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Inertial effect on frequency synchronization for the second-order Kuramoto model
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Abstract. In this paper, we study the influence of the inertial effect on frequency synchronization in an ensemble of Ku-
ramoto oscillators with finite inertia and symmetric and connected interactions. We present sufficient conditions in terms of
coupling strength, algebraic connectivity, natural frequencies, and the inertial term to guarantee the occurrence of frequency
synchronization. We also make a comparison with the existing conditions proposed for the first-order Kuramoto model and
conclude that the inertial effect, if appropriately small, has little influence on frequency synchronization as long as the initial
phase configurations are distributed in a half circle.
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1. Introduction

The phenomenon of frequency synchronization is ubiquitous and is observed when the individual frequen-
cies of oscillators converge to a common value via coupling despite the differences in natural frequencies.
A typical model of coupled oscillators is the well-known Kuramoto model which captures various syn-
chronization phenomena in natural systems [1,22,29] and has been studied in biology, sociology, physics,
and chemistry. In this paper, we focus on the frequency synchronization of the Kuramoto model with
inertia and local coupling.

We suppose that the oscillators are located on the vertices of a connected and undirected graph, and
the interactions between vertices ¢ and j are determined by the weight a;; > 0. Then the dynamics of
the second-order Kuramoto model with n oscillators is governed by the following equations:

n
m91+91:w1+KZaUsm(ﬁj791), 1:1,2,,71, (11)
j=1
in which, #; denotes the phase of the ith oscillator whose natural frequency is w;, m the inertial coefficient,
K the coupling strength, and a;; > 0 the weight from vertex 7 to j.

The second-order Kuramoto model (1.1) has close connections with power network [7,8,17], granular
superconductors [9], heat conduction [10,11], coupled rotators systems [30,31], and Josephson junction-
s [33]. See [2,16,18,19,32] for the study for the effects of inertial term on the dynamics of the system.
For the research of the standard Kuramoto model, we refer to [1,6,24,25,29].

To obtain explicit and concise criteria of synchronization for a complex network consisting of coupled
oscillators has always been an important and outstanding problem, as recognized in [17]. For the Kuramoto
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oscillators with inertia and arbitrary interaction topology, the study for frequency synchronization has
been, to our best knowledge, initiated by Dérfler and Bullo in [7] and Choi et al. in [4].

A significant progress was achieved by Dérfler and Bullo via using singular perturbation analysis [7].
Under the overdamped condition, i.e., the ratio of the inertial term and the damping coefficient is suffi-
ciently small, the second-order Kuramoto model and the corresponding first-order Kuramoto model are
equivalent, and one can derive sufficient conditions for second-order Kuramoto oscillators to synchronize
by those for the first-order system. However, as is always the case in discussion of the singular perturba-
tion theory, there is no explicit estimate for the parameter (the ratio of the inertial term and the damping
coefficient) which should be small enough.

A breakthrough was made by Choi et al. in [4] on the estimates of parameters for frequency synchro-
nization for the second-order Kuramoto model with local coupling. By the method developed in [4], one
first establishes the boundedness of solutions and then applies the convergence result in [15] derived from
the Lojasiewicz’s gradient inequality, which requires the coupling function be analytic. The estimate for
the inertia term is explicit (see Theorem 3.4 in [4]). However, the condition for the coupling strength K
is implicitly given in the inequality (3.1) in [4].

Since we are only concerned with the phenomenon of frequency synchronization for the second-order
Kuramoto model, we use in this paper LaSalle’s invariance principle, instead of Lojasiewicz’s inequality,
so that we can extend our approach to more general smooth (not necessarily analytic) coupling functions
other than the sine function.

Definition. System (1.1) is said to achieve frequency synchronization if there exists a positive measure
set (so that the phenomenon is observable) of initial data such that a solution 6(t) starting from this set
satisfies

ggWAﬂ—@@H=O for i,j=1,2,...,n

In this paper, our aim is to combine the methods in [4,7,8] to give explicit estimates for both the
coupling strength K and the inertia term m so that the second-order Kuramoto model (1.1) achieves
frequency synchronization.

One novelty of this paper is that we extend the result of Dorfler and Bullo in [8] for the first-order
Kuramoto model to the second-order system (see Theorem A), which is also an open question mentioned
in [8]. The second novelty is that we improve the estimate on the coupling strength K so that the upper
bound is explicit in contrast to the estimate in Theorem 3.4 in [4] (see Theorem B).

Let B. denote the incidence matrix, of order n x n(n — 1)/2, of the complete graph with n vertices,
in which each pair of vertices is connected by an edge. For each x = (x1,...,2,) € R", BIx € R(n—1)/2
has components x; — x; corresponding to the directed edge from j to 7. Here the superscript “I” denotes
transpose. In fact,

Bre = (21 — o, ..., @1 — Ty, To — T3, .., T — Ty Tl — T "
We remark that our results are independent of the orientation of the graph.
Let Ay and Anax be the second smallest and the largest eigenvalues, respectively, of the Laplacian
matrix of the graph associated with system (1.1), w = (w1, ...,w,)T the vector of natural frequencies,
and || - || denote the standard Euclidean norm in R or R™"~1)/2 a5 the case may be.

Before presenting our main conclusions, we introduce an arbitrary constant 6 € (0,1) to trade off the
conditions upon the coupling strength K and the inertial term m, and set for the sake of convenience

4842
TS

Note that the range of « is (2,400) and « is an increasing function of 4.

5 € (0,1). (1.2)
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First, we assume that
o || B w]
Ao

Under the assumption (H1) in which we stress the condition on the coupling strength K, we may choose
v € [r/2,7) such that sinv > a|[BTw| /K. Let p = sinv/v. The second assumption is

2pA
m< 2 P22 )

K)\IQnax
in which we emphasize that the inertial coefficient m needs to be small since K is probably large due to
the distribution of natural frequencies or the algebraic connectivity Ay of the corresponding graph.

(H1) K>

(H2)

Theorem A. Under the assumptions (H1) and (H2), the second-order Kuramoto model (1.1) achieves
frequency synchronization.

We remark that for all-to-all coupling scheme in which Ay = Ayax = 1, the conditions (H1) and (H2)
reduce to K > of|BYw|| and m < §2p/K.

If we consider in the assumption (H1) the quantity ||w]||, the total variance of natural frequencies,
instead of ||BYw||, then we have the following conclusion.

Theorem B. Assume

(H1') and (H2") m<

s V2wl
Z

in which p' = sinv' /v and V' € [7/2,7) satisfying sinv’ > av/2||w||/K\a. Then the Kuramoto oscillators

with inertia (1.1) achieve frequency synchronization.

We remark that for system (1.1), the conditions (H1’) and (H2') are easier to satisfy than (H1) and
(H2). Indeed, since the coupling function in (1.1) is odd, then we may assume without loss of generality
that wy; + -+ + w, = 0 (see Sect.2 for detailed discussions). As a consequence, we have by Lemma 2.3
that ||BYw|| = v/n|lw| > v/2||w||. Nevertheless, we still present Theorem A since we believe the approach
we used to prove Theorem A has independent interest.

We compare our results with the closely related previous studies in [4,7]. As mentioned before, the
relationship between the second-order Kuramoto model and the first-order one has been investigated by
Déorfler and Bullo in [6,7]. By means of singular perturbation analysis, it has been shown that if the ratio
of inertial term and the damping coefficient is sufficiently small, then these two systems are equivalent
(see [7] for more precise description). We remark that our approach is totally different, and moreover,
the upper bound for m is explicitly given in Theorems A and B.

We remark that for the first-order Kuramoto model with non-complete coupling graph, a sufficient
condition for phase cohesiveness and frequency synchronization has been given in [8] (in our notations):
KXy > ||Bfw|| (the coupling strength K is absorbed in Az(L) in [8]). Here in this paper we extend the
study to nonidentical oscillators with high-order dynamics, which is one of the open questions mentioned
in [8].

Compared with the results presented by Choi et al. (see Theorem 3.4 in [4]), in which the condition
for the coupling strength K is implicitly given (see the inequality (3.1) in [4]), we explicitly state the
condition (H1’) for coupling strength K.

We stress that the constant § € (0,1) is a trade-off parameter. If § is chosen to be close to 0, then «
is close to 2, and we have a better condition for the coupling strength K and a worse condition for the
inertial term m. If § is chosen to be close to 1, then o becomes large and the condition for m is better
and that for K is more conservative. For example, if K\ > 2| BXw||, then we choose d sufficiently close
to 0 such that « is close to 2 and hence (H1) is satisfied. In this case, for the frequency synchronization
to occur, we need to require that the inertial coefficient m be small.
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The region of initial data for which the solutions achieve frequency synchronization does not appear
in the conditions and is discussed in Sect. 4.

2. Preliminaries

The network associated with the interactions of the Kuramoto model (1.1) is assumed to be a symmetric,
weighted, and connected graph G(V, &, A) with n vertices V = {1,...,n}, e edges £ C V x V, and positive
weights a;; > 0 for each undirected edge {i,j} € €. The adjacency matrix of the graph G(V, &, A) is
A = (a;j) where a;; = a;; denotes the weight of edge {7, j} for ¢ # j and a;; = 0. The Laplacian matrix
L is defined as L = D — A, where A is the adjacency matrix and D is the diagonal matrix of vertex
outdegrees, i.e., the diagonal element of D is 2?21 a1 =1,2,....

If a direction is assigned to graph G(V, &, A), the incidence matrix B = (B;;) is an n X e matrix such
that B;; = 1 if the edge k ends at vertex i, By, = —1 if edge k starts at vertex ¢, and 0 otherwise. Let
diag({ai;} i jyee) denote the diagonal matrix of edge weights, then L = Bdiag({a;;}; jyec)B" is the
Laplacian matrix.

If we define a;; = 0 for {i,j} ¢ &, then
W = diag({aij}iq) (2'1)
is a diagonal matrix of order n(n — 1)/2 and
L= BWB!,

where B, is the incidence matrix of the complete graph with n vertices.
Since we assume the graph is symmetric and connected, the Laplacian matrix L is symmetric and
positive semi-definite with eigenvalues denoted by

0:)\1<>\2§"'§>\n:>\max'

Note that the eigenvalue A\; = 0 is simple since the graph is connected. The eigenvector associated with
Apis1=(1,...,1)T € R™. The second smallest eigenvalue ), is called algebraic connectivity which plays
an important role in synchronization study [34]. Moreover, we have the property

(0, L0) > \o||0]|* for all § € R™ if (9,1) =0.

We denote in this paper by (-,-) the standard Euclidean inner product in R™ or R™"=1)/2 a5 the case
may be.

By switching to a rotating frame, it is easy to show that we can assume without loss of generality the
mean value of the natural frequencies of system (1.1)

w=(w1+-+wy)/n=0.
Indeed, let
éizﬁi—(61+---+9n)/n, and w;, =w; —w, i=1,...,n.

Due to the symmetry of the graph, i.e., a;; = aj; for all 7,j, and the fact that the coupling function is
odd, we conclude from (1.1) that

m(ly + -+ 0,)/n+ 01+ +6,)/n=0a,
and hence

m91 + 91 = W; — w + KZ aij sin(ﬂj — 01) = CZJZ + K aij sin(éj — éz)
j=1 j=1
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Note that for the above system, we have

Therefore, we always assume (see also [3,4,13,14]) in this paper for system (1.1) that

f:wl:o, ieizo, and En:él:o. (2.2)
i=1 =1 =1

Our approach consists of two steps. First by introducing a new equivalent norm depending on the
inertia m, we demonstrate the existence of a positively invariant set. Then we obtain the synchronization
result by applying LaSalle’s invariance principle [23], see also [12].

In what follows, we present some estimates which will be used in the proof of main conclusions.

Lemma 2.1. Let a >0, b > 0, and y(t) < —ay(t) + b for t > 0. Then we have
b
y(t) < y(0)e ™ + —(1—e~*), t>0.
a

Lemma 2.2. Assume a > 0 and m > 0. Then there exists a constant
k=a+ ! \/a? + ! >0 (2.3)
o “ 4m? ’ '

allz)> + mllyl® > k (= + myl®> + [|my||?), for all z,y € R™ or R™""1/2,

such that

Proof. Let £ = x + my and n = my. Then x = £ — n and y = n/m. Let I denote the identity matrix. It
then follows that

1
ol + mlyl? = al€l® = 2a(6m) +alll® + -l = (€7 7)1 (§).

in which
J— al —al
“\=al (a+1/m)I
is a real symmetric matrix whose smaller eigenvalue is k. Therefore, we have the conclusion

allz|* + mllyl* > & (Il + Inll*) = & (llz +myl® + [lmyl|*) -

Let B, be the incidence matrix of the complete graph with n vertices.
Lemma 2.3. Assume (0,1) =0 for @ = (61,...,0,) € R". Then we have
IBZO)* = nll0]]*.
Proof. Since (01 + -+ +6,)? = 0, then
07 4+ 0% = 20102+ -+ 010, + 0203+ -+ 020, + -+ 0,_10,).
As a consequence, it follows that
IBZ6|* = (61 — 62)° + (61 — 6)° + - + (61 — 6,)?
+(02 — 03)% + - + (02 — 0,,)?
ot (01— 0)?
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=(n—1)(0]+605+-+02)
—2(0102 + -+ + 6010, + 0203 + - - + 020, + - -+ 0,_16,,)
=n(07 + 03+ +02) =n|0|>.

Remark. Similarly, if we assume O +---+6, = 0, then we have
IBEOI* = n|d]*. (2.4)
Let
sin(z) = (sinzy,sinxzy,...)"
for a vector x = (x1,29,...)T.

Lemma 2.4. Let 0 = (6y,...,0,)" € R" and assume |0;—0;| < v fori,j =1,...,n, in whichv € [x/2,).
Then

(BCTH)T Wsin (BL0) > p(0, LO), where p=sinv/v,
and W is defined in (2.1).
Proof. Note that |§; — 6;| <v < 7. Then
(6: — ;) sin(0; — 0;) > p(6; — 6;)*.
As a consequence, it follows that
(BT0)" Wsin (BT9) =3 aysin(6; — 6;)(6; — 6;)
i<j
> p Y aii(6; —0;)° = p(BLO)TW(BL6)
i<j
= p0TB-WB0 = p(0, L6).

Lemma 2.5. Let 0 = (01,...,60,) and 6= (91, ...,0,) € R™. Then for each € > 0, we have
AT . .
‘(BZG) Wsin (B’;Ta)’ < 2i€<9,L9> + %(9,L9>.

Proof. By Young’s inequality, we have

’(BCT@)T Wsin (Bze)’ = S g sin(0: — 0,)(6; — ;)

i<j
<> ail0i = 05110, — 05
1<J
1 9 € : .
ngazj(@i—aa‘) +§Z%‘(9i—9a’)
i<j 1<J
L\ T T € (pri\t T
= o (BI0)" w (BTo) + - (BId) w(BLd)
1 e . .
= 52 (0,L0) + 5 (0, LO).
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3. Proof of main results

In this section, we present the proof of the conclusions in Theorems A and B. We shall use LaSalle’s
invariance principle to obtain the conclusion of frequency synchronization. Therefore, the main aim in
this section is to construct a compact positively invariant region with positive measure in the phase space
of system (1.1). To this end, we introduce an equivalent norm [20] which is the key step to give more
accurate estimates on the conditions for system parameters. For the construction of the equivalent norm,
see [20,26] and the proof of Lemma 2.2.

Proof of Theorem A. Let 0 = (0y,...,0,)" and w = (wy,...,w,)T. Then the second-order Kuramoto
model (1.1) can be rewritten in a vector form

mb+ 60 =w— KBWsin (B!9), (3.1)
in which B, is the incidence matrix of the complete graph and W is defined in (2.1). Let
¢ = Bro.

Then ¢ is a vector with dimension n(n — 1)/2. Therefore, if 6(¢) is a solution to (3.1), then £(t) = BL(t)
is a solution of

mé+¢& = BTw— KBTB.Wsin(¢). (3.2)
Now the phase space of system (3.2) is R™M7=1)/2 5 R(n=1)/2 We define in this phase space an energy

function E(&, €) and show that (E(¢,€))Y/2 is a norm equivalent to the standard Euclidean norm (||¢]|2 +
€172 O

We remark that the choice of the equivalent norm, which can also be regarded as a transformation
of variables, is essential to our approach, and we refer to [20,26] for its use on the studies of other
second-order systems.

Lemma 3.1. Let £ and & € R*"~1D/2 gpd

1 : . 1 . 1. .
E(&€) = SlIEl* +m (& &) +m?(IE]* = S 1€+ me]* + 5 me][*. (3.3)
Then \/ E(€,€) is a norm in R~V equivalent to the norm \/||€||2 + ||€||2. In particular, we have
: 1
B(£,€) > €]l (34)

Proof. Tt is easy to check that
B(&,€) = g€l + 5 €1+ mie. &) + w2l + 3m? €]
= L1l + e/vE+ VEmé/2l® + Tmg)?
> min{1/6, m? /4117 + I¢]%).

Hence y/ E(&, &) is a norm equivalent to the standard Euclidean norm. With a similar procedure, we have

lell®.

=

B(,€) = e + /2 + mé? >
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Under the assumption (H1), we choose v € [r/2,7) such that

Bl .-
smv =~ T)Q ( . )
and set
sin v
p= .
v

Lemma 3.2. Let
a=Kpla and p==%k (1 — mK)\max/\/%) ,
where k > 0 is a constant determined in (2.3). Then under the assumptions (H1) and (H2), we have
uwy >2 HBCTwH .

Proof.
(H2) <= m?>K?2\2

max

< 52pr)\2

— m2K?2)\2

max

@17%>176

Vam  —

< 6%2am

Meanwhile, note that

k=a+1/2m —+/a?+1/4m? > a/(2am + 1).

Then it follows from (H2) and the facts [p| < 1 and Ay < A\pax that

9252 p2\2
2am = 2mKply < # < 262
As a consequence, we derive by (1.2) that
MK Mmax a (1=080)Kphy 2Kp)
=k (1 DEAmax) 5y, = =
. ( vam >( ) 202 +1 202 +1 a
leading to the conclusion by (3.5) that
2K Ay si
py > =220 s o | BTw| .

1o
O

The key step to apply LaSalle’s invariance principle is to demonstrate the existence of a compact
positively invariant set.

Due to the properties in (2.2) of solutions of (1.1), we may regard R™ /(1) x R™/(1) as its phase space.
Let

A= {(9,9’) e R"/(1) x R"/(1) ‘ E (339,339) < ||B | /,ﬂ} :
in which p is a constant determined in Lemma 3.2.

Lemma 3.3. A is a compact positively invariant set for system (3.1) if the conditions (H1) and (H2) hold
true.
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Proof. Assume (0(t),0(t)) is a solution to (3.1), that is, (£(¢),£(t)) is a solution of (3.2), with the initial
data (6(0),6(0)) satistying

E (BL0(0), BY(0)) < || BLw|” /. (3.6)
Then there exists a largest 7' > 0 (or T' = +00) such that for ¢ € [0,T),
: BTuw|? . BTw|?
E (BCTe(t),BCTa(t)) < HlﬂH and B (BCTG(T),BCTQ(T)) - Hu?H

if T is finite. From Lemmas 3.1 and 3.2, we have for ¢t € [0,T),
: 2
10;(t) = 0:(O) < IBLOW)I* = lE@)]* < 4EE(®), £(t) < 4[| Blwl||” /u? <v?
and hence
16;(t) —0;(t)] <v for 4,5 €{1,2,...,n} and t€[0,T).

Note that BCB;r = nl, — 1,xn, where I,, denotes the identity matrix of order n and 1,,«, the matrix
of order n with each element being 1, and 7T 1,,.,, = 0 due to the assumption (2.2). Multiplying 7 on
both sides of (3.2), we obtain from Lemmas 2.3 and 2.5 that

d /m, .
= (F1€12) + nepe
=¢"BTw — K" BT B.Wsin(B!'9) = " Bfw — K67 B.BT B.Wsin (BI'0)

=E"BTw — K0T (nI, — 1,xn)B.Wsin (BT9)

. A
= TBTw — nkK (BCTH) Wsin (BL0)

. K K
< {TBTw ¢ ’;—Ew, L) + ”—5«9 L)

. K)\m X K/\mwx
< €7 Blw 4 T g 4+ e

K\
max BTH 2
=2 | BT )2 +

16)1?
sKAIIla.X

={TBlw+ 1BZ 6|1,

Consequently, we have

d, 59 g MK Apax
— < =2 _
S nP€IP) < —amllél? +

€117 + emE AmaxI€]1* + 2m (€, BY w). (3.7)
Noting that
(€6 = €€ = TEmE —éP = Te.&) e
’ dt de ™’ ’
and multiplying ¢7 on both sides of (3.2), we obtain by Lemmas 2.4 and 2.3 that for ¢ € [0,T),

i (mie.d -+ 06l ) - miei?

— (¢, BTw) — K¢TBY B.Wsin(¢)

= (¢, Bfw) — K0T B.BT B.Wsin (BL0)

= (¢, Bfw) — K0T (nl,, — 1,xn) B-Wsin (BL0)

— (¢, BTw) —nK (BT6)" Wsin (BT0)

< (& Blw) —nKp(0, L) < (¢, Bl w) — nKpa||0]?
= (&, Blw) — KpXo|| BIO|* = (€, BIw) — KpX2¢]?,
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and hence
d . 1 .
G (mle &+ S17) < mlélP + (6. BT — Kpnle] (35

We derive by (3.3), (3.7), and (3.8) that for t € [0,T),

d

T EE®), £(t)) < —pEX2|l€]* = m[€]1* + (mE Amax/2) €]

+ emE Amax|[€]1? + (€, BT w) + 2m(€, BT w)

—(a—=b/e)|IE]I* = (m = eb)|€]1* + (€, BT w) + 2m(, BT w),
in which a = pK Xy and b = mK Apax.
Taking € = \/m, we obtain by Lemma 2.2 that
(a—=b/e) €] + (m — eb)[€]|* = (1 — b/v/am)(al|€]* + m|€]]?)
> (1 —b//am) k(€ +mé||* + mé]||*)
= u(l€ +m&||* + mé|?)
= 2uB(£,§).
Meanwhile, we have the estimate by Young’s inequality

(€, Bl w) +2m(€, Bl w) = (€ +mé&, Bl w) + (mé&, Bl w)

*HBT I"+% ||€+m€||2+*|\BT ¥ + |mé||?

B L\ BTw|? + uB (e €).

Therefore, we derive that

FEEO < -2BEH + o |Bolf + nE(e.d
— B+ HBTwH
and hence by Lemma 2.1
: : |BZw|’
E((t), £(t) < B(€(0), &0)e ™ + =1 —e""), t€[0,T). (3.9)

If T is finite, then E(¢(T),£(T)) = ||BCTW||2 /u?. On the other hand, from (3.9) and (3.6) we deduce
that
BE(T), (1) < Jing | BGG(0). ) + - [|BI]* (=)

t—T

= B(£(0),£(0))e 7 + ; |BTw||” (1 —e#T)

1
< B!

which is a contradiction. As a result, T" = +o00, implying that the interior of A is positively invariant,
and hence A is positively invariant for system (3.2).
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It remains to verify that A is bounded since it is closed. Indeed, due to Lemma 2.3, we conclude that
for (6,0) € A,
. 1 .12 C . C
oy 1017 = 5 (126l + | 820 ) < S (70, 570) < o
n n wn

in which we use Lemma 3.1 and C'is a constant with 1/C' = min{1/6, m?/4} (see the proof of Lemma 3.1).
Therefore, A is bounded.

In order to apply LaSalle’s invariance principle, we need to construct a continuously differentiable
function V : R2" — R such that V(6,6) < 0 for (,0) € A. Indeed, let

V(6.0) = (m/2)]|6]* — ¢ (0),
where
n K n
30(9) = Zwﬂi + 5 Z Qij COS(Gi — (9])
i=1 ij=1
It is easy to verify that
Ve(0) = w— KB Wsin(BY9) and hence mf + 8 = V(6).

. oV do oV df
V(9’9)<89’(R>+<<’99’(ﬂ>
= —(V(0).0) +m(d,d)

= (—mf — 0,6) +m(0,0)
=—|4|* <.

Then we have

Let
E=1{(6,0)c A|V(6,0) =0} ={(6,0) c A|6 =0}
and M the largest invariant set in E. Then we conclude by LaSalle’s invariance principle that (6(t), O(t)) —
M, ie., [|0(t)] — 0 as t — +o0 if (0(0),0(0)) € A, implying that the solutions in A achieve frequency
synchronization.
This completes the proof of Theorem A. O
Let 11 € (0,7/2] and vy € [7/2, 7) satisfying
. —
sinyy =sinvg = Eyown
Then
sinv > 27 @l HBEM”
- KX
for all v € [v1, va]. Let
sin 1 sin vy sin v

p1 = ;P2 = , and p=
V1 D)

for v € [vy, 1]

Then py < py and p € [pa, p1]. Therefore, each value in [ps, p1] can be chosen as the constant p in condition
(H2).

If we choose the largest value p = p;, then the condition for m becomes better. However, the set of
admissible initial data A becomes smaller. Indeed, if we denote by p; and us the constants determined
in Lemma 3.2 and corresponding to p; and ps, respectively, then it is easy to verify that py > ps and
hence the diameter of A becomes smaller if we choose p = p; and v = 1.
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Proof of Theorem B. The idea for the proof of Theorem B is similar.
Under the assumptions (H1") and (H2'), we have by a similar discussion to Lemma 3.2

v/ > 23w (3.10)

where p = k(1 — mK Apax/vam), a = Kp'e, and k is determined by (2.3).
Let

. 1 . ) 1 . 1 . . N
E(6,0) = 5101+ m(8,0) + m? 0] = 510+ md|* + 5llmb|, 6,6 € R

Then (E(0,0))/? is a norm in R?" equivalent to the Euclidean norm ([|0]|2 + ||0]|2)"/2. In particular, we
have .
E(6,0) > (1/4)]6]1>. (3.11)
Let
A'={(6,6) e R"/(1) x R"/(1) | E(6,0) < |[w]?/n?}.
O

Lemma 3.4. A’ is a compact positively invariant set for system (1.1) if the assumptions (H1") and (H2')
are satisfied.

Proof. Assume (0(t),0(t)) is a solution of (3.1) with the initial data satisfying
E(6(0),0(0)) < [lwl]?/u*.
Then there exists a largest T' > 0 (or T' = +00) such that

’ . 2
||ijl| ,t€[0,T), and E@(T),0(T)) = H‘;g

if T' is finite. It then follows from (3.11) and (3.10) that
10;(8) = 0:(O)> < 200()|* <8E(O(1),  6(1)) < 8llwlf*/u® < ()2,

E(0(t),0(t)) <

and hence
160;(t) — 6;(t)] <v' for i,j€{1,2,...,n} and te[0,T). (3.12)

Noting that 6(t) satisfies (3.1) and multiplying §T on both sides of (3.1), we obtain by Lemma 2.5
that

d /m - . . . . AT
= (5|\9||2) F[I6)2 = 67w — KT B,Wsin(BT0) = 67w — K (BCTH) Wsin (BT9)
<0Tw+ —(0,L0) + —(0, L0
< 67w+ 5 (0,16) + 716, 10)
. KA eK\ .
< GT max 0 2 max 0 2.
< 07w+ 22 g 4 EE0m g
Consequently, we have
d 21 A2 12 mK)\max 2 A2 )
Sm21) < —2m]|0)% + T2 0 4B A |01 + 2m (e, 6). (3.13)
Since
. . d . .
(0,6) = 076 = <-(670) — 0],

multiplying 67 on both sides of (3.1), we obtain by Lemma 2.4 together with (3.12) that for ¢ € [0,T),

. 1 .
% <m<9,9> + 2||9||2) —ml|f||* = (0, w) — K0T B.Wsin(BY0) = (§,w) — K (BCTQ)T Wsin (B!'0)
< <07w> - Kp/ <9, L0> < <97w> - Kpl )‘2||6.||27
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and hence
d . 1 .
i (00,014 30612 ) < ml01P — 5! 0ll1P + 0,6)
We derive by (3.13) and (3.14) that
d . . mEK Aax
L B60).00) < o Ko — m])? + " 2w g2

+ amK)\maXH9||2 + (w, 8) + 2m{w, 9)

= —(a—0/e)l|6lf* — (m —eb)|4]1* + (w, ) + 2m(w, 6),

in which a = p/ KXy and b = mK \ax.
Taking ¢ = \/m/a, we obtain by Lemma 2.2 that

(a—b/2)[16]1* + (m — b)[|0]]* = (1 — b/ Vam)(al|8]|* + ml|6]|*)
> (1= b/Vam) k(|6 +mb|* + mé]|*)
= 1([|6 + mé||* + [ md|?)
=2uE(0,0).
Meanwhile, we deduce by Young’s inequality that
(w,0) 4+ 2m(w, 0) = (w, 0 + mh) + (w, mh)

IN

1 2, M 312 1 2, M 3112
— -6 0 — —||mé
g 510+ mol & o + Ellmé)

1 .
;llwll2 +nE(0,0).

Therefore, we derive that

d : . 1 .
3 20,0) < —2pE(9,0) + ;HWH2 + pE(0,0)

. 1
= —pB(0,0) + — ||,
o
and hence by Lemma 2.1

E(0(t), 6(t)) < E(6(0), 6(0))e " + 'Z;u —e M), te0,T).
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(3.14)

(3.15)

If T is finite, then E(A(T),0(T)) = ||w||?/u>. On the other hand, from (3.15) we deduce that

| T
BOD).0) < finy (B0 6000+ + 21— o))

= E(0(0),60(0))e T + W(l — e HT)
oo

<M2,

which is a contradiction. As a result, T = 400, implying that the interior of A’ is positively invariant,

and hence A’ is positively invariant for system (1.1).
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It is easy to check that A’ is bounded and hence is compact. The Lyapunov function V is defined as
in the proof of Theorem A. Then LaSalle’s invariance principle implies that the solutions in A’ achieve
frequency synchronization. This completes the proof of Theorem B. O

4. Discussion and conclusion

We should remark that the inertial coefficient m cannot be arbitrarily chosen since it is closely related to
the choice of the coupling strength K which should fulfill condition (H1) or (H1’).

Apart from synchronization phenomenon, the existence of rotating modes for system (1.1) was inves-
tigated in [28] by applying the topological degree theory.

We remark that it is also possible to use monotone dynamical systems approach (see [27]) to study
frequency synchronization phenomenon for system (1.1): first establish the existence of a positively in-
variant set so that the system is monotone in this set and then apply the techniques in [27] to obtain the
conclusions.

In the proof of our main results in Sect.3, we demonstrate the existence of a compact set A (or A’)
such that system (1.1) is positively invariant in 4. The existence of such a set is closely related to the
concept of phase cohesiveness [6]: for each solution 6(t) of (1.1) with initial data (6(0),0(0)) € A, there
exists an arc of length v containing all angles 6;(t) at each time ¢t > 0.

The region of admissible initial data for frequency synchronization depends heavily on the coupling
strength K and the inertial term m and is determined in the proof of the main conclusions. If the initial
phase configurations are allowed to be distributed in a half circle, i.e., max; ; |6;(0) — 0;(0)| < =, then
we can choose v € [r/2,7) such that (6(0),0(0)) € A implying max; ; |6;(0) — 6;(0)| < v, as long as
the coupling strength K is large enough. As a consequence, (0(t),0(t)) € A implying max; ; |0;(t) —
6;(t)| < v for all t > 0 provided (H1) and (H2) hold true, and hence the solution 6(t) achieves frequency
synchronization.

Note that if we take v = /2, then p = 2/7 and the upper bound for m is more definite, but the set
for allowable initial data becomes smaller.

Finally, we compare our results for the second-order Kuramoto model with those for the first-order
system. The closely related result to our conclusion Theorem A was established by Doérfler and Bul-
lo in [8] (see also [5,21]), in which it was shown that under the condition KXy > ||Blwl|, the first-
order Kuramoto oscillators achieve frequency synchronization. Our estimate for the second-order sys-
tem is K)o > afBYw|| in which « is arbitrarily chosen in (2,00). In addition to this, if the inertia
coefficient m is appropriately small, i.e., satisfies (H2), then frequency synchronization occurs. Note
that the region for initial data for the first-order system and the second-order system is almost the
same.

The related result for the first-order Kuramoto model corresponding to Theorem B was obtained
by Ha, Li, and Xue in [14]. Since they did not use the information of eigenvalues of the Laplacian
matrix, we restate the condition for K which can be derived by their method: Ky > v/2|w]||. Our
estimate is K)o > av/2||w| for the second-order system. Then frequency synchronization occurs for
the second-order system provided the inertia coefficient m is appropriately small, i.e., satisfies (H2').
Similarly, the region for initial data for the first-order system and the second-order system is almost the
same.

Based on the above discussions, we draw a conclusion that the inertial effect in the second-order
Kuramoto model (1.1), if appropriately small (with the upper bound given by (H2) or (H2')), has little
influence on the occurrence of frequency synchronization as long as the initial phase configurations are
distributed in a half circle.
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