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Abstract. We consider the Timoshenko beam system with two dynamic control boundary conditions of fractional derivative
type. We show that the system is not uniformly stable by a spectrum method and we establish the polynomial stability
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1. Introduction

In this paper we investigate the existence and decay properties of solutions for the initial boundary value
problem of the linear Timoshenko beam system of the type{

ρ1ϕtt(x, t) − K(ϕx + ψ)x(x, t) = 0 in (0, L) × (0,+∞),
ρ2ψtt(x, t) − bψxx(x, t) + K(ϕx + ψ)(x, t) = 0 in (0, L) × (0,+∞), (P)

where (x, t) ∈ (0, L) × (0,+∞). This system is subject to the boundary conditions

ϕ(0, t) = 0, ψ(0, t) = 0, in (0,+∞),
m1ϕtt(L, t) + K(ϕx + ψ)(L, t) = −γ1∂

α,η
t ϕ(L, t) in (0,+∞),

m2ψtt(L, t) + bψx(L, t) = −γ2∂
α,η
t ψ(L, t) in (0,+∞),

where γi > 0, i = 1, 2. The notation ∂α,η
t stands for the generalized Caputo’s fractional derivative of order

α, 0 < α < 1, with respect to the time variable. It is defined as follows

∂α,η
t w(t) =

1
Γ(1 − α)

t∫
0

(t − s)−αe−η(t−s) dw

ds
(s) ds, η ≥ 0.

In other words, we investigate two dissipative effects at the boundary. The system is finally completed
with initial conditions {

ϕ(x, 0) = ϕ0(x), ϕt(x, 0) = ϕ1(x), ψ(x, 0) = ψ0(x),
ψt(x, 0) = ψ1(x), x ∈ (0, L),

where the initial data (ϕ0, ϕ1, ψ0, ψ1) belong to a suitable function space.
A simple model describing the transverse vibration of a beam, which was developed in [23,24], is given

by a system of coupled hyperbolic equations of the form{
ρutt(x, t) = (K(ux − φ))x in (0, L) × (0,+∞),
ρ̃φtt(x, t) = (EIψx)x + K(ux − φ) in (0, L) × (0,+∞),
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where t denotes the time variable, x is the space variable along the beam of length L, in its equilibrium
configuration, u is the transverse displacement of the beam, and φ is the rotation angle of the filament
of the beam. The coefficients ρ, ρ̃, E, I, and K are, respectively, the density (the mass per unit length),
the polar moment of inertia of a cross section, Young’s modulus of elasticity, the moment of inertia of a
cross section, and the shear modulus.

There are a number of publications concerning the stabilization of Timoshenko system with different
kinds of damping (see [1,8–10,16,17,19,22]). Raposo et al. [22] proved the exponential decay of the solu-
tion for the following linear system of Timoshenko-type beam equations with linear frictional dissipative
terms:

ρ1ϕtt − K(ϕx + ψ)x + μ1ϕt = 0
ρ2ψtt − bψxx + K(ϕx + ψ) + μ̃1ψt = 0.

Messaoudi and Mustafa [16] (see also [19]) considered the stabilization for the following Timoshenko
system with nonlinear internal feedbacks:

ρ1ϕtt − K(ϕx + ψ)x + g1(ψt) = 0
ρ2ψtt − bψxx + K(ϕx + ψ) + g2(ψt) = 0.

Recently, Park and Kang [19] considered the stabilization of the Timoshenko system with weakly nonlinear
internal feedbacks.

Kim and Renardy [9] considered (P ) together with two boundary controls of the form

K(ϕx + ψ)(L, t) = −γ1∂tϕ(L, t) in (0,+∞)
bψx(L, t) = −γ2∂tψ(L, t) in (0,+∞)

and used the multiplier techniques to establish an exponential decay result for the natural energy of
(P ). In addition, a polynomial decay result was established by Yan [27] when considering two boundary
frictional damping terms with polynomial growth near the origin. We also recall the result by Xu and
Feng [26], where the authors proved a result similar to the one in [9] by adopting the spectral analysis
approach.

Zietsman et al. [28] considered a one-dimensional hybrid structure consisting of a Timoshenko beam
system (P ) with a tip load attached to one free end. The beam is clamped at x = 0, while the tip load is
fixed to the end x = L in such a manner that the center of mass of the load is coincident with its point
of attachment to the beam. We assume interaction between the beam and the load. Thus, the forces
and moments within the vibrating beam are transmitted to the tip load which moves in accordance with
Newton’s law. Dissipation is introduced into the coupled model by applying feedback boundary moment
and force controls on the shear and displacement velocities ψt and ϕt at x = L. Hence the system (P ) is
subject to the following boundary conditions

mϕtt(L, t) + K(ϕx + ψ)(L, t) = −γ1∂tϕ(L, t) in (0,+∞),
Imψtt(L, t) + bψx(L, t) = −γ2∂tψ(L, t) in (0,+∞),

where the coefficients m and Im denote, respectively, the mass and the rotary inertia of the tip load. It
is established an efficiency and accuracy of the finite element method for calculating the eigenvalues and
eigenmodes.

In [18], Muñoz Rivera and Ávila studied the same problem as in [28]. They proved that the decay
of the energy is not exponential, but polynomial. They used the Weyl’s theorem for lack of exponential
stability and Borichev–Tomilov theorem for establishing decay rate E(t) ≤ c/t, t ≥ 0.

Very recently in [15], Mercier and Régnier studied a more general problem than [18] (with constants
k1 and k3 instead of K and b in boundary conditions). They proved that the decay of the energy is not
exponential, but polynomial that is E(t) ≤ c/t, t ≥ 0. They used a semigroup theory with a frequency
domain approach and Riesz basis property of the generalized eigenvector of the system.
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The boundary feedback under the consideration here is of fractional type and is described by the
fractional derivatives

∂α,η
t w(t) =

1
Γ(1 − α)

t∫
0

(t − s)−αe−η(t−s) dw

ds
(s) ds

The order of our derivatives is between 0 and 1. Very little attention has been paid to this type of
feedback. In addition to being nonlocal, fractional derivatives involve singular and nonintegrable kernels
(t−α, 0 < α < 1). Therefore, the employment of mathematical analysis tools, such as stability analysis, is
very difficult.

It is well known (see [14]) that, as ∂t, the fractional derivative ∂α
t forces the system to become

dissipative and the solution to converge the equilibrium state. Therefore, when applied on the boundary,
we can consider them as controllers which help to suppress or attenuate the undesirable vibrations.

Nowadays, fractional calculus is a well-established theory with strong mathematical bases and its
application has become a new interest in research areas such as electrical circuits, chemical processes,
signal processing, bioengineering, viscoelasticity, and obviously control systems (see [20]).

Control of fractional order type is not only important from the theoretical point of view but also for
applications. It is the generalization of the classical integer order control theory, which could lead to a more
adequate modeling and more robust control performance. Indeed, it has been observed by experiments
that many concepts cannot be described in Newtonian terms. For example, in viscoelasticity, due to
the nature of the material microstructure, both elastic solid and viscous fluid like response qualities
are involved. More precisely, the stress at each point and at each instant does not depend only on the
present value of the strain but also on the entire temporal prehistory of the motion from 0 up to time t.
Viscoelastic response occurs in a variety of materials, such as soils, concrete, rubber, cartilage, biological
tissue, glasses, and polymers (see [3–5,12]).

Our purpose in this paper is to give a global solvability in Sobolev spaces and energy decay estimates
of the strong solutions to the problem (P ) for damping of fractional derivative type. To obtain global
solutions to the problem (P ), we use the argument combining the semigroup theory [7,11] with the
energy estimate method. To prove decay estimates, we use a frequency domain approach and a theorem
of Borichev and Tomilov.

2. Augmented model

This section is concerned with the reformulation of the model (P ) into an augmented system. For that,
we need the following claims.

Theorem 2.1. (see [13]) Let μ be the function:

μ(ξ) = |ξ|(2α−1)/2, −∞ < ξ < +∞, 0 < α < 1. (1)

Then the relationship between the ‘input’ U and the ‘output’ O of the system

∂tφ(ξ, t) + ξ2φ(ξ, t) + ηφ(ξ, t) − U(t)μ(ξ) = 0, −∞ < ξ < +∞, η ≥ 0, t > 0, (2)
φ(ξ, 0) = 0, (3)

O(t) = (π)−1 sin(απ)

+∞∫
−∞

μ(ξ)φ(ξ, t) dξ (4)

is given by
O = I1−α,ηU. (5)
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where

[Iα,ηf ](t) =
1

Γ(α)

t∫
0

(t − τ)α−1e−η(t−τ)f(τ) dτ

Lemma 2.1. If λ ∈ D = {λ ∈ C : Reλ + η > 0} ∪ {λ ∈ C : Imλ �= 0} then

Fμ(λ) =

+∞∫
−∞

μ2(ξ)
λ + η + ξ2

dξ =
π

sin απ
(λ + η)α−1.

Proof. Let us set

fλ(ξ) =
μ2(ξ)

λ + η + ξ2
.

We have

∣∣∣∣ μ2(ξ)
λ + η + ξ2

∣∣∣∣ ≤

⎧⎪⎪⎨
⎪⎪⎩

μ2(ξ)
Reλ + η + ξ2

or

μ2(ξ)
|Imλ| + η + ξ2

Then the function fλ is integrable. Moreover,

∣∣∣∣ μ2(ξ)
λ + η + ξ2

∣∣∣∣ ≤

⎧⎪⎪⎨
⎪⎪⎩

μ2(ξ)
η0 + η + ξ2

for all Reλ ≥ η0 > −η

μ2(ξ)
η̃0 + ξ2

for all |Imλ| ≥ η̃0 > 0

From Theorem 1.16.1 in [25], the function

Fμ : D → C is holomorphic.

For a real number λ > −η, we have

+∞∫
−∞

μ2(ξ)
λ + η + ξ2

dξ =

+∞∫
−∞

|ξ|2α−1

λ + η + ξ2
dξ =

+∞∫
0

xα−1

λ + η + x
dx (with ξ2 = x)

= (λ + η)α−1

+∞∫
1

y−1(y − 1)α−1 dy (with y = x/(λ + η) + 1)

= (λ + η)α−1

1∫
0

z−α(1 − z)α−1 dz (with z = 1/y)

= (λ + η)α−1B(1 − α, α) = (λ + η)α−1Γ(1 − α)Γ(α) = (λ + η)α−1 π

sin πα
.

Both holomorphic functions Fμ and λ 	→ (λ + η)α−1 π

sin πα
coincide on the half line ] − η,∞[, hence on

D following the principle of isolated zeroes. �

We are now in a position to reformulate system (P ). Indeed, by using Theorem 2.1, system (P ) may
be recast into the augmented model:
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⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ρ1ϕtt − K(ϕx + ψ)x = 0
∂tφ1(ξ, t) + (ξ2 + η)φ1(ξ, t) − ϕt(L, t)μ(ξ) = 0
ρ2ψtt − bψxx + K(ϕx + ψ) = 0
∂tφ2(ξ, t) + (ξ2 + η)φ2(ξ, t) − ψt(L, t)μ(ξ) = 0
ϕ(0, t) = 0, ψ(0, t) = 0,
ϕ(x, 0) = ϕ0(x), ϕt(x, 0) = ϕ1(x),
ψ(x, 0) = ψ0(x), ψt(x, 0) = ψ1(x),

m1ϕtt(L, t) + K(ϕx + ψ)(L, t) = −ζ1

+∞∫
−∞

μ(ξ)φ1(ξ, t) dξ, ζ1 = γ1(π)−1 sin(απ)

m2ψtt(L, t) + bψx(L, t) = −ζ2

+∞∫
−∞

μ(ξ)φ2(ξ, t) dξ, ζ2 = γ2(π)−1 sin(απ).

(P′)

We define the energy associated to the solution of the problem (P ′) by the following formula:

E(t) =
ρ1
2

‖ϕt‖22 +
ρ2
2

‖ψt‖22 +
b

2
‖ψx‖22 +

K

2
‖ϕx + ψ‖22

+
m1

2
|ϕt(L, t)|2 +

m2

2
|ψt(L, t)|2 + (π)−1 sin(απ)

2∑
i=1

γi

2

+∞∫
−∞

(φi(ξ, t))2 dξ. (6)

Lemma 2.2. Let (ϕ, φ1, ψ, φ2) be a regular solution of the problem (P ′). Then, the energy functional
defined by (6) satisfies

E′(t) = −(π)−1 sin(απ)
2∑

i=1

γi

+∞∫
−∞

(ξ2 + η)(φi(ξ, t))2 dξ ≤ 0. (7)

Remark 2.1. For an initial datum in D(A) (see Theorem 3.1 below), we known that (ϕ, φ1, ψ, φ2) is of
class C1 in time; thus, we can derive the energy E(t).

Proof of Lemma 2.2. Multiplying the first equation in (P ′) by ϕt and the third equation by ψt, integrating
over (0, L) and using integration by parts, we get

1
2
ρ1

d
dt

‖ϕt‖22 − K

L∫
0

(ϕx + ψ)xϕtdx = 0,

1
2
ρ2

d
dt

‖ψt‖22 − b

L∫
0

ψxxψt dx + K

L∫
0

(ϕx + ψ)ψtdx = 0.

Then

d
dt

(
ρ1
2

‖ϕt‖22 +
ρ2
2

‖ψt‖22 +
b

2
‖ψx‖22 +

K

2
‖ϕx + ψ‖22 +

m1

2
|ϕt(L, t)|2 +

m2

2
|ψt(L, t)|2

)

+ ζ1ϕt(L, t)

+∞∫
−∞

μ(ξ)φ1(ξ, t) dξ + ζ2ψt(L, t)

+∞∫
−∞

μ(ξ)φ2(ξ, t) dξ = 0. (8)

Multiplying the second equation in (P ′) by γ1(π)−1 sin(απ)φ1, the fourth equation in (P ′) by γ2(π)−1

sin(απ)φ2 and integrating over (−∞,+∞), to obtain:
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ζ1
2

d
dt

‖φ1‖22 + ζ1

+∞∫
−∞

(ξ2 + η)(φ1(ξ, t))2 dξ − ζ1ϕt(L, t)

+∞∫
−∞

μ(ξ)φ1(ξ, t) dξ = 0,

ζ2
2

d
dt

‖φ2‖22 + ζ2

+∞∫
−∞

(ξ2 + η)(φ2(ξ, t))2 dξ − ζ2ψt(L, t)

+∞∫
−∞

μ(ξ)φ2(ξ, t) dξ = 0. (9)

From (6), (8) and (9) we get

E′(t) = −
2∑

i=1

ζi

+∞∫
−∞

(ξ2 + η)(φi(ξ, t))2 dξ.

This completes the proof of the lemma. �

3. Global existence

In this section we will give well-posedness results for problem (P ′) using semigroup theory. Let us introduce
the semigroup representation of the Timoshenko system (P ′). We consider the following condition of the
right end contour of wave

ϕt(L, t) = θ(t), ψt(L, t) = ϑ(t), for t > 0 (10)

where θ and ϑ solve the system

m1θt(t) + K(ϕx + ψ)(L, t) + ζ1

+∞∫
−∞

μ(ξ)φ1(ξ, t) dξ = 0,

m2ϑt(t) + bψx(L, t) + ζ2

+∞∫
−∞

μ(ξ)φ2(ξ, t) dξ = 0.

(11)

Let U = (ϕ,ϕt, φ1, θ, ψ, ψt, φ2, ϑ)T and rewrite (P ′) as{
U ′ = AU,
U(0) = (ϕ0, ϕ1, φ01, θ0, ψ0, ψ1, φ02, ϑ0),

(12)

where the operator A is defined by

A

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

ϕ
u
φ1

θ
ψ
v
φ2

ϑ

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

u
K

ρ1
(ϕx + ψ)x

−(ξ2 + η)φ1 + u(L)μ(ξ)

− K
m1

(ϕx + ψ)(L) − ζ1
m1

+∞∫
−∞

μ(ξ)φ1(ξ) dξ

v
b

ρ2
ψxx − K

ρ2
(ϕx + ψ)

−(ξ2 + η)φ2 + v(L)μ(ξ)

− b
m2

ψx(L) − ζ2
m2

+∞∫
−∞

μ(ξ)φ2(ξ) dξ

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

(13)
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with domain

D(A) =

⎧⎪⎪⎨
⎪⎪⎩

(ϕ, u, φ1, θ, ψ, v, φ2, ϑ)T in H : ϕ,ψ ∈ H2(0, L) ∩ H1
∗ (0, L), u, v ∈ H1

∗ (0, L),
θ, ϑ ∈ C,−(ξ2 + η)φ1 + u(L)μ(ξ),−(ξ2 + η)φ2 + v(L)μ(ξ) ∈ L2(−∞,+∞),
u(L) = θ, v(L) = ϑ,
|ξ|φ1, |ξ|φ2 ∈ L2(−∞,+∞)

⎫⎪⎪⎬
⎪⎪⎭

, (14)

where the energy space H is defined as

H =
(
H1

∗ (0, L) × L2(0, L) × L2(−∞,+∞) × C
)2

where

H1
∗ (0, L) = {ϕ ∈ H1(0, L) : ϕ(0) = 0}.

For U = (ϕ, u, φ1, θ, ψ, v, φ2, ϑ)T, U = (ϕ, u, φ1, θ, ψ, v, φ2, ϑ)T, we define the following inner product in
H

〈
U,U

〉
H =

L∫
0

(
ρ1uu + ρ2vv + bψxψx + K(ϕx + ψ)(ϕx + ψ) dx

+
2∑

i=1

ζi

+∞∫
−∞

φiφi dξ + m1θθ + m2ϑϑ.

We show that the operator A generates a C0- semigroup in H. In this step, we prove that the operator
A is dissipative. Let U = (ϕ, u, φ1, θ, ψ, v, φ2, ϑ)T. Using (12), (7), and the fact that

E(t) =
1
2
‖U‖2H, (15)

we get

〈AU,U〉H = −
2∑

i=1

ζi

+∞∫
−∞

(ξ2 + η)(φi(ξ))2 dξ. (16)

Consequently, the operator A is dissipative. Now, we will prove that the operator λI − A is surjective
for λ > 0. For this purpose, let (f1, f2, f3, f4, f5, f6, f7, f8)T ∈ H, we seek U = (ϕ, u, φ1, θ, ψ, v, φ2, ϑ)T ∈
D(A) solution of the following system of equations⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

λϕ − u = f1,

λu − K

ρ1
(ϕx + ψ)x = f2,

λφ1 + (ξ2 + η)φ1 − u(L)μ(ξ) = f3,

λθ + K
m1

(ϕx + ψ)(L) + ζ1
m1

+∞∫
−∞

μ(ξ)φ1(ξ) dξ = f4.

λψ − v = f5,

λv − b

ρ2
ψxx +

K

ρ2
(ϕx + ψ) = f6,

λφ2 + (ξ2 + η)φ2 − v(L)μ(ξ) = f7,

λϑ + b
m2

ψx(L) + ζ2
m2

+∞∫
−∞

μ(ξ)φ2(ξ) dξ = f8.

(17)

Suppose that we have found ϕ and ψ. Therefore, the first and the fifth equations in (17) give{
u = λϕ − f1,
v = λψ − f5.

(18)
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It is clear that u ∈ H1
∗ (0, L) and v ∈ H1

∗ (0, L). Furthermore, by (17) we can find φi (i = 1, 2) as

⎧⎪⎨
⎪⎩

φ1 =
f3(ξ) + μ(ξ)u(L)

ξ2 + η + λ
,

φ2 =
f7(ξ) + μ(ξ)v(L)

ξ2 + η + λ
.

(19)

By using (17) and (18) the functions ϕ and ψ satisfying the following system

⎧⎪⎨
⎪⎩

λ2ϕ − K

ρ1
(ϕx + ψ)x = f2 + λf1,

λ2ψ − b

ρ2
ψxx +

K

ρ2
(ϕx + ψ) = f6 + λf5,

(20)

Solving system (20) is equivalent to finding (ϕ,ψ) ∈ (H2 ∩ H1
∗ (0, L))2 such that

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

L∫
0

(ρ1λ2ϕw − K(ϕx + ψ)xw) dx =

L∫
0

ρ1(f2 + λf1)w dx,

L∫
0

(ρ2λ2ψχ − bψxxχ + K(ϕx + ψ)χ) dx =

L∫
0

ρ2(f6 + λf5)χ dx,

(21)

for all (w,χ) ∈ H1
∗ (0, L)×H1

∗ (0, L). By using (21) and (19) the functions ϕ and ψ satisfying the following
system

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

L∫
0

(ρ1λ2ϕw + K(ϕx + ψ)wx) dx + (λm1 + ζ̃1)u(L)w(L)

=

L∫
0

ρ1(f2 + λf1)w dx − ζ1

+∞∫
−∞

μ(ξ)
ξ2 + η + λ

f3(ξ) dξ w(L) + m1f4w(L),

L∫
0

(ρ2λ2ψχ + bψxχx + K(ϕx + ψ)χ) dx + (λm2 + ζ̃2)v(L)χ(L)

=

L∫
0

ρ2(f6 + λf5)χ dx − ζ2

+∞∫
−∞

μ(ξ)
ξ2 + η + λ

f7(ξ) dξ χ(L) + m2f8χ(L)

(22)

where ζ̃i = ζi

+∞∫
−∞

μ2(ξ)
ξ2 + η + λ

dξ. Using again (18), we deduce that

{
u(L) = λϕ(L) − f1(L),
v(L) = λψ(L) − f5(L). (23)



ZAMP Well-posedness and asymptotic behavior Page 9 of 38 94

Inserting (23) into (22), we get⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

L∫
0

(ρ1λ2ϕw + K(ϕx + ψ)wx) dx + λ(λm1 + ζ̃1)ϕ(L)w(L)

=

L∫
0

ρ1(f2 + λf1)w dx − ζ1

+∞∫
−∞

μ(ξ)
ξ2 + η + λ

f3(ξ) dξ w(L) + (λm1 + ζ̃1)f1(L)w(L) + m1f4w(L),

L∫
0

(ρ2λ2ψχ + bψxχx + K(ϕx + ψ)χ) dx + λ(λm2 + ζ̃2)ψ(L)χ(L)

=

L∫
0

ρ2(f6 + λf5)χ dx − ζ2

+∞∫
−∞

μ(ξ)
ξ2 + η + λ

f7(ξ) dξ χ(L) + (λm2 + ζ̃2)f5(L)χ(L) + m2f8χ(L).

(24)
Consequently, problem (24) is equivalent to the problem

a((ϕ,ψ), (w,χ)) = L(w,χ), (25)

where the bilinear form a : [H1
∗ (0, L) × H1

∗ (0, L)]2 → R and the linear form L : H1
∗ (0, L) × H1

∗ (0, L) → R

are defined by

a((ϕ,ψ), (w,χ)) =

L∫
0

(ρ1λ2ϕw + K(ϕx + ψ)(wx + χ)) dx

+

L∫
0

(ρ2λ2ψχ + bψxχx) dx + λ(λm1 + ζ̃1)ϕ(L)w(L) + λ(λm2 + ζ̃2)ψ(L)χ(L)

and

L(w,χ) =

L∫
0

ρ1(f2 + λf1)w dx − ζ1

+∞∫
−∞

μ(ξ)
ξ2 + η + λ

f3(ξ) dξ w(L) + (λm1 + ζ̃1)f1(L)w(L)

+m1f4w(L) +

L∫
0

ρ2(f6 + λf5)χ dx − ζ2

+∞∫
−∞

μ(ξ)
ξ2 + η + λ

f7(ξ) dξ χ(L)

+ (λm2 + ζ̃2)f5(L)χ(L) + m2f8χ(L).

It is easy to verify that a is continuous and coercive, and L is continuous. So applying the Lax–Milgram
theorem, we deduce that for all (w,χ) ∈ H1

∗ (0, L) × H1
∗ (0, L) problem (25) admits a unique solution

(ϕ,ψ) ∈ H1
∗ (0, L) × H1

∗ (0, L). Applying the classical elliptic regularity, it follows from (24) that (ϕ,ψ) ∈
H2(0, L) × H2(0, L). Therefore, the operator λI − A is surjective for any λ > 0. Consequently, using
Hille–Yosida theorem, we have the following results.

Theorem 3.1. (Existence and uniqueness)
(1) If U0 ∈ D(A), then system (12) has a unique strong solution

U ∈ C0(R+,D(A)) ∩ C1(R+,H).

(2) If U0 ∈ H, then system (12) has a unique weak solution

U ∈ C0(R+,H).
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4. Lack of exponential stability

We first state three well-known theorems.

Theorem 4.1. [21] Let S(t) = eAt be a C0-semigroup of contractions on Hilbert space H. Then S(t) is
exponentially stable if and only if

ρ(A) ⊇ {iβ : β ∈ R} ≡ iR

and

lim
|β|→∞

‖(iβI − A)−1‖L(H) < ∞.

Theorem 4.2. [6] Let S(t) = eAt be a C0-semigroup on a Hilbert space H. If

iR ⊂ ρ(A) and sup
|β|≥1

1
βl

‖(iβI − A)−1‖L(H) < M

for some l, then there exist c such that

‖eAtU0‖2 ≤ c

t
2
l

‖U0‖2D(A).

Theorem 4.3. [2] Let A be the generator of a uniformly bounded C0 semigroup {S(t)}t≥0 on a Hilbert
space H. If:

(i) A does not have eigenvalues on iR.
(ii) The intersection of the spectrum σ(A) with iR is at most a countable set.

Then the semigroup {S(t)}t≥0 is asymptotically stable, i.e., ‖S(t)z‖H → 0 as t → ∞ for any z ∈ H.

Our main result is the following

Theorem 4.4. The semigroup generated by the operator A is not exponentially stable.

Proof. We will examine two cases.
Case 1 η = 0: We shall show that iλ = 0 is not in the resolvent set of the operator A. Indeed, noting that
(sin x, 0, 0, 0, 0, 0, 0, 0, )T ∈H, and denoting by (ϕ, u, φ1, θ, ψ, v, φ2, ϑ)T the image of (sin x, 0, 0, 0, 0, 0, 0, 0)T

by A−1, we see that φ1(ξ) = |ξ| 2α−5
2 sinL. But, then φ1 �∈ L2(−∞,+∞), since α ∈ (0, 1) and so

(ϕ, u, φ1, θ, ψ, v, φ2, ϑ)T �∈ D(A).
Case 2 η �= 0: We aim to show that an infinite number of eigenvalues of A approach the imaginary axis
which prevents the Timoshenko system (P ) from being exponentially stable. Indeed we first compute the
characteristic equation that gives the eigenvalues of A.

Let λ be an eigenvalue of A with associated eigenvector U = (ϕ, u, φ1, θ, ψ, v, φ2, ϑ)T. Then AU = λU
is equivalent to
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⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

λϕ − u = 0,

λu − K

ρ1
(ϕx + ψ)x = 0,

λφ1 + (ξ2 + η)φ1 − u(L)μ(ξ) = 0,

λθ + K
m1

(ϕx + ψ)(L) + ζ1
m1

+∞∫
−∞

μ(ξ)φ1(ξ) dξ,

λψ − v = 0,

λv − b

ρ2
ψxx +

K

ρ2
(ϕx + ψ) = 0,

λφ2 + (ξ2 + η)φ2 − v(L)μ(ξ) = 0,

λϑ + b
m2

ψx(L) + ζ2
m2

+∞∫
−∞

μ(ξ)φ2(ξ) dξ.

(26)

From (26)1–(26)2 and (26)5–(26)6 for such λ, we find⎧⎪⎨
⎪⎩

λ2ϕ − K

ρ1
(ϕx + ψ)x = 0,

λ2ψ − b

ρ2
ψxx +

K

ρ2
(ϕx + ψ) = 0.

(27)

Since θ = u(L) and ϑ = v(L), using (26)3–(26)4 and (26)7–(26)8, we get⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

K

m1
(ϕx + ψ)(L) +

(
λ +

γ1
m1

(λ + η)α−1

)
λϕ(L) = 0,

b

m2
ψx(L) +

(
λ +

γ2
m2

(λ + η)α−1

)
λψ(L) = 0,

ϕ(0) = ψ(0) = 0.

(28)

We set

ϕ̃ = (ϕx + ψ), ψ̃ = ψx.

(27) is equivalent to ⎧⎪⎨
⎪⎩

λ2ϕ − K

ρ1
ϕ̃x = 0,

λ2ψ − b

ρ2
ψ̃x +

K

ρ2
ϕ̃ = 0.

(29)

Then ⎧⎪⎨
⎪⎩

(
λ2 +

K

ρ2

)
ϕ̃ − K

ρ1
ϕ̃xx − b

ρ2
ψ̃x = 0((29)1x + (29)2),

λ2ψ̃ − b

ρ2
ψ̃xx +

K

ρ2
ϕ̃x = 0.

(30)

From (29)2 we have

ϕ̃ =
ρ2
K

(
−λ2ψ +

b

ρ2
ψ̃x

)

ϕ̃xx =
ρ2
K

(
−λ2ψxx +

b

ρ2
ψ̃xxx

)
.

Replacing this in (30)1, we get

ψ′′′′ − λ2
(ρ1

K
+

ρ2
b

)
ψ′′ +

ρ1
K

ρ2
b

λ2

(
λ2 +

K

ρ2

)
ψ = 0. (31)
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The characteristic polynomial of (31) is

s4 −
(ρ1

K
+

ρ2
b

)
λ2s2 +

ρ1
K

ρ2
b

λ2

(
λ2 +

K

ρ2

)
= 0.

The solution ψ is given by

ψ(x) =
4∑

i=1

cietix (32)

where ci ∈ C for all 1 ≤ i ≤ 4 and
⎧⎪⎪⎨
⎪⎪⎩

t1(λ) = λ

√
( ρ1

K +
ρ2
b )+

√
( ρ1

K − ρ2
b )2− 4ρ1

bλ2

2 , t2(λ) = −t1(λ),

t3(λ) = λ

√
( ρ1

K +
ρ2
b )−

√
( ρ1

K − ρ2
b )2− 4ρ1

bλ2

2 , t4(λ) = −t3(λ).

From (29)1 and (30)2, we have

ϕ =
K

ρ1

1
λ2

ϕ̃x =
ρ2
ρ1

1
λ2

(
−λ2ψx +

b

ρ2
ψ̃xx

)
.

Thus, the boundary conditions may be written as the following system:

ψ(0) = 0 =⇒
4∑

i=1

ci = 0

ϕ(0) = 0 =⇒
4∑

i=1

(
−λ2ti +

b

ρ2
t3i

)
ci = 0

b

m2
ψx(L) +

(
λ +

γ2
m2

(λ + η)α−1

)
λψ(L) = 0 =⇒

4∑
i=1

(
b

m2
ti +

(
λ +

γ2
m2

(λ + η)α−1

)
λ

)
etiLci = 0

K

m1
(ϕx + ψ)(L) +

(
λ +

γ1
m1

(λ + η)α−1

)
λϕ(L) = 0 =⇒

4∑
i=1

(
− 1

m1
λ2 − 1

ρ1
λ

(
λ +

γ1
m1

(λ + η)α−1

)
ti +

b

m1ρ2
t2i +

b

ρ1ρ2

1
λ

(
λ +

γ1
m1

(λ + η)α−1

)
t3i

)
etiLci = 0

MC(λ) =

⎛
⎜⎜⎜⎝

1 1 1 1
h1(t1) h1(t2) h1(t3) h1(t4)

h2(t1)et1L h2(t2)et2L h2(t3)et3L h2(t4)et4L

h3(t1)et1L h3(t2)et2L h3(t3)et3L h3(t4)et4L

⎞
⎟⎟⎟⎠

⎛
⎜⎜⎝

c1
c2
c3
c4

⎞
⎟⎟⎠ =

⎛
⎜⎜⎝

0
0
0
0

⎞
⎟⎟⎠ (33)

where

h1(r) = −λ2r +
b

ρ2
r3,

h2(r) =
b

m2
r +

(
λ +

γ2
m2

(λ + η)α−1

)
λ,

h3(r) = − 1
m1

λ2 − 1
ρ1

λ

(
λ +

γ1
m1

(λ + η)α−1

)
r +

b

m1ρ2
r2 +

b

ρ1ρ2

1
λ

(
λ +

γ1
m1

(λ + η)α−1

)
r3.

Set r21 = ρ2
b , r22 = ρ1

K and l = K/b. We will examine two cases.
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Case 1 r1 = r2:
We start by the expansion of t1 and t3:

t1(λ) = r1λ +
(

i

2

√
l

)
+

1
8

l

r1

1
λ

−
(

i

16

√
ll

r21

)
1
λ2

−
(

5
128

l2

r31

)
1
λ3

+

(
7i

256
l2

√
l

r41

)
1
λ4

+ O

(
1
λ5

)
(34)

t3(λ) = r1λ −
(

i

2

√
l

)
+

1
8

l

r1

1
λ

+

(
i

16

√
ll

r21

)
1
λ2

−
(

5
128

l2

r31

)
1
λ3

−
(

7i

256
l2

√
l

r41

)
1
λ4

+ O

(
1
λ5

)
(35)

Using (34) and (35), we find the asymptotic development of:

h3(t1) = i

√
l

ρ1
λ2 +

(
−1

2
l

ρ1r1
+ i

√
l

m1r1

)
λ +

1
8
i

(√
l
)3

ρ1r21
+ γ1

i
√

l

m1ρ1
λα + γ1

−l − 2i(1 − α)
√

lηr1
2m1ρ1r1

λα−1

+
1
16

l2

ρ1r31

1
λ

− 5
128

i
l
5
2

ρ1r41

1
λ2

+
1
8
il

3
2 λα−2 γ1

m1ρ1r21
+

1
2
iλα−2η2

√
lγ1 (α − 2)

α − 1
m1ρ1

− 1
2
λα−2lηγ1

α − 1
m1ρ1r1

+ o

(
1
λ2

)
. (36)

h3(t2) = −i

√
l

ρ1
λ2 +

(
1
2

l

ρ1r1
+ i

√
l

m1r1

)
λ − 1

8
i

l
3
2

ρ1r21
+ γ1

−i
√

l

m1ρ1
λα − γ1

−l − 2i(1 − α)
√

lηr1
2m1ρ1r1

λα−1

− 1
16

l2

ρ1r31

1
λ

+
5

128
i

l
5
2

ρ1r41

1
λ2

− 1
8
il

3
2 λα−2 γ1

m1ρ1r21
− 1

2
iλα−2η2

√
lγ1 (α − 1)

α − 2
m1ρ1

+
1
2
λα−2lηγ1

α − 1
m1ρ1r1

+ o

(
1
λ2

)
. (37)

h3(t3) = −i

√
l

ρ1
λ2 +

(
−1

2
l

ρ1r1
− i

√
l

m1r1

)
λ − 1

8
i

l
3
2

ρ1r21
− γ1

i
√

l

m1ρ1
λα + γ1

−l + 2i(1 − α)
√

lηr1
2m1ρ1r1

λα−1

+
1

16ρ1r31
l2

1
λ

+
5

128
i

l
5
2

ρ1r41

1
λ2

− 1
8
il

3
2 λα−2 γ1

m1ρ1r21
− 1

2
iλα−2η2

√
lγ1 (α − 2)

α − 1
m1ρ1

− 1
2
λα−2lηγ1

α − 1
m1ρ1r1

+ o

(
1
λ2

)
. (38)

h3(t4) = i

√
l

ρ1
λ2 +

(
1
2

l

ρ1r1
− i

√
l

m1r1

)
λ +

1
8
i

l
3
2

ρ1r21
+ γ1

i
√

l

m1ρ1
λα − γ1

−l + 2i(1 − α)
√

lηr1
2m1ρ1r1

λα−1

− 1
16ρ1r31

l2
1
λ

− 5
128

i
l
5
2

ρ1r41

1
λ2

+
1
8
il

3
2 λα−2 γ1

m1ρ1r21
+

1
2
iλα−2η2

√
lγ1 (α − 1)

α − 2
m1ρ1

+
1
2
λα−2lηγ1

α − 1
m1ρ1r1

+ o

(
1
λ2

)
. (39)

h2(t1) = λ2 + b
λ

m2
r1 +

1
2
ib

√
l

m2
+

γ2
m2

λα + ηγ2
α − 1
m2

λα−1 +
1
8
b

l

m2r1

1
λ

+
1
2
λα−2η2γ2 (α − 1)

α − 2
m2

− 1
16

ib
l
3
2

m2r21

1
λ2

+ o

(
1
λ2

)
. (40)

h2(t2) = λ2 − b
λ

m2
r1 − 1

2
ib

√
l

m2
+

γ2
m2

λα + ηγ2
α − 1
m2

λα−1 − 1
8
b

l

m2r1

1
λ

+
1
2
λα−2η2γ2 (α − 1)

α − 2
m2

+
1
16

ib
l
3
2

m2r21

1
λ2

+ o

(
1
λ2

)
. (41)
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h2(t3) = λ2 + b
λ

m2
r1 − 1

2
ib

√
l

m2
+

γ2
m2

λα + ηγ2
α − 1
m2

λα−1 +
1
8
b

l

m2r1

1
λ

+
1
2
λα−2η2γ2 (α − 1)

α − 2
m2

+
1
16

ib
l
3
2

m2r21

1
λ2

+ o

(
1
λ2

)
. (42)

h2(t4) = λ2 − b
λ

m2
r1 +

1
2
ib

√
l

m2
+

γ2
m2

λα + ηγ2
α − 1
m2

λα−1 − 1
8
b

l

m2r1

1
λ

+
1
2
λα−2η2γ2 (α − 1)

α − 2
m2

− 1
16

ib
l
3
2

m2r21

1
λ2

+ o

(
1
λ2

)
. (43)

h1(t1) = i
√

lλ2 − 1
2
l
λ

r1
+

1
8
i
l
3
2

r21
+

1
16

l2

λr31
− 5

128
i

l
5
2

λ2r41
+ O

(
1
λ3

)
. (44)

h1(t2) = −i
√

lλ2 +
1
2
l
λ

r1
− 1

8
i
l
3
2

r21
− 1

16
l2

λr31
+

5
128

i
l
5
2

λ2r41
+ O

(
1
λ3

)
. (45)

h1(t3) = −i
√

lλ2 − 1
2
l
λ

r1
− 1

8
i
l
3
2

r21
+

1
16

l2

λr31
+

5
128

i
l
5
2

λ2r41
+ O

(
1
λ3

)
. (46)

h1(t4) = i
√

lλ2 +
1
2
l
λ

r1
+

1
8
i
l
3
2

r21
− 1

16
l2

λr31
− 5

128
i

l
5
2

λ2r41
+ O

(
1
λ3

)
. (47)

Using the asymptotic development (36)–(47)

f(λ) = et3+t4
(
h1(t2) − (h1(t1)

)(
h2(t3)h3(t4) − h3(t3)h2(t4)

)

+et1+t3
(
h1(t2) − (h1(t4)

)(
h2(t1)h3(t3) − h3(t1)h2(t3)

)

+et1+t4
(
h1(t2) − (h1(t3)

)(
h3(t1)h2(t4) − h2(t1)h3(t4)

)

+et2+t3
(
h1(t4) − (h1(t1)

)(
h2(t2)h3(t3) − h2(t3)h3(t2)

)

+et2+t4
(
h1(t1) − (h1(t3)

)(
h2(t2)h3(t4) − h3(t2)h2(t4)

)

+et1+t2
(
h1(t4) − (h1(t3)

)(
h2(t1)h3(t2) − h2(t2)h3(t1)

)

= −4l
eL(t1+t3) + eL(t2+t4) − 2

ρ1
λ6 − 4l (m2ρ1 + m1ρ2)

eL(t1+t3) − eL(t2+t4)

m1m2ρ1r1
λ5

− 4l (γ1m2 + γ2m1)
eL(t1+t3) + eL(t2+t4) − 2

m1m2ρ1
λ4+α

+

(
−l2

eL(t1+t3) + eL(t1+t4) + eL(t2+t3) + eL(t2+t4) − 4

ρ1r21
− 4bl

eL(t1+t3) + eL(t2+t4) + 2

m1m2

+2ibl
3
2

(
1

m1ρ2
− 1

m2ρ1

)(
eL(t1+t4) − eL(t2+t3)

))
λ4

− 4l

(
η (γ1m2 + γ2m1) (α − 1)

eL(t1+t3) + eL(t2+t4) − 2

m1m2ρ1
+ (γ2ρ1 + γ1ρ2)

eL(t1+t3) − eL(t2+t4)

m1m2ρ1r1

)
λ3+α

− 1

2

bl2

r1

(
1

m1ρ2
+ 5

1

m2ρ1

)(
eL(t1+t3) − eLt2+Lt4

)
λ3

− 4l
γ1γ2

m1m2ρ1
(eL(t1+t3) + eL(t2+t4) − 2)λ2+2α +

8lη(1 − α)γ1γ2

m1m2ρ1
(eL(t1+t3) + eL(t2+t4) − 2)λ1+2α
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+

[
1

ρ1

(
γ1

m1
+

γ2

m2

)(
−4lη2 − l2

r21
+ 6ldη2 − 2ld2η2

)
(eL(t1+t3) + eL(t2+t4) − 2)

+
4lb(1 − α)ηr1

m1m2

(
γ1

ρ1
+

γ2

ρ2

)
(eL(t1+t3) − eL(t2+t4)) − l2

r21ρ1

(
γ1

m1
+

γ2

m2

)
(eL(t1+t4) + eL(t2+t3) − 2)

− 2ib
l3/2

m1m2

(
γ1

ρ1
+

γ2

ρ2

)
(eL(t1+t4) − eL(t2+t3))

]
λ2+α

+

[
l3

ρ1r41
(eL(t1+t3) + eL(t2+t4) + eL(t1+t4) + eL(t2+t3) − 4)

− bl2

ρ1r41
(eL(t1+t3) + eL(t2+t4) + eL(t1+t4) + eL(t2+t3) + 4)

− 1

4
i
l5/2b

r21

(
1

m1ρ2
+

3

m2ρ1

)
(eL(t1+t4) − eL(t2+t3))

]
λ2 + o(λ1+α) (48)

= − 4l

ρ1
λ6

[
(eL(t1+t3) + eL(t2+t4) − 2) +

(m2ρ1 + m1ρ2)
m1m2r1

eL(t1+t3) − eL(t2+t4)

λ

+
(γ1m2 + γ2m1)

m1m2

eL(t1+t3) + eL(t2+t4) − 2
λ2−α

+

(
l
eL(t1+t3) + eL(t1+t4) + eL(t2+t3) + eL(t2+t4) − 4

4r21
+ bρ1

eL(t1+t3) + eL(t2+t4) + 2
m1m2

− ib
ρ1
2

l
1
2

(
1

m1ρ2
− 1

m2ρ1

)(
eL(t1+t4) − eL(t2+t3)

)) 1
λ2

+
(

η (γ1m2 + γ2m1) (α − 1)
eL(t1+t3) + eL(t2+t4) − 2

m1m2
− (γ2ρ1 + γ1ρ2)

eL(t1+t3) − eL(t2+t4)

m1m2r1

)
1

λ3−α

+
1
8

blρ1
r1

(
1

m1ρ2
+ 5

1
m2ρ1

)(
eL(t1+t3) − eLt2+Lt4

) 1
λ3

+
γ1γ2

m1m2
(eL(t1+t3) + eL(t2+t4) − 2)

1
λ4−2α

− 2η(1 − α)
γ1γ2

m1m2
(eL(t1+t3) + eL(t2+t4) − 2)

1
λ5−2α

−
[

1
4

(
γ1
m1

+
γ2
m2

)(
−4η2 − l

r21
+ 6αη2 − 2α2η2

)
(eL(t1+t3) + eL(t2+t4) − 2)

+ b(1 − α)ηρ1
r1

m1m2

(
γ1
ρ1

+
γ2
ρ2

)
(eL(t1+t3) − eL(t2+t4)) − l

4r21

(
γ1
m1

+
γ2
m2

)
(eL(t1+t4) + eL(t2+t3) − 2)

− ibρ1
l1/2

2m1m2

(
γ1
ρ1

+
γ2
ρ2

)
(eL(t1+t4) − eL(t2+t3))

]
1

λ4−α

−
[

l2

4r41
(eL(t1+t3) + eL(t2+t4) + eL(t1+t4) + eL(t2+t3) − 4)

− bl

4r41
(eL(t1+t3) + eL(t2+t4) + eL(t1+t4) + eL(t2+t3) + 4)

− 1
16

i
l3/2bρ1

r21

(
1

m1ρ2
+

3
m2ρ1

)
(eL(t1+t4) − eL(t2+t3))

]
1
λ4

]
+ o

(
1

λ5−α

)
.
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We set

f̃(λ) = f0(λ) +
f1(λ)

λ
+

f2(λ)

λ2−α
+

f3(λ)

λ2
+

f4(λ)

λ3−α
+

f5(λ)

λ3
+

f6(λ)

λ4−α

+
f7(λ)

λ4−2α
+

f8(λ)

λ5−2α
+

f9(λ)

λ4
+ o

(
1

λ5−α

)
(49)

f0(λ) = eL(t1+t3) + eL(t2+t4) − 2 = e−L(t1+t3)(eL(t1+t3) − 1)2 (50)

f1(λ) =
(m2ρ1 + m1ρ2)

m1m2r1
(e(t1+t3)L − e−(t1+t3)L)

=
(m2ρ1 + m1ρ2)

m1m2r1
e−(t1+t3)L(e(t1+t3)L − 1)(e(t1+t3)L + 1) (51)

f2(λ) =
(γ1m2 + γ2m1)

m1m2
(eL(t1+t3) + eL(t2+t4) − 2)

=
(γ1m2 + γ2m1)

m1m2
e−L(t1+t3)(eL(t1+t3) − 1)2 (52)

f3(λ) =

(
l
eL(t1+t3) + eL(t1+t4) + eL(t2+t3) + eL(t2+t4) − 4

4r21
+ bρ1

eL(t1+t3) + eL(t2+t4) + 2

m1m2

− ib
ρ1

2
l
1
2

(
1

m1ρ2
− 1

m2ρ1

)(
eL(t1+t4) − eL(t2+t3)

))

= e−L(t1+t3)

(
l

4r21
((eL(t1+t3) − 1)2 + (eLt1 − eLt3)2) +

bρ1

m1m2
(eL(t1+t3) + 1)2

− ib
ρ1

2
l
1
2

(
1

m1ρ2
− 1

m2ρ1

)(
e2Lt1 − e2Lt3

))
(53)

f4(λ) = e−L(t1+t3)

(
η(α − 1) (γ1m2 + γ2m1)

m1m2
(eL(t1+t3) − 1)2 +

(γ2ρ1 + γ1ρ2)

m1m2r1
(e2L(t1+t3) − 1)

)
. (54)

f5(λ) = −1

2

bl2

r1

(
1

m1ρ2
+ 5

1

m2ρ1

)
e−L(t1+t3)

(
e2L(t1+t3) − 1

)
(55)

f6(λ) = −
[
1

4

(
γ1

m1
+

γ2

m2

)(
−4η2 − l

r21
+ 6αη2 − 2α2η2

)
(eL(t1+t3) − 1)2

+ b(1 − α)ηρ1
r1

m1m2

(
γ1

ρ1
+

γ2

ρ2

)
(e2L(t1+t3) − 1) − l

4r21

(
γ1

m1
+

γ2

m2

)
(eLt1 − eLt3)2

− ibρ1
l1/2

2m1m2

(
γ1

ρ1
+

γ2

ρ2

)
(e2Lt1 − e2Lt3)

]
(56)

f7(λ) =
γ1γ2

m1m2
e−L(t1+t3)(eL(t1+t3) − 1)2 (57)

f8(λ) = −2η(1 − α)
γ1γ2

m1m2
e−L(t1+t3)(eL(t1+t3) − 1)2 (58)

f9(λ) = −e−L(t1+t3)

[
l2

4r41
((eL(t1+t3) − 1)2 + (eLt1 − eLt3)2)

− bl

4r41
((eL(t1+t3) + 1)2 + (eLt1 + eLt3)2) − 1

16
i
l3/2bρ1

r21

(
1

m1ρ2
+

3

m2ρ1

)
(e2Lt1 − e2Lt3)

]
. (59)

�
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Lemma 4.1. (Asymptotic behavior of the large eigenvalues of A) The large eigenvalues of A can be
split into two families (λj

k)k∈Z,|k|≥k0 , j = 1, 2, (k0 ∈ N chosen large enough). The following asymptotic
expansions hold:

λ1
k =

i

Lr1
kπ + o(1), λ2

k =
i

Lr1
kπ + o(1). (60)

Either λ1
k = λ2

k and this root is of order 2, or λ1
k �= λ2

k and these two roots are simple.

Proof. The multiplicity of the roots of f0 given by (60) is two, and λ is a root of f0 if and only if

(t1 + t3)L = 2ikπ.

Since t1 + t3 = 2r1λ +
1
4

1
r1

l
1
λ

+ o(
1
λ

). we deduce that, for each k ∈ Z, with |k| large enough, corresponds

a double root of f0; denoted by λ0
k which satisfies

λ0
k =

i

Lr1
kπ + O

(
1
k

)
.

We will now use Rouché’s theorem. Let Bk = B(
i

Lr1
kπ, rk) be the ball of centrum ikπ and radius rk = 1

k
1
4

and λ ∈ ∂Bk (i.e., λ =
i

Lr1
kπ + rkeiθ, θ ∈ [0, 2π]). Then we successively have:

L(t1 + t3)(λ) = 2ikπ + 2Lr1rkeiθ + O

(
1
k

)

eL(t1+t3)(λ) = e2Lr1rke
iθ+O( 1

k )

= 1 + 2Lr1rkeiθ + O(r2k).

and

f0(λ) =
(
1 − 2Lr1rkeiθ + O(r2k)

) (
2Lr1rkeiθ + O(r2k)

)2
=
(
1 − 2Lr1rkeiθ + O(r2k)

) (
4L2r21r

2
ke2iθ + O(r3k)

)
= 4r21L

2r2ke2iθ + O(r3k).

It follows that there exists a positive constant c such that

∀λ ∈ ∂Bk, |f0(λ)| ≥ cr2k =
c√
k

.

Then we deduce from (49) that |f(λ) − f0(λ)| = O

(
1
λ

)
= O

(
1
k

)
. It follows that, for |k| large enough

∀λ ∈ ∂Bk, |f(λ) − f0(λ)| < |f0(λ)|.
Since the imaginary axis is an asymptote for the spectrum of A then system (12) is not uniformly
stable. �

More information concerning the asymptotic behavior of the spectrum of A is given by:

Proposition 4.1. (Asymptotic expansions for the eigenvalues of A) Assume Condition
ρ1
m1

�= ρ2
m2

or L
√

l �= 2kπ, k ∈ N
∗. (H)

Then the large eigenvalues of the dissipative operator A are simple and can be split into two families
(λj

k)k∈Z,|k|≥k0 , j = 1, 2, (k0 ∈ N, chosen large enough). Moreover, we have the following asymptotic
expansions for the eigenvalues of A:
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λ1
k =

i

Lr1
kπ +

iq1
k

+
α̃1

k3−α
+

q̃1
|k|3−α

+ o

(
1

k3−α

)
, q1 ∈ R, α̃1 ∈ iR, q̃1 ∈ R, q̃1 < 0, k ≥ k0

λ1
k = λ1

−k, k ≤ −k0.

λ2
k =

i

Lr1
kπ +

iq2
k

+
α̃2

k3−α
+

q̃2
|k|3−α

+ o

(
1

k3−α

)
, q2 ∈ R, α̃2 ∈ iR, q̃2 ∈ R, q̃2 < 0, k ≥ k0

λ2
k = λ2

−k, k ≤ −k0.

Proof. Let λk = λj
k with j = 1 or j = 2. It follows

λk =
i

Lr1
kπ + εk. (61)

Using (34)–(35), we get

(t1 + t3)L = 2r1λk +
lL

4r1

1
λk

− 5
64

L2l2

r31

1
λ3

+ O

(
1
λ3

)

= 2ikπ + 2Lr1εk − i
lL2

4kπ
+ o

(
1
k2

)
+ o(εk)

2t1L = 2r1λk + iL
√

l +
lL

4r1

1
λk

− i

8
Ll

√
l

r21

1
λ2

+ O

(
1
λ3

)

= 2ikπ + 2Lr1εk + iL
√

l − i
lL2

4kπ
+

i

8
L3l

√
l

π2k2
+ o

(
1
k2

)
+ o(εk)

2t3L = 2r1λk − iL
√

l +
lL

4r1

1
λk

+
i

8
Ll

√
l

r21

1
λ2

+ O

(
1
λ3

)

= 2ikπ + 2Lr1εk − iL
√

l − i
lL2

4kπ
− i

8
L3l

√
l

π2k2
+ o

(
1
k2

)
+ o(εk).

(62)

It follows that

eL(t1+t3) = 1 + 2Lr1εk − i
lL2

4kπ
− l2L4

32π2k2
− i

lL3r1
2π

εk

k
+ o(εk) + o

(εk

k

)
+ o

(
1
k2

)

e2Lt1 = eiL
√

l

(
1 + 2Lr1εk − i

lL2

4kπ
− l2L4

32π2k2
− i

lL3r1
2π

εk

k
+

i

8
L3l

√
l

π2k2
+ o

(εk

k

)
+ o

(
1
k2

))

e2Lt3 = e−iL
√

l

(
1 + 2Lr1εk − i

lL2

4kπ
− l2L4

32π2k2
− i

lL3r1
2π

εk

k
− i

8
L3l

√
l

π2k2
+ o

(εk

k

)
+ o

(
1
k2

))
.

(63)

Using (49), inserting (63) into f(λk) and keeping only the terms greater than or equal to O(
1
k2

), we
obtain after calculations

f(λk) = 4L2r21ε
2
k −

(
4 i

π
L2

k mr21 + i
π

L3

k lr1

)
εk −

(
1

16π2
L4

k2 l2 + 1
2π2

L3

k2 lmr1

+
L2r21
π2k2

(
4 ˜̃m − 4A sin2

(
L

√
l

2

)
− B sin(L

√
l)
))

+ o(ε2k) + o
(εk

k

)
+ o

(
1
k2

)
= 0,

(64)

where

m =
m2ρ1 + m1ρ2

m1m2r1
, ˜̃m =

bρ1
m1m2

, A =
l

4r21
, B = bρ1

√
l

(
1

m1ρ2
− 1

m2ρ1

)
.



ZAMP Well-posedness and asymptotic behavior Page 19 of 38 94

Multiplying (64) by k2 leads to:

4L2r21(kεk)2 − i

(
4

1
π

L2mr21 +
1
π

L3lr1

)
(kεk)

−
(

L4l2

16π2
+

L3lmr1
2π2

+
L2r21
π2

(
4 ˜̃m − 4A sin2

(
L

√
l

2

)
− B sin(L

√
l)
))

+ o(1) + o(kεk) + o(k2ε2k) = 0.

Thus, kεk is bounded and

4L2r21(kεk)2 − i

(
4
L2mr21

π
+

L3lr1
π

)
(kεk)

−
(

L4l2

16π2
+

L3lmr1
2π2

+
L2r21
π2

(
4 ˜̃m − 4A sin2

(
L

√
l

2

)
− B sin(L

√
l)
))

+ o(1) = 0.

The previous equation has two solutions

kεk = 1
8πr1

(
4imr1 − 4r1

√
4 ˜̃m − 2A + 2A cos L

√
l − B sin L

√
l − m2 + iLl

)
or

kεk = 1
8πr1

(
4imr1 + 4r1

√
4 ˜̃m − 2A + 2A cos L

√
l − B sin L

√
l − m2 + iLl

)
.

It holds:

εk = 1
8πr1k

(
4imr1 − 4r1

√
4 ˜̃m − 2A + 2A cos L

√
l − B sin L

√
l − m2 + iLl

)
or

εk = 1
8πr1k

(
4imr1 + 4r1

√
4 ˜̃m − 2A + 2A cos L

√
l − B sin L

√
l − m2 + iLl

)
.

Set

P = 4 ˜̃m − 2A + 2A cos(L
√

l) − B sin(L
√

l) − m2

= 4 ˜̃m − m2 − 2A + 2A cos(L
√

l) − B sin(L
√

l).

As r21 = r22 =
ρ2
b

, we deduce that

4 ˜̃m − m2 = − 1
r21

(
ρ1
m1

− ρ2
m2

)2

.

Then

P = − 1
r21

(
ρ1
m1

− ρ2
m2

)2

−
√

l

r21

(
ρ1
m1

− ρ2
m2

)
sin(L

√
l) − 1

2
l

r21
+

1
2

l

r21
cos(L

√
l)

= − 1
r21

(√
l

2
sin(L

√
l) +

(
ρ1
m1

− ρ2
m2

))2

− l

4r21
(cos(L

√
l) − 1)2.

Hence

εk =
i

8πr1k

⎛
⎝4mr1 − 2

√(√
l sin(L

√
l) + 2

(
ρ1
m1

− ρ2
m2

))2

+ (cos(L
√

l) − 1)2 + Ll

⎞
⎠+ o

(
1
k

)
or

εk =
i

8πr1k

⎛
⎝4mr1 + 2

√(√
l sin(L

√
l) + 2

(
ρ1
m1

− ρ2
m2

))2

+ (cos(L
√

l) − 1)2 + Ll

⎞
⎠+ o

(
1
k

)
.
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Step 2. From Step 1, we can write

λ1
k =

i

Lr1
kπ + i

q1
k

+
ε1k
k

,

λ2
k =

i

Lr1
kπ + i

q2
k

+
ε2k
k

,

where εj
k = o(1).

(t1 + t3)L = i
2r1Lqj

k
+

2r1Lεj
k

k
− i

lL2

4kπ
+ i

lL3r1
4k3π2

qj +
lL3r1
4k3π2

εj
k − i

5
64

l2L4

k3π3

Lt1 = kπi + i
L

√
l

2
+ i

L

k
r1qj − 1

8
i

π

L2

k
l − 1

2
L2

k2
r21q

2
j +

L

k
εj
kr1 +

i

8
L3l

√
l

π2k2

Lt3 = kπi − i
L

√
l

2
+ i

L

k
r1qj − 1

8
i

π

L2

k
l − 1

2
L2

k2
r21q

2
j +

L

k
εj
kr1 − i

8
L3l

√
l

π2k2

e(t1+t3)L − 1 = 2i
L

k
r1qj + 2

L2

k2
(εj

k)2r21 − 1
4

i

π

L2

k
l − 2

L2

k2
r21q

2
j + 2

L

k
εj
kr1 − 1

32π2

L4

k2
l2 − 5

64
i

π3

L4

k3
l2

− 5
256π4

L6

k4
l3 + 4i

L2

k2
εj
kr21qj +

7
32π3

L5

k4
l2r1qj − 1

2
i

π

L3

k2
lεj

kr1 +
1

4π2

L3

k3
lεj

kr1 − 1
2π2

L4

k4
lr21q

2
j

+
1
2π

L3

k2
lr1qj +

1
4

i

π2

L3

k3
lr1qj .

et1L = (−1)ke
iL

√
l

2

(
1 + i

L

k
r1qj − 1

8
i

π

L2

k
l − 1

2
L2

k2
r21q

2
j +

L

k
εj
kr1 − 1

128π2

L4

k2
l2

+
1
16

i

π2

L3

k2
l
3
2 + i

L2

k2
εj
kr21qj − 1

8
i

π

L3

k2
lεj

kr1 +
1
8π

L3

k2
lr1qj

)

et3L = (−1)ke− iL
√

l
2

(
1 + i

L

k
r1qj − 1

8
i

π

L2

k
l − 1

2
L2

k2
r21q

2
j +

L

k
εj
kr1 − 1

128π2

L4

k2
l2

− 1
16

i

π2

L3

k2
l
3
2 + i

L2

k2
εj
kr21qj − 1

8
i

π

L3

k2
lεj

kr1 +
1
8π

L3

k2
lr1qj

)
.

Using (49), Taylor series and simplification in the term of order 1/k2 coming from Step 1, we get

f(λk) =

(
4
L2

k2
r21

)
(εj

k)
2 +

(
8i

L2

k2
r21qj − 24

L3

k3
r31q2j − 4

i

π

L2

k2
mr21 − 3

8π2

L5

k3
l2r1 − i

π

L3

k2
lr1 − 2

π2

L4

k3
lmr21

+
6

π

L4

k3
lr21qj +

16

π

L3

k3
mr31qj

)
εj

k +

(
4
L4

k4
r41q4j − 8i

L3

k3
r31q3j +

1

64

i

π3

L6

k3
l3 − 5

128π4

L6

k4
l3 +

1

1024π4

L8

k4
l4

+
1

8

i

π3

L5

k3
l2mr1 − 5

32π4

L5

k4
l2mr1 +

1

64π4

L7

k4
l3mr1 +

3

8π2

L6

k4
l2r21q2j − 3

8

i

π2

L5

k3
l2r1qj +

7

16π3

L5

k4
l2r1qj

− 1

32π3

L7

k4
l3r1qj + 3

i

π

L4

k3
lr21q2j + 8

i

π

L3

k3
mr31q2j − 1

π2

L4

k4
lr21q2j − 2

π

L5

k4
lr31q3j − 4

π2

L3

k4
mr31q2j

− 8

π

L4

k4
mr41q3j − 2

i

π2

L4

k3
lmr21qj +

1

π3

L4

k4
lmr21qj +

3

π2

L5

k4
lmr31q2j − 3

8π3

L6

k4
l2mr21qj

)

+ s2−α

(
Lr1
iπ

)2−α (
−4

L2

k4−α
r21q2j − 1

16π2

L4

k4−α
l2 +

1

π

L3

k4−α
lr1qj

)

+ s3−α

(
Lr1
iπ

)3−α (
4i

L

k4−α
r1qj − 1

2

i

π

L2

k4−α
l

)
− s4−α

(
Lr1
ikπ

)4−α

+ s41

(
Lr1
ikπ

)4

+ s42

(
Lr1
ikπ

)4

+ s43

(
Lr1
ikπ

)4

++s3

(
4i

L

k4
r1qj − 1

2

i

π

L2

k4
l

)(
Lr1
iπ

)3



ZAMP Well-posedness and asymptotic behavior Page 21 of 38 94

+
l

4r21

(
Lr1
iπ

)2
(
2i sin

(
L

√
l

2

))2 (
2i

L

k3
r1qj − 1

4

i

π

L2

k3
l

)
+

bρ1

m1m2

(
8i

L

k3
r1qj − i

π

L2

k3
l

)(
Lr1
iπ

)2

+
l

4r21

(
Lr1
iπ

)2
(

−4
L2

k4
r21q2j − 1

16π2

L4

k4
l2 +

1

π

L3

k4
lr1qj − sin(L

√
l)
1

2

1

π2

L3

k4
l
3
2 − 4 sin2

(
L

√
l

2

)

×
(

−3
L2

k4
r21q2j − 1

32π2

L4

k4
l2 +

1

2π

L3

k4
lr1qj

))
+

bρ1

m1m2

(
−12

L2

k4
r21q2j − 3

16π2

L4

k4
l2 +

3

π

L3

k4
lr1qj

)

×
(

Lr1
iπ

)2

+ 2is2

(
Lr1
π

)2

sin(L
√

l)

(
2i

L

k3
r1qj − 1

4

i

π

L2

k3
l

)
+ 2is2(

Lr1
π

)2 sin(L
√

l)

×
(

−2
L2

k4
r21q2j − 1

32π2

L4

k4
l2 +

1

2π

L3

k4
lr1qj

)
+ s2

(
Lr1
iπ

)2
i

4
L3

√
ll
cosL

√
l

π2k4
+ s2−α

(
Lr1
iπ

)2−α

×
(

− i

π

L3

k4−α
lεj

kr1 + 8i
L2

k4−α
εj

kr21qj

)
+ s3−α

(
Lr1
iπ

)3−α
4L

k4−α
εj

kr1 + 2
L3l

π2k3
r1 sin

2

(
L

√
l

2

)
εj

k

+
bρ1

m1m2

(
8

L

k3
εj

kr1

)(
Lr1
iπ

)2

+ s2−α

(
Lr1
iπ

)2−α (
4

L2

k4−α
(εj

k)
2r21

)
+ 4is2

L3r31
π2k3

sin(L
√

l)εj
k,

where

s2 = −ib
ρ1
2

√
l

(
1

m1ρ2
− 1

m2ρ1

)
, s2−α =

γ1m2 + γ2m1

m1m2
, m =

ρ1m2 + ρ2m1

m1m2r1
, s3−α =

γ1ρ2 + γ2ρ1
m1m2r1

,

s3 =
1
8

lbρ1
r1

(
1

m1ρ2
+

5
m2ρ1

)
, s4−α =

b
√

lρ1
m1m2

(
γ1
ρ1

+
γ2
ρ2

)
sin(L

√
l)

s41 =
l2

r41
sin2

(
L

√
l

2

)
, s42 =

bl2

r41

(
cos2

(
L

√
l

2

)
+ 1

)
, s43 = −bl2ρ1

8r21
sin(L

√
l).

Considering only the dominant terms of 1
k , the following is obtaining:

f(λk) =

(
4

L2

k2
r21

)
(εj

k)2 +

(
8i

L2

k2
r21qj − 4

i

π

L2

k2
mr21 − i

π

L3

k2
lr1

)
εj
k − 8i

L3

k3
r31q3j +

1

64

i

π3

L6

k3
l3

+
1

8

i

π3

L5

k3
l2mr1 − 3

8

i

π2

L5

k3
l2r1qj + 3

i

π

L4

k3
lr21q2j + 8

i

π

L3

k3
mr31q2j − 2

i

π2

L4

k3
lmr21qj

+ s2−α

(
Lr1

iπ

)2−α (
−4

L2

k4−α
r21q2j − 1

16π2

L4

k4−α
l2 +

1

π

L3

k4−α
lr1qj

)
+ s3−α

×
(

Lr1

iπ

)3−α (
4i

L

k4−α
r1qj − 1

2

i

π

L2

k4−α
l

)

− s4−α

(
Lr1

ikπ

)4−α

+
l

4r21

(
Lr1

iπ

)2
(

2i sin

(
L

√
l

2

))2 (
2i

L

k3
r1qj − 1

4

i

π

L2

k3
l

)

+
bρ1

m1m2

(
8i

L

k3
r1qj − i

π

L2

k3
l

)(
Lr1

iπ

)2

+ 2is2

(
Lr1

π

)2

sin(L
√

l)

(
2i

L

k3
r1qj − 1

4

i

π

L2

k3
l

)
.

We remark that

− 8i
L3

k3
r31q

3
j +

1
64

i

π3

L6

k3
l3 +

1
8

i

π3

L5

k3
l2mr1 − 3

8
i

π2

L5

k3
l2r1qj + 3

i

π

L4

k3
lr21q

2
j + 8

i

π

L3

k3
mr31q

2
j

− 2
i

π2

L4

k3
lmr21qj +

l

4r21

(
Lr1
iπ

)2
(

2i sin

(
L

√
l

2

))2(
2i

L

k3
r1qj − 1

4
i

π

L2

k3
l

)

+
bρ1

m1m2

(
8i

L

k3
r1qj − i

π

L2

k3
l

)(
Lr1
iπ

)2

+ 2is2

(
Lr1
π

)2

sin(L
√

l)
(

2i
L

k3
r1qj − 1

4
i

π

L2

k3
l

)
= 0.
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Then εj
k satisfy

f(λk) =
(

4
L2

k2
r21

)
(εj

k)2 +
(

8i
L2

k2
r21qj − 4

i

π

L2

k2
mr21 − i

π

L3

k2
lr1

)
εj
k

+ s2−α

(
Lr1
iπ

)2−α (
−4

L2

k4−α
r21q

2
j − 1

16π2

L4

k4−α
l2 +

1
π

L3

k4−α
lr1qj

)

+ s3−α

(
Lr1
iπ

)3−α (
4i

L

k4−α
r1qj − 1

2
i

π

L2

k4−α
l

)
− s4−α

(
Lr1
ikπ

)4−α

(65)

Multiplying (65) by k4 leads to:

f(λk) =
(
4L2r21

)
(kεj

k)2 + k
(
8iL2r21qj − 4 i

π L2mr21 − i
π L3lr1

)
(kεj

k) + s2−α

(
Lr1
iπ

)2−α
kα

(−4L2r21q
2
j

− 1
16π2 L4l2 + 1

π L3lr1qj

)
+ s3−α

(
Lr1
iπ

)3−α
kα

(
4iLr1qj − 1

2
i
π L2l

)− s4−αkα
(

Lr1
iπ

)4−α
+ o(1) = 0.

Hence ε1k and ε2k satisfy

(
4L2r21

)
(kε1k)2 − 4k

i

π
L2

√
θr21(kε1k) + I1k

α

(
Lr1
iπ

)2−α
L2r21
π2

+ o(1) = 0

(
4L2r21

)
(kε2k)2 + 4k

i

π
L2

√
θr21(kε2k) + I2k

α

(
Lr1
iπ

)2−α
L2r21
π2

+ o(1) = 0,

where

I1 = 2s3−α(m −
√

θ) − s2−α(m −
√

θ)2 + s4−α

I2 = 2s3−α(m +
√

θ) − s2−α(m +
√

θ)2 + s4−α

θ =
1
r21

(√
l

2
sin(L

√
l) +

(
ρ1
m1

− ρ2
m2

))2

+
l

4r21
(cos(L

√
l) − 1)2

kε1k = − I1

4π
√

θ

(
Lr1
π

)2−α (
cos(1 − α)

π

2
− i cos(1 − α)

π

2

) 1
k1−α

+ o(1)

kε2k =
I2

4π
√

θ

(
Lr1
π

)2−α (
cos(1 − α)

π

2
− i cos(1 − α)

π

2

) 1
k1−α

+ o(1).

Then

ε1k = − I1

4π
√

θ

(
Lr1
π

)2−α (
cos(1 − α)

π

2
− i cos(1 − α)

π

2

) 1
k2−α

+ o

(
1

k2−α

)

ε2k =
I2

4π
√

θ

(
Lr1
π

)2−α (
cos(1 − α)

π

2
− i cos(1 − α)

π

2

) 1
k2−α

+ o

(
1

k2−α

)
.

Since all the eigenvalues of A are on the left of the imaginary axis, necessarily I1 > 0 and I2 < 0. Note
that, if γ1 = γ2 = 0 then I1 = I2 = 0.

Remark 4.1. If condition (H) does not hold, we can study the asymptotic behavior of the spectrum of
A, but the calculation is long.

Case 2 r1 �= r2:
We start by the expansion of t1 and t3:

t1 = r1λ − l

2
r22

r1(r21 − r22)
1
λ

− l2

8
r42(5r21 − r22)
r31(r

2
1 − r22)3

1
λ3

+ O

(
1
λ5

)
. (66)

t3 = r2λ +
l

2
r2

(r21 − r22)
1
λ

+
l2

8
r2(5r22 − r21)
(r21 − r22)3

1
λ3

+ O

(
1
λ5

)
. (67)
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h1(t1) = −lλ
r22

r1(r21 − r22)
− 1

2
l2r42

r21 + r22

r31 (r21 − r22)
3

1
λ

+ O

(
1
λ3

)
. (68)

h1(t2) = lλ
r22

r1(r21 − r22)
+

1
2
l2r42

r21 + r22
r31(r

2
1 − r22)3

1
λ

+ O

(
1
λ3

)
. (69)

h1(t3) = −λ3(r21 − r22)
r2
r21

− 1
2
lr2

r21 − 3r22
r21 (r21 − r22)

λ +
1
8
l2r2

r41 + 9r42 − 2r21r
2
2

r21 (r21 − r22)
3

1
λ

+ O

(
1
λ3

)
. (70)

h1(t4) = λ3
(
r21 − r22

) r2
r21

+
1
2
lr2

r21 − 3r22
r21 (r21 − r22)

λ − 1
8
l2r2

r41 + 9r42 − 2r21r
2
2

r21 (r21 − r22)
3

1
λ

+ O

(
1
λ3

)
. (71)

h2(t1) = λ2 +
br1
m2

λ +
γ2
m2

λα + ηλα−1γ2
α − 1
m2

− 1
2

blr22
m2r1 (r21 − r22)

1
λ

+ O

(
1

λ2−α

)
. (72)

h2(t2) = λ2 − br1
m2

λ +
γ2
m2

λα + ηλα−1γ2
α − 1
m2

+
1
2

blr22
m2r1 (r21 − r22)

1
λ

+ O

(
1

λ2−α

)
. (73)

h2(t3) = λ2 +
br2
m2

λ +
γ2
m2

λα + ηλα−1γ2
α − 1
m2

+
1
2
bl

r2
m2 (r21 − r22)

1
λ

+ O

(
1

λ2−α

)
. (74)

h2(t4) = λ2 − br2
m2

λ +
γ2
m2

λα + ηλα−1γ2
α − 1
m2

− 1
2
bl

r2
m2 (r21 − r22)

1
λ

+ O

(
1

λ2−α

)
. (75)

h3(t1) = − lr22
ρ1r1 (r21 − r22)

λ − lr22
m1r21 (r21 − r22)

− lλα−1γ1
r22

m1ρ1r1 (r21 − r22)

− 1
2
l2r42

r21 + r22

ρ1r31 (r21 − r22)
3

1
λ

+ o

(
1
λ

)
. (76)

h3(t2) =
lr22

ρ1r1 (r21 − r22)
λ − l

r22
m1r21 (r21 − r22)

+ lλα−1γ1
r22

m1ρ1r1 (r21 − r22)

+
1
2
l2r42

r21 + r22

ρ1r31 (r21 − r22)
3

1
λ

+ o

(
1
λ

)
. (77)

h3(t3) = −λ3
(
r21 − r22

) r2
ρ1r21

− λ2
(
r21 − r22

) 1
m1r21

− λ1+α
(
r21 − r22

) γ1r2
m1ρ1r21

− 1
2
lλr2

r21 − 3r22
ρ1r21 (r21 − r22)

− ηλαγ1r2
(
r21 − r22

) α − 1
m1ρ1r21

+ l
r22

r21m1 (r21 − r22)
− 1

2
lλα−1γ1r2

r21 − 3r22
m1ρ1r21 (r21 − r22)

− 1
2
η2λα−1γ1r2

(
r21 − r22

)
(α − 1)

α − 2
m1ρ1r21

+ o

(
1

λ1−α

)
. (78)

h3(t4) = λ3
(
r21 − r22

) r2
ρ1r21

− λ2
(
r21 − r22

) 1
m1r21

+ λ1+αγ1r2 (r1 − r2)
r1 + r2
m1ρ1r21

+
1
2
lλr2

r21 − 3r22
ρ1r21 (r21 − r22)

+ ηλαγ1r2
(
r21 − r22

) α − 1
m1ρ1r21

+ l
r22

r21m1 (r21 − r22)
+

1
2
lλα−1γ1r2

r21 − 3r22
m1ρ1r21 (r21 − r22)

+
1
2
η2λα−1γ1r2

(
r21 − r22

)
(α − 1)

α − 2
m1ρ1r21

+ o

(
1

λ1−α

)
. (79)

Using the asymptotic development (68)–(79)

f(λ) = λ8 r22
ρ1r41

(r1 − r2)2(r1 + r2)2[eL(t1+t3) − eL(t1+t4) − eL(t2+t3) + eL(t2+t4)]

+λ7 r2
m1m2ρ1r41

(r1 − r2)2(r1 + r2)2[(m2ρ1 + bm1r1r2)(eL(t1+t3) − eL(t2+t4))
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+ (m2ρ1 − bm1r1r2)(eL(t1+t4) − eL(t2+t3))]

+λ6+α r22(γ1m2 + γ2m1)
m1m2ρ1r41

(r21 − r22)
2[eL(t1+t3) − eL(t1+t4) − eL(t2+t3) + eL(t2+t4)] + O(λ2)

= λ8 r22
ρ1r41

(r1 − r2)2(r1 + r2)2
[
(eL(t1+t3) − eL(t1+t4) − eL(t2+t3) + eL(t2+t4))

+ ((m2ρ1 + bm1r1r2)(eL(t1+t3) − eL(t2+t4)) + (m2ρ1 − bm1r1r2)(eL(t1+t4) − eL(t2+t3)))
1

m1m2r2λ

+
(γ1m2 + γ2m1)

m1m2
(eL(t1+t3) − eL(t1+t4) − eL(t2+t3) + eL(t2+t4))

1
λ2−α

+ O

(
1
λ2

)]
. (80)

We set ˜̃
f(λ) = f0(λ) +

f1(λ)
λ

+
f2(λ)
λ2−α

+ +O

(
1
λ3

)
, (81)

where

f0(λ) = eL(t1+t3) − eL(t1+t4) − eL(t2+t3) + eL(t2+t4) = e−L(t1+t3)(e2Lt1 − 1)(e2Lt3 − 1) (82)

f1(λ) =
(m2ρ1 + bm1r1r2)

m1m2r2
(eL(t1+t3) − eL(t2+t4)) +

(m2ρ1 − bm1r1r2)
m1m2r2

(eL(t1+t4) − eL(t2+t3))

= e−L(t1+t3)

[
(m2ρ1 + bm1r1r2)

m1m2r2
(e2L(t1+t3) − 1) +

(m2ρ1 − bm1r1r2)
m1m2r2

(e2Lt1 − e2Lt3)
]

(83)

f2(λ) =
(γ1m2 + γ2m1)

m1m2
e−L(t1+t3)(e2Lt1 − 1)(e2Lt3 − 1) (84)

�

Lemma 4.2. (Asymptotic behavior of the large eigenvalues of A) The large eigenvalues of A can be
split into two families (λj

k)k∈Z,|k|≥k0 , j = 1, 2, (k0 ∈ N chosen large enough). The following asymptotic
expansions hold:

λ1
k =

i

Lr1
kπ + o(1), λ2

k =
i

Lr2
kπ + o(1), (85)

and these two roots are simple.

Proof. From (85), f0 has two families of roots that we denote λ0
k and μ0

k. Now, we prove that

f0(λ) = 0 if and only if 2t1L = 2ikπ and 2t3L = 2ik′π, k, k′ ∈ Z.

Indeed, Suppose that

t1L = ikπ and t3L �= ik′π, k, k′ ∈ Z.

Then

M =

⎛
⎜⎜⎜⎝

1 1 1 1
h1(t1) −h1(t1) h1(t3) −h1(t3)

h2(t1)(−1)k h2(t2)(−1)k h2(t3)et3L h2(t4)e−t3L

h3(t1)(−1)k h3(t2)(−1)k h3(t3)et3L h3(t4)e−t3L

⎞
⎟⎟⎟⎠

We can check that h1(t1) �= 0 and h1(t3) �= 0 for λ large enough. Since t3L �= ik′π for all k′ ∈ Z, then
using Gaussian elimination for M, we get

c1 = c2 = c3 = c4 = 0.

which is a contradiction with ‖U‖H = 1. Similarly if

t1L �= ikπ and t3L = ik′π, k, k′ ∈ Z.
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we get U ≡ 0. We conclude that

f0(λ) = 0 if and only if t1L = ikπ and t3L = ik′π, k, k′ ∈ Z.

Then from (66) and (67), the large roots of f0 satisfy the following asymptotic equations

λ0
k =

i

Lr1
kπ + O

(
1
k

)
∀|k| ≥ k0

λ1
k =

i

Lr2
k′π + O

(
1
k′

)
|k′| ≥ k′

0.

We will now use Rouché’s theorem. Let Bk = B(
i

Lr1
kπ, rk) be the ball of centrum ikπ

Lr1
and radius

rk = 1

k
1
4

and λ ∈ ∂Bk (i.e., λ =
i

Lr1
kπ + rkeiθ, θ ∈ [0, 2π]). Then we successively have:

2Lt1(λ) = 2ikπ + 2Lr1rkeiθ + O

(
1
k

)

e2Lt1(λ) = e2Lr1rke
iθ+O( 1

k )

= 1 + 2Lr1rkeiθ + O(r2k).

and

f0(λ) = (2Lr1rkeiθ + O(r2k))
((

2Lr2rkeiθ + O

(
1
k

)))

= 4L2r1r2r
2
ke2iθ + O(r3k).

It follows that there exists a positive constant c such that

∀λ ∈ ∂Bk, |f0(λ)| ≥ cr2k =
c√
k

.

Then we deduce from (81) that |f(λ) − f0(λ)| = O

(
1
λ

)
= O

(
1
k

)
. It follows that, for |k| large enough

∀λ ∈ ∂Bk, |f(λ) − f0(λ)| < |f0(λ)|,
Since the imaginary axis is an asymptote for the spectrum of A then system (12) is not uniformly
stable. �

5. Asymptotic stability

5.1. Strong stability of the system

In this part, we use a general criteria of Theorem 4.3 to show the strong stability of the C0-semigroup
etA associated to the wave system (P ′) in the absence of the compactness of the resolvent of A. Our main
result is the following theorem:

Theorem 5.1. The C0-semigroup etA is strongly stable in H; i.e., for all U0 ∈ H, the solution of (12)
satisfies

lim
t→∞ ‖etAU0‖H = 0.

Lemma 5.1. A does not have eigenvalues on iR.
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Proof. We will argue by contraction. Let us suppose that there λ ∈ R, λ �= 0 and U �= 0, such that
AU = iλU . Then, we get ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

iλϕ − u = 0,

iλu − K

ρ1
(ϕx + ψ)x = 0,

iλφ1 + (ξ2 + η)φ1 − u(L)μ(ξ) = 0,

iλθ + K
m1

(ϕx + ψ)(L) + ζ1
m1

+∞∫
−∞

μ(ξ)φ1(ξ) dξ = 0.

iλψ − v = 0,

iλv − b

ρ2
ψxx +

K

ρ2
(ϕx + ψ) = 0,

iλφ2 + (ξ2 + η)φ2 − v(L)μ(ξ) = 0,

iλϑ + b
m2

ψx(L) + ζ2
m2

+∞∫
−∞

μ(ξ)φ2(ξ) dξ = 0.

(86)

Then, from (16) we have

φi ≡ 0, i = 1, 2. (87)

From (86)3 and (86)7, we have

u(L) = v(L) = 0. (88)

Hence, from (86)1, (86)5, (86)4 and (86)8 we obtain

ϕ(L) = ψ(L) = 0 and ϕx(L) = ψx(L) = 0. (89)

From (86), we have {−λ2ρ1ϕ − K(ϕx + ψ)x = 0,
−λ2ρ2ψ − bψxx + K(ϕx + ψ) = 0, (90)

Consider X = (ϕ,ψ, ϕx, ψx). Then we can rewrite (89) and (90) as the initial value problem

d
dx

X = AX

X(L) = 0
(91)

where

A =

⎛
⎜⎜⎝

0 0 1 0
0 0 0 1

−λ2ρ1
K 0 0 −1
0 −ρ2λ2+K

b
K
b 0

⎞
⎟⎟⎠

By the Picard theorem for ordinary differential equations the system (91) has a unique solution X = 0.
Therefore ϕ = 0, ψ = 0. It follows from (86), that u = 0, v = 0, θ = 0, ϑ = 0, i.e., U = 0.

The condition (ii) of Theorem 4.3 will be satisfied if we show that σ(A)∩{iR} is at most a countable set.
We will prove that the operator iλI−A is surjective for λ �= 0. For this purpose, let (f1, f2, f3, f4, f5, f6, f7,
f8)T ∈ H, we seek U = (ϕ, u, φ1, θ, ψ, v, φ2, ϑ)T ∈ D(A) solution of solution of the following equation

(iλ − A)U = F.
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Equivalently, we have the following system⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

iλϕ − u = f1,

iλu − K

ρ1
(ϕx + ψ)x = f2,

iλφ1 + (ξ2 + η)φ1 − u(L)μ(ξ) = f3,

iλθ + K
m1

(ϕx + ψ)(L) + ζ1
m1

+∞∫
−∞

μ(ξ)φ1(ξ) dξ = f4.

iλψ − v = f5,

iλv − b

ρ2
ψxx +

K

ρ2
(ϕx + ψ) = f6,

iλφ2 + (ξ2 + η)φ2 − v(L)μ(ξ) = f7,

iλϑ + b
m2

ψx(L) + ζ2
m2

+∞∫
−∞

μ(ξ)φ2(ξ) dξ = f8.

(92)

We get ⎧⎪⎨
⎪⎩

−λ2ϕ − K

ρ1
(ϕx + ψ)x = f2 + iλf1,

−λ2ψ − b

ρ2
ψxx +

K

ρ2
(ϕx + ψ) = f6 + iλf5.

(93)

Solving system (93) is equivalent to finding (ϕ,ψ) ∈ (H2 ∩ H1
∗ (0, L))2 such that⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

L∫
0

(−ρ1λ
2ϕw − K(ϕx + ψ)xw) dx =

L∫
0

ρ1(f2 + iλf1)w dx,

L∫
0

(−ρ2λ
2ψχ − bψxxχ + K(ϕx + ψ)χ) dx =

L∫
0

ρ2(f6 + iλf5)χ dx,

(94)

for all (w,χ) ∈ H1
∗ (0, L)×H1

∗ (0, L). By using (21) and (19) the functions ϕ and ψ satisfying the following
system ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

L∫
0

(−ρ1λ
2ϕw + K(ϕx + ψ)wx) dx + (iλm1 + ζ̃1)u(L)w(L)

=

L∫
0

ρ1(f2 + iλf1)w dx − ζ1

+∞∫
−∞

μ(ξ)
ξ2 + η + iλ

f3(ξ) dξ w(L) + m1f4w(L),

L∫
0

(−ρ2λ
2ψχ + bψxχx + K(ϕx + ψ)χ) dx + (iλm2 + ζ̃2)v(L)χ(L)

=

L∫
0

ρ2(f6 + iλf5)χ dx − ζ2

+∞∫
−∞

μ(ξ)
ξ2 + η + iλ

f7(ξ) dξ χ(L) + m2f8χ(L),

(95)

where ζ̃i = ζi

+∞∫
−∞

μ2(ξ)
ξ2 + η + iλ

dξ. Using again (18), we deduce that

{
u(L) = iλϕ(L) − f1(L),
v(L) = iλψ(L) − f5(L). (96)
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Inserting (96) into (95), we get⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

L∫
0

(−ρ1λ
2ϕw + K(ϕx + ψ)wx) dx + iλ(iλm1 + ζ̃1)ϕ(L)w(L)

=

L∫
0

ρ1(f2 + iλf1)w dx − ζ1

+∞∫
−∞

μ(ξ)
ξ2 + η + iλ

f3(ξ) dξ w(L) + (iλm1 + ζ̃1)f1(L)w(L) + m1f4w(L),

L∫
0

(−ρ2λ
2ψχ + bψxχx + K(ϕx + ψ)χ) dx + iλ(iλm2 + ζ̃2)ψ(L)χ(L)

=

L∫
0

ρ2(f6 + iλf5)χ dx − ζ2

+∞∫
−∞

μ(ξ)
ξ2 + η + iλ

f7(ξ) dξ χ(L) + (iλm2 + ζ̃2)f5(L)χ(L) + m2f8χ(L).

(97)
We can rewrite (97) as

− (LλU, V )H1
R

+ (U, V )H1
R

= l(V ) (98)

where

H1
R(0, L) = H1

∗ (0, L) × H1
∗ (0, L),

with the inner product defined by

(U, V )H1
R

=

L∫
0

K(ϕx + ψ)(wx + χ) + bψxχx dx

(LλU, V )H1
R

= λ2

L∫
0

(ρ1ϕw + ρ2ψχ + dx − iλ((iλm1 + ζ̃1)ϕ(L)w(L) + (iλm2 + ζ̃2)ψ(L)χ(L)).

Using the compactness embedding from L2(0, L) into H−1(0, L) and from H1
∗ (0, L) into L2(0, L) we de-

duce that the operator Lλ is compact from L2(0, L) into L2(0, L). Consequently, by Fredholm alternative,
proving the existence of U solution of (98) reduces to proving that 1 is not an eigenvalue of Lλ. Indeed
if 1 is an eigenvalue, then there exists U �= 0, such that

(LλU, V )H1
R

= (U, V )H1
R

∀V ∈ H1
R. (99)

In particular for V = U , it follows that

λ2
[
ρ1‖ϕ‖2L2(0,L) + ρ2‖ψ‖2L2(0,L)

]
− iλ((iλm1 + ζ̃1)|ϕ(L)|2 + (iλm2 + ζ̃2)|ψ(L)|2)

= K‖ϕx + ψ‖2L2(0,L) + b‖ψx‖2L2(0,L).

Hence, we have
ϕ(L) = ψ(L) = 0. (100)

From (99), we obtain
ϕx(L) = ψx(L) = 0 (101)

and ⎧⎪⎨
⎪⎩

−λ2ϕ − K

ρ1
(ϕx + ψ)x = 0,

−λ2ψ − b

ρ2
ψxx +

K

ρ2
(ϕx + ψ) = 0.

(102)
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Consider X = (ϕ,ψ, ϕx, ψx). Then we can rewrite (102), (100) and (101) as the initial value problem

d
dx

X = BX

X(L) = 0
(103)

where

B =

⎛
⎜⎜⎝

0 0 1 0
0 0 0 1

−λ2ρ1
K 0 0 −1
0 −ρ2λ2+K

b
K
b 0

⎞
⎟⎟⎠

By the Picard theorem for ordinary differential equations the system (103) has a unique solution X = 0.
Therefore ϕ = 0, ψ = 0. It follows from (86), that u = 0, v = 0, θ = 0, ϑ = 0, i.e., U = 0. �

Lemma 5.2. If η �= 0, we have

0 ∈ ρ(A).

Proof. From (92)⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

−u = f1,

−K

ρ1
(ϕx + ψ)x = f2,

(ξ2 + η)φ1 − u(L)μ(ξ) = f3,

K
m1

(ϕx + ψ)(L) + ζ1
m1

+∞∫
−∞

μ(ξ)φ1(ξ) dξ = f4.

−v = f5,

− b

ρ2
ψxx +

K

ρ2
(ϕx + ψ) = f6,

(ξ2 + η)φ2 − v(L)μ(ξ) = f7,

b
m2

ψx(L) + ζ2
m2

+∞∫
−∞

μ(ξ)φ2(ξ) dξ = f8.

(104)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

L∫
0

K(ϕx + ψ)wx dx

=

L∫
0

ρ1f2w dx − ζ1

+∞∫
−∞

μ(ξ)
ξ2 + η

f3(ξ) dξ w(L) + ζ̃1f1(L)w(L) + m1f4w(L),

L∫
0

(bψxχx + K(ϕx + ψ)χ) dx

=

L∫
0

ρ2f6χ dx − ζ2

+∞∫
−∞

μ(ξ)
ξ2 + η

f7(ξ) dξ χ(L) + ζ̃2f5(L)χ(L) + m2f8χ(L).

(105)

Consequently, problem (105) is equivalent to the problem

aη((ϕ,ψ), (w,χ)) = Lη(w,χ) (106)
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where the bilinear form aη : [H1
∗ (0, L)×H1

∗ (0, L)]2 → R and the linear form Lη : H1
∗ (0, L)×H1

∗ (0, L) → R

are defined by

aη((ϕ,ψ), (w,χ)) =

L∫
0

K(ϕx + ψ)(wx + χ) dx +

L∫
0

bψxχx dx.

and

Lη(w,χ) =

L∫
0

ρ1f2w dx − ζ1

+∞∫
−∞

μ(ξ)
ξ2 + η

f3(ξ) dξ w(L) + ζ̃1f1(L)w(L)

+

L∫
0

ρ2f6χ dx − ζ2

+∞∫
−∞

μ(ξ)
ξ2 + η

f7(ξ) dξ χ(L) + ζ̃2f5(L)χ(L)

+m1f4w(L) + m2f8χ(L).

It is easy to verify that aη is continuous and coercive, and Lη is continuous. So applying the
Lax–Milgram theorem, we deduce that for all (w,χ, ζ) ∈ H1

∗ (0, L) × H1
∗ (0, L) problem (25) admits a

unique solution (ϕ,ψ) ∈ H1
∗ (0, L) × H1

∗ (0, L). Applying the classical elliptic regularity, it follows from
(24) that (ϕ,ψ) ∈ H2(0, L) × H2(0, L). Therefore, the operator A is surjective. �

5.2. Residual spectrum of A

Lemma 5.3. Let A be defined by (13). Then

A∗

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

ϕ
u
φ1

θ
ψ
v
φ2

ϑ

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

−u

−K

ρ1
(ϕx + ψ)x

−(ξ2 + η)φ1 − u(L)μ(ξ)

K
m1

(ϕx + ψ)(L) + ζ1
m1

+∞∫
−∞

μ(ξ)φ1(ξ) dξ

−v

− b

ρ2
ψxx +

K

ρ2
(ϕx + ψ)

−(ξ2 + η)φ2 − v(L)μ(ξ)

b
m2

ψx(L) + ζ2
m2

+∞∫
−∞

μ(ξ)φ2(ξ) dξ

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

(107)

with domain

D(A∗) =

⎧⎪⎪⎨
⎪⎪⎩

(ϕ, u, φ1, θ, ψ, v, φ2) in H : ϕ,ψ ∈ H2(0, L) ∩ H1
∗ (0, L), u, v ∈ H1

∗ (0, L),
θ, ϑ ∈ C, u(L) = θ, v(L) = ϑ,
−(ξ2 + η)φ1 − u(L)μ(ξ),−(ξ2 + η)φ2 − v(L)μ(ξ) ∈ L2(−∞,+∞),
|ξ|φ1, |ξ|φ2 ∈ L2(−∞,+∞)

⎫⎪⎪⎬
⎪⎪⎭

(108)
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Proof. Let U =(ϕ, u, φ1, θ, ψ, v, φ2, ϑ)T and V =(ϕ̃, ũ, φ̃1, θ̃, ψ̃, ṽ, φ̃2, ϑ̃)T. We have 〈AU, V 〉H = 〈U,A∗V 〉H.

〈AU, V 〉H = K

L∫
0

ũ(ϕx + ψ)x dx + b

L∫
0

ṽψxx dx − K

L∫
0

ṽ(ϕx + ψ) dx + K

L∫
0

(ϕ̃x + ψ̃)(ux + v) dx

+ b

L∫
0

ψ̃xvx dx + ζ1

+∞∫
−∞

[−(ξ2 + η)φ1 + u(L)μ(ξ)]φ̃1 dξ + ζ2

+∞∫
−∞

[−(ξ2 + η)φ2

+ v(L)μ(ξ)]φ̃2 dξ + m1

⎛
⎝− K

m1
(ϕx + ψ)(L) − ζ1

m1

+∞∫
−∞

μ(ξ)φ1(ξ) dξ

⎞
⎠ θ̃

+m2

⎛
⎝− b

m2
ψx(L) − ζ2

m2

+∞∫
−∞

μ(ξ)φ2(ξ) dξ

⎞
⎠ ϑ̃

= −K

L∫
0

(ũx + ṽ)(ϕx + ψ) dx + K(ϕx + ψ)(L)ũ(L) − b

L∫
0

ṽxψx dx

+ bψx(L)ṽ(L) + K(ϕ̃x + ψ̃)(L)u(L) − K

L∫
0

(ϕ̃x + ψ̃)xu dx + K

L∫
0

(ϕ̃x + ψ̃)xv dx

− b

L∫
0

ψ̃xxv dx + bψ̃x(L)v(L) + ζ1u(L)

+∞∫
−∞

μ(ξ)φ̃1 dξ + ζ2u(L)

+∞∫
−∞

μ(ξ)φ̃2 dξ

− ζ1

+∞∫
−∞

φ1[(ξ2 + η)φ̃1 + θ̃μ(ξ)] dξ − ζ2

+∞∫
−∞

φ2[(ξ2 + η)φ̃2 + ϑ̃μ(ξ)] dξ

−K(ϕx + ψ)(L)θ̃ − bψx(L)ϑ̃

As θ = u(L), ϑ = v(L) and if we set θ̃ = ũ(L), ϑ̃ = ṽ(L), we find

〈AU, V 〉H = −K

L∫
0

(ũx + ṽ)(ϕx + ψ) dx − b

L∫
0

ṽxψx dx − K

L∫
0

(ϕ̃x + ψ̃)xu dx

+

L∫
0

(−bψ̃xx + K(ϕ̃x + ψ̃)x)v dx

+u(L)

⎛
⎝K(ϕ̃x + ψ̃)(L) + ζ1

+∞∫
−∞

μ(ξ)φ̃1 dξ

⎞
⎠+ v(L)

⎛
⎝bψ̃x(L) + ζ2

+∞∫
−∞

μ(ξ)φ̃2 dξ

⎞
⎠

− ζ1

+∞∫
−∞

φ1[(ξ2 + η)φ̃1 + ũ(L)μ(ξ)] dξ − ζ2

+∞∫
−∞

φ2[(ξ2 + η)φ̃2 + ṽ(L)μ(ξ)] dξ.

�
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Theorem 5.2. σr(A) = ∅, where σr(A) denotes the set of residual spectrum of A.

Since λ ∈ σr(A), λ ∈ σp(A∗) the proof will be accomplished if we can show that σp(A) = σp(A∗). This
is because obviously the eigenvalues of A are symmetric on the real axis. From (107), the eigenvalue
problem A∗Z = λZ for λ ∈ C and 0 �= Z = (ϕ, u, φ1, θ, ψ, v, φ2, ϑ) ∈ D(A∗) we have

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

λϕ + u = 0,

λu +
K

ρ1
(ϕx + ψ)x = 0,

λφ1 + (ξ2 + η)φ1 + u(L)μ(ξ) = 0,

λθ − K
m1

(ϕx + ψ)(L) − ζ1
m1

+∞∫
−∞

μ(ξ)φ1(ξ) dξ = 0.

λψ + v = 0,

λv +
b

ρ2
ψxx − K

ρ2
(ϕx + ψ) = 0,

λφ2 + (ξ2 + η)φ2 + v(L)μ(ξ) = 0,

λϑ − b
m2

ψx(L) − ζ2
m2

+∞∫
−∞

μ(ξ)φ2(ξ) dξ = 0.

(109)

From (109)1 and (109)2, (109)5 and (109)6, we get

⎧⎪⎨
⎪⎩

−λ2u +
K

ρ1
(ϕx + ψ)x = 0,

−λ2v +
b

ρ2
ψxx − K

ρ2
(ϕx + ψ) = 0,

(110)

As θ = u(L) = −λϕ(L) and ϑ = v(L) = −λψ(L), we deduce from (109)3 and (109)4, (109)7 and (109)8
that (

λ +
γ1
m1

(λ + η)α−1

)
λϕ(L) +

K

m1
(ϕx + ψ)(L) = 0

(
λ +

γ2
m2

(λ + η)α−1

)
λψ(L) +

b

m2
ψx(L) = 0

(111)

System (110)–(111) is exactly the eigenvalue problem of A. Hence A∗ has the same eigenvalues as A.
The proof is complete. �

5.3. Polynomial stability (for η �= 0)

Theorem 5.3. The semigroup SA(t)t≥0 is polynomially stable and

‖SA(t)U0‖H ≤ 1
t1/(4−2α)

‖U0‖D(A)
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Proof. We will need to study the resolvent equation (iλ − A)U = F , for λ ∈ R, namely⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

iλϕ − u = f1,

iλu − K

ρ1
(ϕx + ψ)x = f2,

iλφ1 + (ξ2 + η)φ1 − u(L)μ(ξ) = f3,

iλθ + K
m1

(ϕx + ψ)(L) + ζ1
m1

+∞∫
−∞

μ(ξ)φ1(ξ) dξ = f4.

iλψ − v = f5,

iλv − b

ρ2
ψxx +

K

ρ2
(ϕx + ψ) = f6,

iλφ2 + (ξ2 + η)φ2 − v(L)μ(ξ) = f7,

iλϑ + b
m2

ψx(L) + ζ2
m2

+∞∫
−∞

μ(ξ)φ2(ξ) dξ = f8.

(112)

where F = (f1, f2, f3, f4, f5, f6, f7, f8)T. Taking inner product in H with U and using (16) we get

|Re 〈AU,U〉 | ≤ ‖U‖H‖F‖H. (113)

This implies that
2∑

i=1

ζi

+∞∫
−∞

(ξ2 + η)(φi(ξ, t))2 dξ ≤ ‖U‖H‖F‖H. (114)

and, applying (112)1,4,7, we obtain

||λ||ϕ(L)| − |f1(L)||2 ≤ |u(L)|2.
We deduce that

|λ|2|ϕ(L)|2 ≤ c|f1(L)|2 + c|u(L)|2.
Moreover, from (112)4, we have

K(ϕx + ψ)(L) = −im1λu(L) − ζ1

+∞∫
−∞

μ(ξ)φ1(ξ) dξ + m1f4.

Then

K2|(ϕx + ψ)(L)|2 ≤ 2m2
1|λ|2|u(L)|2 + 2m2

1f
2
4 + 2ζ21

∣∣∣∣∣∣
+∞∫
−∞

μ(ξ)φ1(ξ) dξ

∣∣∣∣∣∣
2

≤ 2m2
1|λ|2|u(L)|2 + 2m2

1f
2
4 + 2ζ21

⎛
⎝

+∞∫
−∞

(ξ2 + η)−1|μ(ξ)|2 dξ

⎞
⎠

+∞∫
−∞

(ξ2 + η)|φ1(ξ)|2 dξ

≤ 2m2
1|λ|2|u(L)|2 + c‖U‖H‖F‖H + c′‖F‖2H.

(115)

From (112)3, we obtain
u(L)μ(ξ) = (iλ + ξ2 + η)φ1 − f3(ξ). (116)

By multiplying (116)1 by (iλ + ξ2 + η)−1μ(ξ), we get

(iλ + ξ2 + η)−1u(L)μ2(ξ) = μ(ξ)φ1 − (iλ + ξ2 + η)−1μ(ξ)f3(ξ). (117)
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Hence, by taking absolute values of both sides of (117), integrating over the interval ] − ∞,+∞[ with
respect to the variable ξ and applying Cauchy-Schwartz inequality, we obtain

S|u(L)| ≤ U

⎛
⎝

+∞∫
−∞

(ξ2 + η)|φ1|2 dξ

⎞
⎠

1
2

+ V

⎛
⎝

+∞∫
−∞

|f3(ξ)|2 dξ

⎞
⎠

1
2

(118)

where

S =

+∞∫
−∞

(|λ| + ξ2 + η)−1|μ(ξ)|2 dξ

U =

⎛
⎝

+∞∫
−∞

(ξ2 + η)−1|μ(ξ)|2 dξ

⎞
⎠

1
2

V =

⎛
⎝

+∞∫
−∞

(|λ| + ξ2 + η)−2|μ(ξ)|2 dξ

⎞
⎠

1
2

.

Thus, by using again the inequality 2PQ ≤ P 2 + Q2, P ≥ 0, Q ≥ 0, we get

S2|u(L)|2 ≤ 2U2

⎛
⎝

+∞∫
−∞

(ξ2 + η)|φ1|2 dξ

⎞
⎠+ 2V 2

⎛
⎝

+∞∫
−∞

|f3(ξ)|2 dξ

⎞
⎠ . (119)

We deduce that
|u(L)|2 ≤ c|λ|2−2α‖U‖H‖F‖H + c‖F‖2H. (120)

Similarly, we have

b2|ψx(L)|2 ≤ 2m2
2|λ|2|v(L)|2 + c‖U‖H‖F‖H + c′‖F‖2H. (121)

|v(L)|2 ≤ c|λ|2−2α‖U‖H‖F‖H + c‖F‖2H. (122)

Let us introduce the following notation

Iϕ(α) = ρ1|u(α)|2 + K|ϕx(α)|2
Iψ(α) = ρ2|v(α)|2 + b|ψx(α)|2

Eϕ(L) =

L∫
0

q(x)Iϕ(s) ds, Eψ(L) =

L∫
0

Iψ(s) ds.

�

Lemma 5.4. Let q ∈ H1(0, L). We have that

Eϕ(L) = [qIϕ]L0 + 2K Re

L∫
0

qψxϕx dx + R1. (123)

and

Eψ(L) = [qIψ]L0 − K[q|ψ|2]L0 − 2K Re

L∫
0

qϕxψx dx + K

L∫
0

q′|ψ|2 dx + R2. (124)
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where Ri satisfies

|R1| ≤ CEϕ(L) + ‖q1/2F‖2H
|R2| ≤ CEψ(L) + ‖q1/2F‖2H.

for a positive constant C.

Proof. To get (123), let us multiply the equation (112)2 by qϕx Integrating on (0, L) we obtain

iλρ1

L∫
0

uqϕx dx − K

L∫
0

(ϕx + ψ)xqϕx dx = ρ1

L∫
0

f2qϕx dx

or

−ρ1

L∫
0

uq(iλϕx) dx − K

L∫
0

qϕxxϕx dx − K

L∫
0

qψxϕx dx = ρ1

L∫
0

f2qϕx dx.

Since iλϕx = ux + f1x taking the real part in the above equality results in

−ρ1
2

L∫
0

q
d
dx

|u|2 dx − K

2

L∫
0

q
d
dx

|ϕx|2 dx = ρ1Re

L∫
0

f2qϕx dx + ρ1Re

L∫
0

uqf1x dx + K Re

L∫
0

qψxϕx dx.

Performing an integration by parts we get
L∫
0

q′(s)[ρ1|u(s)|2 + K|ϕx(s)|2] ds = [qIϕ]L0 + 2K Re

L∫
0

qψxϕx dx + R1

where

R1 = 2ρ1Re

L∫
0

f2qϕx dx + 2ρ1Re

L∫
0

uqf1x dx.

Similarly, multiplying equation (112)5 by qϕx, integrating on (0, L) and taking the real part we obtain

iλρ2

L∫
0

vqψx dx − b

L∫
0

ψxxqψx dx + K

L∫
0

(ϕx + ψ)qψx dx = ρ2

L∫
0

f6qψx dx

or

−ρ2

L∫
0

vq(iλψx) dx − b

L∫
0

qψxxψx dx + K

L∫
0

qϕxψx dx + K

L∫
0

qψψx dx = ρ2

L∫
0

f6qψx dx.

Since iλψx = vx + f5x taking the real part in the above equality results in

−ρ2
2

L∫
0

q
d
dx

|v|2 dx − b

2

L∫
0

q
d
dx

|ψx|2 dx = ρ2Re

L∫
0

f6qψx dx

+ ρ2 Re

L∫
0

qvf5x dx − K Re

L∫
0

qϕxψx dx − K

2

L∫
0

q
d
dx

|ψ|2 dx.

Performing an integration by parts we get
L∫
0

q′(s)[ρ2|v(s)|2 + b|ψx(s)|2] ds = [qIψ]L0 − K[q|ψ|2]L0 − 2K Re

L∫
0

qϕxψx dx + K

L∫
0

q′|ψ|2 dx + R2
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where

R2 = 2ρ2Re

L∫
0

f6qψx dx + 2ρ2 Re

L∫
0

qvf5x dx.

If we take q(x) =
x∫
0

ens ds = enx−1
n (Here n will be chosen large enough) in Lemma 5.4 we arrive at

Eϕ(L) + Eψ(L) = q(L)Iϕ(L) + 2K Re

L∫
0

qψxϕx dxq(L)Iψ(L) − Kq(L)|ψ(L)|2

+K

L∫
0

q′(x)|ψ|2 dx − 2K Re

L∫
0

qϕxψx dx + R1 + R2

= q(L)Iϕ(L) + q(L)Iψ(L) − Kq(L)|ψ(L)|2 + K

L∫
0

q′(x)|ψ|2 dx + R1 + R2

Also, we have

|R1| ≤ 2ρ1

L∫
0

q(x)(|u(s)|2 + |ϕx(s)|2) ds + 2ρ1

L∫
0

q(x)(|f2(s)|2 + |f1x(s)|2) ds

≤ C
eLn

n
‖F‖2H +

c′

n
Eϕ(L)

(125)

and

|R2| ≤ 2ρ2

L∫
0

q(x)(|v(s)|2 + |ψx(s)|2) ds + 2ρ1

L∫
0

q(x)(|f6(s)|2 + |f5x(s)|2) ds

≤ C
eLn

n
‖F‖2H +

c′

n
Eψ(L)

(126)

Using Lemma 5.4 and the Young inequality we get

Eϕ(L) + Eψ(L) ≤ q(L)Iϕ(L) + q(L)Iψ(L) + K

L∫
0

q′(x)|ψ|2 dx + c‖F‖2H

for a positive constant C. It results by (115), (120), (121), and (122) that we can find a positive constant
C such that

Eϕ(L) + Eψ(L) ≤ K

L∫
0

|ψ|2 dx + c(|λ|4−2α + |λ|2−2α + 1)‖U‖H‖F‖H + c(|λ|2 + 1)‖F‖2H

for λ �= 0. Since that ϕ = u+f1
iλ and ψ = v+f4

iλ we obtain

Eϕ(L) + Eψ(L) ≤ c(|λ|4−2α + |λ|2−2α + 1)‖U‖H‖F‖H + c(|λ|2 + 1)‖F‖2H +
c

|λ|2 ‖U‖2H +
c

|λ|2 ‖F‖2H.

Since that
+∞∫
−∞

(φi(ξ))2 dξ ≤ C

+∞∫
−∞

(ξ2 + η)(φi(ξ))2 dξ
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for λ �= 0. If |λ| > 1 we get

‖U‖2H ≤ |λ|8−4α‖F‖2H.

It follows that
1

|λ|(4−2α)
‖(iλI − A)−1‖L(H) ≤ C, ∀λ ∈ R,

for a positive constant C. The conclusion then follows by applying Theorem 4.2. �

Remark 5.1. 1. By Proposition 4.1, the spectrum of A is at the left of the imaginary axis, but
approaches this axis. Hence, the decay of the energy depends on the asymptotic behavior of the
real part of these eigenvalues, since Proposition 4.1 shows a behavior like k−(3−α), we can expect a
decay rate (optimal) of the energy of order t−2/(3−α). We unfortunately were not able to prove this
optimal decay rate by Borichev–Tomilov theorem. In Theorem 5.3, we obtain decay rate of order
t−1/(2−α) which is less better. But, it is interesting to remark that both energy decay in Theorem
5.3 and Proposition 4.1 approach t−1 (as α → 1) which is the energy decay given in [15,18].

2. Estimation of decay rate in the case η = 0 is open. As λ = 0 is a spectral value, both techniques
used in [15,18] do not work. In the future, we try other methods, in particular some tools from
observability theory. Another technic is the use of Laplace transform and representation of solutions
by Mittag–Leffler Functions.

3. It seems to be interesting to study a global decaying solutions of hyperbolic systems (strong and
weakly) under control of fractional derivative type. We think that the interaction of the hyperbolicity
(order of multiplicity) and the number of dissipative terms have an effect on the result.
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[7] Brézis, H.: Operateurs Maximaux Monotones et semi-groupes de contractions dans les espaces de Hilbert, Notas de
Matemàtica (50). Universidade Federal do Rio de Janeiro and University of Rochester. North-Holland, Amsterdam
(1973)

[8] Haraux, A.: Two remarks on dissipative hyperbolic problems. Res. Notes Math. 122, 161–179 (1985)
[9] Kim, J.U., Renardy, Y.: Boundary control of the Timoshenko beam. SIAM J. Control Optim. 25, 1417–1429 (1987)

[10] Komornik, V.: Exact Controllability and Stabilization. The Multiplier Method. Masson-John Wiley, Paris (1994)
[11] Luo, Z.H., Guo, B.Z., Morgul, O.: Stability and Stabilization of Infinite Dimensional Systems with Applications, Com-

munications and Control Engineering Series. Springer-Verlag, London (1999)
[12] Mainardi, F., Bonetti, E.: The applications of real order derivatives in linear viscoelasticity. Rheol. Acta 26, 64–67

(1988)



94 Page 38 of 38 A. Benaissa and S. Benazzouz ZAMP

[13] Mbodje, B.: Wave energy decay under fractional derivative controls. IMA J. Math. Control Inf. 23, 237–257 (2006)
[14] Mbodje, B., Montseny, G.: Boundary fractional derivative control of the wave equation. IEEE Trans. Autom. Control

40, 368–382 (1995)
[15] Mercier, D., Régnier, V.: Non uniform stability for the Timoshenko beam with tip load. arXiv: 1507.00445
[16] Messaoudi, S.A., Mustapha, M.I.: On the internal and boundary stabilization of Timoshenko beams. Nonlinear Differ.

Equ. Appl. 15, 655–671 (2008)
[17] Messaoudi, S.A., Mustapha, M.I.: On the stabilization of the Timochenko system by a weak nonlinear dissipation.

Math. Methods Appl. Sci. 32, 454–469 (2009)
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