) =0,

P2

b
_)‘2U + 7"/1901 -
P2

As 0 = u(L) = —Ap(L) and ¥ = v(L) = —\)(L), we deduce from (109), and (109),, (109), and (109)4

K o)D) =0

(/\ + 17711(’\ + n)al> No(L) 4 -

(111)
(A P20 n)a-l) ML)+ (1) =0

System (110)—(111) is exactly the eigenvalue problem of A. Hence A* has the same eigenvalues as A.
The proof is complete. O

5.3. Polynomial stability (for n # 0)

Theorem 5.3. The semigroup Sa(t),~ is polynomially stable and

1
[Sa®)Uolln < m“UOHD(A)
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Proof. We will need to study the resolvent equation (iA — A)U = F, for A € R, namely
g —u = fi,

2 51(% +Y)s = fa,

iAp1L 4 (&2 + 1)1 — u(L)p(€) = fs,

“+o0

D0+ K (o, +0)(D) + 5 [ (@616 = 1o

iAN) —v = f5,
iNp2 + (E2 + )2 — v(L)p(€) = fr,

+oo

0+ )+ & [ a6 d =

— 00

where F = (f1, fa, f3, f1, [5, f6, f7, fs) . Taking inner product in H with U and using (16) we get

|Re (AU, U) | < [U]| || F [
This implies that

Zg / €2+ n)(64(6.1)2 A€ < U 3] F .

and, applying (112)1,4,7, we obtain

IAle(L)| = [ f1(L)|]? < |u(L)]?.
We deduce that

IAPlo(L)]? < el f1 (L) + clu(L) .
Moreover, from (112)4, we have
+oo

K(py +0)(L) = —imidu(L) — G / 1(€)61(€) A€ +my fu.
Then

+o0 2

/ ()b (€) dg‘

— 00

+oo +oo
< 22 AP u(L)[? + 2m3 7 + 23 ( / (& +n)1u(€)l2d£) / (€ + n)|éu(O) de

< 2mi[AP[u(L) + | Ul Flln + NI F13,-
From (112),, we obtain

K2[(pa + ) (L)* < 2mI|AP[u(L)[? + 2mi £} + 27

— 00

w(L)p(€) = (iA + €% +n)p1 — f3(8).
By multiplying (116); by (iA + &2 + 1)~ 1u(€), we get

(A +& +n) " u(L)p?(€) = (€)1 — (A + € +n) " u(€) f3(8).

(112)

(113)

(114)

(115)

(116)

(117)
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Hence, by taking absolute values of both sides of (117), integrating over the interval | — co, +oo[ with
respect to the variable £ and applying Cauchy-Schwartz inequality, we obtain
+oo % +oo %
sl <v | [@+niafa| +v | [in©Pa (118)
— 00 — 00
where
+oo
S= [N +€+n Il dg
— 00
1
“+oo 2
U= | [@+n e
—00
“+oo 2
v | [0+ e a
Thus, by using again the inequality 2PQ < P? 4+ Q% P > 0,Q > 0, we get
—+o0 —+oo
S <20? | [ @+ mlaifa | +2v | [ 150 a (119)
We deduce that
[u(L)* < cAPT2U 3l Fll3¢ + ]| FlI3- (120)
Similarly, we have
b |a (L)* < 2m3 AP J0(L)* + c||U || Fll3 + || F 13, (121)
[(L)|* < eAP2U ]| Fll3¢ + ]| F - (122)
Let us introduce the following notation
I () = prlu(@)|* + K|p. ()
Iy(a) = palv(@)]* + blepu(a)|?
L L
&) = [a@Ta)ds, D)= [ZTo(s)ds.
0 0
O
Lemma 5.4. Let g € H'(0,L). We have that
L
E (L) = [qT,)5 + 2K Re/quaw dz + Ry. (123)
0
and
L L
Eull) = laLulf - KlaloPIf 2K Re [ ap,0, a0+ K [ 0P do+ R (124)
0 0
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where R; satisfies
|[R1| < CEH(L) + g2 F 3,
|Ra| < CEY(L) + |lg" > F |3,
for a positive constant C'.

Proof. To get (123), let us multiply the equation (112), by ¢@, Integrating on (0, L) we obtain
L L L
ivor [ uap,do— K [ (o4 v)gp,do = pr [ oap,do
0 0 0

or
L

L L L
—p1 / uq(iXpg) de — K | qpuep, dv — K / Wep, dz = p1 / f2q9, dz.
0 0 0 0

Since iA\p, = u, + f1, taking the real part in the above equality results in

L L L L L
d K d —
P q—|u|2 doz — — q—\gow|2 dz = lee/fgq@E dz + lee/uqflm dr + K Re/quEJC dx.
2 dx 2 dx
0 0 0 0 0
Performing an integration by parts we get

L L
[ @nluts) + Klga(o)P)ds = (T +2K Re [ b, do+ Ry
0 0

where
L

L
Ry = 2p1Re/f2q¢l. dz + 2p1Re/uq?1w dzx.
0 0
Similarly, multiplying equation (112), by ¢@,, integrating on (0, L) and taking the real part we obtain
L L L L
iAp2 / vgh, de —b [ Yuuqi, do + K/(sox + )i, dz = po / foa, dx
0 0 0

0

or
L L L L L
—P2 / vg(iX,) dz — b / Waopde + K | qpp, dz+ K / q, dz = pa / foai, da.
0 0 0 0 0
Since i\, = v, + f5, taking the real part in the above equality results in
L q ) L q L
P2 —
Y Q£|U|2 dz — 3 /Q£|¢z|2 dz = P2R€/fGQ¢x dx
0 0 0
L L L
— — K d,
+p2 Re [ qufs,de — K Re [ qpotp, do — = [ a7 [¢]"dz.
x
0 0 0
Performing an integration by parts we get

L L

L
/ ¢(5)[palo(s)[? + Bliba(s)]2] ds = [aZull — Klahbl2)k — 2K Re / Gy de + K [ |6 de+ Ry
0 0 0
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where
L

L
Ry = QpQRe/quax dx + 2ps Re/qvfm dz.
0 0

If we take g(x) =

e ds = em;_l (Here n will be chosen large enough) in Lemma 5.4 we arrive at

o—8

L

Ep(L) +Ey(L) = q(L) Ty (L) + 2K Re/qz/fz@ dwq(L)Ty(L) — Kq(L)[¥(L)?
0

L L
K [ d@oi do - 2K Re [ g0, dot Byt B
0 0

L
= q(L)L,(L) + q(L)Zy(L) = Kq(L)[p(L)[* + K/fz’(ﬁc)lt/fl2 dz + Ry + R,
0

Also, we have

L L
IRﬂS%h/qwmw$ﬁ+WAﬁﬂd&+%g/ﬂ@Gﬁ®W+wﬁA$ﬂds
0 0

(125)
eLn C/
< ORI+ e (n)
and
L L
Rel < 202 [ a@) (0P + balo))ds + 201 [ @) (fa(o) + |fsal9)) ds
o (126)

0
eLn

/
< S IF|2, + Se,(L
< O |+ SEu(D)

Using Lemma 5.4 and the Young inequality we get
L
Eo(L) + Ey(L) < q(L)Ip(L) + q(L)Ty(L) + K / q'(2)[y* do + || F %
0

for a positive constant C. Tt results by (115), (120), (121), and (122) that we can find a positive constant
C such that

L
Ep(L) + Ey(L) < K/ [ da + (A2 + APT2 + DUl F llae + (A + DIFIZ,
0
for A # 0. Since that ¢ = %/\fl and ¢ = % we obtain

C

A2

C

Ea(L) + E4(L) < A2 + 22 + DUl Fllg + (A + DI FJZ + RE

101 + oz 11

Since that
—+oo

—+oo
/Y@@»%mscq/@?+mwxafde

— 00
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for A # 0. If |[A] > 1 we get
U157 < AP~ )R-
It follows that

1 . —
w@i_za)”(lM A ey £C, VAER,

for a positive constant C'. The conclusion then follows by applying Theorem 4.2. O

Remark 5.1. 1. By Proposition 4.1, the spectrum of A is at the left of the imaginary axis, but
approaches this axis. Hence, the decay of the energy depends on the asymptotic behavior of the
real part of these eigenvalues, since Proposition 4.1 shows a behavior like k=3~ we can expect a
decay rate (optimal) of the energy of order t—2/(3=%) We unfortunately were not able to prove this
optimal decay rate by Borichev—Tomilov theorem. In Theorem 5.3, we obtain decay rate of order
t=1/(2=2) which is less better. But, it is interesting to remark that both energy decay in Theorem
5.3 and Proposition 4.1 approach ¢t~* (as a — 1) which is the energy decay given in [15,18].

2. Estimation of decay rate in the case n = 0 is open. As A = 0 is a spectral value, both techniques
used in [15,18] do not work. In the future, we try other methods, in particular some tools from
observability theory. Another technic is the use of Laplace transform and representation of solutions
by Mittag—Leffler Functions.

3. It seems to be interesting to study a global decaying solutions of hyperbolic systems (strong and
weakly) under control of fractional derivative type. We think that the interaction of the hyperbolicity
(order of multiplicity) and the number of dissipative terms have an effect on the result.
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