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Global existence and finite time blow-up for a class of thin-film equation
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Abstract. This paper deals with a class of thin-film equation, which was considered in Li et al. (Nonlinear Anal Theory
Methods Appl 147:96-109, 2016), where the case of lower initial energy (J(uo) < d and d is a positive constant) was
discussed, and the conditions on global existence or blow-up are given. We extend the results of this paper on two aspects:
Firstly, we consider the upper and lower bounds of blow-up time and asymptotic behavior when J(ugp) < d; secondly, we
study the conditions on global existence or blow-up when J(ug) > d.
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1. Introduction and Main Results

In this paper, we consider the following thin-film equation:

€2

Ugp = Ugzy =0, x €0, t>0,
u(z,0) = uo(z), x €€,

1
Ut + Uggorr — (|’U/a:|p_2uz)m = |U‘q_1u - T~ / |U|q_1ud$, x € Q7 t>0,
Q

where 2 C R is an open interval, p > 1,¢ > max{1,p — 1}, ugp € H and

H 286 HHQ)|orlon =0, [ 0o =0
Q

Throughout this paper, we denote by || - ||s the L#(Q2) norm for 1 < s < oo, and it is easy to see H
with the norm |lu,.||2 is a Banach space. Since H — L%! continuously, we denote by A the optimal
embedding constant, i.e.,

1 U
L g el (1.2)
A uer\{0} |[ullg+1

In order to review the previous results precisely, we define some notations, functionals and sets as follows:

1

1
N 2 +1
Jw) = g lluaallz + Slually - a

1
m”“\ q+1°

+1
2 luza |3 + lluallp = lullgta,

{u e H[I(u) =0, [|uzel2 # 0},

~
z =
[
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Ny & {ue H|I(u) >0},

N_&{ue H|I(u) <0},

J* & {ue H|J(u)<al, (1.3)
where « is a constant. Then, the mountain pass level d is (see [15])

d= minJ(u) = min maxJ(su). (1.4)
ueN u€H\{0} s>0

Finally, we let

q—1 | _2+n
El 2 A a1 >0, 1.5
T2+ 1) (15)
ar 2 ATi (1.6)

where A is given in (1.2), and

1 1 1
Jo(u) £ J(u —fuxp:fUMQ—iuqH»
o(u) = J(u) pll 7 = 3 luzall2 qul|| g1 )

1
IO(U) £ ||UMH% - Hu”?]il

Problem (1.1) describes a series of physical phenomena (see [14,15,32]). One characteristic of problem
(1.1) is the nonlocal source |u|?tu — ﬁ J |u|*"tudz, and there are a lot of papers dealing with this kind
o)

of evolution equations (see [6,28,29] for the heat equations, see [10,12,13,20,24,25] for the p-Laplace
equations, see [1,2,30] for the porous medium equations).
Another problem related to (1.1) is the following problem:

1
Up + Uppee = [u|? u — @ / lul?"tudz, x€Q, t>0,
Q

(1.8)
ut:urxT:07 xE@Q,t>0,

u(z,0) = up(x), x €,
which was studied in (see [26,34]). The authors got the following conclusions:

(i) The weak solution of problem (1.8) blows up in finite time if Jy(ug) < 0 or 0 < Jo(up) < E; and
Io(ug) < 0;
(ii) The weak solution of problem (1.8) exists globally if 0 < Jo(ug) < Ey and Iy(ug) > 0 or Jo(ug) = E4
and Io(ug) > 0.
(iii) The blow-up time T satisfies

(q+ DIQT [Juoly Y |
a-02[1- (e (- 24p)) ]

when 0 < J()(U()) < F; and ||UO21H2 > .

T <

Problem (1.1) was firstly studied by Li et al. [15]. Next, we will introduce the main results of this
paper. Firstly, we give the definition of the weak solutions to (1.1).

—~—

Definition 1. [15] A function v € L>(0,T; H) with u, € L? <O,T;L (Q)) is called a weak solution of
problem (1.1), if u(x,0) = up € H and u(x,t) satisfies problem (1.1) in the following sense, i.e.,

¢
1

// ut¢)+um¢m+|uz|p*2uz¢mf |u|q*1u7 @ |u\q*1udx ¢| dadr =0, Vte (0,T7) (1.9)

0 Q Q
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for any ¢ € L?(0,T; H?(2)) with ¢,|aq = 0, where
mé u € L*(Q) /udx:()
)

The main results of [15] are the following four theorems.

Theorem 1. [15] If J(up) < d and I(ug) > 0, then the weak solution of problem (1.1) exists globally.
Moreover, there exist a constant C' > 0 such that ||ul|3 < |lug|3e~C*, and u does not vanish in finite time.

Theorem 2. [15] If J(ug) < d and I(ug) < 0, then the weak solution of problem (1.1) blows up at a finite
time T, that is

t
tlirr%/ |w(T)||3dT = +o0. (1.10)
0

Theorem 3. [15] If J(ug) = d and I(ug) > 0, then the weak solution of problem (1.1) exists globally
and I(u(t)) > 0 for all t > 0. Moreover, if I(u) > 0, then the solution does not vanish and there exist
constants Cy and Cy such that ||u||3 < Cre=C2t. If not, the solution vanishes in finite time.

Theorem 4. [15] If J(ug) = d and I(ug) < 0, then the weak solution of problem (1.1) blows up at a finite
time T, that is

t
tun%/uumug — to0. (1.11)
0

In summary, in [15], the authors studied the conditions on global existence or blow-up when J(ug) < d.
But there are two problems unsolved. Firstly, there is no estimates of blow-up time or asymptotic behavior
for the blow-up solutions, which are important to study blow-up problems (see [4,5,7,9,11,16-19,21—
23,27,31,33]); Secondly, when J(ug) > d, whether the solution exists globally or blows up in finite time
is unconsidered. The main task of this paper is to study these two problems.

In order to introduce the main results of this paper, we need some preparations. Firstly, we compare
the values of d and Ej. It follows from (1.2) and (1.4) that

d> min maxJy(su)
u€H\{0} s>0

= min Jy(su) 5
ue H\{0} s= -/ Lol
233

2(q+1)
4= ! min <||u$x||2> at
2(q + 1) wern\{o} \ [|ullq+1
_ 44— 1 A*Z(qull) _ 5,
2(g+1)

By definition of J(u), N, J* and d, we can get

A o 1 1 9 1 1
Since H}(Q) — LP(Q), we denote by x> 0 the optimal embedding constant. Let u € H, then
uy € HE (), so we get

uallp < pllucsll2-
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By (1.4), we can obtain

1 1
. 2 q+1
0= mip { el + Sl — izt

1 1 9 1 1 p
2—q+1>||um||2+(p q+1>||ux||p}
. 1 1 1 1
< min - — ||U:m||§ +l-- 1P gz |5
uEN 2 qg+1 p q+1

LN i faels) + (2= =) (i faala)
= _— min |(|u _— min |(|uw
2 q+1 it zx |2 P q+1 1% ot zx||2 5

then there exists a unique positive constant o depending on p, q, i, d such that min,en ||tuzz|l2 > o.
Therefore,

dist(0, V') = min |[ug,|l2 :== Kk > o > 0. (1.13)
ueN
For any u € N_, i.e., I(u) < 0, we have ||uzz||2 # 0 and |lug||, # 0. Combining the definition of N
and (1.2) we can obtain
luzell3 < llulldi < AT lug 571 = AT fluge |57 ucall3,

[tezll2 > a1 (1.14)

where 1 is defined in (1.6). The above inequality yields

dist(0,NV_) = 12}\? luzzll2 > a1 > 0. (1.15)
We now define
Ao 2 inf{||ullz |u € N, 1}, Ay & sup{|jullz | u € N} for all a > d. (1.16)

Clearly, we have the following monotonicity properties
a +— A, IS nonincreasing, a — A, is nondecreasing.
For § > 0, we define some modified functionals and sets as follows:
Is(w) £ 6|ugel|3 + 8lusl|f — lull§is,
Ns & {u € H|I5(u) = 0, ||tzz ]2 # 0}
The modified potential wells and their corresponding sets are defined, respectively, by
a0) £ inf J(u),
Wiu) 2 {u € H |I5(u) > 0,J(u) < d(3) } U {0},
Vs(u) = {u € H|Is(u) <0, J(u) < d(6)}.
Finally, we introduce some sets as following:
B £ {ug € H| the solution u = u(t) of (1.1) blows up in finite time },
G = {up € H| the solution u = u(t) of (1.1) exists for all t > 0},
Go = {up € Glu(t) — 0in H as t — oo}. (1.17)

With the above preparations, we can introduce the main results of this paper. The first result is about
the estimate of the lower and upper bounds of the blow-up time, asymptotic behavior when J(ug) < d.
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Theorem 5. Let J(ug), I(ug), B be defined in (1.3) and (1.17). If J(up) < d, I(up) < 0 and g < 9, then
ug € B. Moreover, it holds

75 dvolz (1.18)
T 2(v-1)C
and
lullz > [2Co(y — D)7 (T = )77, (1.19)
where T is the blow-up time,
L N Gh = (1.20)
9—¢q
C is the optimal constant of the Gagliardo—Nirenberg’s inequality [3,8]:
A 1-6
[¢lla+1 < Clléaslls ~" 6115, ¥ € H, (1.21)
in which,
3g+5
0=———¢€(0,1). 1.22
oS O (1:22)

For the upper bounds of blow-up time and asymptotic behavior, we cannot calculate them but for
J(up) < E7, which is smaller than d and is given in (1.5).

Theorem 6. Let J(ug), I(ug), B be defined in (1.3) and (1.17). If J(up) < E1 and I(ug) < 0, then ug € B.
Moreover, it holds

o uolls , if J(ug) < 0;
(¢* = 1)J(uo)

T= (Q+1)|Q|%Hu0”5(q71)
(g 1) {1 - ((q+ 1) (% — %)) ]

(1.23)

if 0< J(ug) < By,

and
(@ = Dlluolly T (=T (wo))| (T =17, if J(u) < 0;
lull2 < o =
Q 1)a—1 1 1
M 1-— (T—t)_q_l, lfOSJ(UO)<E1

(q—1)7T (g+1) (% - —"““ﬁ“)
(1.24)
where T is the blow-up time, Jo(ug) is defined in (1.7), E1 and oy are given in (1.5) and (1.14), respec-
tively.
Remark 1. By [34, Remark 1.2], we know that (¢+ 1) (% - %) > 1. So (1.23) and (1.24) make sense
1
for 0 < J(up) < Ej.
At last, we give the conditions to ensure the solution exists globally or blows up in finite time with
J(’U,o) > d.

Theorem 7. Let A j(yy), Ay(uo)s N4, N—, Go, B be the constants or sets defined in (1.3), (1.16) and (1.17).
Assume J(ug) > d, then the following conclusions hold

(i) Ifuo € Ny and |lugllz < Xj(ug), then ug € Go;

(i) If uo € N and |luoll2 > Ajuy), then ug € B.
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Remark 2. By (2.1), we know that there indeed exists ug satisfying the conditions of the above theorem.
By using (i¢) of Theorem 7, we can get the following two corollaries.

Corollary 1. Assume J(ug) > d and let N_, B be the sets defined in (1.3) and (1.17), respectively.
(i) If

a=12(q+1) < uoll§™, if1<p<2;
Q _ - 2, 0 ’ 1.2
o 2R {2 ek i, ) (1.25)
then ug € N_ N B.
(ii) Ifp>2 and
g—1 +1
27 2D 000 < g2, (1.26)

qg+1-p
then ug € N_ N B.
The second corollary indicates that there exists blow-up solutions to (1.1) for any high initial energy.
Corollary 2. For any M > d, there exists upy € N_ such that J(up) = M and up € B.

The organizations of the remaining of this paper are as follows: In Sect. 2, we give some preliminaries,
which are important for our proofs. In Sect. 3, we give the proofs of the theorems and corollaries.

2. Preliminaries

In this section, we will give some useful lemmas and propositions for our later proofs. Throughout this
section, we will use the notations, sets, functionals and constants defined in Sect. 1.

Lemma 1. [15] Assume u € H?(2),0 < J(u) < d, and 0 < §; < 1 < 83 satisfy the equation d(§) = J(u),
then the sign of Is(u) does not change for 51 < 1 < ds.

Remark 3. By [15, Lemma 2.3], we know that there indeed exist d; and do satisfying 0 < 61 < 1 < d9
and d(6) = J(u) when 0 < J(u) < d.

Lemma 2. [15] Assume that u is a weak solution of problem (1.1) with 0 < J(ug) < d. Let 0 < 61 < 1 < Jy
be the two roots of the equation d(§) = J(ug) and T is the mazimal existence time.

(1) If I(up) > 0, then u € W(9) for 01 < § < d2 and 0 <t < T

(i1) If I(ug) < 0, then u € V() for 61 <6 < dy and 0 <t < T.

Lemma 3. [15] Let u € H and

where A is defined in (1.2). Then

(i) #f 0 < |lugzll2 < 7(6), then Is(u) > 0;
(i) of Is(u) < 0, then ||uzz|l2 > 7(9);
(iii) if Is(u) = 0, then ||uge|l2 =0 or ||ugzll2 > 7(5).

Proposition 1. The two constants A\, and A, defined in (1.16) satisfy the following relationship:
0 < Ao <Ay < +00. (2.1)
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Proof. 1f u € N, then it follows the definition of A" and (1.21) that

41 1-0)(g+1 0(q+1
uzall3 < Jull 251 < Cllugs |5 ™D full5 @,

where C' = Ct! ie.,

[ taz || < Cllull§ for all u € N,

where 8 = % and p =

Combining with (1.13) and (2.2), we have

3g+5

Ao = inf > inf
o = nf full2 > inf full
C% ( inf ’
s o2
= ° ulgNHUMHQ
_1 B8

=C"rrr >0.

Furthermore, since p > 1, by (1.2), (1.12) and Hélder’s inequality, we can obtain
Ao = sup |lull2

uEN(y
< [QZFD sup [uflga
N,

ueNqy

g—1 2 qi}rl
= [QZ0 | sup (Jlusallz + llusll})

ueNqy

- Fa@+n}#1

ItEca :  ifl<p<y;
< =2 1,
_ 1 g+1
1] 2D pia(q +1) , ifp>2,
g+1-—p
< +00.

Then the result follows.

Lemma 4. Let u be the weak solution of (1.1), then it holds

IWW@:Wwﬁf2/HMﬂMT
0
and
/wm@h+ﬂmm=wa
0

Proof. Let ¢ = u in (1.9). Noting that [udz =0, we get
Q

t
//(u7u+|um|2+|um|t 1) dedr = 0,
0 Q

which leads (2.3).

Page 7 of 17 89

(2.3)

Now, we consider (2.4). Firstly we assume u is smooth enough such that u; € L2(0,T; H). Let ¢ = u;

in (1.9), note that [u,;dz = 0, we have
)
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o .
Q2

/ [|UT|2 T Uy Ur gy + \um|p*2uxum - |u|q*1uuf] dzdr =0,
hence, we have

1
luollgia,

1 1 1 1 1
2 2 1 _ 2
J e e + Gl + el = — allE = 5 ol + - e = —
i.e., (2.4) holds. Since L? (O, T; L/Q—E/Q)) is dense in L?(0,T; H), by density argument and Definition 1, we
know that (2.4) holds for weak solutions of problem (1.1). O

Lemma 5. The following results hold true.

(i) J(u) >0 for any u € Ny ;

(i) For allu € N, we have J(u) = maxs>o J(su);
(i) For any a > 0, it holds

2(¢+1)

l|uee |3 < ﬁa, Yu € J*NNG. (2.5)
Proof. Case (i). Since u € Ny and ¢ > max{1,p — 1}, we can obtain
I(w) = Gl + sl = =z}
> — (el + sl = 51
1
= m[(u)

> 0.
Case (ii). Since u € NV, it follows from the definitions of J(u) and I(u) in (1.3) that

d d [s? 5 sP s
a0 = 5 (Sl + Dl - Sl

—1— 1
= 5 (5" g 3+ 577 a1 — )

s [I(w) + (5777 = 1) [fuga |3 + ("7 77 = 1) [Jua ]

=5 —Sq ) luaell3 + 577 (1= 577750 flug 1.

Since p > 1,¢ > max{l,p — 1}, we obtained

1 —1—
. [Humnﬁnuxup Fll 2 + (570 = 1) el + (527170 = 1) e ]
1

d >0, if0o<s<l;
d—J(su) =0, ifs=1;
iy <0, ifs>1.
Hence, we get J(u) = max,>o J(su).
Case (iii). For any v € J* N N4, we have J(u) < o and I(u) > 0, then by p > 1,¢ > max{1,p — 1},
we get

1 1 1 .
0> (1) = a3 + sl — — iy
1 1 q—1 o gtl-p
E—— Uz + Uyg P—lu at )+7 Uy + - Us p
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1 qg—1 9 q+1-—p
= ——1I(u) + —— |tz llz + ———||uz|l?
1 W gy el ey el
q—1 2
which implies (2.5). O

Lemma 6. If 0 < J(ug) < Ey and I(ug) < 0, then ||uozs|| > a1, where By and oy are positive constants
given in (1.5) and (1.6), respectively. Let u be the weak solution of problem (1.1) with initial value ug,
then there is a positive constant as > «aq such that

[tz ()2 > a2, >0, (2.6)
and
lullg+1 = Aaz, ¢ >0, (2.7)
where A is a positive constant given in (1.2). Moreover,
a 1 Jolu 1/(q—1)
2> e (-2 (23)
1

where Jo(ug) s defined in (1.7).

Proof. By (1.14), we get ||uozz|| > @1. The remaining proof is similar to [34, Lemma 2.2]. Although
[34, Lemma 2.2] only considered the case 0 < Jy(ug) < E4, one can check the lemma also hold for all
0 < Jo(up) < Ey, and we omit it. O

The following lemma is similar to [34, Lemma 2.3], and we omit the proof.
Lemma 7. Let M(u) = Ey — J(u). Assume the assumptions in Lemma 6 hold. Then, M(u) satisfies the

following estimates:

1 +1
0 < M(uo) < M) < —[ul2f}. (2.9)

3. Proof of the Theorems

Proof of Theorem 5. By Theorem 2, the solution u of problem (1.1) blows up at some finite time 7". From
(2.4), we get

J(u(t)) < J(uo) 3.1

holds for all ¢ € (0,T).
Firstly, we consider the lower bound of T'. Let

1
H() = Ll (32)
By (2.3), we can obtain
d d /1
SO = 5 (31018) = =10 = —usel ~ sl + g (3.3

Now we will prove I(u) < 0 for all ¢ € [0,T). Otherwise, there must be a ¢ty € (0,T") such that I(u(tg)) =0
and I(u) < 0 for t € [0,tp). From Lemma 3(ii), |Jug.| > (1) for t € [0,t0) and ||u(to)zz| > r(1). The
above two facts about wu(tg) imply u(tg) € N. Hence, by the definition of d, we have J(u(ty)) > d.
However, it follows from (3.1) that J(u(ty)) < J(up) < d, a contradiction. So we have I(u) < 0 for all
tel0,7T),ie.,

+1
luce 13 < lluaell3 + llusllf < flullgts-
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Combining the above inequality with (1.21) we obtain
(1-60)(g+1) 0(q+1)
1 -
lullgis < G (luwalld) > (lull3) 5.4)
(1-0)(a+1) 0(a+1) 3.4
. 1 5
<t (i) (leli3)

which implies
1_ =0+ “

5 ~ 9(a+1)
(i) < () T (3.5)

a+1
By the value of 6 in (1.22) and g < 9, we get
(1-0)(g+1) _9—4¢

]_ — =
> g 0
O(g+1) 3qg+5
2 8
Then (3.5) becomes
[ullZ3 < Co ([ull3)” (3.6)
where
C’o:é's(%’qqu), v 3¢+5 o1
9—g¢q

By combining (3.3) and (3.6) we get

1
H'(t) = ~ |13 — lluallh + llullgy

q+1
< ity
- (3.7)
< Co ([[ull3)

= 2T [H ().

We can prove that H(t) > 0 for any ¢ € [0,T), if not, then there exists a ¢y such that ||u(tg)||3 = 0, which
contradicts (3.4). Therefore, by (3.7) we have

[H(t)]""H'(t) < 27Cy. (3.8)
Integrating above inequality from 0 to ¢, we get
1
—— [H(t)'™7 = H(0)'77] < 27Cqt.
[ 0] <2Cy

Since v > 1, it follows
H(0)'™ — H()™7 < 2(y — 1)Cot.
By (1.10), we obtain lim; 7 H(t) = +00. Since v > 1, letting ¢ — T in the above inequality, we obtain
H(0)'™ = 27 o3> < 2(7 = DEOT.
Then, (1.18) follows. Similarly, integrating (3.8) from ¢ to T, we can get (1.19). O

Proof of Theorem 6. By Theorem 2, the solution u of problem (1.1) blows up at some finite time 7. We
divide the remaining proof into two cases.
Case 1: J(ug) < 0. Let G(t) = —(¢+ 1)J(u), then by (2.4), we get
G'(t)=(@+Dwl3>0, 0<t<T,
G(0) = (g +1)J(uo) > 0,

which implies G(t) > 0 for all ¢t € (0,T).
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Since p > 1,¢ > max{l,p — 1}, it follows from I(up) < 0 and (3.3) that

{H’(t) =—I(u) >G() >0

0<t<T,

H(0) = 5]luoll3 > 0,

which implies H(t) > 0 for all ¢t € (0,T).
By Schwartz’s inequality, we obtain

qg+1
HO)G'(t) = 5~ llull3llw3
2
> at! /uutdx
2
Q
= T o)
2
1
> LG,
The above inequality can be rewritten as
G'(t) _ g+1H'(t)
G(t) = 2 H(t)’
Integrating the above inequality from 0 to ¢, we get
G(t) G(0)
[HO) — [H(0)]"
By using H'(t) > G(t) again, we get
H() _GO)
H@B)' T [H0)]
Integrating (3.9) from 0 to 7', note that lim; 7 H(t) = +00, we get
2
pe 2O juli
(¢—1)GO0) (¢ —1)J(uo)

Similarly, integrating (3.9) from ¢ to T', we can obtain

[u(®)]2 <

(¢ = Dluolly " (= (wo))| (T —1)7

Page 11 of 17 89

Case 2: 0 < J(up) < Ei. The proof is similar to the proof of [34, Theorem 1.1], we give the details for
reader’s convenient. By (1.3) and Lemma 7, the functional H (t) satisfies

H'(t) = —2E + 2M (u) +

By (1.5), (1.14) and (2.7), we get
q—1  _26+y
2B = ——A" o1 =
LT E
a1 (Ao )1t =
q+1
ca-!
Sy

1
q+ IHUHZIr

1
Sllealls +

q—1

qg+1
qg—1
q+1

(AA_%>Q+1

q+1
(al> (Aap)at?
(&%)

q+1
aq +1
( ) .

(3.10)

(3.11)
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Then, it follows from (3.10) and (3.11) that

~ 1
H'(t) > Cllu|| &1 + 2M (u) +§Huz||§7 (3.12)
where
_ q+1
R iy P (0‘1) :
q+1 (D)

By Holder’s inequality, we have

q+1 —
H" () < Cllu| T (3.13)
with
— g+1 g—1
C=2""7 x|Q=z. (3.14)
So by (2.9), (3.12) and (3.13), we obtain
H'(t) > CH" (t) (3.15)

with C' = C//C, which means

Let
T = 2 Jugll; Y € (0, 00), (3.16)
(¢-1)

then H(t) blows up at some finite time 7" < T™. Next we estimate T". By (2.8), (3.16) and the values of
C,C,C, we have

Ao atl g1 —(q—1
r< O sy (@ DI ol
= 8q-1) 2 (121 (o q+1
q s
- (g + 119" fJuo 13

o[- (e - 2) ]

Integrating (3.15) from ¢ to T, note that lim;_,r H(t) = 400, we get

_ 1) T )
() < [(QZ)C} (T — 1)
Ql(g+ 17T 1 -
< [Ug+ L . . (T 1y
2(g— 1) (g+1) (3 - 2lge)
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Proof of Theorem 7. We denote by T'(ug) or T' the maximal existence time of the solution to the problem
(1.1) with initial value ug. If T'(ug) = oo, we denote by

w(ug) = n {u(s): s> t}H

t>0

the w-limit set of ug.

Now, we prove the first conclusion. Assume that ug € Ny satisfies [[ugll2 < Aju,). We claim that
u(t) € Ny forallt € [0,T). By contradiction, if there exist s € (0,7") such that u(t) € N for 0 < ¢ < s and
u(s) € N, then by (3.1), we have J(u(s)) < J(up), i.e., u(s) € J/(#), hence u(s) € Nj(,,). Furthermore,
according to the definition of A (), we get

[u(s)ll2 = Auo)- (3.17)
Note that I(u(t)) > 0 for t € [0, s), it follows from (2.3) that
[u(s)ll2 < lluollz < Asup)-
This contradicts (3.17). So u(t) € Ny and then u(t) € J/(0) for all t € [0,T). By (2.5), we obtain

2(g+1)

1 J(Uo), vt € [OaT)v

luze (B)[13 <

which shows that the orbit {u(t)} remains bounded in H for ¢t € [0,7") so that T = co. Now for any
w € w(up), by (2.3) and (2.4), we have

lwllz < Asque), I (W) < J(uo).

Note the definition of A (), we can get w(ug) NN = 0. Then, w(ug) = {0}, i.e., ug € Go.

Next, we prove the second conclusion. Assume that ug € N_ satisfies |[ugll2 > Aju,). We claim
that u(t) € N_ for all t € [0,T). By contradiction, if there exist s € (0,T) such that u(t) € N_ for
0 <t < sandu(s) €N, then by (3.1), we have J(u(s)) < J(ug), i.e., u(s) € J70) hence u(s) € Nj(yy)-
Furthermore, according to the definition of A ;(,,), we get

[u(s)ll2 < Aug)- (3.18)
Note that I(u(t)) <0 for t € [0, s), it follows from (2.3) that
[u(s)ll2 > lluollz = Asuo)-
This contradicts (3.18). Assume T (ug) = +00, then for every w € w(ug), (2.3) and (2.4) imply that
[wllz > Agugy, I (w) < J(uo).

Note the definition of A j(,,), we can get w(ug) NN = (). Then, w(ug) = {0}. However, it follows from
(1.13) that dist(0,N_) > 0, we also have 0 ¢ w(ug). That means w(ug) = @, which contradicts to
w(ug) = {0}. Hence, we conclude that T'(ug) < oo, and the proof of Theorem 7 is complete. O

Proof of Corollary 1. Since J(ug) > d and ug € H, one can easily prove ||uoze|2 > 0 and ||uoz|l, > 0.
Case (i): 1 < p < 2. By using (1.25) and Holder’s inequality, we have

a—12 1 a—
2 20D 100) < fuollg™ <1007 ol (3.19)

) it
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Then, it follows from (3.19) and the definition of I(ug) and J(ug) that

Iu0) = 3lltosel + > sl = = lolg
> 3 lonal+ ol ~ — oy}
= 100+ (3= ) ol
= 3100 + gl
> %I(uo) + J(uo)

which means I(ug) < 0, thus we have ug € N_.
For any u € Ny, by (1.12), we have

1 1
lullg™ < 101 fullgi]

= 1917 (el + lua)

- 1 1 1 1 1
00— (5= p ) Tl
5= T 2 qg+1 2 q+1

a=12(q+ 1) 1 1 1 1
<oz ——= {5 - — ) luwlb+ (= — —=
q—1 2 q+1 p q+1

Therefore, taking the supremum of above inequality over Nj(,,), we can obtain

Aq+1 < |Q|

412(Q+) 1
iy <1907 2 ) < ol

ie., [luoll2 > A j(uy)- Then, Theorem 7 shows that ug € B.

ZAMP

(3.20)

Case (ii): p = 2. Since the first inequality of (3.19) is strict, we can also get I(ug) < 0 by changing the
“>?with “="and the “>"with “>”in the second line and last line of (3.20), respectively, the remaining

proof is the same as case(i).
Case (iii): p > 2. By using (1.26) and Holder’s inequality, we have

007 2D s 5) < o4+ <100°7 ol
By (3.21) and the definition of I'(ug) and J(up), we get
Iu0) = 3lltosel + 3 uoal = — o2
> uone 4 ol ~ — ol
:;wm+(;—q+ﬂnomﬁ
= %I(Uo) + qjl ) [|lu 0||Zﬁ

z%ﬂw»+ﬂwx

(3.21)
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which means that (ug) < 0, thus we have ug € N_.
For any u € Ny, by (1.12), we have

—1
a7 < 192075 [lull 2

g-1
=101 (|lusall? + lluzl})

g—1 1 1 1 1 1
— 10— | (= = ——) |l 2+(> up]
Q= — T Kp q+1> [tzall2 P l[uall}

P
a-1 p(g+1) 1 1 1 1
<197 =5 = — ) w3+ ( = = —— ) lual}
g+1—-p|\2 q+1 p q+1
a1 plg+1)
< |27 ———=J(uyp).
1€2] P — (uo)
Therefore, taking the supremum of above inequality over N, J(uo)» W€ can obtain
1 a1 plg+1) 1
AT S 1917 mj(uo) < luoll3 ™
i.e., [luoll2 > Aj(uy)- Then, Theorem 7 shows that ug € B. O

Proof of Corollary 2. We assume M > d and €1,y be two arbitrary disjoint open subdomains of €.
Furthermore, we assume v € H N H3(Q1) be an arbitrary nonzero function, then we take o large enough
such that J(av) <0 (since p > 1,¢ > max{l,p — 1}) and

1 2g+ 1
|Q|Tl(q7+1)M, if1<p<2:
=
o]t >
_ 1
mﬁ%ﬁ%;lma ity 2.
q —p

Next, we fix such a number a > 0 and choose a function w € H N HJ(§)s) satisfying M = J(w) + J(aw).
Then, up = av + w satisfies J(up) = J(aw) + J(w) = M and

a—12 1
o 2 ) ep<a
luarlf* > flawlg™ > (o)
Q=" BLT2 gy, ifp > 2.
o5 2L ), it
Hence, it shows uy; € N_ N B by Corollary 1. O
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