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Abstract. In this article, we consider the periodic problem for bipolar non-isentropic Euler-Maxwell equations with damping
terms in plasmas. By means of an induction argument on the order of the time-space derivatives of solutions in energy
estimates, the global smooth solution with small amplitude was established close to a non-constant steady-state solution
with asymptotic stability property. Furthermore, we obtain the global stability of solutions with exponential decay in time
near the non-constant steady-states for bipolar non-isentropic Euler—Poisson equations. This phenomenon on the charge
transport shows the essential relation and difference between the bipolar non-isentropic and the bipolar isentropic Euler—
Maxwell /Poisson equations.
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1. Introduction and main results

Recently, there have been many mathematical studies on the Euler-Maxwell equations which are used
for modeling the motion of fluid plasmas (see [1,16,20,21,23] and the references theirin). In the following,
we consider the period problem for the bipolar non-isentropic compressible Euler—-Maxwell system with
damping terms:

on” + V- (n"u”) =0,

O (n"u”) + V- (n"u” @u”) + Vp, = ¢un”(E 4+ u” x B) —n"u",

A (nVE) + V- (NP Eu” + puu’) =V - (5 VOY) 4+ qun’u’ E — n¥|u”|? — n? (0¥ — 1), (1.1)

WE —V x B=n%® —n'u!, V.-E=n"—n°4bx),

WB+VXxE=0, V-B=0, v=e,i, (t,z)cRT xT,

where T = (R/Z)3 denotes a three-dimensional torus and q. = —1 (¢; = 1) is the charge of electrons
(ions). The variables are the density n” > 0, the velocity v’ = (u},u},u¥), the absolute temperature
0¥ > 0, the total energy, the electric field F and the magnetic field B. Functions p, = p,(n”,0"),&, =
e, + %|u"|2,e,, = e,(n",0"),k, = K, (n”,0") and b(x) > 0 denote, respectively, pressure, total energy,
internal energy, coefficient of heat conduction and a doping term. Here, p, and e, satisfy the second
principle of thermodynamics [28]:

5 0ey L Oy

onV aor’
We set e, (n”,6") = 0" for v = e, i, which implies that p, = n”6" is well defined. Moreover, we also set
Ku(nY,0") = 0¥ for the sake of simplicity. Then for n¥ > 0, system (1.1) is written as:

Pv = (nV) v=e,l.

) Birkhauser
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on” +V - (n"u”) =0,
ou” + (u” - V)u” + V0¥ +60"VIn(n") +u” = ¢, (E 4+ u” x B),

1 0v
0" +u” - VO + 0"V - u¥ — §|v9"|2 + (0"~ 1) = A, (1.2)
OE —V x B=nu’ —nu', V-E=n'—n°+bx ),
B+VxE=0,V-B=0, v=e,i, (t,)eR"xT,

with the initial condition:

(n”,u”,0", E,B) =0 = (n”o,u”o,@”o,EO,BO) , ze€T, v=e,ri, (1.3)
which satisfies the compatibility condition:
V-E'=n" —n?4b(x), V.-B"=0, zecT. (1.4)

Now suppose (n”,u”,0”,E,B) = (n”(z),0,1,E(z),B(z)) to be a steady-state solution of (1.2).
Then we get ~ _
~Vn(7°) = E=VIn(a'),
VxB=0, V-E=na'—n°+b(z), (1.5)
VxE=0,V-B=0, zcT,
which implies that B is a constant vector in R®. Moreover, if we denote ¢ = In(n°), then
~Vin(n') = Vé.
It follows that

Ci1—¢

nc=e?, nl=e ,

where C] is a real constant. By the differential constraint of E, namely
V- E=e579_¢f 4 b(x),
we obtain the equation of ¢:
Ag=e? — € —b( ), xeT. (1.6)
It is easy to see that the function f : ¢ — e® —eC1-9 is strictly increasing on R™. Then the existence of
smooth solutions to this semilinear monotone elliptic equation (1.6) can be obtained easily by a classical

Schauder fixed point theorem or a minimization method [6]. The uniqueness follows from the strict
monotonicity of f (see [12]). Furthermore, we obtain

Proposition 1.1. Assume b = b(x) is a smooth periodic function such that b > const. > 0 in T. Then the
periodic problem (1.5) admits a unique smooth solution such that n” > const. >0 in T, v = e, .

The bipolar non-isentropic Euler—-Maxwell system (1.2) is nonlinear and symmetrizable hyperbolic—
parabolic for n¥,6” > 0 in the sense of Friedrichs. Therefore, it follows from the result of Kato [13] and
the pioneering work of Matsumura—Nishida [17,18] that the periodic problem (1.2)—(1.3) has a unique
local smooth solution when the initial data are smooth.

Proposition 1.2. (Local existence of smooth solutions, see [13,15]) Assume integer s > 3 and (1.4) holds.
Let B € R? be any given constant vector and (n¥,0,1, E, B) be a steady-state solution of (1.2) satisfying
nY > const. > 0. Suppose (n*Y —n¥, u?, 00 — 1,E0 E,B° — B) € H*(T) with n*°,0"° > 2k for some
given constant k > 0. Then there exists T > 0 such that periodic problem (1.2)—(1.3) admits a unique
smooth solution which satisfies n”,0¥ >k in [0,T] x T and

0" —1eC'([0,7); H**(T)) N C([0,T); H*(T)), v=e,i,

(n" —n”,u",E—E,B—B)eC'([0,T);H* (T)) nC([0,T); H*(T)), v =e,i.
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There are mathematical investigations in numerical computations [3], the asymptotic limits with
small parameters[19], the existence of solutions for Euler-Maxwell systems. Particularly, some of them
are concerned with the global existence and asymptotic stability of small amplitude smooth solutions
around constant steady-sates. For one-dimensional isentropic Euler-Maxwell system in which the energy
equation is not contained, Chen—Jerome—Wang [2] proved the global existence of weak solutions with
the help of the compensated compactness method and the fractional Godunov scheme. For the three-
dimensional isentropic Euler—Maxwell equations, the existence of global smooth small solutions to the
Cauchy problem in R? is established by Ueda-Wang—Kawashima [25] when s > 3 and the asymptotic
behaviors of solutions when s > 4. By using suitable choices of symmetrizers and energy estimates,
Peng—Wang—Gu [20] and Peng [21] obtained the global existence and the longtime behaviors of smooth
solutions to the periodic problem in T and to the initial value problem in R® when s > 3. By using high-
and low-frequency decomposition methods, Xu [29] constructs uniform (global) classical solutions to the
initial value problem in Chemin—Lerner’s spaces with critical regularity. When s > 4, by using the tools of
Fourier analysis, Duan [4] and Duan-Liu-Zhu [5] obtained the decay rates of global smooth solutions in
L7 with 2 < ¢ < oo when the time goes to infinity. And when s > 6, Ueda—Kawashima [24] also obtained
the large time decay rates of global smooth solutions in H*~2*(R?) with 0 < k < [s/2]. For the three-
dimensional non-isentropic Euler—-Maxwell equations, the existence of global smooth small solutions to
the Cauchy problem in R? is established by Feng-Wang-Kawashima [8] and Wang-Feng-Li [26]. For the
Euler-Maxwell system without damping, an additional relation was made by Germain-Masmoudi [10] to
establish such a global existence result for the unipolar case. And for the bipolar case without damping,
Guo-Tonescu—Pausader [11] proved global stability of a constant neutral background, in the sense that
irrotational, smooth and localized perturbations of a constant background with small amplitude lead to
global smooth solutions in three space dimensions.

All these results above hold when the solutions are close to a constant steady-state of the Euler—
Maxwell systems. In the last year, motivated by the Guo—Strauss’s work on the study of the damped
Euler—Poisson on the general bounded domain[12], with the help of an induction argument on the order of
the derivatives of solutions, Peng [22], Feng—Peng—Wang [7] and Feng—Wang—Li [9] study the stabilities
of non-constant steady-state solutions for the unipolar/bipolar isentropic and unipolar non-isentropic
Euler-Maxwell systems, respectively. However, there is no result on the stability of non-constant steady-
state solutions for the bipolar non-isentropic Euler-Maxwell system so far. The goal of this paper is to
consider this problem.

Now we state the main results of this article.

Theorem 1.1. (Stability of smooth solutions for the Euler-Maxwell equations) Let s > 6 and (1.4) hold.
Let B € R? be any given constant vector and (i¥,0,1, E, B) be a steady-state solution of (1.2) satisfying
nY > const. > 0. Assume initial data satisfy

/n”o(x) dz = /ﬁ”(x) dr, v=e,i. (1.7)
T T

Then there exist constants 0g > 0 and C' > 0, independent of any given time t > 0, such that if
n — ¥, w0 —1,E° — E,B° — B)||s < &y, v=e,i,
I ; ;

where || - ||m is the norm of usual Sobolev spaces H™(T), periodic problem (1.2)—(1.3) admits a unique
global smooth solution (n”,u”,0", E, B) satisfying

s/2
n’ —n’ € kﬁo Ck (RT, H*7M(T)) [k: CF(RT, H*72F2(T)), v=e,i, (1.8)
s/2
u’ € kéo CF (RY, H*H(T)) [ké; CF (RY, H*72MTU(T)), v=e,i, (1.9)
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s/2
0V —1¢ [rﬁlck (RT, H*2K(T)), v=e,i, (1.10)
_ s/2
E-FE¢€ kio C*F (RT, H*M(T)) [;Qj CF (R, H*72F3(T)) (1.11)
_ 4 [s/2]
B-Be N CF (RT, H*"(T)) il CF (R, H*2F4(T)), (1.12)

sup (" (t) = n",w”(t),0"(t) = 1, E(t) — E, B(t) — B)lll{s/2)

t>0
<C Y (0" —n¥,u,6" —1,E° — E,B° - B)||,, (1.13)
and
“+o0
/ S () = 07,k (), 07 () = 1, V0" () [IIF, 9 + IIEE) = ElIF, )5
0 v=e,tl
+10:BW[F /2 —2 + |||VB(t)|||fs/2]_2) dt
< C Z ||(nu0 _ ﬁv7uu0’91/0 _ LEO _ E,BO _ B)Hia (1.14)
v=e,l

where [ denotes the integer part of the argument. Moreover, we have

T (|0 (8) — 7,0 (6),0°() ~ Dl /1 =0, v = e (1.15)
Jim ([ E(t) = Elll(s/2-1 = 0, (1.16)
and
i (1[0,B0)l2 + [VBOll21-2) =0, (1.17)
where ||| - |||m is defined in the end of this section.

Remark 1.1. Due to the second and third equations in system (1.2), the regularities of solutions for the
bipolar non-isentropic Fuler—Mazwell system are different from that for the bipolar isentropic case [7].

Remark 1.2. Condition (1.7) allows us to apply the Poincaré inequality, since n* —n” is a conservative
variable.

Remark 1.3. It should be emphasized that the temperature relazation and viscosity terms of the consid-
ered bipolar non-isentropic Euler—Mazwell system here play a key role in the proof of Theorem 1.1. We
shall study in the other forthcoming work the case of mon-relaxation for which the proof is much more
complicated to carry out.

The proof of Theorem 1.1 is mainly based on the elaborate energy estimates and an induction argument
on the order of the time-space derivatives of solutions. This argument, firstly used by Peng [22] in the
unipolar isentropic case and then extended by Feng—Peng—Wang [7] to the bipolar isentropic case, can
remove the difficulty due to the appearance of non-constant steady-state solutions. It should be pointed
out that the bipolar non-isentropic Euler—-Maxwell equations are much more complex than the bipolar
isentropic Euler-Maxwell system because they contain two charged fluids energy equations besides the
density and velocity equations.

Now let us explain the main difference of proofs in the bipolar isentropic and bipolar non-isentropic
Euler—-Maxwell systems. Different from the isentropic Euler—-Maxwell systems, the pressure function p,
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in system (1.1) depends on the absolute temperature 6” besides the density n”. Therefore, we have
to make much more efforts to deal with the estimates on temperature. And new difficulties appear
when we establish energy estimates for achieving a relation of recurrence [see (3.74)]. On the other
hand, we also include the heat diffusion into the model, and indeed both relaxation and diffusion of
temperature play a key role in the analysis. In fact, the dissipation of 9F(u”,6" — 1,V6") in L?(T) is
straightforward for all 0 < k < [s/2]. Furthermore, for m € N with k£ +m < [s/2] and m > 1, the
dissipation of ||0f (u”,6” —1,V6")|,,, depends on that of [|0f (n” — 7”)||,, as well as || (9F (u”,6” —1,E —
E), 0f (0¥ — 1))|lm—1, while the dissipations of [|0f (n* — 7")||,, and ||OF(E — E)||;n—1 depend on both
that of ||OF (n” — 7¥,u”,0” — 1,V0")||m_1 and that of [|0F ™ u”||,,_1. This implies a recurrence relation
which allows us to get the estimates by induction on (k,m) with k decreasing and m increasing. Then
Theorem 1.1 follows in the way by combining these estimates above with Proposition 1.2 and the standard
continuity argument.

In comparison with the Euler—-Maxwell equations, Euler—Poisson systems are another important class
of equations due to their applications in semiconductors and plasma physics [1,16]. On the one hand, the
Euler-Maxwell system and the Euler—Poisson system are essentially different due to the coupling terms
and to the difference between the Poisson equation and the Maxwell equations. On the other hand, the
Euler—Poisson system can be regarded formally as a particular case of the Euler-Maxwell system with
E = —V¢ and B = 0. Usually, the bipolar non-isentropic Euler—Poisson equations take the form:

on” + V- (n"u”) =0,

01/
o’ + (u” - Viu” + V¥ + WVn” =—q,V¢—u",

1 , o (1.18)
8t9”+u”-V9”+9”V-u”—?w0“| :—(0”—1)+WA0",
~A¢p=n'—n°+b(x), (t,x)eRT xT.

Initial conditions are also given as:
(n”,u”,0")|i—0 = (n*°,u®,0"), xcT, v=e,i. (1.19)
Define ¢° by
— A =0 —n?® 4 b(x), ze€ T (1.20)

The steady-state solution (n”,u”, 6", ¢) = (ﬁ”(:c), 0,1, g?)(:r)) is still given by (1.5) and ¢ = In(7°). In
order that ¢ is uniquely determined, we add a restriction condition:

/(b(-,x) dz :/qB(x) dz. (1.21)

By means of (1.6) and (1.18), we have
Ap=¢) = —n%) = (n' = 0.
It follows from Lemma 1.1 and (1.21) that for all integer m > 0,
IV (¢ =9)|,, <Cll(n° —n,n" —a")],. (1.22)

Then regarding V¢ as a function of n”, v = e, i, (n”,u”,0") still satisfies a symmetrizable hyperbolic—
parabolic system in which V¢ appearing on the right hand side of (1.18) is a low-order term of n”.
Following results of Kato [13] and Matsumura—Nishida [17,18], this implies that periodic problem (1.18)—
(1.19) admits a unique local smooth solution, provided that the initial data (n*?,u*? 69) are smooth.
Furthermore, we obtain from (1.22) that ¢ € C([0,T), H™"!(T)) as soon as n” € C([0,T), H™(T)) for
some constant 7" > 0 and integer m > 0.



133 Page 6 of 27 X. Li, S. Wang and Y.-H. Feng ZAMP

As a byproduct, here we show that our treatment for the bipolar non-isentropic Euler—Maxwell system
is still valid for the bipolar non-isentropic Euler—Poisson system. The stability results for periodic problem
(1.18)—(1.19) are stated as follows.

Theorem 1.2. (Stability of smooth solutions for the Euler—Poisson equations) Let s > 6 be an integer,
(n"9,ur?,0°) € H*(T) and (1.7) holds for n*°. Then there exists a constant 6o > 0 small enough such
that if || (n”o — 7, u0,6v0 — 1) Is < 0o, the periodic problem to the bipolar non-isentropic Euler—Poisson
equations (1.18)—(1.19) admits a unique global smooth solution (n”,u”,0",¢) satisfying

_ s/2
(n” —n",Vo — Vo) € ]ﬁo CF (RY, H*M(T)) [é Lon (RY, H72FH4(T)), v =e,i, (1.23)
s/2
u’ € C (RT,H*(T)) [kél] CF (RT, H*2HTY(T)), v=e,i, (1.24)
v [s/2] k + s—2k -
0 —1¢ kQOC (RY,H*7?(T)), v=e,i. (1.25)

Moreover, there exists a constant n > 0 such that for all t > 0, it holds

Z, 11 (" (t) = 2", w”(8), 0" (t) = 1, Vo(t) = Vo) lljs/2

(1.26)

< Ce™ ™ Z H(n”o —7,u",0v0 — é)”s.

v=e,i
Let us introduce some notations for the use throughout this paper. The expression f ~ g means
1
vg < f < —g for a constant 0 < v < 1. We denote by || - ||s the norm of the usual Sobolev space H*(T),
~

and by || || and ||-||z» the norms of L?(T) and LP(T), respectively, where 2 < p < +oc0. For a multi-index
a = (a1, a9, a3) € N3, we denote

(03 (o3 (03
9% = 921002093 = 02195205°, || = an + s + as.

For a = (aq, a2, a3) and B = (B, B2, 33) € N3, 3 < a stands for 3; < ; for j =1,2,3, and 3 < « stands
for 5 <« and § # a. For T > 0 and m > 1, we define the Banach space

Bur (T)= 0 C*([0.7], H™*(T)),

with the norm

Al = | D° N0F0*fIP | » Vf € Bur (T).

k+|a|<m

It is easy to see that || - |lm < ||| - |||m-
Next, we introduce three lemmas which will be used in the sequel.

Lemma 1.1. (Poincaré inequality, see [6].) Let 1 < p < oo and Q C R? be a bounded connected open
domain with Lipschitz boundary. Then there exists a constant C > 0 depending only on p and £ such
that

Ju— UQHLp(Q) < O”quLZJ(Q)a Yue WP (Q),

where

1
UQ—@/U({E)d(E
Q

is the average value of u over Q.
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Lemma 1.2. (see [22]) Let s > 3 and u,v € B, p(T). It holds
[luvllls < Cllfllls [lof]ls- (1.27)

Lemma 1.3. Let s > 3 and v € B, p(T) satisfying Oyv = f(x,v, 050, Opzv), with f being a smooth function
such that f(2,0,0,0) = 0. Then for all t € [0,T], we have

100w (t, )| < Cllo(t,)lls, Y+ lal < [s/2], (1.28)
where the positive constant C' may depend continuously on ||v||s.

Proof. It is similar to that of Lemma 2.8 in [22] and is omitted here for the sake of simplicity, where we
have used the third equation of system (1.2). 0

We conclude this section by stating the arrangement of the rest of this paper. In Sect. 2, we reformulate
the periodic problem under consideration. In Sect. 3, detailed energy estimates are established. In Sect. 4,
we complete the proof of Theorems 1.1 and 1.2 by combining the estimates above.

2. Reformulation of the problem

Suppose (n”,u”,0", E, B) to be a local smooth solution to the periodic problem (1.2)—(1.4). Now, for
v =e,i, set

n=n"+N", 0" =1+0", E=E+F, B=B+G. (2.29)

Thus, we can rewrite problem (1.2)—(1.4) as:

WN" +u” - VN" + (A" + N")V -u” +u” - Vi =0,

Opu” + (u” - V)u” + VO + V(In(n” + N”) —Inn") + 0"V (In(n” + N") + u”
=q(F+u” x B+u" x @),

1+0v 2.30
TR o
HF -V xG=(n°+N)u — (' + N)u', V-F=N'—N°

HG+VxF=0, V-G=0, (tz)eR"xT,

1
9,0” +u” - VO’ + (1+O")V-u” — er”ﬁ +O =

with the initial condition:
(NY, 0", 0", F,G) |i=0 = (N"°,u"?,0"°, F°,G"), z€T, (2.31)
satisfying the compatibility condition:
V-FO=NY N v.G'=0, z€T. (2.32)

Here N0 =n*0 — ¥, @0 =¢*0 — 1, FO = E° — F and G° = B® — B.
A direct computation gives

AV 1 AV
V(' + Ny = 2y Lgyy - V07 g
n n n-n
and
1 Vi 1
V(In(n” + N¥) = Inn”) = —VN" — —— N" 4 ——(N")?
w () n¥ (i)
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Next, we also set

NV - U

ur=| w |, U:(UZ), w=|[F]|,
oV G
NuO er UO

UZIO — qu , UO — <U20> ) WO — FO
@yO

GO

ZAMP

(2.33)

Then the Euler equations in (2.30) can be rewritten in the following matrix form

3
OUY + Y AY (n,u”,0") 0;U" + L¥ (x) U” + MY (W)

1Y,
j=1
with
v v, T
uj n’e; 0
v v v v GV v )
A7 (¥, u”,0") = Al ufly e |, 7=123,
0 Gl’e]T u;’
0 va)" o
v Vi
=] -y 0 S
(n”) n”
0 0 0
0
MY (W) u’ — q,(F +u” x B) ’
01/
oYV — — A"
nl/
0
v (NV)?
fu — nVﬁVNV@V _ (7 )2 _'_qu(uy % G)
nl/ nl/ )
1
_7|v®v|2
n

denote the transpose of a vector.

(2.34)

(2.35)

(2.36)

(2.37)

(2.38)

where (ey, ez, e3) denotes the canonical basis of R3, I3 denotes the 3 x 3 unit matrix, and we use []T to

Obviously, system (2.34) for U” is symmetrizable hyperbolic-parabolic when n¥ = 7¥ + N¥, 0" =

14+ ©¥ > 0. In fact, the symmetrizer can be chosen as

01/
o o
nl/
At ey=| 0 w0 |,
0 0o X
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which implies that
01/

—ul ovel 0
nv J
~UV
A; (n",u”,07) = Ag (n”,07) AT (n”,u”,0") = | 0%e; n"ujl3 nVe;
v
n
0 nvel  —uY
J v

is a symmetric matrix.
From now on, let T > 0 and W be a smooth solution of (1.2)—(1.3) defined on time interval [0, T]. We
set

wr = sup |[[W (&) l[is/2- (2.39)
0<t<T
From the continuous embedding H™!(T) < L°(T) for m > 3, there is a constant C' > 0 such that
k|| < Cllhllm-1, YheH™ T).

If wyp is sufficiently small, it is easy to see from n¥ > const. > 0 that n¥ = n¥ + NV, 0¥ =1+ 6" >
const. > 0.

3. Energy estimates

In this section, we establish the uniform estimates for proving Theorem 1.1. In the first subsection, we

obtain L? energy estimates for any smooth solution. In the second subsection, we get the higher-order
energy estimates.

3.1. L? energy estimates

Lemma 3.4. Assume that the conditions of Theorem 1.1 hold and wr is sufficiently small independent of
T, then it holds

d 14 v v v v
S [ @seerwyoas s FE + e
v=eiT (3.40)
v v n’/ v v
+2 Y [wlepaosz 3 [ ler P2 3 VI < CIUIE s Il
V:e,iT V:e,iT v=e,i

Proof. Tt is divided by two steps as follows.
Step 1. It holds that

10:(NY, 0| Loe < ClIUI[ls21, 10:AG(n",6) ][ < CU[U 1521 (3.41)
and
3 ~
/ ZajAj (n”,u"”,0") —2A5(n",0")L" | VVdz| < C||U||[s/2]|\VH2, VvV eR? (3.42)
T \J=1
In fact, from the continuous imbedding H*/2=1(T) < L°(T), we have
[0:(NY,0")||Loe < Cll0u(N", ) [ls/21-1 < CU lll1s/21 < CIU s p2-
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Since
;0"  ONV
t _ t . 0 0
nto(nv)
QA (n”,0") = 0 ON" I 0 :
0 0 6tNV B n”@t@zl’
o (6”)
we obtain
[0 AG (", 6")||l L < CllO{(NY,0) oo < ClIU" lll1s/21 < ClIU s /2)-
Finally,
174 v v nV T
v.<9ﬁ> (veV—29 Vy") 0
n n
3 ~ VV_V l/v_l/
> 0, AY(n" ¥, 60") = 245 LY = | ver +2”(7 )”2 V. (nYuv)Is v — 2" - L
nY v
j=1
0 (Vi)™ v. (”;i‘y>

which is an anti-symmetric matrix at (n”,u”,0") = (7¥,0, 1), and then (3.42) follows.
Step 2. Now, following the step above, we are ready to prove (3.40). Multiplying (2.34) by Ag(n”,6")U”
and taking integrations in x over T, we have

% > /(Ag(n”,a”)U")U”dx

u=e,iT
3 ~
=3 /((%Ag(nl’,HV)UV)UdeJr Z/ > 0;AY(n” u”,0") — 245 (n”,0")L" | U"U”da
v=e,1 T v=e,l T j=1

+2) [ A (¥, 60") (fY = MY (W) U¥da.

v=e,l T

By (3.41)-(3.42), we get
/3tA5(n”79")U”U”df€ < [10eAG (n”,0") | L= 1712 < T, 2y
T

and

3
/ S0 A% (0w, 0%) — 245 (07, 0°) 17 | UPUVda| < O,
T \I=!

By (2.38), we also obtain

S Ay¥ 0 MY (W)U da

v=e,i T

_ e, e 1,1 vy, V|2 n” V|2 vi2
_/(nu — niu')Fdz + Z‘/n [u” [2dz + Z‘/G—V@\dx—kZHV@ [

T v=e,i v=e,i v=e,i
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and
/ (n*,0") U dz| < U oy IV a2
T
Therefore,
v v v v v, V|2 V2 v
dtZ/A (n”,0")U de+22/ |u|dx+2Z/9 O Pdzr+2 Y [ver|?
V= GZT V= CZT V= e’Lr]I\ V= E’L

<=2 [ (ntu = n'u) e + YU, Wl
T

provided that wr is sufficiently small. Moreover, for the Maxwell equations in (2.30), similar to the
estimates in the second section of [26], we also have

d e, e i, 1
a(HFHz + HG||2) = 2/(nu —n'u")Fdx. (3.43)
T

These last two relations imply (3.40). O

Next, we are ready to establish higher energy estimates for W. Firstly, we denote by
Dy (t) = U7 + D VO DIl VmeN. (3.44)

v=e,

3.2. Higher-order energy estimates

Assume k € N and a € N3 with 1 < k + |a| < [s/2]. Applying 9F0% to (2.34), we get

3
OUY o+ Y A (" 0 0")OUY o + LVUY o + MY, = Y o+ 95, (3.45)
j=1
where
UY,=0r0°U", MY, =070"M", ff,=0f0"f",
and
3
g = (A", u”, 0M)0UF , — 0F0™ (AY(n",u”,0")0;U")) + LVUY , — 0F0° (L'UY) . (3.46)
j=1

For the Maxwell equations, we also have

OFra —V X Glo = 3560‘ (neue — nzul) , Vo Fpa= 658“ (Ni — Ne) , (3.47)
atGk,a+vXFk,a:0a V'Gk:,a:oa .
with Fy, o = 0FOYF and Gy o = 0F0°G.

Lemma 3.5. Assume that the conditions of Theorem 1.1 hold and wr is sufficiently small independent
of T, then there erists a positive constant co such that, for all k € N and o € N* with || > 1 and
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k+ |a| < [s/2], it holds

d
—| > [ (A5 0 UL ) UE wde + | Frall” + |Gl

at \ —~.
v=e,imp
v v v 2
+ o ) |loFor (w07, Ve (3.48)
v=e,l
k|| kv akqr akoqr aktlgr gk m |2
<C Z_H@N o € Z,H@t“ L 070", 0fver, ot e ofF)||
+ CDs o) (DWWl 2
Proof. Tt is divided by three steps as follows.
Step 1. For all k € N and a € N? with 1 < k + |a| < [s/2], it holds that
d Ag(n”, 0" UL Uy d Froll? 4 1Grall
S| S [ Anr 00z U e+ Feal? + [ Gral
u:eiT
< -2 Z /A” n” HV)MkOUkadz+2/8k6°‘ nu® — n'u’) Fy, odx
V= GZT
+2) [ AY(n”,0")gh Uy odx + CD oy (O[I[W s j2)- (3.49)
V:e,iT

In fact, for 1 < k+[a| < [s/2], multiplying (3.45) by Af(n”,0")Uy , and taking integrations in = over
T, we get

3
d -
X /(A”Uk ) UE odz —/Bt (AoUY )UK ndz +/ ZajAJ’f(n”,u”,G”) —2AgL" | U, Uy Ldz

T T \J=1
2 / (AL FY UL il — 2 / (AYMY UY oda + 2 / (AYgbaYUY da.
T T T

Moreover, a standard energy estimate for (3.47) gives

at (

2) = 2/8{“8“(neu6 —n'u)Fy, odz. (3.50)
T

Then we have

d v v v
G X [avr vz ade 1Bl + 161l

u:e,i.ﬂ-

3 ~
=y / (O ASUY JUE fdz+ Y / (> 0,4y — 2451\ UY JUY (dz +2 ) / (ASfE o )UE oda
v=e,i T v=e,i T j=1 v=e,i T
-2 Z / AGM, )UK odx +2 Z / (A5 gh>) U,?jadx—l—Q/@f@a(neue —n'u")Fy, od.
v= ez-ﬂ- v= ezT

It is clear that the first three terms on the right hand side of the equality above are bounded by
CD[S/Q] (t)|\|W\|\[é/g] This proves (349)
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Step 2. For all k € N and « € N3 with || > 1 and k + |a| < [s/2], it holds

/8k80‘ nu® — n'u’)Fy, odz — 2 Z / Ag(n”, 0" )My, U ,dx

v= ezT

<-> /n”|uzva|2dx+/Z—y|@z7a|2dx+ Ivey.|* (3.51)
v=e,1 T T

+ 0 |0k o0 o e of )]

”\al—l + CDis o (OW]|l15/2]

and
/(Ag(n”,ﬂ”)g’j’a)U,;’,adx <e ||6t’“8°‘ (u",V@”)H2 + ||3f (u",@”,V@”)|||2a‘71

T (3.52)

o112
+ ClJOEN"[, + CINUIIE, o
where uy , = 0Fo*u”, Ofa= OF9*©Y and ¢ > 0 is a small constant to be chosen later.
In fact, from (2.37), we get
O —
U o = Qv (Fra +up o X B)

Mk,a “ ov
Vo OFO° ( A@”)

It follows from the fact uy , - (uy , % B) = 0 that

- [ 004 U o
T

= —/nV|UZ7a|2d$—/ZT,|@ ol dx—|—/8k8"< A@”) Zﬂdx—&—qy/n”uzﬂFk,adx,

T T T
which implies that

/ (Af(n”, 60" )M )UY, Az — / OF 0% (n"u”) Fy, oda
T

01/
== [ aPas— [0 jet P+ / oo (L aer) o e (353)
T T

T

- q,,/(aff)o‘(n”u”) — n”uZ,Q)Fk,adm.
T
For the third term on the right hand side of (3.53), by Leibniz formulas, we have

(e} 0V v v v v v v
/—6ka (WA@) Fodv =T+ Y CHCLIEs+ Y ClIs+) CLIY, (3.54)

|Bl<|e| 1Bl<|e| 1<k
<k

where

v 91/
Iy = / AOY 0% dr, If,= / o or (n) NCE
T
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14 01/
Iy = /—60‘ A ( ) ofo°Aevey dx, Ij = / Zjaf—l <n> o RNC TNk
T
It is easy to see that I3 ; = I} = 0 when k = 0. Using an integration by parts, we get
14 v 1% 14 2
Il :/Ae)k,a k,adw: —HV@k’aH . (355)
By Sobolev embedding [6],Cauchy—Schwarz inequality and an integration by parts, we obtain

v nl/
| I3 < CHQU

ot (1) lotoaer - k.|

L ’

(3.56)
< cfotor (£) ] 130" 1 168l < ODta 011y when t =15 =0
v 01’
sl <] o ()| heeraerlet
LOC
(3.57)
<C‘8’“ lge— 5( )H [0:0° 20" ||, (0%l < CDy2 ()10 [l /5> When I+ 8] =1,
and
v - o — 9” v v
sl <ol Jorres (D] totoraerier.l
Leo Lo
(3.58)

S ‘

Moreover, by the third equation of (2.30) and an integration by parts, we have

01/
of oo (n) H 10107 A0 || [|©F o || < CD/a (D10 152> when I+ 8] > 2.
2

Igﬁ_/faa ﬁ( )akaﬁ( (00" +V - u” + 0" +u ve”)) kad?

/guaa 5( )akaﬂ(a (@"v u —|V@”|2)) e (3.59)

< e[| (6}.0, VOLL)|* + C|(0Fur, oF0” o o) |

and
15| < CDis 9 (D) 1075 /9)- (3.60)

For the last term on the right hand side of (3.53), recall that || > 1 and for wp small n” = n” + NV >
const. > 0. Then similarly to that in [22], an integration by parts to get

/ (afaa(n"u”) —n"uf o) Frodz

T

< 6/ [0 o *dz + Cll0Fu” |21 + ClIOF I3 -y + CHIUNIE o W lTgs 21,

where a; € N® with |a;| = |a| — 1. Therefore, taking e small enough, the above estimate together with
(3.53)—(3.60), gives (3.51).
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Next, by (3.46), we obtain
3

[, 0k U e = K 4 5, (361)
T j=l1
where
K, = [ Ao ) (A5 000,08, 0k (AL, 0°)0,07)) UE
T
and

Ky = [ A7) (LU, ~ 0kor (LU") Uf i,
T

By (2.35)—(2.36) and the definition of Af(n”,6"), we have
v au v v v [e3 v v
KY, :/;N,m (u?0;N{ o — 070 (uf9;N")) da
T

v

+ NY.o (0" ;080w — 9F 0™ (n”0;u%)) dar

nv
v, v 6" v k o 6" v
+ [ n"up Waij,a — 070 ﬁajN dx

+ [ nup, (uiouf , — 0F 0% (ufd;u”)) da (3.62)

v

+

A P O

OF o (070;070%u? — 9y 0™ (0" 9;u)) dw

=

N

+ OF o (uf0;0F o — 00" (uf0;0")) dx

NE

<ellofor(w, ver)|* + C of (', vo)|[, _, + COENY|l + CUIUIE, 2
and

al/
KY = [ =Ny, (ug o VA — 0RO (u” - Vn")) da
. nl/ ’ )

T
NUV—IJ V_V
+ /nl’uz [eY <81{€8a (.7’”‘) - _LNIZCM) dx
5 |TLV‘2 |TZV‘2 s
T
+ / nvuf (@@; o =02 (7—”85@”)) da
9 nl/ E) nV
T

2

N ¢ ok, 0v) :

< eflug.of® +C |oF N

la—1’

where Ny, = OFO*NY. Therefore, it follows from (3.61)—(3.63) that (3.52).
Step 3. Now, following the two steps above, we are ready to prove (3.48). This inequality follows from
(3.49) and (3.51)—(3.52) by taking € > 0 small enough. O

Remark 3.4. Lemma 3.5 is valid for |a| > 1. The next result concerns the L? estimates for OFW (i.e.,
a =0), which is a starting point for applying the argument by induction.
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Lemma 3.6. Assume that the conditions of Theorem 1.1 hold and wr is sufficiently small independent of
T, then there exists a positive constant co such that, for all 0 < k < [s/2], it holds

- (Z / (A% (¥, 0")0EUY) DU da + || 0L F|| + |0k
u:e,i,]r

3.64

+ e Y ||oF . 07, ve)| (364

v=e,i
< CDjs a1 (O[|W s 2)-
Proof. Recall that n”,6” > const. > 0. For k = 0, estimate (3.64) is given by Lemma 3.4. For 1 < k <
[s/2], (3.64) follows from (3.49) with a = 0 and and the following two estimates:

/8f(neue —n'u")oF Fdx — Z /(Ag(n”,H”)an”)ﬁfU”dx

v=e,i T

v 3.65
<= (/n”@fu”|2dx+/gy|af®”|2d:r+ ||vaf®'f||2> (365

v=e, T i
+ CDps 21 ONW [l 5215

and

[ @, 0)9k0,) o0 s < VIR (3.66)
T
In fact, for « = 0, (3.53) becomes

- / (Af(n”,0")0F M¥) Oy U dx — qy/af(n”u”)adex
T

= / n”|0Fu” | dz—/ |oFeY 2dx +/fak <zVA®”> orevds (3.67)

— ql,/ (6f(n”u”) — n”@fu”) oF Fda.
T
Using the Leibniz formula and an integration by parts, we get

/ fak (ZUA@”> oFevdr

/Aak@l’ﬁk@ydx—FZCk/ gak l( )Aaleyakevdx (368)
1<k
< —||Vare”||* + CDy ) I[U]llis /2,

and

/ ([“)f(n”u") - n”@fu”) OFFdx = ZC}C /Bfle”aéu”adex

7 <k % (3.69)

< OOy 1T s 2

Then (3.65) follows from (3.67)—(3.69).



ZAMP Stability of non-constant steady-state solutions. .. Page 17 of 27 133

From (3.61) with o = 0, we obtain

3
/ (Af(n”,0")0Fg,) OF U de == > > C} / Al (n”,0")0; " A 0,0,U" 0f U dw
T j=11<k T
<CIIIUI2, 2
which implies (3.66). O
We conclude the result of this subsection as follows.

Proposition 3.3. Assume that the conditions of Theorem 1.1 hold and wr is sufficiently small independent
of T, then there exists a positive constant co such that, for all k € N and o € N* with |o| > 1 and
k+ |a| < [s/2], it holds

d
3 [ (s o) U e+ 1E P + (Gl

BLa \v=e,ip
+eo Y [oFw 0v, Ve,
v=e,i

<oy (||afNV||fa| + H(aqu,af@V,afV(aV,af“@V)Hfal_l) + CllOEFIR,

+ CDps 21 (ONW |15 /2-
Proof. Let k > 0 be fixed. Noting that

[EACECIACRI . ||afaﬁ(u”,®V,V(9V)||2~Haf(u”,@V,VG)V)HfaI.
1<18],8<

(3.70)

Hence, summing (3.48) for all indexes up to |a| < [s/2] — k and combining the resulting inequality with
Lemma 3.6 yields (3.70). O

3.3. Relation of recurrence

Lemma 3.7. Assume that the conditions of Theorem 1.1 hold and wr is sufficiently small independent of
T, then for all k € N and o € N? with |a| > 1 and k + |a| < [s/2], it holds

S lloEN"IG, + loFave = NI
o o

v=e,i

v v 14 C v v v 2
<C > |[OFNY, Ofu” 0t e, 007, 0F VO )HM‘,l+CD[S/2](t)|HW‘H[S/2]7

v=e,i

(3.71)

and
[0EFIl, - <€ [l@Nv ok, ot e ofer kv e,
v=e,i (372)
+ CDis s (DWWl /2)-

Proof. For k € N and 3 € N® with k + |3| < s — 1, applying 9F9° to the second equation of (2.30) and
using

3

V (In(p” + N*) —Inn") =V <NV> (N*)>  NYVN*

v nv (ﬁ’/)Q n¥nvy
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we get
ak
aﬁv ( v ) - quk,ﬁ

o (3.73)
nY

where

nY (,ﬁu)Q nv nv¥nv n¥nv

NV 2 OVY NV NYEV NYV NV
Hfiﬁ = 0Fo° <() + (u” - V)u” + Vv — _NTVNT qu” X G) ,
By Lemma 1.2, we have

=52 (| < Ol 1911

Now we write

OFNV 1
o’V ( ) = —VNy,+HY,
nY n ’

where
y2 - Z hkﬁv Nk 2l
Y<B

where hyg, () are given smooth functions. It follows that

|2 = Moty

Taking the inner product of (3.73) with VY ; in L?(T) and noting that i” > const. > 0 yields

2
|- —q,,/FW-VN,gﬁdx
T
v D, v v v vn v 5 k.5 v
= qyuk,7ﬁ X B*uk%ﬂ*uk_'_l’[g*v@k’ﬁ*a 7@ Hyé VNk7ﬁdl'
T

_1 v 2 v v v v v 2
<el|@) N[+ Cll@EN, ofur 0 0k, VL") |1 + DLW s o

where € > 0 is small enough. Noting that

- qV/Fk,,B'VNkV,de = _/Fk’ﬁ‘V(Nli,ﬁ — Ni p)dx

v= 61 T
:/(N,g,ﬁ—N,gﬁ)v-Fk’ﬁdx
T
= |loFo’ (N Ne)|| >0,

we obtain
S IVNEsI® + 1N 5 = Nl
v=e,i

<O Y [N ofur o L ofev, Vo er)

v=e,i

2
5 + €Dy ONW [ 1s/2-
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Summing the inequalities for all indexes 3 yields
v e NIE
Z: ||8fVN |||,3\ + ||85(N -N )Hm\
<Cy H(afNV,afu",af“u",af@",vaf(ay)}ﬁm + CDps o1 ()W 1] (s/2)-

This shows (3.71) by replacing 8 by a with |a| = |3]| + 1 and using Lemma 1.1.
Finally, from (3.73), we have

2
|lora’ F||* < © _Z (loENIF o + @ 0k v 0f 0, waren|Ir, ) + || -1
Summing the inequalities for all indexes § and combining the result with (3.71) yields (3.72). O

From Proposition 3.3 and Lemma 3.7, by noting U” = (N¥,u”,0")" and U = (U¢,U")T, taking ¢ > 0
sufficiently small, it is easy to obtain the following result.

Proposition 3.4. (Relation of recurrence) Assume that the conditions of Theorem 1.1 hold and wr is
sufficiently small independent of T', then there exists a positive constant cq such that, for all k € N and
a € N? with |a| > 1 and k + |a| < [s/2], it holds

d
X [ arur) vt e+ 1Fsl + Gl
B<la u:e,iT

+Co Y ||oFwr, verIr, (3.74)
<C Z H(anyvafVGVaaf+1uuvaf+l@u)|||2a|_1 + OD[5/2](t)|||W|||[S/2]

Remark 3.5. Proposition 3.4 is valid only for all 0 < k < [s/2] — 1. Besides, we need an estimate on
|OENY|| as an initial value to use (3.74) by induction. The next result presents such an estimate and
completes Proposition 3.4 for the case k = [s/2].

Proposition 3.5. Assume that the conditions of Theorem 1.1 hold and wr is sufficiently small independent
of T, then for all 0 < k < [s/2] — 1, we have

oEN"I[F < ¢ 3 [[0Fur, o ur, 086", 08V O)|” + CDp )Wl s/, (3.75)

v=e,i

and

% Z/ (A(’;alsmU”) 8t[8/2]Uudx+ ‘ als/Q]FHQ n Hat[s/g]GHQ

v=e,i
2
teo Y ‘BES/Q](U",VG)”) (3.76)
— v 2
<0 Y o || 4+ CDa NIl -

Proof. For k € N with k < [s/2] — 1, applying 9 to the second equation of (2.30), we get

1 _ U
v (nyafzv") — @ OFF = qul x B — 9Fu’ — 95y — voFer — ﬁ—faf@” — RFY, (3.77)
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where

’ nl/ nl/ﬁl’ nl/ﬁl/

NV 2 vy NV NY@V NYVYNY
Hfﬁozatk<(uy'V)u”+ |< |)2+@V _ Ve ATV —q,,u”xG).
nv(n?

Now, we define a potential function Vi as

V- (V) = Ap = N¢ — N, /¢(t, z)dz = 0.
T

Then
V- (F+Vy)=—(N°—N')+N°— N =0,
and furthermore
V- (0fF+ Vo) =0, VO<k<[s/2]—1.
From (3.77), we have
Ve — qv (OFF + Voiv)

= O’ x B — dFu¥ — 9w — Vokey — %af@” ~ R, (3.78)
where
& = %a{wv + @0, v=e,i.
Due to the fact that
/ (OFF + Vo) - Vépda = —/g;;v (0FF + Vo) dz =0,
T T
we obtain
IVEKIIP < CIl (aFu”, o, 07 0%, 0;VO") |2 + || Hyil | 2. (3.79)
Since
O NY =0"€) — qn”0f, AY=N°—N',
we have
—Adfp = 0f (N* — N°) = i'el — '0f ¢ — (A€l + n°ofy) .
Thus,

—Adf Y + (R + ') Oy = A'El — nek.

Since 7” > const. > 0, taking the inner product of the previous equality with 9% in L?(T) and using an
integration by parts, we get

loFvu|” +collofu|” < S Jl€b* < S ||vek|

v=e,i v=e,i

2
)

(3.80)

where we have used Lemma 1.1.

From (3.77), (3.79)—(3.80) and the definition of ¥, we have

1 v 2 v 1% v v 14
v (pohn )| < IVEIE + lokvul < il (0w o oter. ot ver) 1P + P
By means of Lemma 1.1 and noting that 7¥ > const. > 0, we obtain

1
v (ot )| ~ vt
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This proves (3.75).
Next, from the first equation of system (2.30), we get

PN = = - (o (Nvu)) = v - (ol ).
It follows from Lemma 1.2 that
10 IN1P < cllof =t I + CHITIIR, .
together with (3.64) for k& = [s/2] implies (3.76). O

4. Proof of Theorems 1.1 and 1.2
4.1. Proof of Theorem 1.1

The proof of Theorem 1.1 is mainly based on the following a priori estimates which is a consequence on
the estimates obtained in the previous section.

Proposition 4.6. (A priori estimates) Assume that the conditions of Theorem 1.1 hold and wr is sufficiently
small independent of T, then for all k € N and o € N3 with k + |a| < [s/2], there exist positive constants
)‘(k,|0¢\) such that

|2 + D[s/2] (t) < 0. (481)

d V(. UV gU\TTV v 2
p > Agay | D /(Ao(” UL DU odz + [|[Frall™ 4+ [Groa
k+|al<s V=€,iT

Proof. First, applying Proposition 3.4 with (k,|«a|) = ([s/2] — 1, 1), we have

d v v v 12 v
T2 /(Ao(n OV 21-1,6) Ubpag-,99 + | Frogar 1,6 + |Grapap-sll”
B<1 \v=eyip

_ v v 2
+ ¢ ZH@E /2] l(U , VoY) . (4.82)
2 2

v=e,i

We find that the dissipation term »_,__ Hé)t[s/Q]_l(U”7 VO¥)||2 on the left hand side of (4.82) can control

the term 3 __; ||8t[5/2]71u”|ﬁ on the right hand side of (3.76) through multiplying (3.76) by a small
positive constant )\2‘870) < 1
Second, applying Proposition 3.4 with (k, |a]) = ([s/2] —2,1) and (k, |a]) = ([s/2] — 2,2), we obtain

d v v v 12 v
T2 /(Ao(” VU 21-2,5) Utjap—2,59 + | Flojar2,6* + |Grapapa.5l|”

B<1 \v=ejip

_» Hat[s/m”(w,ve”)

v=e,i

<CZ‘<’

’ (4.83)

2
op 2 v, ver) |+ ol wr 0)

2
) + CDs o) (O[W]|]15/2]
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and

d v v v v v
T2 > /(Ao (0", 0" YU 212,5) Ut o259 + | Fiajar2,0* + |Grapap-2. 5|
B2 \v=eyip

> Hat[s/m*(w,ve") Z (4.84)

v=e,i

<CZ‘(

v=e,i

at[S/Q]—Q(UV7v®V) at[S/Q]—l(uV7@u)

2
1) + CDs oy (ONW || 2)-

We also find that the terms 8&5/2}7 (u”,0") 8[8/2] v, V@”)

and Zl/ e, ’L
2= v, ver||”

on the right side

v=e,i

of (4.84) can be controlled by the dissipation term Z

on the left hand side
1

v=e,l
of (4.82) and the term 3 8&5/2]72(U”, VoY)
(4.84) by a small positive constant Afj o 5 o) < 1.

2
 on the left hand side of (4.83) through multiplying

v=e,i

In this way and by induction on (k, |a|) with k decreasing and |a| increasing, in (3.74) both the term

> 8f+1(u”,@”)||‘2a|_1 and the term Zu:e,i||85(UU7V®V)||\2a|—1 can be controlled by
> 1O (U, V@”)Hfa‘ in the proceeding steps.
Now, set:

0< )‘?[5/2], 0 <1

Nisja1—5, 1) = L asj <[s/2],

0 < A{s/21—5, 1) < Njs/2—j, 1-1) < 1, as 1 <1< j<[s/2],

0 < Ajs/2—j, 11) K A(s/2—jt1, 1) K1, as 1 <ly,ly <j < [s/2].

Then summing (3.76) XAf(; o) oy5 (4:82) XAT gy and >0 32 (3.74) (52— X A{js 21— We de-
2<j<[s/2]1<j
duce that there are positive constants A o) such that

S v | X[ (4500000 Ut sl + (Gl
k+|al<[s/2] v=e,ip
X X ek ven|y,
k+|a\<[s/2]u:ei
[s/2]— ) )
<C Z > (lok@,ver)|” + |98 (", 0)[°) + C DI o 21
k=0 v=e,i

By Proposition 3.5 and noting that

Z Z Hak U, ver) H| [ Digya(t

k+|a|<[s/2] v=e,i
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we have, after a modification of these constants (still denoted by A a|))s

% S e [ S / (A5(n”,0") UL o) UY ada+ | Fral® + [Gral? | + Dioyay(t)
k| <[s/2] v=c,ith
[s/2]
<03 Y |k, 0,0 | + CDa OIW Il -
k=0 v=e,i

Next, utilizing Proposition 3.4 and modifying again these constants A, |q|), we further obtain

d v v 14 v v
T > Ajan Z/(Ao(n L0)UE ) UL wdz+ || Fral® + | Graal® | + Disjzy (t)

k4| <[s/2] v=e,i
< CDpsyo[|[IW 1l (s /2
Then we obtain (4.81), provided that wy is small enough. O

The following result concerns the time dissipation of electromagnetic fields.

Lemma 4.8. Assume that the conditions of Theorem 1.1 hold and wr is sufficiently small independent of
T, then it holds

HEs/21-1 < CHIUs /25 (4.85)

and
0G5 /212 + [[IVGlisy21-2 < CllIUI s /2)- (4.86)
Proof. 1t is similar to that of Lemma 4.6 in [9] and is omitted here for the sake of simplicity. 0

Recall the following Lemma that is used in the following proof.

Lemma4.9. Let f : Rt — R be a uniformly continuous function such that f € L*(R"). Thenlimy . o f(t)
= 0. In particular, the conclusion holds when f € L*(RT) N WL T (RT).

Proof of Theorem 1.1. Combining Proposition 4.6 and Lemma 4.8 and modifying again the constants
A(k,|a]), We have

d v 174 v v 14
a Z Ak o) Z /(Ao(n 0"V o) Uy oz + HFk,a”Q‘f‘ ||Gk:,oz||2 + D2 (2)

k4| <[s/2] v=e,i
HIENE -1 + 110G -2 + NIVGIIIE jg—2 < 0

Integrating the inequality over [0,¢] and noting

V(i VvV U v v 2 2
> Mgan | [ (A5 09VE) U e + [ Bl + Gl | ~ IIWIIE. 2
k+|a|<[s/2] v=e,i

we have
t

W () 112 +/(D[s/2] HIIENE jz1-1 +110-Gll 22 + VG 2 —2) (1) d7
0

<IW O [}, ¥telo.T].

Since the Euler-Maxwell system (2.30) can be written as O;W = f(x, W, 0, W, 0,,W) with a smooth
function f such that f(z,0,0,0) = 0, it follows from Lemma 1.3 that

W O)[l1s/21 < CIW |-

(4.87)
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This implies the global existence of solutions and estimates (1.8)—(1.14), where the regularities of solutions
are deduced from the equations in system (1.2).
Furthermore, (4.87) implies that, for all &+ 8] < [s/2] — 1,

oW e L*(R*,L*(T)), 0,(0y0°W) € L= (R*, L*(T)).
Then we have
oW e W (R, L*(T)), Vk+ |8 <[s/2] - 1.

Moreover, it also follows from (4.87) that

9y9°(n” —n,u”,0” —1,E — E) € L*(RT,L*(T)), Vk+|8 <[s/2] -1
Then for any k + |5] < [s/2] — 1, we obtain

0y9°(n —n”,u”,0” —1,E — E) € L*(R*, L*(T)) n Wh>=(R*, L*(T)).

By Lemma 4.9, we get (1.15)—(1.16). Similarly, we have

9y9°B € L*(RT,L*(T)) nWh=(RY, L*(T)), V1<k+|8<[s/2] -1,
which implies (1.17). We have completed the proof of Theorem 1.1. O

4.2. Proof of Theorem 1.2

Recall the following Lemma that is used in the following proof.
Lemma 4.10. For all integer m > 0, we have |||V®|||m < C|||U]||m.-
Proof. By Lemma 1.1 and Poisson equation A® = N¢ — N? yields this inequality. O
We still use notations in (2.29) and (2.33), with
E=-V¢, d=¢p—¢, F=-Vo. (4.88)
Then the bipolar non-isentropic Euler—Poisson system (1.18) can be written as:

NV +u” - VNY + (0¥ + N")V -u” +u” - Vi¥ =0,
Ou” + (u” - V)u” + VO + V(In(n” + N¥) — Inn”) + ©V(In(a” + N”) + v” = —q, VO,

1 v 4.89
: +© rev, (4.89)
n¥ + NV

80" +u¥ - VO + (1+6")V-u” + %N@”\Q +0v =
n
AP =N¢— N in Rt xT,
in which the Euler equations are the special case of those of (2.30) with B = 0, while the Maxwell
equations in (2.30) are replaced by A® = N¢ — N

For system (4.89), we start to establish a similar energy estimate to (4.81). By checking all the steps
before (4.81), we find that the Maxwell equations are concerned in the proof of Lemmas 3.4-3.6. In fact,

we only need to deal with the term / oF 0% (nu® — n'u’)Fy, odx for all k+|a| < s, appeared in the proof
T

due to the Maxwell equations [see (3.50)]. It can be treated as follows. By means of (4.88), the first and
the last equations in (4.89), we have

2/afaa(neu€ —n'u")Fy odx = %Ha{“aavﬂf.
T
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This shows the validity of all the steps before (4.81). Consequently, there exist constants fi( 4|y > 0 such
that

d
T Z (ko) Z (A5 (n”, 0" U o, UE ) + ||6§8"V<I>H2 + U119 < 0.

k+|al<[s/2] v=e,i

It follows from Lemma 4.10 that, after modifying the positive constants fi(x,|a|),

d
SO ey | X0 (A0 000 UL + 00V 4 DR, + NIV ) <0
k+|a|<[s/2] v=e,i
Let us denote
E(t) = Z Kk, a]) Z (A (n",0")UY, ., U o) + Hafaav‘bHQ .

k4| <[s/2] v=e,i

Using Lemma 4.10 and noticing the fact that pux o) > 0 and Ag(n”,0") is positively definite, we have

E(t) ~ MU Oz

Thus, there exists a constant v > 0 such tat

d

CEW+EW <0, YieT],
which implies that

Et) < &W0) e, Vielo,T].
Using Lemma 1.3, we have
_ 2
OO,z + VRO )2 < Ce U], ¥ teo,T].

This shows the global existence of smooth solutions with the exponential decay estimate of
Theorem 1.2. O
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