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Ground state sign-changing solutions for a class of Schrodinger—Poisson
type problems in R?

Sitong Chen and Xianhua Tang

Abstract. This paper is dedicated to studying the following Schrodinger—Poisson system

—Au+V(z)u+ Apu = K(x)f(u), = €R3,
—A¢p=u? z€R3

where V, K are positive continuous potentials, f is a continuous function and A is a positive parameter. We develop a direct
approach to establish the existence of one ground state sign-changing solution w) with precisely two nodal domains, by
introducing a weaker condition that there exists 69 € (0,1) such that
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than the usual increasing condition on f(t)/|t|3>. Under the above condition, we also prove that the energy of any sign-
changing solution is strictly larger than two times the least energy, and give a convergence property of uy as A\, 0.

] sign(1 —¢) + 6oV (z)
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1. Introduction

In this paper, we are concerned with the existence of sign-changing solutions for the following Schrodinger—
Poisson system
—Au+V(z)u+ Ipu = K(z)f(u), z€R3,

{—A¢:u2, xr € R3, (1.1)
where V,K : R?> - R, f : R — R and \ are a positive parameter. Such a system, also known as the
nonlinear Schrodinger—-Maxwell system, arises in many mathematical physics contexts. For instance, in
Abelian Gauge theories, (1.1) provides a model to describe the interaction of a nonlinear Schrédinger
field with an electromagnetic field (see [12,13,25]). In quantum electrodynamics, (1.1) describes the
interaction between a charge particle interacting with the electromagnetic field. Moreover, (1.1) also
appears in semiconductor theory, nonlinear optics and plasma physics. For more details in the physical
aspects, we refer the readers to [5,6,38].

In recent years, there has been increasing attention to systems like (1.1) on the existence of positive
solutions, ground state solutions, multiple solutions and semiclassical states; see for examples [8,15—
17,19,20,24,31,41] and the references therein. To the authors’ knowledge, there are very few results on
the existence of sign-changing solutions for Problem (1.1).

As in [39], to avoid involving too much details when checking the compactness, we assume V satisfies
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(V) V eCR3R), V(z) >0 for all z € R® and H C H*(R?), such that, for 2 < ¢ < 6, the embedding
H — LY(R?)
is compact, where

H}R?) = {ue H'(R®) : u(z) = u(|z])}, if V(z) is a constant,

H = u € DV2(R?) : f V(z)uldr < 0o p, if V() is not a constant (1.2)
with the norm
1/2
l|u|| = / (IVul* + V(2)u?) dz
R3
It is well known that for u € H, if ¢,, be the unique solution of —A¢, = u? in D*?(R?), then
= 1.3
R3
Define the energy functional ®) : H — R by
1
Dy (u) = 5 / (|Vul®> + V(2)u?) dz + = /¢uu2dx— /K (1.4)
R3
where F(u f f(s)ds. The functional @) is well defined for every u € H and ®) € C'(H,R). Moreover,
for any u, ¢ € H we have
(@ (u), p) = /(Vu Vo + V(z)up) dz + )\/gbuugadx — /K (u)pda. (1.5)
R3

Clearly, critical points are the weak solutions of (1.1). Furthermore, if © € H is a solution of (1.1) and
u® # 0, then v is a sign-changing solution of (1.1), where

u"(z) ;== max{u(x),0} and wu” (z):= min{u(z),0}.
When A =0, Eq. (1.1) reduces to the following semilinear Schrodinger equation
—Au+V(z)u=K(x)f(u), xcR> (1.6)

In the last two decades, this equation has been studied extensively under various hypotheses on the
potential and the nonlinearities; see for example [9-11,14,27,28,32-36,42] and the references therein.

As far as we know, there are different ways to get the sign-changing solutions of Eq. (1.6), for example
by constructing invariant sets and descending flow (see Bartsch et al. [3]), using the Ekeland’s variational
principle and the implicit function theorem (see Noussair and Wei [26]), and applying variational method
together with the Brouwer degree theory (see Bartsh and Weth [4]). For more discussions on the existence
of sign-changing solutions of (1.6), we refer the reader to the book [43] and the references therein. However,
these methods of finding sign-changing solutions for (1.6) heavily rely on the following decomposition,
u e H,

(I)()(’LL) = (I)()(’LL+) + (I)()(’LL_), (17)
(@) (u),u™) = (@h(u’), ub),  (Dh(u),u”) = (Dh(u"),u”), (1.8)
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where @y : H — R is the energy functional of (1.6) given by

Do (u) = 1/(|Vu|2+V dx—/K (1.9)

R3
and
(D (u), o) = /(Vu Vo + V(x)up) dx—/K (w)pdz, YV u,p € H. (1.10)
R3
When A > 0, the nonlocal term ¢, (x) is involved in the energy functional ®y, it is easy to see that
d)u(x) = ¢u+(x) + Pu- (x)a (1'11)
but for the functional ®,, we have
A
Ba(w) = 0a(u) + Ba(u) + 5 [ [Bur (07 + 60 (0] d, (1.12)
R3
(@4 w)ut) = (@4t 4 A [ o (u P (113
3
(@) u7) = @4 ) + A [ Gy (a7, (114)
R3

Clearly, the functional ®, does no longer satisfy the decompositions (1.7) and (1.8). Hence, the methods
of getting sign-changing solutions of (1.6) seem not applicable to Problem (1.1), and it is much more
difficult to find sign-changing solutions of (1.1).

Define
My = {u € H :u* #0,(P4(v),u’) = (4 (v),u”) =0}, (1.15)
Mo = {u€ H:u* #0,()(u),ut) = (®f(u),u) =0}, (1.16)
Ny:={u€ H:u+#0,(P\(u),u) =0}, (1.17)
No:={ue H:u#0,(®,(u),u) =0}, (1.18)
my = uér}\EA(I)A( u), Cx: _ulenf D (u), (1.19)
mo 1= ugjlélo Do(u), co:= uleI}\ffg Do (u). (1.20)

When (V) holds, K = 1, f € C}(R,R) and verifies the following hypotheses:
(F1) f(t) =o([t]) as t — 0;
(F2) f has a “quasicritical” growth, namely limp_ f(t)/t> = 0;
(F3) iy oo £(8)/8° = o
(F4") {t(li? is nondecreasing on (—o0,0) U (0, 00),

Shuai and Wang [30] investigated the existence and asymptotic behavior of sign-changing solutions
o (1.1). More precisely, by the parametric method and implicit function theorem, they showed that
for each u € H with u® # 0 there is a unique pair (s,t) € (RT x R*) such that su™ +tu™ € My; then,
via the quantitative deformation lemma and degree theory, they obtained the minimizer of the energy
functional ®, over the constraint M is a critical point. Note that f € C!(R,R) plays a crucial role in
using implicit function theorem and (F4’) guarantees the uniqueness of (s,¢) mentioned above.

We also mention that when f(u) = |u[P~%u with p € (4,6), Wang and Zhou [39] proved My # ()
by Brouwer degree and obtained the existence of sign-changing solutions to (1.1). Tanni [18] employed a
dynamical (not variational) approach and showed the existence of sign-changing radial solutions to (1.1)
with A =1 and V = K = 1, having a prescribed number of nodal domains.
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Recently, when V' satisfies lim|;| oo V(2) = Voo 1= sup,eps V(2) > inf cps V(z) > 0 and |V (z) — Vi
does a limited growth condition, f € C!(R,R) and satisfies (F1)—(F3) and (F4’), Alves et al. [2] proved
the existence of sign-changing solutions to (1.1) with A = 1. In this paper, they introduced some new
ideas and techniques association with the deformation lemma and Miranda’s theorem. They started by
establishing some estimates involving functions that change sign and then successfully overcame the
difficulty lack of compactness about embedding H!(R3) — L*(R?) with s € [2,6). Finally, they found a
sign-changing solution as an existence result by minimization in a closed subset containing all the sign-
changing solutions of the equation. However, we must point out that both f € C}*(R,R) and (F4') are
needed in [2].

In the nonautonomous case, Liang et al. [21], via the constraint variational method and quantitative
deformation lemma, proved the existence of sign-changing solutions to (1.1) with A = 1 when f € C}(R, R)
satisfies (F1)—(F3) and (F4'), and V, K satisfy:

(V0) V(x),K(x) >0 for all z € R3, V € C(R3 R) and K € C(R3 R) N L>(R3, R);
(V1) if {A,} C R? is a sequence of Borel sets such that the Lebesgue measure of A,, is less than
R, for all n and some R > 0, then

lim / K(x)dx =0, uniformly in n € N;

T—00
AnnBe(0)

(V2) K/V € L*>®(R?); or
(V3) there exists p € (2,6) such that
K(x)
V@]

This kind of conditions was first introduced by Alves and Souto [1] to get a positive ground state
solution of (1.6), which can be used to certify that the space E given by

-0, |z|]— .

E={uec D"*(R?): /V(:r)u2dx < 00
R3

with the same norm as in H is compactly embedded into the weighted Lebesgue space

L% (R?) = { u : u is measurable on R? and/K(x)\u|qu < oo
R3
for some g € (2,6); see [1, Proposition 2.1]. Hereafter, we say that (V, K) € K if these conditions hold.
Note that they used the Brouwer fixed point theorem to show that M # 0.

To the authors’ knowledge, in the autonomous (see [2,18,30,39]) or nonautonomous case (see [21]),
without f € C'(R,R) and condition (F4’), there seem no results on the existence of least energy sign-
changing solutions and the convergence property as A \, 0 for Problem (1.1) in the literature.

To state our results, we introduce the following assumptions:

(K) K € C(R?,R) N L>=°(R3 R) and K(z) > 0 for all x € R? ;
(F4) there exists a 6y € (0,1) such that for any x € R?, ¢ >0 and 7 # 0

T T 1—¢2

Obviously, (F47) implies (F4). In fact, either (V') or (V, K) € K holds, and there exist many functions
satisfying assumptions (F1)—(F4), but not (F4'). For example, let V =1 and 0 < K(z) < M for all
r €R3, or (V,K) € K with |[K/V|s := M > 0, and

] sign(l —t) + 6oV (x) (1.21)
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It It| < o,
t =
1) {a|t3t+ Tt t]> 0

with a, 0 > 0 and 3(1 — a)e3>M = 1. Then, f satisfies (F1)—(F4) with y = 1/2 but not satisfy (F4’).

Motivated by the works [30,37], we have developed a more direct approach to show that My # ()
and the minimizer is a sign-changing solution without f € C'(R,R) and (F4’). Roughly speaking, we
first establish an inequality between ®y(u) and @, (su™ + tu~) (see Lemma 2.1 below) under a weaker
condition (F4) and then prove that if u € H with u® # 0, there is a unique pair (s,t) € (Rt x RY)
such that su® + tu~ € M, (see Lemma 2.4), which is entirely different from the method presented
in [21,30,39]. Taking advantage of the above-mentioned inequality, we can show the minimizer of the
constrained problem is a sign-changing solution, which has precisely two nodal domains. We can also give
a convergence property of uy as A\, 0, which reflects some relationship between A > 0 and A = 0 in
Problem (1.1).

Our main results can be stated as follows.

Theorem 1.1. Assume that (V), (K) and (F1)—~(F4) hold. Then, Problem (1.1) has a sign-changing solution
uy € My such that ®y(uy) = infyq, Py > 0, which has precisely two nodal domains.

Theorem 1.2. Assume that (V), (K) and (F1)—(F4) hold. Then, Problem (1.1) has a solution u € N
such that ®y(a) = infy, ®x; moreover, my > 2cy for all A > 0.

Theorem 1.3. Assume that (V), (K) and (F1)—~(F4) hold. Then, Problem (1.6) has a sign-changing solution
vg € My such that ®g(v) = inf aq, Po > 0, which has precisely two nodal domains. Furthermore, for any
sequence {\,} with A\, \, 0 as n — oo, there exists a subsequence which we label in the same way such
that uy, — wo in H, where ug € My is a sign-changing solution of (1.6) with ®g(ug) = inf g, Po > 0.

We must point out that if (V, K) € K, our method is still valid after a slight modification. In this
sense, our results not only unify but also generalize the previous results.

Corollary 1.4. Assume that (V,K) € K and (F1)~(F4) hold. Then, all conclusions in Theorems 1.1-1.3
hold in E.

The paper is organized as follows. In Sect. 2, we provide several lemmas, which are crucial in proving
our main results. In Sect. 3, we show the existence of a ground sign-changing solution with precisely two
nodal domains. In Sect. 4, we first investigate the ground state solutions of Nehari type and then prove
Theorem 1.2. We complete the proofs of Theorem 1.3 and Corollary 1.4 in Sects. 5 and 6, respectively.

1/s
Throughout this paper, we denote the norm of L*(R3) by |lul|s = <f |usdx> for s > 2, B.(x) =
R3

{yeR3:|y—z| <r}.

2. Some preliminary lemmas

In this section, we first show the following lemmas and corollaries which will play crucial roles in this
paper.
Lemma 2.1. Assume that (V), (K) and (F1)-(F4) hold. Then,
— st , n 1— ¢t , _
(@) (), )+ (@ (), w7
(1—6o)(1 —t2)?
4

Oy (u) > Py(sut +tu") + !
+ (1 — 90)(1 — 82)2

l1* + [l

4
A(s2 — $2)2
+¥/%+(u‘)2dx, Vu=u"+u €H, st>0. (2.1)
R3
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Proof. For any z € R?, t >0, 7 € R, (F4) yields

K(z) F :lt4 Tf(7) + F(tr) - F(T)} + GOVT@)Q _2)2,2
- j {K(I) {fg) B {;i;g] + 90‘/(17)(1(87;2) } s3rtds > 0.

By (1.3) and Fubini theorem, we see that

R[(b,ﬁ(u)?dx :R[gzsu_(w)?dx

Hence, it follows from (1.4), (1.5), (2.2) and (2.3) that
Dx(u

Oy (sut +tu”)
(Jul® — st + tu™ ) + / [but® — bour sra- (50 + tu)?] do

R3

) =
1
2

+ / K(z)[F(su® +tu™) — F(u)]dx

R3

1-s +12 +)2
o [ Y s
R3

1—s%)? 11—t A1 — 822 _
A e+ S g+ 20550 [yt
R3

4 4

+ / K(2)[F(su™) + F(tu™) — F(ut) — F(u~)|de

R3

4
= () ()0 (@ () u)
(1 — s2)? (1—-t3)?% A(s? —t%)? _
At P+ S P 2 [ o
R3

+/K(a:) [1 =5 futyut + F(su®) — F(u*)} dz

4
R3

4 / K(x) [1 — Y+ P F(u)] dz

4
R3
_ g ”l $2)2
> 1 0 ),y + L <<1>' ) *> ! 60)51 Dt
+(1700)4(l1 ) ” 7H2 /¢u+ u”

00‘/(1’)

+ [ e [ st + pt >F<u+>} +4<152>2|u+|2}dz

1t -2 —\2
N LR R
R3

|

ZAMP

(2.2)
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4 :E
+/{K(z) {1 4t fw )u” + Fltu™) — F(u)} + %()(1 t2)2u|2}dx
R3
_ gt _ 44 _ _§2)2
> L g ) ) + 1 <<I>' & u*> LI e
+%H 7H2 /d>u+ uw”)?dz, Vs,t>0.
This shows that (2.1) holds. O

Corollary 2.2. Assume that (V), (K) and (F1)~(F4) hold. Then, for u=u"+u~ € My

(1 - 90)511 B 32)2 ||U+H2 + (1 - 00)(1 B t2)2

Oy (u) > Oy(su™ +tu”) + 1 [l [

2 _ $2)2
+%/¢u+ (Ui)Zd.Z‘, v S,t > 0. (24)
R3

Corollary 2.3. Assume that (V), (K) and (F1)~(F4) hold. Then, for u=u"+u~ € My

Oy(ut +u") = max Py (sut +tu”). (2.5)

Secondly, we check that M # () and my > 0 can be achieved, which are the key points in this paper.

Lemma 2.4. Assume that (V), (K) and (F1) (F4) hold. If u € H with u™ # 0, then there exists a unique
pair (s, 1) of positive numbers such that s,u™ + t,u™ € My.

Proof. Let

g1(s,t) = §%||u™||® + As? /¢u+ dx+)\32t2/¢u dz

—/K(x)f(szﬁ)szﬁdz (2.6)

and

ga(s,8) = £2[u —||2+At4/¢u dx+A82t2/¢u+ de

/K Ttu” da. (2.7)

For any fixed ¢ > 0, it is easy to verify using (F1) and (F3) that ¢1(0,¢) =0, g1(s,t) > 0 for s > 0 small
and g1(s,t) < 0 for s large. From continuity of g1(s,t) on s, there is a s; > 0 such that g1(s;,t) = 0 for
t > 0. We claim that s; > 0 is unique for any ¢ > 0. In fact, for any given tq > 0, let §1, 52 > 0 such that

91(81,t0) = g1(52,t0) = 0. (2.8)
Then, it follows from (1.5), (2.6) and (2.8) that

<<I>/)\(§1u+ + toui), u+> = <(I)/>\(§2U+ + toui), 7.L+> =0. (29)
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From (2.1) and (2.9), we have

a4 44
Dy (s1ut +tou) > Da(Sau’ +tou”) + %@;(mﬁ +tou"), drut)
1
1 — 00)(52 — 82)2
_|_( 0)( 1 2) ||U+||2

152
(1 —60) (57 — 33)°

= ‘I))\(§2U+ + toui) + 4§2 ||U+||2 (210)
1
and
oot - oot ,§%—§%,A+ -\ aat
Dy (Sou™ +tou") > Pa(S1u" + tou )+T§4<<I>)\(52u +tou" ), Sau™)
2
1—6p)(82 — §2)2
+( 0)(A22 1) ||u+||2
455
R 1—6p)(82 — §2)2
:®A(31u++tou*)+( 0)4<§22 ) [|lut]?. (2.11)
2

(2.10) and (2.11) imply §; = $5. Therefore, s; := §(t) > 0 is unique for ¢t > 0, i.e., g1(s,t) = 0 defines an
implicit function s = 5(¢) for ¢ > 0. Since so = 3(0), and for every ¢ > 0, g1(s,s) > 0 for small s > 0 and
g1(t,t) < 0 for large s > 0, then one has

g1(se,t) =0, Vt>0; s>t forsmallt >0, s; <t forlarget > 0. (2.12)
It is easy to verify that §(¢) is continuous on [0, c0).
Analogously, ga(s,t) = 0 also defines an implicit function ¢ = t, := #(s) > 0 for s > 0 such that
g2(8,ts) =0, Vs>0; ts>s forsmall s >0, t;<s forlarge s > 0. (2.13)

(2.12) and (2.13) imply that the planar curves s = §(t) and ¢ = #(s) intersect at some point (s, t,) with
Su,ty > 0, which implies that g;(Sy,tw) = g2(Su,ty) = 0. Therefore, s,ut + t,u™ € M.

Next, we prove the uniqueness. Let (s1,%1) and (sg,t2) such that s;u™ + t;u~ € My,i =1,2. In view
of Corollary 2.2, one has

Py(s1ut +tiuT) > Pa(sout +tauT) +

(1 — 90)(5% — 8%)2 ||u+||2
452

(1—60)(t7 — t3)°

=B e (2.14)
1
and
1—00)(s2 — s2)2
Pr(sou™ +tau”) = Pa(siut +tu”) + ( 0)4(521 ) lut|?
2
1—6p)(t] — t3)*
+( 0)(21 2) ||u7||2 (215)
413
Both (2.14) and (2.15) imply (s1,t1) = (S2,t2). O
Lemma 2.5. Assume that (V), (K) and (F1)~(F4) hold. Then,
inf @ = = inf o trtuT).
ug}m Alu) = my ueégi#oggﬁ Alsu™ +tu7)
Proof. Both Corollary 2.3 and Lemma 2.4 imply the above lemma. O

Lemma 2.6. Assume that (V), (K) and (F1)—~(F4) hold. Then, my > 0 is achieved.
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Proof. Similar as [30, (2.14)], we can derive from (F1)—(F3) that there exists a constant o > 0 such that
lu®||* > a for all u € My. Let {u,} C My be such that ®,(u,) — my. Observe that (2.2) with ¢t = 0
yields
1 6oV
K(z) |:4f(T)T—F(T):| +OT(QC)T2 >0, YzeR 7R (2.16)
Thus, from (1.4), (1.5) and (2.16), one has for large n € N

1
mx+12> ®y\(uy) — 7<‘I>/>\(un),un>

4
> 2+ [ @ [ - )|+ 25 as
RS
> Loy, 2 (2:17)

This shows that {u,} is bounded in H, and then, there exists a uy € H such that u} — uf in H. By
(V), (K), (F1)—(F3), (1.5) and [40, A.1], we can get

0<ac< ||uff||2—|—/¢un dx—/K j[dgc—/K uA ukdx—k o(1), (2.18)
R3

which yields uf # 0. Moreover, by (1.3) and Hardy Littlewood-Sobolev inequality (see [22] or [23,
page 98]), one has

liminf/qbun(uf)zdm = /d)uk(uf)de.
R3 R3

From this, (2.18), the weak semicontinuity of norm and Fatou’s Lemma, we have

[|us]|? + /gbuA uy) dx<hm1nf |uZ || + /qﬁun )2dx /K (uf)urda, (2.19)

which implies

(@4 (ur), uy) <0. (2.20)
Thus, from (1.4), (1.5), (2.1), (2.16), (2.20), the weak semicontinuity of norm, Fatou’s Lemma and
Lemma 2.5, we have

i = i [ (u0) = (0 (00 0)

n—oo

i § gl 4 [ K@) |1~ Fu,)] ao
R3

Y

1
| liminf ||vunug+(1—eo)/V(x)|un|2dx

R3

+liminf/{K(x) [if(un)un — F(u )] + QOV( )|un|2}dx

n—oo

>

|Wmﬁ+u—m/vwwwm

R3

A~ =
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+ [ {1 - ] + 2ven e} e
R3
= Ll 4 [ K@) |3 - Fu)| ao
RB
1

= O (un) = (@A (ur), ur)

4
n 1=t b, 1=t _ 1,
> sup [Pa(suy +tuy) + ——(Ph(ur), uy) + (@3 (ur)s uy ) | — 5 (Ph(ua), ur)
s,t>0 4 4 4
> sup @A(sui +tuy ) > my,
s,t>0
which implies
lim [|[Vu,|3 = ||[Vuxlz, lim /V(z)|un|2dz:/V(a:)|ux|2dx. (2.21)
R3 R3
Therefore, u,, — uy in H, then ®)(uy) = my and uy € M. O

Finally, with the help of the above conclusions, we prove the minimizer of the constrained problem is
a critical point.

Lemma 2.7. Assume that (V), (K) and (F1)~(F4) hold. If ug € My and ®x(ug) = my, then ug is a
critical point of @y .

Proof. Assume that ug = ul +uy € My, ®x(ug) = my and ) (ug) # 0. Then, there exist § > 0 and
o > 0 such that

ue H, |[u—ugl <35 = ||®)\(u)| > o. (2.22)

In view of Corollary 2.2, one has for all s, > 0,

(1—00)1—s*)? 4o (L—06)A-t)* _ .,
lug I” = ———llug |

@A(sug +tuy ) < @x(ug) —

4 4
(1—6p)(1 —s?)2 (1—6p)(1—t%)? _
=my— lug |I? = ——lug |I*. (2:23)
4 4
Let D = (0.5,1.5) x (0.5,1.5). Then,
K= (;gzggD Oy (sud +tuy) < my. (2.24)

For e := min{(my — k)/3,1,06/8}, S := B(uy, ), [40, Lemma 2.3] yields a deformation € C([0,1] x
H, H) such that

1) n(l,u) =uif ®y(u) <my —2e or Py(u) > my + 2¢;
i) 7 (1,7 N Blug,0)) C Y5
iil) ®\(n(l,u)) < ®x(u), Yue H.

By Corollary 2.3, @ (sug + tug ) < ®(ug) = my for s,t > 0; then, it follows from ii) that

Da(n(1,sud +tug)) <my—e, Ys,t>0, |s—17+t—1]* <6*/|uol* (2.25)
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On the other hand, by iii) and (2.23), one has

<I>A(n(1,su6|r +tuy)) < <I>>\(su8' + tuy)

(1—f60)(1 —5%) (1—60)(1 — %)

<mj ] [ R  LC1 ¥
(1 —6p)d> 5
< my = o= ming|lug |%, ug 1},
8|uol|? 0 ’
Vs, t >0, [s— 12+t —1)% > 6%/|luol* (2.26)

Combining (2.25) with (2.26), we have

max_ @y (n(1, sud +tug)) < my. (2.27)
(s,t)eD

Define g(s,t) := sugj + tuy. By an argument similar as [29, Page 1268] or [30, Page 3277], we get
n(1,9(D)) N My # 0, which contradicts to the definition of m. O

3. Sign-changing solutions

Proof of Theorem 1.1. In view of Lemmas 2.6 and 2.7, there exists a uy € M, such that ®y(uy) = my
and @) (uy) = 0. Thus, uy is a sign-changing solution of (1.1).
Now, we show that u) has exactly two nodal domains. Let uy = u; + us + uz, where

ur >0, up <0, QN =0, uilo,uo, = u2l0,u0, = uslo,ua, =0, (3.1)

Q= {r eR®:uy(x) >0}, Q:={recR¥:uy(x) <0}, Q:=R>\(Q UQ), (3.2)

and Qq, Qs are connected open subsets of R3.
Setting v = uy + ug, we see that v* = u; and v~ = ug, i.e., v¥ # 0. From (1.4), (1.5), (2.1), (2.16)
and (3.1), one has

mx = B ) = () — (@ (), 02)

=®,(v) + Pr(usz) + % / (¢u3v2 + qbvug) dx
R3

3 [@50)0) + @) us) 1 [ (Gu? +0,08) do
R3

[ b, =t R
> sup [Pr(sv™ +tv7) + (D (v),vT)
s,t>0 | 4

@ (0).07)

1 1
~LBA0), )+ B (u3) — (B (u3), )
At
> sup | Py(svT +tv” _|_7 buy (0F)?da +7 ¢U3
s,t>0

f||u3||2 /K { (us U3F(u3)} dz
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(1 —6o)
4

> sup ®y(svt +tv) +

5,t>0
(1—16o)
4

s

> my + lus |,

which shows ug = 0. Therefore, u) has exactly two nodal domains. O

4. Ground state solutions and sign-changing solutions

As Sect. 2, we can prove the following lemmas and corollaries.

Lemma 4.1. Assume that (V), (K) and (F1)~(F4) hold. Then,

1—t 1—06p)(1—1t%)?
Dy (0) > (1) + - (@) + LT e

VueH, t>0. (4.1)

Corollary 4.2. Assume that (V), (K) and (F1)—(F4) hold. Then, for u € Ny

1— 1— 2\2

By (u) > By (tu) + %Hu”{ V>0, (4.2)

Corollary 4.3. Assume that (V), (K) and (F1)—(F4) hold. Then, for u € Ny
Dy (u) = max D) (tu). (4.3)

Lemma 4.4. Assume that (V), (K) and (F1)—(F4) hold. If u € H\ {0}, then there exists a unique t,, > 0
such that t,u € Ny.

Lemma 4.5. Assume that (V), (K) and (F1)—(F4) hold. Then,

inf & =cy= inf D\ (tu).
W P =8 = g A

Lemma 4.6. Assume that (V), (K) and (F1)~(F4) hold. Then, there exist a constant c. € (0,ca] and a
sequence {u,} C H satisfying

Dx(un) = oy (|24 () |(1 4 [Jun])) — 0. (4.4)
Proof. Tt follows from (F1), (F2) and (1.4) that there exist dy > 0 and pg > 0 such that
Dx(u) = po,  lull = do. (4.5)
Choose vy, € N, such that
CASCI))\(vk)<C>\+%, ke N. (4.6)

Since ®(0) = 0 and ®y(tvy) < 0 for large t > 0, then according to [7], there exists a sequence {ug n }nen C
H satisfying
O (urn) = @4 (wen)l(1+ [[ugnll) = 0, k€N, (4.7)
where ¢* € [po, sup,q P (tvk)]. By virtue of Corollary 4.2, one has
Py (vg) = Pa(tvg), V=0,
which implies @ (vy) = sup;~q ®a(tvg). Hence, by (4.5) and (4.7), one has

1
Bausn) 4 € [pmert 1)+ B3I+ ueal) 0, KEN. (1.9
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Now, we can choose a sequence {nj} C N such that

1 1
Balunn) € e+ 1)+ I8+ ) < . FER (19)
Let u, = ug pn,, k € N. Then, going if necessary to a subsequence, we have
D (un) = ¢ € [po, el [[@A(un) 11+ [Junl]) — 0.
O

Proof of Theorem 1.2. Lemma 4.6 implies the existence of a sequence {u,} C H satisfying (4.4), which
implies that

Dy (up) — oy (P (un),un) — 0. (4.10)
From (1.4), (1.5), (2.16) and (4.10), one has for large n € N

|-

1 1—6
e + 12>y (up) — 1(@’,\(un),un> > %

This shows that {u,} is bounded in H. By a standard argument, we can prove that there exists a
uo € H \ {0} such that ®)(up) = 0. This shows that ug € N is a nontrivial of (1.1) and ®y(ug) > cx.
On the other hand, by using (1.4), (1.5), (2.16), the weak semicontinuity of norm and Fatou’s Lemma,
we have

n—0o0

r 2 e = Jim_[oy(u) = 1@ (00). )]

i § P+ [ K@) | 1)~ Fu)] ao
R?}

Y

iliminf V|13 + (1 — 6p) / V(2)|un|*dz
RS
Jrliminf/ {K(a:) Bf(un)un - F(un)] + 602(1)|un|2} dx

n—oo

> 11 Vuol2 + (1 6y) / V(@)|uol?de

R3

+ / {K(m) B Fluo)uo — F(uo)] + HOZ(”“”) |u0|2} dz

R3
— {huolP + [ K@) |1 tw)un - Flun)| aa
RS
1

e~ =

= Pa(uo) — 7 (@A (u0), uo) = Px(uo).

This shows that ®y(ug) < ¢, and so @ (ug) = ¢y = infpr, P > 0.
In view of Theorem 1.1, there exists a uy € My such that ®y(uy) = my. Thus, from (1.4), Lemma 2.1,
Corollary 2.3 and Lemma 4.5, we have
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my = ®y(uy) = sup ®y(suf + tuy)

s5,t>0
4 o As?t? 9
= sup § @ (su) + Oa(tuy) + (603 (W32 + 0, (u)?] da
5,620 4 2 A
> 2
> sup @y (suy) +sup Py (tuy ) > 2cy. (4.11)
5>0 t>0

5. The convergence property

In this section, we give the proof of Theorem 1.3.

Proof of Theorem 1.3. In the arguments of Sect. 2, A = 0 is allowed. Therefore, under the assumptions
of Theorem 1.3, there exists a vg € My such that ®{(vg) = 0 and Pg(vg) = myg, i.e., (1.6) has the least
energy sign-changing solution, which changes sign only once.

For any A > 0, let uy € M) be a sign-changing solution of (1.1) obtained in Theorem 1.1, which
changes sign only once and satisfies @ (uy) = m.

Choose wy € C5°(R?) such that wi # 0. By (K) and (F1)-(F3), there exist f; > 0 and 3y >
2 | buwo(wo)?da such that

R3

/K (swg)dx > Ba|s|* — B, /K F(twy )dz > Bolt|* — By, Vs, t€R. (5.1)

For any A\ € [O, 1], by (1.4), (1.19), (2.3), (5.1) and Lemma 2.4 we have

(
(I))\(’LL)\) = m) < max (I))\(Swa_ +tw0_)

s,t>0
2
_ CTRSTENpICY _
= max 2||wo||+4/0> )*da /K dw
At
fuw%~1/¢ m—/K Ftuy)d
As?t? _
1 / [Qj)w; (wg ) + Puy (%*)2] da
R3

IN

s,t>0

mw.AWwMF+A—1/¢ w2z + 26, — Bos®

At
*HOW+‘*/¢ (wy 2dz — Bt

/¢ wg dx+—/¢ +(wg ) de

2
:q%—wm+—/%womw&ﬂﬁ
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At
—H 0||2+—/¢w0 wy )?dz — fot?

t2
s | Sl ||2——/¢w0 (o) | + 26,

= Ao > 0.

From this, (1.4), (1.5) and (2.16), we get

1

7(Oh, (un,),ux, ) > e, 1%

This shows that {uy, } is bounded in H. Hence, there exists a subsequence of {\,}, still denoted by {\,}
and ug € H such that uy, — up in H. Proceeding as in Lemma 2.6, we conclude that ufn — u(jf #0in
H. Moreover,

1-6
A0+1Z(D>\n(u>\n)f %

(®(uo), ) = /(VUO Vi + V(z)uop) diﬂ*/K f(uo)pdz

R3

= lim /(VuA Vo +V(z)uy,)de + — /(buMu)\ pdx

n—oo

/ K(z Lpda

= 11m<<1>)\( L)) =0.
This shows ®f(ug) = 0, and so, ug € My and Pg(ug) > myg. Next, we prove that Pg(ug) = mg. Let
An € [0,1]. Then, it follows from (K) and (F3) that there exists a Ky > 0 such that for all s > Ky or
t> KO)

_ An st
By, (sud + tvg) = 7” e /¢> dx—/K (sv)

da:—/K F(tvg )d

+)\ni2t2 / [gb 7(U+)2 +¢v0+(”0_>2} da

52
< ?Hv ||2—¥—f/gi>v0 dx—/K svo

t4
L+ /% %) d:z:f/K F(t; ) < 0. (5.2)

/\nt

T
g |2 +
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In view of Lemma 2.4, there exists (s, t,) such that snvar + oy, € My
implies 0 < 8y, t, < Kg. Hence, from (1.4), (1.5), (1.9) and (2.1), we have

which, together with (5.2),

mg = Pg (Uo)
An
=0, (u0) ~ 5 [ 6 (w0
]RS

+ - 1— s, + -ty o - An 2
> @, (snvg +tavg ) + T<¢)\n (v0),vg ) + 4 <‘I))\n (v0),vg ) — 1 Gu (vo)“dz
]RS

1—st th

1- _ An
>, + 5 [ e+ 2 [ (05 e = 2 [ oy (00
R3 R3 R3

V

KA\,
my, — (11 /%O(Uo)zd%
R?}

Y

which yields
limsupmy, < my. (5.3)

n—oo

From (1.4), (1.9) and (5.3), we have

mo < ®g(ug) = limsup @y, (uy, ) = limsupmy, < mg.

n—oo n—o0

This shows that ®g(ug) = my. O

6. Proof of Corollary 1.4

When (V) K) € K, for readers’ convenience, we first state the following important consequence to recover
compactness.

Proposition 6.1. ([1, Proposition 2.1]) Assume that (V,K) € K. If (V2) holds, then E is compactly
embedded in L% (R3) for every q € (2,6); if (V3) holds, then E is compactly embedded in L%, (R?).

Proof of Corollary 1.4. Due to Proposition 6.1 and [21, Lemmas 2.4-2.6], under the assumptions of Corol-
lary 1.4, it is easy to verify that ®, satisfies the similar geometry structure as the case where (V) and
(K) hold. Thus, Corollary 1.4 follows by slightly modifying the arguments of Sects. 2-5. g
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