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1. Introduction

Soliton theory brings together many branches of mathematics, some of which touch on deep ideas. The
theory has many practical applications to the physical sciences such as optical fiber communication,
superconductivity, nonlinear waves, plasma physics and magnetic fluid. Soliton equations are nonlinear
partial differential equations having specific solutions with nice mathematical and physical properties.
However, it is very difficult to solve them due to their high nonlinearity. An important application
of the inverse scattering transformation is to obtain N-soliton solutions of nonlinear equations, which
exhibit the particle behavior in the interaction of solitary waves [1,2]. There also exist various approaches
to obtain algebro-geometric solutions of soliton equations, which show the quasi-periodic behavior or
characteristic for Liouville integrability [2-11]. Using these approaches, algebro-geometric solutions for a
lot of soliton equations associated with 2 x 2 matrix spectral problems have been obtained, such as the
KdV, nonlinear Schrédinger, mKdV, sine-Gordon, and Toda lattice, and Camassa—Holm equations. As
compared with the 2 x 2 case, the study of algebro-geometric solutions of soliton equations associated with
3 x 3 matrix spectral problems has received relatively less attention. In Refs. [3,12-18], certain algebro-
geometric solutions of the Boussinesq equation related to a third-order differential operator were found
as special solutions of the Kadomtsev—Peiviashvili equation or by the reduction theory of Riemann theta
functions. In Refs. [19], a unified framework was proposed which yields all algebro-geometric solutions of
the entire Boussinesq hierarchy. Recently, based on the characteristic polynomial of Lax matrix associated
with a 3 x 3 matrix spectral problem, we introduce the trigonal curve [20-22] and obtain the explicit
theta function representations of the entire three-wave resonant interaction hierarchy and the Kaup—
Kupershmidt hierarchy [23-25].

The main aim of the present paper is to study algebro-geometric constructions of the Mikhailov—
Shabat—Sokolov (MSS) flows associated with a 3 x 3 matrix spectral problem [26], from which we deduce
the explicit theta function representations of the Baker—Akhiezer function, the meromorphic functions,
and that of solutions for the entire MSS hierarchy. The first typical member in the hierarchy reads
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Up = Ugy + 2uty — 2(U0)y — 2044,
Vp = —Ugg + 200z — 2(u0)z + 2Ugy,

which is reduced to the MSS equation [27]

Dt = Doz — 244z,
1.2
Gt = —Qzax + 2PPs ( )

by a change of variables
1 1
u=p+gq v=(1-iV3p+ (1+iV3)g (1.3)

and then by rescaling ¢t — ﬁ Therefore, the hierarchy of nonlinear evolution equations associated with
the 3 x 3 matrix spectral problem is called the MSS hierarchy. It is easy to see that the transformation
(1.3) between Eq. (1.1) and the MSS Eq. (1.2) is linear, so the sets of solutions of the two equations are
isomorphism in the complex plane. Then, using the inverse transformation of (1.3) we can directly obtain
the algebro-geometric solutions to the MSS Eq. (1.2) from ones of Eq. (1.1).

The structure of this paper is as follows. In Sect. 2, we construct the hierarchy of the MSS equations
associated with a 3 x 3 matrix spectral problem. In Sect. 3, we introduce the Baker—Akhiezer function,
from which we deduce the associated meromorphic functions. With the help of the characteristic polyno-
mial of Lax matrix for the MSS equations, a trigonal curve K,,,_; of arithmetic genus m — 1 is defined.
Then the MSS equations are decomposed into the system of Dubrovin-type ordinary differential equa-
tions. In Sect. 4, we introduce the holomorphic differentials on K,,_1 and the Abel map, through which
the straightening out of the MSS flows is exactly given. At last, we derive the explicit theta function
representations of the Baker—Akhiezer function, the meromorphic functions, and in particular, that of
the potentials u and v for the entire MSS hierarchy.

2. The Mikhailov—Shabat—Sokolov hierarchy

In this section, we briefly review the construction of the MSS hierarchy associated with the 3 x 3 matrix
spectral problem [26]

(31 u 1 0
Yo =U¢, ¢Y=|v2], U=[0 v AJ, (2.1)
3 1 0 0

where u and v are two potentials, and A is a constant spectral parameter. To this end, we introduce two
sets of Lenard recursion equations

ng—l = Jgja gj |(u,v):0: 0, 720 (22)
ng71 = Jg]7 g] |(u,v):0: Oa .7 > 0

with two starting points

1 0
utv N 1

g—1 = 8 y 9-1— 0l (24)
1 0

where the initial conditions mean to identify constants of integration as zero, and two operators are
defined as

— + 0°v + dud + Juv + Ou 0 0
0% +0%v 4+ 0ud + 0 9%+ 9
K— —(8% + 0%v + Oud + duv)  20?% + Qv 0 0
- 20+v—u 0 0% —ud O+u—v|’

O(u+v)+ (u+v)0 -390 — (9% — Oud — v9? + wvd) 0
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-1 0 — 20 1
S 1 0 _p) —1
o 20+v—u 0 0% —ud O4+u—wv

Ou+v)+ (u+v)d -39 — (0% —0ud —vd? + uwwd) 0
It is easy to see that
kerJ = {aog-1 + Bog-1 +79-1 | Voo, Bo,70 € R},

and §_; € kerK, where g_; = (0,0,1,0)T. Hence, g; and g; are uniquely determined, for example, the
first two members read as

1 4 2
9 {(2u — 0)zg + (20 — u)vy — Jvuy, — §(u3 +03) + g(qu + vu2)]
1
7 [3(u — V) zze + 31U — V) (U = V) ge — (2u* + 207 + uv)(u — V), +uZ + 02
1
9o = —Tugvy + u?v? + §uv(u2 +0%) — z(u4 + o) )
3 9 9
—(3vy — 3uy — u? —v? + 4uw)
1 ) 4 2
3 {(u +0)ge + (2u — V)uy + (u—20)v, — §(u3 +03) + g(zw2 + vuz)}
1
§(3vz +uv — u? —v?)
1 5)
o7 [3(u 4+ 0) e + 3(u + ) (v — u)p + uv + uv? — g(u?’ + v?’)}
Go = .
1 —g(u +)
3 [3(u — )y +uv —u? — ’112:|

In order to generate a hierarchy of evolution equations associated with the spectral problem (2.1), we
solve the stationary zero-curvature equation

Vit Viz AVi3
Vo= [U,V]=0, V=(Vij)axs=|AVar Vaz AVas3 |, (2.5)
Va1 Vaa Va3

which is equivalent to
Vitg +AVizg — AV =0,
Vigw + (v —uw)Vig + Vi1 — Vaa =0,
Vig,e + Viz —uViz — Vg = 0,
Vor,0 + (u—v)Var + Vaz — Va1 = 0,
Voo e + AVar — AVsy = 0, (2.6)
Vas,e — vVas 4 Vo — V33 =0,
Vai,e +uVsr + Va3 — Vi1 =0,
Vao,w +0V30 4 Va1 — Vo =0,
Vaz o + AVaa — AViz3 =0,

where each entry V;; = Vj;(a, b, ¢,d) is a Laurent expansion in A:

Vi1 = (0 +u)b — (92 + Ov + ud + wv)a + Ac,

‘/1221), V13=CL+(9C, Vglzd,

Vag = (20 + v)b — (0% + Ov + ud + wv)a + Ac, (2.7)
Vos = (8 - u)a +b+ (82 - u@)o,

V31 =b— (8 + v)a, Vio =a, Vi3 = Ac,
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a=> aj X7, b= b AT, c=) ¢ AT, d=> diAT. (2.8)
=0 Jj=0 =0 Jj=0
A direct calculation shows that (2.6) and (2.7) imply the Lenard equation
KG=M\G, G=(ab,cd? (2.9)
with the conditions

(20 +v —u)a+ (0% —ud)c+ (0 +u—v)d =0,
(O(u+v) + (u+v)0)a — 30b — (0% — Oud — v9? + uwd)c = 0.

Substituting (2.8) into (2.9) and collecting terms with the same powers of A, we arrive at the following
recursion relation

(2.10)

KGij_1=JG;, JG_1=0, j2>0, (2.11)
where G; = (aj,b;,c;,d;)T. It is easy to see that g;, g; determined by (2.2)-(2.4) and G; satisfy the
same equation as (2.11). Since equation JG_; = 0 has a solution

G_1 = agg-1+ Pog-1, (2.12)
then G; can be expressed as
Gj = agj + Pog; + -+ ajgo + Bigo + ¥jr19-1 + Bjt19-1, =0, (2.13)

where a; and 3; are arbitrary constants.
Let ¢ satisfy the spectral problem (2.1) and an auxiliary problem

Yo, =VOy, VO = V), = (V)5 (2.14)

,

where each entry VZS") = Vij(a(”), b () d(m),
a(”) = Zaj,l)\”_j, b(n) = ij,l)\n_j, C(n) = Z Cj,1>\n_j, d(n) = z:djfl)\n_7 (215)
§=0 §=0 j=0 §=0

Then the compatibility condition of (2.1) and (2.14) yields the zero-curvature equation, Uy, — Vi 4
U, V(”)] = 0, which is equivalent to the hierarchy of nonlinear evolution equations

(ut,,06,)" = Xn, 120, (2.16)
where the vector fields X; = X(u,v;gj,gj) = P(KG;_1) = P(JGj), P is the projective map x =
(x(1)7x(2)7x(3),x(4))T — (X(1)7X(2))T7 and a; = (a07...7aj),ﬂj = (Bo,...,B;). The first nontrivial

member in the hierarchy (2.16) is as follows

Uty = F[Uge + 2utly — 2(uV)y — 2Vge] + Botia, (2.17)
Uty = B [~Vaz + 200, — 2(u0)y + 2Uge] + Bova, ’
which is just (1.1) as «p = 3 and By = 0. And the second one is as follows
U, = 5y300[—7u® + 20utv — 15u30? — 10u?v® + Suv?
—5(2u® + 203 — 3u?v — 3uv? + Yvuy — Yvgy) (U — 20),
+45(u? + 02 — v + Ug + Vg ) Uz + 45u(uZ — v2) — 2TUrrs)x, (2.18)

vy = Fmao[—T0% + 20vtu — 1503u? — 100%u® + Svut
—5(2u3 4 203 — 3u?v — 3uv? — Juv, — Ny ) (2u — V),
+45(u? + 0?2 — uv — Uy — Vg )Vgp — 450(UZ — V2) = 2TV00 )
with taking oy = By = 1 = 0 for the sake of simplicity. It is easy to see that (2.18) is reduced to a fifth-

order nonlinear evolution equation [28,29], the modified Sawada—Kotera-Kaup-Kupershmidt (mSKKK)
equation
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Vp = Usp — (5UIUME + 5002 + 50204, — v5)£ (2.19)
as u = 2v and ag = —9.
Moreover, the authors in [28] found that there are two Miura transformations
1
u=1v, — v, w=—v, — =0v° (2.20)

2

between the mSKKK Eq. (2.19) and the classical Sawada-Kotera (SK) equation associated with the 3 x 3
matrix spectral problem
Up = e + DlUpUprs + DUsllypy + 5uu,

and the Kaup-Kupershmidt (KK) equation associated with the 3 x 3 matrix spectral problem
Wi = Wegpprr + 10WaWepe + 25WaWaq0 + 2Ow2wm.

So from solutions to (2.19) and using (2.20), we can easily derive solutions to the SK and KK equations,
respectively. But by utilizing solutions to the SK and KK equations and the Miura transformation (2.20),
it is difficult to obtain solutions to the mSKKK Eq. (2.19).

3. The Baker—Akhiezer function

In this section, we first introduce the Baker—Akhiezer function and the associated meromorphic functions.
The trigonal curve K, is given with the help of the characteristic polynomial of Lax matrix for the MSS
equations. Then the nonlinear evolution equations are decomposed into the system of solvable ordmary

differential equations. For the sake of convenience, we employ the notations Gj,aj, bJ, Cj, d V V(r) to

stand for the quantities G;,a;,b;,¢;,d;,V, V by replacing {cy, B }i=o,...,n With {oq,ﬁl}l:()“__’,ﬁ7 where

the integration constants {«a;, 5;}1=0,....n C R and {al,ﬂl}l:07,,,7,. C R are independent of each other. In
addition, we indicate the individual rth MSS flow by a separate time variable ¢, € C. Here we introduce
the Baker—Akhiezer function (P, x, xo, tr, o) by

wm(Paxax(btrvtO,T) = q(u(‘r)tr))v(xatT‘);A(P))¢(P7xax07tT7t0,T)a
¢tT(P7x7x07tT; tO,T) = V(T)(u(xvt'f)vv(x7t'f); A(P))¢(Pa x7x07t7‘at077")7
V(n) (U(I,tr),U(I,tr); A(P))w(vav'rOvtT‘?tO,T) = y(P)/l/}(Pa ‘T7x05t7'at0,7“)7
wl(Pv mO,iL'O?tO,ratO,r) = ]-a 7/13(P, x07x07t0,r7t0,r) =1

with V) = (V)4 = (V)axs, and V7 = Vi@, 50, &, d0),

¥

T T s T
A" = "a N b =N "k N @D =S N dT =) d A
=0 =0 7=0 =0

where a;, Ej,éj, d; are determined by éj = (aj, Bj,éj, Jj)T,

(3.1)

éj = Qggj + Boﬁj + -+ ajgo + ngo + ajp19-1 + /@j+1§—1, j=>0.

Closely related to ¥(P, z, zo, tr, to ,) are the succeeding meromorphic functions ¢, (P, z,t,) and ¢3(P, z, t,)
defined by

O vauxatrat,r
o1(Pa,tr) = wif(ll(%%mo?tr,toi)) —ulz,tr) (3.2)

and

_ az¢3(P7xvx07tratO,r)
¢3(P z,t )_ ¢3(P79€,9007tr7t0,r) ’ (33)
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which can be, respectively, written as

e(M)AEm—1(\, 2, t,.)

P,z t,) = -
ot %’(A,x,tr) YCm(N 2, 1) + Hin (N, 2, 1,)
_ PV O t) = g A3, 1) + B (A 2, )
o —e(m)Fm-1(\, z,t,)
yV23 Nz, te) + Cr (A, 2, t)
WV 2, t) + An (N 2, t,)
and
bo(P,2,t,) e(M)AFm—1(\, 2, t,)

2V1(n) Nz, ty) —yCr (N, 2, t) + Do (A, x4 t51)
(Zn Nz, ty) —yAnm(\ z,t) + B (A z,t,)
—e(m)Em_1(A\, z,t,)
yV12 Nz, tr) + Crn (N 2, t)
(

yV32 Nz, t) + A, )\,l‘,tr)’

where P = (\,y) € K1, (z,t.) € C?,

Ay = 1(2n )Vg(ln ) V3(2n )V1(1n )7

By = %%”(Véﬁ”vg%’ AV + VD (VI Vi) = av gD,

Cm — )\‘/1(3 )‘/32 V‘(")v’(”)7

Dy = VS (VP Va? = VSV + AV (Vv — i),

A = VgV = ViV,

B = Vi3 (Ve - VIV + Vi (Vv - AV v,

Con = AV V) — VIV,

Hon = Vag (Vay Vas” = AV VD) + AV (Vv = vigIvia),
Em1 = —(m)[Vag? W3 Vi) — Vi Vi) + Vi (v vig?) = vi v,
Fpy = (m )[VWV@V;? Vi V) + Vi (VSIS — A vy,
Em—r = e(m)[Vas (Vo V1) = Vi VD) + v (Vv = AV v

with

e(m) = —1, if m=3n+2,
o 1, if m=3n+1,

which is introduced to ensure that F,,_1, F,,_1 and &,,_1 are monic.
The compatibility conditions of the first three expressions in (3.1) yield that

U, — V" +[U, V] = 0,
—V 4, v™] = o,
—y™ 4 [,y =0,

ZAMP

(3.4)

(3.5)

Through a direct calculation we can show that V1 V(n) + V3(§1 ) =0 and yI — V) satisfy Eqs. (3.10)
and (3.11). Then the characteristic polynomial of the Lax matrix V(™ F,, (A, y) = det(yl — V() is an

independent constant of the variables x and ¢, with the expansion

det(yI — V™) =43 + 4S5, (\) — Tr(N),
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where S,,,(\) and T}, (\) are polynomials with constant coefficients of A
i v vy

Sm(A)=

(3.12)

Note that T,,()) is a (3n +2) or (3n + 1) order polynomial of A. Then F,, (), y) = 0 naturally leads to a
trigonal curve

Km-1: Fm(Ay) = y3 +YSm(A) = T (A) =0, (3.13)

where m = 3n+2asay = 1orm =3n+1as ayg = 0 and By = 1. For the convenience, we also
denote the compactification of the curve KCp,,_1 by IC;,—1. Thus, IC,,,—1 becomes a three-sheeted Riemann
surface of arithmetic genus m — 1. Points P on /C,,_1 are represented as pairs P = (A, y(P)) satisfying
(3.13) together with P, = (00, 00), the point at infinity. The complex structure on /C,,—1 is defined by
introducing local coordinates (p, : P — (A — Ag) near points Py € K,,,—1 which are neither branch nor
singular points of K,,—1, (p, : P — 1/)\% near the branch point P, € K,,_1 and similar at branch
points of Kp, 1.

By the definitions of ¢ (P, z,t,) and ¢3(P,z,t,), we can see that there are various interrelationships
among the polynomials A,,, By, Cy Dy B 1,Am,Bm,Cm,’Hm,5m 1, Fr_1 and Sy, T

e(m)AVAY) Py = V3D, — Su(Vi3))? = €2, (3.14)
(M)A AmFpo_1 = Trn, (Vf”)) + Cou Dy,

eV Bt = S (Via))? = Vi) By + A2, (3.15)
—e(m)ConEm—1 = Ton (V)2 + Ay Bon,

Vi) B + Vi3 D —Vf“V;;)S + AmCi

V(n)vs(n)T +Vln)A S +V32 CnSm — B, C —A,D,, =0, (316)
Vi) AT + Vi3 Coa Ty = By 1 Fpy—1 = By Dy = 0,

e(MAVS et = Vi o — S(Vig))2 — C2,, (3.17)
(M)A Em1 = T (Vay?)? + ConHon,

( )Vgg m—1 — Sm(vl(:«?)>2 _Vl(;)Bm—’_‘A%n’ (3.18)

—(m)Con Fr—1 = T (V)2 + Ay B,
VI By + Vi Ho, — VIV, 4 AnCo
Vl(;%(gn)Tm FVE A S + VIS Crt Sy — BunCon — A Hom = 0, (3.19)
‘/vZ(;)Ame + Vl(;;n)cme - )\gm—lFm—l - BmHm -

(M) Epm_1.0 =28 Vi — 3B, — e(m)(u + v) Ep_1,

Vi3 Frnc1a = =BV + (0 = 20)Vi§)) Frucy + e(m)V? (2V5S, — 3Dy),
e(m) P10 = 28, V3 — 3B, + &(m)(2u — v)Fp_1,

Vi €m0 = —(3Vay) + (u— 20)Vig") 1 + e(m)Viy” (V33" Sy — 3H).

(3.20)

(3.21)

By investigating (2.15) and (3.7), we can see that E,,_1, F,,—1 and &,,—1 are monic polynomials with
respect to A of degree m — 1. Hence, we may write them as three finite products

m—1
Eo1(\a,t) H)\ wi(z,t)), (3.22)
j=1
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m—1
Fo1(\z,t) H —v;(x,t)) (3.23)
j=1
m—1
Em—1(Nztr) = || (A= &i(=,tr)). (3.24)
j=1
Defining
N ~ Am(/f«j(xvtr)vx7t7’)
() = (py(@, ), y(y (@, t0) ) = (1@, t), — € Km_1, (3.25)
AN (:U’J T Y(pi\x ) (NJ T Vg(;)(uj(xatr),l‘,tr)) 1
(1) = (g 1) y(0y o, 1)))
Cr(vj(z, tr), z,t,)
= j ,t,,« y T
R
A (vj(z,ty), 2, t,)
— (x,t), — Kin_1, 3.26
(et = Te5 0 etonainy) € 20
é](z7t7‘) == (gj(xatT)ay(gj(xatT)))
S G IO,

%(;)(gj(m7tr)a ‘r7tr)
1<j<m-—1,(xt,) e C? (3.27)

and Py = (0,0), Py = (0, Vl(ln)|>\:0) with V1(1n)|A:0 = (0 + u)bp_1 — (0% + Ov + ud + uv)a,_1, and the
positive divisors on IC,, 1 of degree m — 1
ICmfl - NOv
Dp,,...pp s [k, if P occurs k timesin {Pi,...,Pn_1},
P— DP1,...,Pm_1(P) - {07 if P ¢ {Pl,- ) ';mel}
with Ng = N U {0}. One infers from (3.4) and (3.5) that the divisors (¢1 (P, z,t,)) of ¢1(P,x,t,) and
(¢3(P7x7t7‘)) of ¢3(P7x7t7‘) are given by

(p1(P 2 tr)) = DPO,&(’»L',M),-u,émA(%tr)(P) - DP@O7’91(1711*7“)7--*7’)77’1*1(%71‘*7“)(P)7 (3.28)
(03(P,2,tr) = Dpy oy (2,t0)sesiomr (2st2) (P) = PP i (@t )s s -1 (st) (P) s (3.29)

which means that Py, él (T, tp), ... ,ém,l(:v, t.) and Py, 01 (z,tr), ..., Um—1(x,t,) are m zeros of ¢1 (P, x,t,)
and ¢3(P,x,t,), respectively, and Puo, 71(x,t,), ..., Um—1(z,t,) and Puo, fir(x,t), ..., fim—1(x,t,) their
m poles, respectively.

Next, we introduce the holomorphic map *, changing sheets, which is defined by

% {]Cm—l - Km—l
P=(\yi(N) = P = (A ¥Yit1(moaz)(N)), 1=0,1,2" (3.30)
P = (P*)*,  ele.,
where y;(\), ¢=0,1,2, denote the three branches of y(P) satisfying F,, (A, y) = 0, that is, (y—yo(N))(y—
y1(N)(y — y2(N) = v + ySm(A) — T (X) = 0, which is used to exactly get

Yo +y1 +y2 =0,
Yoy1 + Yoy2 + y1y2 = Sm(N),
Yoy1y2 = T (N),

3.31
y3+y%+y31725m(/\), (3:31)
vo + i +y2 = 3T, N,
yy? + udys + yivi = SE(N).
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Then through a direct calculation, by using (3.1)—(3.5), (3.14)—(3.21), (3.30) and (3.31), we will obtain

further properties of ¢1 (P, z,t,) and ¢3(P, z,t,).

Lemma 3.1. Assume (3.1) and (3.3), P = (A\,y(P)) € Kin—1\{Psx}, and let (\,z,zq,t,,to,) € C°. Then

01.02(P,x,tr) + 301(P, x, t )1 o (P, ) + &3 (P x,t,) + [ug(z,tr) — v (2, tr) + u?(xz,t,)
—u(a, t,)o(x, )1 (P x, t,) + [2u(2, t,) — vz, t,)][d1,2 (P2, tr) + 67 (P2, t,)] = A,
B3.20(P,,t,) + 303(P, 2, t, )3 0P,z t,) + @3 (P, x,t,) + [u(z, t,)v(x, t,)
—tug(, b)) p3(Py, tr) = [u(e, tr) + v(x, t,))[03,.2 (P, 2, t) + 5(P,a, t,)] = A,
[61(P,z, t,) + u(z, t.))e, = 0:{ Vi3 (A, 8,)[d1,0 (P, 2, t) + 62 (P, t) + (u(w, t,)
—v(@,t,))g1 (P, )] + VIS (N, 2, 1) (P ty) + Vi (N 2.t ],
5.4, (Px,t,) = 0 [Vag (A2, 6,) (83,0 (P, ) + 03(P, 1) + (Vap) (N, 1)

—u(@, t)Vis (N 2, 6,)) b3 (P, m, t,) + Vg (A, 1,)],
Agm,1(>\, Z, t»,‘)

O1(P,z, bt )01 (P*, x, tr) o1 (P, 2, ty) = Fo Ozt

03(P, 2, 1) 63(P* 2, 1) (P, 1) = m

o1(P,z,t.) + d1(P*,z,t.) + 1 (P 2, t,) = W +v(x,t.) — 2u(z, t,.),

P t0) 4 6P 2,0 + 00(P 1) =TT ) 4oy,
1 1 1 VIO ty) Emra(N sty

Pat) e (Prat) | ePmat) O aty) Enihat)
3V (A ,t) + (ula,t,) — 20(w, ) Vas) (A, 2, 1)
VRIS
1 1 1 Vi N, t,) Fre(A\2,t,)
GPat) | GaPrat) | e (Pat) | AV Onanty) Fmi(nant)
3V O ) + (0@, ) — 2u(@, ) VIS (N, 2, 1)
AV (N, 2, )
y(P)o1 (P, x,t,) +y(P*)¢>1(P* z,tr) + y(P) o1 (P, z,tr)
T MV, 2, 10) + 28 (A) A (A, 2, 1)
—e(m)Fpn_1(\, z,t,) ’
Yy(P)os (P w,ty) + y(P)gs (P, ) + y(P*)gs (P, 2, L)
3T, (AVs? (A, 2, 1) + 285, (A) A (A, 2, 1,.)
—e(m)Em-_1(\, z,t,) '
Lemma 3.2. Assume (3.1), (3.7) and let (A, z,t,) € C>. Then

)

)

S Vi)
Em71,t,.()\7$,tr) = Emfl,a:()vxatr) V31 - W‘/Eﬂ +Em71()\7xatr)
32

b

S V)
v Vﬁ) Vi | (w+v) + 36,
32

(3.32)

(3.33)

(3.34)

(3.35)
(3.36)

(3.37)
(3.38)

(3.39)

(3.40)

(3.41)

(3.42)

(3.43)

)
3 (T - Vay v
33 V(")
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V )

V(T) n - V(
13 ‘/'1(2 ) + mel()\afatr) 3 Vl(l) 13
v (n)

Vis vy

mel,tr()\vxytr) - mel,z()‘vm7tr) <V(r)

)

(r V( n ~
+ (Vl(g) Vl(?;) V( )> (v —2u) + 3¢,

i (r V( n
Vou

(3.44)

Em—l,tr()\vxatr) == Em—l,z(Aaxatr) (‘72(;:) “//_2(1]’) V(n)> + Sm—l(Aam7tr)

i7(r)
(r V n ~
+ <V2(3) V2(1n) V( )> (u — 2v) + 3¢,
O

Proof. See “Appendix A.”

An explicit computation gives immediately the properties of ¥3(P, x, xo, t,, to ) as we will see below

Y1, (P,x, 20, tryto.r) = [Via (A 2, t,) (63.2(P, 3, 1) + 02(P, 2, 1))
FVA O @ te) — ul, b)) Vag (N 2, 6.)) 93 (P, ) + Vig (A, @, )0 (P, 2, 20, £, 1),
(3.45)

7//3(P,13,170,t7~,t0,7-)
x tr
= exp (/ ¢3(P,x’,tr)dw’+/
o t() 7‘

‘G({L)(A,I'Oat/) / o (r) / / o7 (r) / /
,ﬁd)g(P,x(),t) +V31 ()\,Io,t )¢3(P,$0,t ) +V33 ()\,I(),t) dt ),
V32 ()"x()vt)
Y3(P,x, 0, tr, to,, )U3(P*, z,20,tr, to,, )3 (P*
Emflo"x’t?“) /I / / / /tr ~ ’ /
= ex u(z',t,) +v(z',t,)|dz" — 3 Cr(xo, t)dt" ), 3.47
TR WO p ([ futa'ste) + o' )] | alant) ) (3.47)
V3,2 ( Pz, 20, by, Lo, )30 (P @, 2o, ty, to,)103,4(
)‘mel()‘wfcﬂtr) /w ! / / /tr ~ / /
= ex u(x' t,) +v(a’,t,.)]dx’ — 3 Cr(xg, t)dt ), 3.48
ORI G RCERAENICAS) | el t) ) (3.48)
Em—l(/\wratr) 13
P trytor) =
wS( - 0 ) |:Em1()\ax0at0,r):|
cop / <y2<P>v3<§><A,x',tr> —y(P) AR 1)+ 3 WVer e itr) | Loy
o *5(m)Em—1(>\7I/atr) 3 o
= y(P) A (A, 70,t') + 2Sm (M Vi3 (A, 20, )

: 2 (n) /
) o (P (P)Vay (A o, )
+U(.T 7t7)])dx / ( —E(m)Em71(>\,$07t/)

to,r

XN/(T) ()\ Xo tl)

% - Er(xo,t'))dt’}.
Vio (A, o, ')

) — v;?u o, 1)
‘/32 ()‘ l‘o, )

Vv3(r) ()\7 o, t/) (y(

(3.46)

*
, X, X0, tra tO,r)

0
*
P axax()atrvtﬂ,r)

0

() ’
Voo (A, o, t n
Voo (A 2o,t) )VB(I)()\,xO,t/) +y(P)

V3(;)(A7 Lo, tl)

‘73({) (Av Zo, tl) -

(3.49)
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The dynamics of the zeros pj;(z,t,), v;j(z,t,) and &(x,t,) of Ep_1(\ z,t,), Fpno1(\2,t,) and
Em—1(A\, x,t,) are then described in terms of Dubrovin-type equations.

Lemma 3.3. (i) Suppose the zeros {p;(x,t;)}i=1,. m—1 of Em—1(-,2,t,) remain distinct for (z,t,) €
Qu, where Q, C C? is open and connected. Then {w;(z, ty)}j=1,. .m—1 satisfy the system of differential
equations

) Vi (45 ), ) By (g (. 1)) + Sin (13 (2 )]

T (i@ te) = g, 82)
=
fian (@, t0) = [Vas) (o), 2, b ) VAT (g (e, )y ) — Vi) (g (@, 6), 2, 6 ) Viy) (g (e, 1), 1)
() By (s (2, ) + S (2, 0))]

TT () — e 2)

k=1
k#j

(2, tr) = 1<j<m-—1, (3.50)

Eoaka
S

X

1<j<m-1 (3.51)

(1t) Suppose the zeros {v;(z,t;)}j=1, . .m—1 Of Fm—1(-,x,t.) remain distinct for (z,t,) € Q,, where
Q, C C? is open and connected. Then {vj(x,t,)}j=1.. m—1 satisfy the system of differential equations

e(m)Vi (v, t,), m, ) By (95 (2, 1,)) + S (v (, 1,))]

m—1

H (Vj(.’l?,tr,») - Vk(l',tr))
k=1

k#j

Vit (T, ) = [Vl(i‘?)(’/j(xvtf’)vx’tT)Vl(zr)(Vj(xvtr)vxatf’) - Vl(;)(ljj(it,tr),:L',tr)vl(;)(l/j(l',tr),:E7tr)]
L EM)BY (75w, tr)) + S (v3(w, )]

m—1
H (Vj(x7t7“) - Vk(xvtr))

k=1
k#j

Vjaz(,t,) = ., 1<j<m-—1, (3.52)

1<j<m-1 (3.53)

(i11) Suppose the zeros {&;(x,t,)}j=1,...m=-1 Of Em—1(-,x,t,) remain distinct for (x,t,.) € Q¢, where
Q¢ C C? is open and connected. Then {&j(x,t,)}j=1.....m—1 satisfy the system of differential equations

e(m)Vay” (&5 (), 2, t) 3y (€ (2, 1)) + S (& (2, 1))

m—1
H (fj(xvtr) - gk(xatr))
=

gj,tr (xvtT) = [‘/é(?)(gj(xatr)vxatr)%(g) (gj($7tr),$7tr) - %({)(fj(m7tr)7$7tr)v2(;) (gj(xvtr)axvtT)]
v e(m) [392(€j (@,tr)) + Sm(&5(, tr))]

TT (6 te) — &l t2)

k=1
k#j

§ialw,ty) = 1<j<m-—1, (3.54)

, 1<j<m-—1 (3.55)
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Proof. Substituting A\ = p;(x,t,) or v;(z,t,) or §;(x,t,) into (3.14) or (3.15) or (3.17), we have

A%m(ﬂj(x’ tT)v xz, t?“)
V3(2n) (:u’j (LU, tr)y Z, tr)
= Sy (2, 1,)) + 42 (0 (s 6 )Vis (g (2 81) 2, 8,

B (1 (. t0), 2, t) = S (g (2, £, ) )VAS (i (2, 1), 2, £) +

C,%L(Vj(x,t,.),x,t,.)
Vl(;)(yj(xa tr)a xZ, tr)
=[S (v (2, t,)) + 2 (05, t.))ViS? (v (2, 1,), 2, 8,),

m\Sj T r) — Sm j T (g T T an(gj (x7tT)7x7tT)
H (fj(.ﬁﬂ,t )7x’t ) (gj(xvt ))‘/23 (ng(Z‘?t ),l‘,t )+ ‘é(;)(gj(:r,tT),x,tr)

After substituting (3.56) into (3.20) and (3.21), we get

Do (v ), 2, t) = Son (03 (2, £, )9 (v (2, 1), 2, 1) +

(3.56)

e(m) 1.2 (1 (2, 62), 3, 10) = =V (1 (1), 2, 62) [BY2 (i (2, 1) + S (11 (2, 1)),
Fo1.0(vj(2,1:), 2, 1) = —e(m)Vi3? (v (2, 1), 2, 6) By (9 (2, 1)) + S (v (. 1,))], (3.57)
Emra(&(@ty) 2 t) = —e(m)VA (& (), 0, 1) [BY2 (6 (2, £0)) + S (5 (2, 1)),

On the other hand, differentiating (3.22)(3.24) with respect to z gives rise to

-1

Em—l,r|>\:#j($%) = —Hja(z,tr) (i (@, tr) — p(, tr)), (3.58)

3

RRESES
[N
—_ S

—

il oy = Vi@ te) [ (e, t) = vile.1,), (3.59)

3
[~
e

(& (@ tr) — &=, 1)), (3.60)

—

Em—1,2 |>\:§j (z,tr) — =& (377 tr)

o
S
Sl

which together with (3.57) indicates (3.50), (3.52) and (3.54). Analogously we can deduce the Dubrovin-
type equations (3.51), (3.53) and (3.55). O

4. Algebro-geometric solutions to the MSS hierarchy

In the last section, we will obtain theta function representations for the Baker—Akhiezer function, the
meromorphic functions and algebro-geometric solutions of the MSS hierarchy.

In order to view the properties of ¢1(P, z,t,.) and ¢3(P,x,t,) near Po € K,,—1, we take the local
coordinate ( = A5, After substituting the power series ansatz of ¢1(P,z,t,) and ¢3(P,z,t,) in ¢ into
(3.32) and (3.33) then yields the indicated Laurent series:

¢1(P,(E,t

f\\»—l

¢—0

Z as P — Py (4.1)
j=0
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with
_ 1 _ 1 2 2
A=1, A= g(v—2u), Ay = 5(3um—|—u — uv + v°),
17 1 1 2 2
Ag = —— _um + Vgz + VU5 + vy + §u2v + guv2 - §u3 - 91}3} ,
Ay = i g — 2utly + duvy, + vy + vy + uo + wv? — gu3 — 2113
T j—1 j—1
A]- = 75 Aj_Q’xa; + (Q’LL - U)Aj_27m +3 Z Aj—l—iAi,z + (2U - 1)) Z Aj—l—iAi
j_—l i1 =0 =0
+ 3NN+ ZAAA] i1+ (ug —vz—i—uz—uv)Ajg}, (7 > 3),
=1 i=11=0
and -
1 .
a(Pastr) = 5 Ki(@,tr)¢, s P P, (4.3)
where
1 1 1 )
ko =1, ng(u—i—v), fig:—g(uv—&—vgg)—i—g(u—i—v) )
1 2
K3 =3 Qg V + UV — Ully — 200y — UV — U2 — Ugy + 2040 + §(u + v)s] ,
1 1 . 2 n 5 9 9 . n 2( . )3
Ky = ——= | —=UlUz + —UV; + =VUyp — —VVy — UV — UV — Ugy + Vpy + = (U + 0 ,
YT 93 3 3 3 9 . (4.4)
1 !
Ky = —g Kj—2 20 — (u + ’U)I'ijfz,m +3 Z Kj—1—iRiz — (u + ’U) Z Kj—1—iR;
=0 L

Jj—1lj—i

—I—Zfim] i+ > mellﬁ, —ici+ (u U—U/w)l‘ij_Q:l, (5 >3).
1=11l=

Like the method used in [24], we can present some asymptotic properties of y and S, near Py € Kp—1
in the following

(P) _ C73n72[1+ﬂoC+0¢1C3+51<4+O(C6)], as P_)Poov m:3n+27 (4 5)
ST Zo L¢3 11 + a2 + B1¢3 + O(CP)], as P— Py, m=3n+1, '
_ 73476’”73[50 + (ﬂl + alﬁO)CS + O(CG)L as P — Poo; m = 3n+ 2, (4 6)
o | =3¢ oy + O(¢3)], as P— Py, m=3n+1. '
We now introduce the holomorphic differentials 7;(P) on K,,—1 defined by
1 A=Ld, 1<l<m-n-—1,
nl(P) - 3y(P)2 +S,, {y(P))\H_n_md)\, m—-n<l<m-—1, (4'7)

and choose a homology basis {a;,b; }T;ll on K,,—1 in such a way that the intersection matrix of the
cycles satisfies

ajoby =05, ajoar,=0, bjob,=0, jk=1,...,m-1
Define the invertible matrix £ € GL(m — 1,C) by

E = (Ejr)m-1)x(m-1), Ejr =/ nj, (4.8)
ag

and the normalized holomorphic differentials w; by

m—1

wj:Zej(l)m, /wj: ik /w]‘:Tj)k, k=1,....m—1, (4.9)

=1 ak br
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where
e(k) = (e1(k),... em-1(k), e;(k) = (B~ ")jx

The matrix 7 can be shown to be symmetric (7,5 = 75 ;) and it has a positive-definite imaginary part
[30,31]. Let wg;’z (P) denote the normalized Abelian differential of the second kind defined by

1 n =
{ y(P)N*d\, m =3n+2, (4.10)

A2nd ), m=3n+1,

m—1
(2)
P)=— n(P)—- ——
‘*’POO,Q( ) jz:;zﬂ?a( ) 3y(P)2+Sm

which is holomorphic on KCp,—1 \ { P~ } with a pole of order 2 at P., and the constants {z;};=1, .. m—1 are
determined by the normalization condition

/ Wi L(P)=0, j=1,...,m—1 (4.11)

J

The b-periods of the differential wgo)og are denoted by

1<

2 2 2 2 1 2 )

P = U U = [ W) i=Lemet (4.12)
bj

In particular, if we set w; = Y = p1.;¢'d¢, then we can know UQ(ZJ) = po,; [20].

On the other hand, wgo)o’g(P) denotes the normalized Abelian differential of the second kind which is
holomorphic on K,,—1 \ { P} with a pole of order 3 at Py

2 2 2 2 1 2 ;
Qé):(Ué,f,--wUé,ﬁH), U?EJ):%/Z,WED;@(P)’ j=1...,m-1

(¢C3+0(1)d¢, as P — P..

(4.13)
Wg;,?,(P)

o

Furthermore, the normalized Abelian differential of the third kind wgo)m p, (P) is holomorphic on ;1 \
{Py, Po} with simple poles at Py, and Py with residues 41, respectively, that is,

Wil p(P) = (1 +0()AC, as P Puo,

wgi,Po (P) o (—=¢7'+0(1)d¢, as P — P,.

(4.14)

Similarly, the other normalized Abelian differential of the third kind wg’;’PO(P) is also holomorphic on
Kin—1\ {Px,Po} with simple poles at Py, and Py with residues +1, respectively, that is,

3
Wiy (P)

3
wEDO)C,PO(P)

(C"'+0(1))d¢, as P — P,
(—¢~1+0(1))d¢, as P — Py.

o
=0
Thus, we have

,
/ WJ(!EO)O,PO(P) =In¢+ 6(3)(Q0) +0(¢), as P — Py,

P (4.15)
/Q W) (P)=—In¢+e®(Qo) +0(), as P — Py,

with e(®) (Qq) an integration constant.
A straightforward Laurent expansion of (4.7), (4.9) and (4.10) near Py yields the subsequent results.
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Lemma 4.1. Assume the curve KCp,_1 to be nonsingular. Then near Py, in the local coordinate { = )\_%,

the differentials w and wgol’z have the Laurent series
W= (Wi, Wm_1) o (py +£,C+ p,¢° +0(CH) (4.16)
with
[ —e(m—n-1), m:3n+2,
Lo =\ —e(m — 1), =3n+1,
_ [ —e(m—1) + Boe(m —n—l), m = 3n + 2,
by = —e(m—n—1), m=3n+1,
f 2ar = Be(m—n—1)+ pEe(m —1) —e(m —n—2), m = 3n+ 2,
£y = Bie(m —1) + aze(m —n—1) —e(m — 2), m=3n+1,
and
9 (C_Q + Zm—n—1 — ﬁg + (—041 + ﬁg - ﬁozm—n—l + Zm—l)c + O(CQ))dC7
W) L(P) = m=3n+2, (4.17)

-0 (24 2zmo1 —a1+ (Zmen_1 —261)C + O(¢?))dC, m=3n+ 1.

Consequently, from (4.17) we infer
/ Wl o(P) =)~ e (@) ol + O, as P P, (4.18)
0

where 62 (Qo) is an appropriate constant, and

_ —Zm—n—1 + ﬁo, m = 3n + 27
"= { —Zm—1+a1, m=3n+1, (4.19)
1 3
_ E(_al + 60 - ﬁOmenfl + mel)a m = 3n + 2,
2= { %Zm—n—l - 613 m = 3n + 1. (420)

Let 6()) denote the Riemann theta function [30,31] associated with K,,,—1 and an appropriately fixed
homology basis. We assume /C,,,_1to be nonsingular for the remainder of this section. Next, we choose a
convenient base point Qo € K,,_1 \ {Pso}. For brevity, define the function \ : K,,_1 X 0™ 1K, 1 — C
by

AP, Q) =Eq, — A, (P) + ag,(Dqg), Pekm,
Q: (Q17"'7Qm 1) €o™m” 1’Cm 1

where 0" KC,—1 = {{Q1,...,Qn}Q; € Ki—1,j = 1,...,n} denotes the nth symmetric power of KC,,_1,
Zg, is the vector of Riemann constants, and the Abel maps A, (-) and ag () are defined by (period
lattice L, 1 ={z € C" Yz=N+7M,N,M € Z™1})

AQO : ICmfl - J(Icmfl) = Cm_l/meh

P
P HAQO(P) = (Agy1(P), ..., Agym-1(P)) = (/ wl,...,/

(4.21)

P
Wm—1 | (modL,,_1),

0

and
ag, : Div(Ky—1) = T (K1),
Divag, (@)= S D(P)Ag,(P)

Pekm—1

Then the theta function representations of ¢1(P, z,t,) and ¢3(P,x,t,) read later.
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Theorem 4.2. Assume that the curve Kp,—1 is nonsingular. Furthermore, let P = (\,y) € Kpm—1 \ {Px},
and let (x,t.), (zo,to,) € Qp, where Q, C C? is open and connected. Suppose also that Dji(at,), O
equivalently, Dy(z.¢,), OT Dé( is nonspecial for (z,t,) € Q,. Then

z,tr)

OA(P, &(@,1,)))0(A(Poc, 2z, t

T = z,tr))) xp (e® — Pw(?’)
P ) =G o G e P (V@ [ ) a2

and
OA(P, D(,t7)))0(A(Poo,

P3P ) = G (P 5, £0)) IR,

€,y P
Em,;;;; exp (3(3)(Q0) - /Q w§;7po). (4.23)

e

Proof. Using (3.28) we immediately know that ¢; has simple poles at v(x,t,.) and P, and simple zeros
at {(x,t,) and Po. It is easily got from (4.15) that

P
exp (6(3)(620) — / ng,??o) cio ¢ty O(1), as P — P,
Qo (4.24)

P
exp (6(3)(Q0) — /Q ng@l,%) o ¢+ 0(1), as P — Py,
0

Let @ be defined by the right-hand side of (4.22). Then ® has the same properties in view of (4.24) and
the Riemann’s vanishing theorem. Using the Riemann—Roch theorem, we conclude that the holomorphic

function % = v, where 7 is a constant. It is easy to see that (4.24) together with (4.1) implies

> (1+0Q)¢T+0@1) as P —
¢ =0 (¢t +0(1)) ¢=0 1+0(9), P e )

Then we derive v = 1. Homoplastically we get the theta function representation of ¢3(P, x,t,) as (4.23).
O

Let wgo)c pJ= 3142 or 3l+1,1 € Ny, be the normalized differentials of the second kind holomorphic
on K1 \ {Px} with a pole of order j at P,

wi ;(P) o (7 +01)d¢, as P — Pw. (4.26)

Furthermore, introduce the normalized differentials of the second kind

~(2 ~ 2 > 2
OF 1= @Bl 2wy s+ Y BB+ Dl s, (4.27)
1=0 =0

where s =3r+2 or 3r+1,r € Ny, and

sy [, 8), s=3r+2, 5
(Ol()a/())o){(o,li)7 S:3T+17 ﬂOER

In addition, we define the vector of b-periods of the normalized differential of the second kind ng)ms 41
by

=(2) 77(2) (2) 7(2) 1 o2
Qs+1 - (Uerl,l? R Us+1,m71)’ Us+1,j - Tm ) QPao,s—&-l’ (4.28)

j=1....m—1, s=3r+2 or 3r+1, reNp.
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For the sake of splitting the two different choices of s, we introduce the notations

(T) _
‘7293):{ T o=t o bier  S=I Dy g
V3j |&0:0,50:1,&1,...7&7.,51,...,@611{ s =3r+1,

s =3r+2,

~(v s) _ C |ao:17&1,.‘.@T,Bow..,,@.eﬂ% .
s=3r+1,’

Cr|ao:07502175¢1 ,,,,, &r,fB1,...,BrER

and the corresponding homogeneous cases

_ (r) _
= (r,s) {VJ(J | Go=1,81 ==y o= = =0 s=3r+2, =123

37 B
‘/3] IOéO:O’BO:l’dl:“':5‘7‘:51:'":Br:() s = 3T + 1’
o(rs) — {CT|5¢0—1 ==, =Po="=03r=0 s =3r+2,
T Cr|a0 0,60=1,a1="=@&,=B1=-=53,=0 S:3T+15

Motivated by the second integration in (3.46) one defines the function I(P,z,t,), meromorphic on

Icm—l X C27 by
(P, ty) = [V (N, t) — u(a, t) VS (N 2, t,)]ds (P, t,) + VAT (A, 2,8,

90

V8 vz, t) (d3.0 (P, t,) + G3(Poa, ). (4.29)

Denote by I, (P, z,t,) the associated homogeneous quantity replacing V3(1 ), V3(r) V(T by the corresponding

=(r) =(r) =(r)

homogeneous polynomials Vg, , Vg, Vg [24,25]. Tt is easy to conclude (the proof is in “Appendix B”)

I, (P, x,t,) "o (=&Y £ 0(C), as P — Pu. (4.30)
By (3.1) one infers
L(Px,t) = ap i Iso(Poayty) + Y Brilsia (P, ty) (4.31)
=0 =0

with s = 3r + 2 or 3r + 1. Thus, (as P — Px,)

t T
. R
/ I,(P,x,t")dt’ o (tr —to,r) Z (O‘T—l = + ﬁr—lCSlJrl)

to,r =0

to,r

Furthermore, integrating (4.27) yields

P
a® 2
/P Evoo,s+1 Za, 1(31+2) / WP 3z+3+zﬁr 13“‘1)/ WED) 3142
0

’I"

—/tr ér(x, t)dt' + O(Q). (4.32)

¢
o Z&T—I(SZ - 2)/ <31+3 ——d(+ Zﬂr (31 + 1)/ G ——d¢+0(0) (4.33)

T

- 1
o 2t Zﬁr*lgsm +eZ1(@0) +0(Q). s P Px.
=0 =0

where e (Qo) is a constant. Combining (4.32) and (4.33) yields

t,« t'r
[ 1Pt = (6t (@) - 6 - | et 400, as P P (430)

to,r = Qo to,r

Next, we shall arrive at the theta function representation of ¥3(P, z, zo, t, o).
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Theorem 4.3. Assume that the curve K,,—1 is nonsingular. Let P = (\,y) € Kpm—1 \ {Pso, Po} and let

(z,t), (zo, to,r) € Q. where 2, C C? is open and connected. Suppose that Dij(at,), or equivalently,
Dy(z,t,), Or Dﬁ(z,tT) is nonspecial for (z,t,) € Q,. Then

OAP, i, 1r)))0(A(Poc, 10, to,r)))
O(A(Pos, 1, 1,)))0(A(P, (0, to,r)))

2 2 2 P~2
mmﬁ%mﬂémm—/w9ﬁ+w—mﬂG&@®jéQ%ﬁJ

wS(PaxaantrztO,r) =

Qo

+;Lz[u(x’,tr)+v(o:’7tr)]d:c’/tr (o, ). (4.35)

0 to,r

Proof. Assume that p;(x,t,) # pr(x,ty),j # k, (2,t,) € Q C Q,, where Qu is open and connected.
Using (3.4), (3.20), (3.44), (3.50), (3.51), one can compute

d3(Pra,tr) = —g(m)Em 1
_ Y2V — yAn + 2V S0 — Le(m)Ep1 e — 2e(m)(u+v) B
—e(m)Ep—1 o (4.36)
2 ) 3+ Sm 1 1 Vs y® + yAm
== — "+ -0, nE, 1+ = BRI S Sl
372 —e(m)Epm_ T3l 1+3(u+v)+ e(m)Epm—1
= 2L 0(), as A= (s te),
and
(P, 1) = Vil 65 + V. (”(¢>3 v + 83 — ugs) + Viy)
v
_ (V(T) Vg) 3(1n))¢ LV (r) V(T) 3(1) Yy 3(31)
Vs Vs
( ) 27/(n) 2 (n) _ 1
_ () _ ) Var '\ (¥ Vay” — yAm 4+ 290 Vi’ — se(m)Ep_14 1
o (VSl Vsa V("))( —e(m)Epm—1 + 3(u+v))

+‘73(§") VB(;“) Vs(s ) Vé(zr)

1E,,_ i (r (r V(n) 2V(n) - Am + 2S’rn‘/(n) ?(T)
:,LW+(V3(1)_V3(2) 31 >y 32° — Y 3 32 320

3 E,_1 V3(2") —5(m)Em71 yv(n) cr
+yde 70
1B, 1 tr (r)y,(n) 7 (r)y -(n) 2 3y2 + S, y V(n) V32 ~
=+ (Vg V! — Vi ' Vi - 82 —
3 Epm_1 ( 32 ) 3 —e(m)Ep_1 + e(m)E,,_, +yV3<;> ¢
= Hit 4 00), as P — (xt). (4.37)
A — g
More concisely,
¢3(P, ' ty) = Op In(X — p;(2',t,)) + O(1), for P near f;(z,t,), (4.38)
I(P,zg,t") = 0p In(A — pj(zo,t")) + O(1), for P near fij(zo,t’), '
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which means that

tr

P (/Z[aﬂﬂ’ In(A — p;(2’, ) + O(1)]da’ + / [0 In(\ — pj (0, 1)) + 0(1)]dt')

xo to,r
_Awaty) A= (ot )0(1)
)\ M](‘TOu ) A— IU/j(x()atOT)
Ayt )O)  for P omear fiy(a,ty) # (@, to.),
=< 0(1) for P mear f;(x,t.) = fij(xo,t0,r),

()\—,uj(mo,to’r))*lO(l) for P mnear f[ij(xo,t0,r) # [(x,tr),

(4.39)

where O(1) # 0. Let U(P, x, zg, tr, to,) be denoted by the right-hand side of (4.35), we can immediately
know that all zeros and poles of ¥3 and ¥ on K,,—1 \ {Ps} are simple and coincident. From (4.3), we
have (as P — Px)

x

/m: o3(P, ', t,)da’ o (x—x0) (" 4+0(0) + ~/m %[u(x’,tr) + (2 t,)]da’. (4.40)

0

By (4.34) and (4.40), we see that the essential singularity of ¥3 and ¥ at P, coincide. The uniqueness
result for Baker—Akhiezer functions completes the proof that 13 = ¥ on Qu- The extension of the result
from (z,t,) € QH to (z,t,) € Q, follows from the continuity of ag and the hypothesis that Dy, is
nonspecial for (z,t,) € Q. O

The MSS flows can be straightened out by the Abel map through the method used in [24,25].

Theorem 4.4. Assume that the curve K,,_1 is nonsingular and let (z,t,), (zo,to) € C% Then

2 ~(2)
QQ, (DE(IvtT)) = Qq, (Dﬁ(ﬁo,to,r)> + Qé )( ) + U(ng ( tO,T’)a
gy (Doe)) = a0y (Diaouto ) + US (= w0) + U(s+) 1(tr —to,r), (4.41)
2
QQ, (Dé(x,t,)) = Qaq, (IDg(fro,tO,r)) + Ué )(‘T - (E()) + Us+1( to,”’)'

Theorem 4.5. Assume that the curve K,,,—1 is nonsingular and let (z,t,) € Q,,, where Q, C C? is open and
connected. Suppose also that Du(at,), O equivalently, Dy(z1,) or Dé(m t) is nonspecial for (z,t.) € Q.

Then

O(A(Pac, fu(w, ) 0(A(Pocs E(, 1))
'U/(-ryt’r) = 81: In GQ(A(P (x t ))) A +wr — Wo, (4 42)
a BA(Poc, 2, 1,)) A (Poo, £ 1r))) '
v(x,t,) = =0, In 02(A\(Pso, iu(z, 1,))) + wo + 2wy,

where wy, wy are constants.

Proof. The Taylor expansions about P, of the ratios of the theta functions in (4.22) and (4.23) are

OA(P, (. 1,)))
BT L o

72 T, ty 2
0P, 0w, £,))) o+~ Qe 016+ O, P = Pec, (4.43)
IAPLEL) :
IA(Poor €, 1)) o 02T O,
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where 0y = 0(Eq, — Ag,(Px) + gy (Du(at,), 0 = 0(Eg, — Ag,(P) + ag,(Di(a,))) and 2 =
0(Zg, — Ag, (Px) + g, (Dé(x tr)))' Then we get the Taylor expansions about ¢; and ¢3, as P — Py,

Q(A(Pa g(xJT)))Q(A(POOvQ(xatr))) « 6( ) . (3)
9<A<Poo,§§f’tr>>>0@<ag<x,tr>» ‘ p( ?(Qo) /Q P P°)
(10, 1n;j<+0<<;2))<<—1 +wo + 0(C))

¢1(P,J),t¢) =

=

0
S 0% +wo + 0(¢),

H(A(P,Q(w,tr))) A(Poo; fi(, tr)))
3(Pasty) = G5P g ( I iz 7)) P (e(3)(Q0)—/QOw§327PO)

= -2 1n9—04+0( CNECH w1 +0(C))

(4.44)

o -0, an—; + w1 + 0(Q),
where wg, wy are constants. From (4.1) and (4.3), we also know
a1(Paty) = ¢+ gl t) = 2u(z, )] +O0(0),
os(Paty) = ¢+ glul, tr) +vle, )] + O).

Therefore, it is clear that

(4.45)

[v(x,t,) — 2u(x,t,)] = =0, In 9— -+ wo,
01 (4.46)

0,
%[u(l’,tr) + /U(:E,tr” 6 ln % + wy,

which implies (4.42). O

(M

5. Conclusions

In the present paper, we construct the solutions to the Mikhailov—Shabat—Sokolov hierarchy with the
aid of the theory of the trigonal curve. By introducing a 3 x 3 matrix spectral problem, the Mikhailov—
Shabat—Sokolov hierarchy are presented. Resorting to the characteristic polynomial of Lax matrix for it,
we introduce a trigonal curve, from which we deduce the associated Baker—Akhiezer function, meromor-
phic functions and Dubrovin-type equations. In view of the approximation of the Baker function and
meromorphic function near infinity and the properties of the differentials, we show the explicit theta
function representation of the Baker function and meromorphic function.
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Appendix A: The proof of Lemma 3.2

From (3.1) and (3.2), we infer

(n) (n)
Y-V, W
‘/32 V32
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Thus,

¢3,J:(Paxat7‘) + ¢3,w(P*7$7t7') + ¢3 L( **a at'r') + (ﬁ%(P,I‘,t,) + ¢§(P*,$,t7) + ¢§(P**,J?,t7)

Vay

(n)
:y0+y1+y2_3v33 (0= () +6aF) + 6n()

V(") VAN TEmo1.(\, 2, )
—3-33 — 3l ULttt LA R b t, t.)] . A2
V(n) (U, V3(2n) Emfl()\ﬁ%tr) + U(J}, ) + U(Jf, ) ( )

Differentiating (3.39) with respect to ¢, indicates

* ok _ Emfl,r()‘axvtr)
atr[¢3(P7$7tr) +¢3(P 7x7t?”) +¢3(P 7x7t’r‘)] - 8tr |: Em 1(A o1 ) +U(Z’,tr) +’U(l’,tr)

=0y, 0x(In Epy1 (N, 2, tr)) — 3056, (2, 7). (A.3)

On the other hand, noting (3.35), one deduces by choosing the constant of integration as zero for conve-
nience

atr(lnEmfl()\airatr)) = ‘7;3(;) [¢3,I(P7x7t’l”) + ¢3,1(P*7xatr) + ¢3,x(P**7-T7tr)

FO2(Pa,t,) + $3(P*, x,t,) + ¢2(P*, 2, t,)] + 3Vas) + 3¢,
VA — u@?]wgm 1) + 63(P*, 2, t,) + d3(P*, . 1,.)

(o Vs ) (Eeeraat) (A4)
— (1/'31 V(")V > [ Bra (b)) + u(z, t,) +v(z,t,)]
Vis) ), a) o
=3 Vas +3Va + 3¢, (2, t,),
128
which implies the first equality in (3.44). Resorting to (3.9), (3.32), (3.36) and (A.2), we arrive at
Fm—l,tr o Fm 1Em—1,tT
B By
~ ()
Fr1 [ =) 1rn) V1(3) e ) m) Vs (Em—l @ )
= v v, Smole (g0 vy, Zmoli gy

Emfl ( 12 12 V(n) mel 31 31 VS(Qn) Emfl
L VD o PO D

+(v — 2u) <V1(2) V1(2) n )> -3 <V3(3) ‘/},(3) n) V1(1) +V1( ) ) } (A.5)

Vis Vs Vi
and in an alike way
gmfl,t,,, N gm 1Fm71,t,.
Fa FT?’L—l
Em—1 = (r) (n) ‘72(17’) Em—1,z o (r) (n) Vv13 Fr i1
= — — ; - 2 — 2

Fm—l |: (‘/23 ‘/23 ‘/2(177«) gm—l V12 V12 V(n) Fm—l v “
o vy - Vi vy

+(u _ 21}) (1/’2(:;) _ ‘/2(;) 2(1 )) -3 <V1(17") _ V'l(ln) 13) V(T) + ‘/2(2”) 2(1) } (AG)

21 13 21

By using (A.5), (A.6) and the first equality in (3.44), it is easy to see that the other two hold.
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Appendix B: The proof of (4.30)
It is easy to get the first two members

L = ¢s(Payt,) = ' + %w +0)+0(Q) = ¢ =& +0(Q), as P— P,
I = ¢3.(P,x,t,) + ¢2(P, x,t,) — ;(u +v)p3(P, w,tr)
_ C_2 + 1(u2 + 0% — duv + Sz — 3UI) + O(C)

9
=¢ 2" 1 0(), as P— Py

from
= (r,s) = (r,s) = (r,s)
I(Px,t,) =[Vg (Aa,ty) —u(z, t,)Vae (Ao, t)]os(Px,tr) + Vg (A x,t,)
_tvi(’,zv )(/\v z,t,)(h3,2(P,w, ) + ¢3(P,x,t.)) (B.1)
= B\ ty) — a2, ty) — (w4 0)amO (N, b)) ds (P, )
+al" (A, 2, ) (d3,0 (P, te) + G3(Py 2, ) + (2T (N, ),

which is obtained from (3.9) and (4.29). Then one may set I(P,z,t,) as

L(Pat) = ¢+ Z}aj(x,tr)gﬂ’, as P — Py (B.2)
J:

for some coefficients {d;(z,t,)}jen. From (3.35) and (4.29), we have 0,1s(P,z,t,) = ¢34, (P, z,t,), that
is

0 | C0+ D 05, t, ) | =0 | ¢ 4D mi(t )T =0 | DY ke t) | (B3)
j=0 7=0

j=1

Using (3.9), (4.4) and comparing terms with the same powers of ¢ in (B.3) yield

6jyx(lll', tr) = K/j+1,tr(llf, tr)’ 1] = 07 17 27 R
o (,tr) = v, (2 10) = 5 (o), (2, t0) = ~E05 2, 2),
51»93(xat7‘) = K2,t, (x7t7‘)

= S, 1o, ) + o, )l + 20, 1)+ oo t)]fule, ) + (e ),

9
= a3 (2,tr),

52,x($7tr) = R3,t, (l',tr)
(B.4)
9 9
_ _jrs) L = (r,5) =(r,5)
= by (z,tr) + g[(u(m, tr) +v(z, tr))ay " (@, tr)]e + G aw (2, tr),
03,2 (x,tr) = Ka, (T, tr)

1 5 4 ) ) 2 5
= =9 | Tgs t UV + JVUs — UV — WV — UV — sz + Veo + “(u+w)
x,t

1 2
= — [2uav 4 s — Utz — 2005 — U0 — UV — U + 202z + = (U + v)ﬂ ,
t

r

3 3 3 3 9
1 =(r,s) =(r,s) :(r s)
= —g[(u(gc,t,«) +o(z,tr))ay > (z, tr) + 20,57 (@, tr) — 3077 (2, tr) ] oas

slr



ZAMP The application of trigonal curve Page 23 of 24 90

which implies

So(m,tr) = eolty) — & (x, ),

iz, t,) = e(ty) —a (a,t,),
= 1 _ _

a(a.17) = ea(t) = B (. 10) o+ g (ulaty) + vl 6))al) (@, 1) + a0 (o 1), (B5)
1 =(r.s =(r.s i 7,8

03(z,t,) = e3(tr) — g[(u(x,tr) + v(:c,t,«))a(r ’ )(a:,t,«) + 2a$,g’c )(x,tr) - 3b7(~ ’ )(z,tr)]:c,

where €y(t,), €1(tr), €2(tr), €3(t,) are integration constants. Noting that there are no arbitrary integration
constants either in the coefficients of the power series for ¢3(P, z,,) in the coordinate ¢ near P, or in the

coefficients of the homogeneous polynomials a"*) (¢, z,t,.), . .. ,J(T*S)(C,x,tr), it follows that I, can also
have no arbitrary integration constants. All these demonstrate that ey(t,) = €1(t,) = €2(t,) = e3(t,) = 0.
Hence,

_ o = 1 _ _
L(P,x,t,) = ¢ — &) — a4 | —plms) 4 §(u +v)al™) +a(m) | ¢

1
—5((u+0)al"), +2a(7) - 360391C3 + O(CY), as P — P (B.6)
On the other hand, we have

Toya(Po, t,) = (Br+Lst®) _ GO+H0etS) _ (4 )F0+Lstd)y g,
FRHLD gy, 4 ) 4 (L)

=¢ 3I + (b(r+1 ,5+3) ~£rj1,s+3) (U + ’U) =(r+1, s+3))¢3 (B 7)
+d$r+l,s+3 ((b?)a: + ¢§) + C_357€T+1,5+3)
— 4—8—3 ~$‘::|11 S+3 + O(C)7 as P _ Poo
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