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Non-periodic discrete Schrodinger equations: ground state solutions
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Abstract. In this paper, we study a class of non-periodic discrete Schrédinger equations with superlinear non-linearities at
infinity. Under conditions weaker than those previously assumed, we obtain the existence of ground state solutions, i.e.,
non-trivial solutions with least possible energy. In addition, an example is given to illustrate our results.
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1. Introduction and main results

Discrete nonlinear Schrédinger equations (DNLS) play an important role in describing many phenom-
ena, ranging from solid-state and condensed matter physics to biology, including nonlinear optics [1],
biomolecular chains [5], Bose-Einstein condensates [8]. Some authors have successfully applied the DNLS
equations to the modeling of localized pulse propagation in optical fibers and wave guides, to the study
of energy relaxation in solids and to the modeling of self-trapping of vibrational energy in proteins; see
[6,7,17].
In this paper, we study the following discrete nonlinear equation
*Aun + Vn — WUp = Ugn(un)a ne Z7
(1.1)

1im‘n|ﬁoo Uy =0,
where Au,, = Up1+Up—1 —2u, is the discrete Laplacian in one spatial dimension. The discrete potential
V = (Va),c7 is a sequence of real numbers, w € R, 0 = £1 and (gn),, 7 is a function sequence. The
problem (1.1) appears when we look for standing waves of the discrete nonlinear Schriodinger (DNLS)
equation

Wy = — Aty + Vitby — 00| * Y, n € Z. (1.2)
By the definition of standing waves, we want 1, = u,e” " and lim,| oo Yn = 0, where {u,} is a

real-valued sequence and w € R is the temporal frequency. Then (1.2) becomes
—Auy, + Vy — wuy, = olug|?u,, n€Z,
(1.3)
hm|n|HOO Uy = 0.
Thus, the problem of the existence of standing waves of (1.2) has been reduced to that of the existence of

solutions of (1.3) in the space I? of two-sided infinite sequences. Note that every element of [? automatically
satisfies lim,,| o un = 0. Clearly, (1.3) is a special case of (1.1) with gn(un) = [tn|*u,.
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In contrast to the periodic case of (1.1) which was studied by many authors (see [2-4,9,10,14,15,18,21—
23] and their references), we are interested in the non-periodic case of (1.1) (i.e., V,, and g, are all non-
periodic). As we know, periodic assumptions are very important in the study of DNLS equations since
periodicity is used to control the lack of compactness due to the fact that DNLS equations are set on all Z.
But non-periodic equations are quite different from the ones described in periodic cases. Recently, some
authors [11,19,20] studied non-periodic DNLS equations. The authors of [11] obtained the existence and
multiplicity of non-trivial solutions for (1.1) with g, (s) being asymptotically linear as |s| — oo by using
the critical point theory for smooth functionals. The authors of [19] obtained the existence of non-trivial
solutions for a special superlinear case of (1.1) with g, (s) = |s|P~2s (p > 2) by using the Nehari manifold
approach. We will give some comparisons between the results of [20] and our results below (our Theorem
1.2).

In this paper, we are mainly interested in the case where o = 1. The other case when ¢ = —1 can also
be discussed if we replace A by —/A\, V by —V and w by —w, respectively. But the corresponding results
will be slightly different from the case o = 1, see Theorem 2.3 in [20]. Next, we need the standard real
sequence spaces [, ¢ € [1,00), endowed with the norm

+00 1/q
lullia == > Jun|? , |||z := max |u,).
nEZ

n=-—oo
We have the well-known embedding between such spaces:
clP, ullw <|ullig, 1<¢<p<c.

Note that the domain Z is unbounded. Thus, to overcome the loss of compactness caused by the
unboundedness of the domain 7Z, we will use the following assumption:
(V1) V= (Vn)nEZ is bounded from below and satisfies limj,| o Vi, = +00.
Then condition (V}) implies that the spectrum o(—A + V) is discrete and consists of simple eigenvalues
accumulating to 400 (see [19]). Now we can assume that

'}/1<’72<"‘<'7k<"'*>+00

are all eigenvalues of L := —A + V', which is defined by Lu, = —Au, + V,u, for u = (u">n€Z € 2.
Obviously, the operator L is an unbounded self-adjoint operator in [2. Let E be the forms domain of L,
i.e., the domain of L'/2. Since the operator —A is bounded in [2, it is easy to see that

E={uel®: V24 e?},

which is a Hilbert space. Here, V'/2u is defined by (Vl/Qu)n = an/zun. The corresponding action func-
tional of (1.1) is

+oo
1
®(u) = 5 (L — w)u, u)re — > Gulun), u€E, (1.4)
n=-—oo
where (-,-);2 is the inner product of [? and the corresponding norm of /2 is denoted by || - [|;2. In this

paper, we focus on the following cases:

(L1) Yk —w:i=a<0<b:=79k,41 —w for some ky > 1 (the indefinite case).
(L2) w <1 (the positive definite case).
(L3) w:= "y, for some kj > 1 (w is an eigenvalue of L).

We should mention that Schechter [13] obtained the existence of ground state solutions for a periodic
Schrodinger equation by using the variant weak linking theorem in [12]. In this paper, we shall adopt
the variant weak linking theorem to study the non-periodic discrete Schrodinger equation (1.1). To the
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best of our knowledge, this technique has not been used for discrete equations. In addition, our results
improve and generalize the related results. For non-linearities g,, we assume that

G1) gn € C(R,R), |gn(s)| < c(1+|s/P~1) for some c>0and p>2, n€Z s€cR.
S
Ga2) Gyu(s) == [gn(t)dt > Las? here the constant a is defined in (L), n€Z, s €R.

(

( 0

(G3) |gn(s)] <~ls|if |s] < ¢ for some 0 <y <band d >0, neZ, scR.
(

(

)
)

G4) lim_o Gnls) — 400 and Gn(s) = =W, for some W = (W,,), .z €l', neZ, scR
)

Gs) Gp(s+1) —Gn(s) —rgn(s)l + %gn(s)s >-W,, rel0,1,necZ, seR.
Our results read as follows:

Theorem 1.1. If 0 = 1, (V1), (G1)~(G5) and (L1) (or (Lz2), or (Ls)) hold, then (1.1) has at least one
non-trivial solution w. Moreover, if

gn(s) =o(s) ass—0, necZ, scR, (1.5)
then u decays exponentially at infinity, i.e., there are two positive constants T,v > 0 such that
fun] < re=1", n ez (16)

Theorem 1.2. Let 0 = 1 and M be the collection of solutions of (1.1). Then there is a solution that
minimizes © in (1.4) over M. In addition, if (1.5) holds, then (1.1) has a ground state solution, i.e.,
non-trivial solution with least possible energy of (1.1).

We mention that the authors of [20] also considered the cases ((L1)-(L3)) and obtained the existence
and multiplicity (if g, is odd) of non-trivial solutions for (1.1) with g, (s) being superlinear as |s| — oo by
using a linking theorem. But it is worth pointing out that the results in [20] are based on the following
assumptions

gn € C*(R,R), [gn(s)| < c(1+|s|P™!) for some ¢ > 0 and p > 2, (1.7)
lirr%) gnés) =0 (i.e., gy is superliner near 0), (1.8)

and the Ambrosetti-Rabinowitz condition
v >2, st 0<vG,(s) <gn(s)s, VseR\{0}. (1.9)

However, we obtain the existence of ground state solutions of (1.1) by using the variant weak linking
theorem in [12] under weaker conditions (G71)—(G4) than the above conditions (1.7)—(1.9). The condi-
tion (G5) is the discrete counterpart of the Schechter condition [13], which is not comparable with the
Ambrosetti-Rabinowitz condition (1.9).

Example 1.1. Here we give an example to illustrate our Theorems 1.1 and 1.2. Let
gn(8) == an|s|P~%s, p>2, seR, nez,

where {a,} is non-periodic and 0 < a,, < C for some C' > 0, Vn € Z. Clearly, the function g, satisfies
conditions (G1)-(G4) with W,, = 0 for all n € Z. Note that

—aulslP2, s € (~00,0),

gn(s) an|s|P~2s
sl Is|

an|s|P=2, s € (0,+00),

so it is strictly increasing on (—o0,0) and (0,400). Therefore, g, satisfies the condition (G5) by the
argument in [13].

The remainder of this paper is organized as follows. In Sect. 2, we give some preliminary lemmas,
which are useful in the proofs of Theorems 1.1-1.2. In Sect. 3, we give the detailed proofs of our main
results.
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2. Variational frameworks and preliminary lemmas

In the following, we will denote generic constants by C, and we always assume that o = 1, (V;) and
(G1)—(G5) are satisfied. As before, we let L := —A+ V.

If (L1) holds, then we have 1> = (1)~ @ (I*>)*, where (1?)T and (I?)~ are the positive and negative
spectral subspaces of L — w in {2, respectively. It is easy to see that the Hilbert space

E={ucl®: VV%uc i’} =E~ @ ET, (2.1)

where E* := E N (12)*.

For any u = ut +u~,v =v" +v~ € F = E* @ E~, we can define an inner product (-,-) and the
corresponding norm || - || on E by

(u,v) = (L= whut, v )e = (L—w)u",v ) and lul| = (u,u)2, (2.2)
respectively. Hence, by (L1), we have
— e I? = (L —wu™,uT)e <allu™ [, Yu~ € BT (2.3)
and
I = (L = w)u™ ub)e 2 0wt Vot € B, (2.4)

where a and b are defined in (L1). Thus, ® defined in (1.4) can be rewritten as

—+o00

1 1
D(u) = §HU+H2 _ 5Hu*”? _ n;oo Gn(u,), u€eE.
Let U(u) := 3" G, (u,). Then &, € C'(E,R), and the derivative is given by
+oo
(V' (u),v) = Z Gn(Un)vn, (®'(u),v) = (ut,v") — (u,v7) = (¥'(u),v), Vu,v€E,

which imply that (1.1) is the corresponding Euler-Lagrange equation for ®. Therefore, we have reduced
the problem of finding a non-trivial solution of (1.1) to that of seeking a nonzero critical point of the
functional ® on E.

Remark 2.1. The following facts show that the proofs of (Ly)—(L3) will be similar to the proof of (L1),
so we will only give the detailed proof in the indefinite case (L1).
(1) If (L3) holds (i.e., the positive definite case), we will let E~ := {0}. Then E = E~ & ET, where
ET = E. Thus, by (L2), we have

(,v) = (L —w)u,v)z and  JJull* = (u,u) = (91 — w)llulliz.

Thus,

1 R
O(u) = 5lul® — Y Gulun), ue€ L

n=—oo

(2) If (L3) holds (i.e., w is an eigenvalue of L), we let
W™ = span{ey,...,ex; 1} N E, wY .= span{ey, } N E, ET .= span{ex; 41, - } N E,

where W~ = {0} if k) = 1 and {ex} are the associated normalized eigenfunctions with g, that is,
Lej, = Yer, |lexlliz =1. Then E=W~- @ W@ Et = E- ® Et, where E~ = W~ @ WY. Obviously, the
quadratic part of ®, ((L—w)u,v);2 is positive on ET and negative on W~ and zero on W°. We introduce,
respectively, on E the following new inner product and norm:

(uav) = ( Ovvo)l2 + (|L|1/2u7 |L|1/21})12, Hu” = (U,U)I/Q,
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where u,v € E =W~ aW@Et withu = v~ +u’+ut and v = v~ +0v°+vT. Clearly, the decomposition
E =W~ ®W%® ET is orthogonal with respect to both inner products (-,-) and (-, -);2. Thus, by (L3),
we have

—[luT|* = (L —w)u™,u" )i < (-1 — w)llu” [z, Vu~ € BT

and
lu®)? = (L = w)u™ uF)ie > (yg1 —w)llu® o, Vut € BF.
Thus,
1 1 +o00
@) = gl |~ Lo [P~ Y Gulua), weE,
where ||u~|| = 0 if kj, = 1 in (L3). For the cases (L) and (L3), if ||u~| = 0, we will replace the condition

Gn(s) > 2as? in (G2) by G,(s) > 0.

The following abstract critical point theorem plays an important role in proving our main results (cf.
[12]). Let E be a Hilbert space with norm || - || and have an orthogonal decomposition E = N @& N*,
where N C E is a closed and separable subspace. There exists a norm |v],, satisfying |v|, < |v| for
all v € N which induces a topology equivalent to the weak topology of N on bounded subset of V.
Foru=v+wé€ E=N@N* withv € N, we N*t, we define |ul> = |[v]?> + ||[w]|?. Particularly,

Il wu, then v, — v weakly in N, w, — w strongly in

if (up, = vp + wy) is || - ||-bounded and w,
Nt wu, = v+ w weakly in E.
Let E=E~ @ E*t, zy € E* with ||2]| = 1. Let N :== E~ @Rz and Ej := N+ = (E~ @ Rz)*. For

R >0, let
Q:={u=u +sx: seR", v~ € E", |lul| <R}
with pg = sgzp € @, so > 0. We define
B:={u:=sxn+w': seR, wh € Ef, |s20+wT| =s0}.
For ® € C'(E,R), define I := {h|h : [0,1] X Q — E is | - |,-continuous , h(0,u) = u, ®(h(s,u)) <
®(u), Yu € Q. For any (so,uo) € [0,1] x Q, there is a | - |,-neighborhood Uy, .,) such that {u — h(t,u) :
(t,u) € Ulsgug) N ([0,1] x @)} C Efin.}, where Ef;,, denotes various finite-dimensional subspaces of

E, I' # 0 since id € T.
The variant weak linking theorem is:

Theorem A. ([12]) The family of C'-functional {®,} has the form
Dy (u) := A (u) — J(u), YAeE][L Aol

where \g > 1. Assume

(a) I(u) >0, Vu e E, &, = .

(b) I(u) + |J ()] — +00 as [Ju]| — o0

(c) @y is |- |w-upper semicontinuous, P\ is weakly sequentially continuous on E. Moreover, ®\ maps
bounded sets to bounded sets.

(d) supgg @ < infp @y, VA € [1, Aq].

Then for almost all X\ € [1, \o], there exists a sequence {u,} such that

sup [[un]| <00,  @)\(un) =0, @x(un) = cn,
n

where cy 1= infper sup,cq Pa(h(t,u)) € [infp @y, supg y].
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In order to apply Theorem A, we shall prove a few lemmas. We pick Ao such that 1 < Ao < min[2,b/~].
For 1 < X\ < \g, we consider

D\ (u) = %Hu*“z - ( lu=||? + Z G (up ) = M (u) — J(u).

n=—oo

It is easy to see that ®, satisfies conditions (a) in Theorem A. Conditions (b) and (d) will be proved

later. To see (c), if u’ li; u and @) (u’) > ¢, then there is a renamed subsequence satisfying (u/)* +

and (u/)”™ — u~ in E, u), — u, for all n € Z. It follows from the weak lower semicontinuity of the norm,
Fatou’s lemma and the fact Gn(s) > —W, for all n € Z and s € R in (G4) that

—u
¢ < limsup @ (u/)

Jj—00

—tmsup @) - (M) P+ S @y rw))+ E wl

J—00 n=—oo n=—oo

IN

. +o0 ) “+o00o
At |2 = lim inf [;||<uf>—|2+ > (Gn<ua>+wn)}+ 5w,

Jj—0o n=—o0 n=—o0
+oo
<= (3 £ Galn)) = 21w

Hence, ®5(u) > ¢, which means that ®y is | - |,-upper semicontinuous. Next, we prove ®) is weakly
sequentially continuous. If v/ — wu in E, then there is renamed subsequence satisfying (u/)* — u™,
(u/)” —wu” in F and ul, — u, for all n € Z. Thus,

(W) *,0) = (W), (W)79) = ((W)7,9), Vo€ k.

Note that
(@A), 0) = M(w)) " 0) = (W) 70) = Y gnlul)pn, Yy € E.
n=-—oo
Hence, we only need to prove
+o00 ]
Z (gn(u%) - gn(un)) ¢n — 0 asj— oo.
If this is so, then
(@5 (), 0) = A(W),0) = (W) 79) = D gnlun)pn = (BA(u), ) as j — oo,

that is, ®) is weakly sequentially continuous. Note that if ¢ € I> C [P for p > 2, then for any € > 0 there
exists a positive constant Ny € Z such that

1/2 1/p

> on <s > |nl? <e.

{neZ: |n|>No} {neZ: |n|>No}
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It follows from (G1), (G3), Hélder’s inequality, ||u?||;» < [[ull];z < C'|[w?|| < O, |lulliw < [Jullz < C'|jull <
C (which is due to E C [> C [? and v/ — u in E), that

Z |(gn(ugz) - gn(un)) ‘Pn‘

{neZ: |n|>No}

<C

2 (| + [, [P=1) o] + > (| + [un[P=1) | on]
{neZ: |n|>No} {neZ: |n|>No}

< Ck,

where (', C' are generic constants. It follows from uJ, — w,, for all n € Z that

’ :zriofoo (gn(u%) - gn(un)) Pn

< Z{nGZ: [n|<No} ‘(gn(u?n) - gn(un)) (Pn|

+ Z{nGZ: |n|>No} ](gn(uﬁ;) - gn(un)) 90n|
— 0 asj— oo,

that is, 2> (gn(ud) — gn(un)) on — 0 as j — co. It remains to verify conditions (b) and (d). We do

n=—oo
this by means of the following three lemmas:

Lemma 2.1. J(u)+ I(u) — +oo as |ju|| — oo.
Proof. By the definition of ®(u) and (G4), we have
J(u) +1(u) = Fllut|? + g llu|? + 3020 o Gulun)

n=—oo

> gllull® = 3022 o Wal — +oo s [lul] — +oo,

n=—oo

+oo

n=—oo

which is due to [Wh| < 4o00. O

Therefore, Lemma 2.1 implies that condition (b) holds. We proceed to verify condition (d) by means
of the following two lemmas:

Lemma 2.2. There are two positive constants €,sq > 0 such that
(I))\(u) 2 €, UGE+7 Hu” = S0, A€ [LAO]

Proof. For uw € E1, by (G1), (G3), (2.4) and the fact that |Jull;» < ||ull;z < ||ul|, we have

+oo
Py(u) > % |uH2 - Z Gn(un)

=l - Y Galw)= Y Gl

{nels: |un|<s8} {nel: |u,|>6}
>glul?P-3v X [un> —c 3 (Junl” + |unl)
{nes: |un|<5} {nels: |un|>5}
> llull® = L3 ull® = Cllu]?

= sllul?(1 =3 —2C|ullP7?), 0<y<b,
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where the inequality marked by underlining is due to the following facts. Note that |u,| > 4. if we pick
a constant C such that C; > 5,]%1, then |u,| < Cilu,|P, which together with the Sobolev imbedding
theorem implies

c Y (P Alu) <cl+C) DY fuaf? < CllullP
{nels: |un|>6} {nes: |un|>6}

This implies the conclusion if we take ||u|| sufficiently small. O

It is not hard to check that Lemma 2.2 implies that infp @ > 0. We shall prove that supyg P < 0,
that is, the following Lemma:

Lemma 2.3. There is an R > 0 such that
(I>)\(u) SO, ’LI,E@QR, A€ [1,/\0],
where Qr :={u:=v+sz: s>0, ve E~, 29 € BT with ||z =1, ||u|]| < R}.

Proof. If not, then there exist R; — 400, \; € [1,\o] and w/ = v’ + ;20 € OQr, (v € E~) such that
@y, (u?) > 0.If s; = 0, then by (G2) and (2.3), we have

+oo

. . 1, . . 1, . 1 ;
() = @3, () = =5 I7* = B Gu(vp) < =507 = Zall’ i <.
n=-—oo
This produces a contradiction. Therefore, s; # 0 and [[u/||* = ||v7[|* + 57 = R3. Let @/ = sz\l =520+,
then
[ [|* = 137> + 35 = 1.

It follows from @y, (u’) > 0 and the definition of @, that

<I>>\,(uj) . +oo G
0< i = 5% - IPIP) X G

|u

(2.5)

Ly 4@ -1]- 5

n=—oo

AR
Obviously, {s;} and {\;} are bounded. Thus, there are renamed subsequences such that 5; — § and
Aj — A as j — oo, and there is a renamed subsequence such that v/ = HZ—ZH =320+ 0 = uU=3z+70
in E and w), — w, for all n € Z as j — oo.

Case 1 If u # 0. Without loss of generality, we let Qg be the subset of Z where u,, # 0. Then for all
n € Qp, we have |ud | = |uf| - ||u?|| — +oo since ||u?|| = R; — +o0 as j — oc. It follows from (G4) and

the facts > > __|W,| < +oo and [[u?|| = R; — 400 as j — oo that
+00 ) )
Gn(ud) |~ 12 _ Gn Gn(ud) |~
Y Sl = 3 Sy 5 Gelulg 2
n=—00 LIS neZ\Q

> > Gnluy) Wj ‘2 - |Iu§”2 Y. [Wn|— 400 asj— oo,
neZ\Qo
which contradicts (2.5).

Case 2 If u = 0. By (G4) and the facts Z+°° |Wy| < 400 and [|u?|| = R; — +o00 as j — oo,

too G( ) 1 +o0 1 +o00
2 j L
2 Tt S e 2 G2 T 2 Wl =0 e oo
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Thus,

+o0 i
i Gn(u}) ~j 2

lim inf E — |l |* > 0. 2.6
e e 26

Therefore, by (2.5) and (2.6), we get
A+1)3%2-1>0,

that is, 32 > H% > ﬁ > 0. Thus, u = 52y + v # 0. We also get a contradiction.

Therefore, the proof is finished by Cases 1 and 2. O

Therefore, Lemmas 2.2 and 2.3 imply condition (d) of Theorem A holds. Applying Theorem A, we
soon obtain the following fact:

Lemma 2.4. For almost all X € [1, \o], there exists a sequence {u’/} such that

sup [[u?|| < 0o, @\ (u!) —0 and ®\(v!) —cyn asj— oo,
J

where the definition of ¢y is given in Theorem A.
Lemma 2.5. ([19]) If (V1) holds, then the embedding map from E into IP is compact for all p € [2, ).

Lemma 2.6. For almost all X € [1, X, there exists a uy € E such that
<I>’)\(u,\) ZO, (I))\(U)\)ZC)\.

Proof. Let {u/} be the sequence obtained in Lemma 2.4. Since {u’} is bounded, we can assume u? — uy
in £ and u/, — uy ,, for all n € Z. By Lemma 2.4 and the fact that ®) is weakly sequentially continuous,
we have

<(p/>\(u>\)790> = lim <(I)/)\(uj)790> =0, Vpek.

J—00

That is, @} (uy) = 0.
Note that (G1) and (G3) imply that there exists a constant C' such that

lgn(s)s| < C(Is]* + [s”),  1Gu(s)] < C(s* +sI"), neZ, seR.

It follows from w/ — uy in E, ud, — uy , and g, (ud) )ud, — g, (ux.n)us., for all n € Z, Lemma 2.5 and the
Lebesgue’s dominated convergence theorem that

+o0 1 ‘ ‘ 400 1
n:z_:oo ign(ufm)ufz - n;m §gn(u/\,n)u>\,n (2.7)
and
+o00 ) +o00
> Galuh) = D Gulurn) (2.8)

as j — oo. By Lemma 2.4, we have

“+o00
B(0) = #)0) = Y (G~ Gued)) — on .

n=—oo

It follows from @/ (uy) = 0 and (2.7)-(2.8) that

+oo
(I))‘(u)‘) = (I))\(u)\) - %<<I>/)\(U)\),U)\> = Z (;gn(u)\,n)u)\,n - Gn(“A,n)) = C)\.

n=—oo

This completes the proof. O
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Applying Lemma 2.6, we obtain the following fact:
Lemma 2.7. For every X\ € [1, \o], there are sequences {u?} C E and {\;} C [1, X\o] with \; — X such that
)\ (u!) =0, @5 (u))=cy,.
Lemma 2.8. Let u = (up),.7 € E, w = (w,), .7 € ET and 0 <r <1, then

= 1+ 72
Z <Gn(un) — Gn(rw,) + r29n(un)wn - 2gn(un)un> <C,

n=—oo

where the constant C := 3.1 __|W,| does not depend on u, w and r.

n=—oo

Proof. This follows from (G5) if we take s = u,, and I = rw,, — u,. O
Lemma 2.9. The sequence {u’} given in Lemma 2.7 is bounded.

Proof. Suppose by contradiction that
|u/|| — o0 as j — oo.

We write v/ = (w)* + (v/)7, (w)* € EE. Let v/ = ”Z—j”, then (v/)T = () (v)~ = & and
o712 = [|(v/) |2 + [|(v/)~||* = 1. Thus, we can assume that (v/)* — v* in E and (v7)f — vF for all
n € Z, after passing to a subsequence.

Case 1 If v+ # 0, then v # 0. Let Q; be the subset of Z where v,, # 0, then we have |u,| = vl ]-||u/| —
400 on Q. Tt follows from (G4) and 321> _|W,| < +oc that

n=—oo

= iy iy
Z Gn(un)|1}%|2 > Z Gn(u,) ’U%‘Q— Z Wl — too as j — oo,

J 2 J2 w2
e Tl ] o, T

nef

which together with the fact that the ||(v7)®|| are bounded and Lemmas 2.2 and 2.7 hold implies that

0< -0
I

Ao 1, X Ga(ud), ,
= S I = IR = 3 Sl = —eo s eo.

n=—oo

This creates a contradiction.
Case 2 If v+ = 0. We claim that there is a constant C' > 0 independent of w/ and A; such that

Dy, (r(w)") — @y, (W) <C, Vrelo1]. (2.9)
Note that Lemma 2.7 and the definition of @, imply that

1 . 1 , 1, . 1 .
(@5, (). 0) = S A (W) 0h) = (W) 9T) =5 D gn(ul)en =0, Ve €EE.

It follows from the definition of ®,; that
Dy, (r(w!)h) — @y, (w)

= 02— D)+ 3 1P+ S [Galh) = Galr(w))] (2.10)

PO 0t — (@) o) =8 S gnlud)en.

n=—oo

Take
o= +1)W)” — (=1 = (r? + Dud — 2r%(u?) T,
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which together with Lemma 2.8 and (2.10) implies that
Dy, (r(u)*) — By, (u)

@)+ S [Galud) — Calr ) + gl (0~ B g

n=-—oo

< 5 [Ouh) — Calr ) + 120 () ) — 5 g

n=—oo

<C.

Thus, (2.9) holds.
Let Cy > 0 be fixed constant. Then ||u/|| — oo as j — oo implies that

T = C(.) —0 asj— oo.
[[w]]
Therefore, (2.9) implies that
Oy, (rj (W) F) = @y, (W) < C
for all sufficiently large j. It follows from (v?)™ = (‘QI‘;])‘T and Lemma 2.7 that for all sufficiently large j

we have
Py, (Co(v?)T) <’ (2.11)
for some constant C’. Note that Lemmas 2.2 and 2.7 and (G4) imply that

Cx Dy (u?) A . o st Ga(ud)
0< it = e = M) TP = 31 ()7|17 — ==y
< A7) 12 - Hl07) P + Zagem el
SA o (Wil , . ,
It follows from =*5=s52—= — 0 as j — 00 (since W € ! and ||u’|| — oo) that
Moo e Lo
S M@= ST +e 20, Ve>0 (2.12)

for all sufficiently large j. We take e = 1, by (2.12) and [[v7[|? = ||(v!) 7|2 + [|(v7)~||* = 1, we have
1

2> —— 2.13
16 2 55 (213)
for all sufficiently large j. By (G1) and (G3), we have
+o00 .
> Ga(Co(v?)y)
< 57GC3 > (W) + ze > (Col(w/)F 1+ CEl(w7)417)
{neZ: |Co(vi)if|<8} {neZ: |Co(vi)f]>6} (2.14)
< 3708 > (W) |? + Cy > (/)4 1P
{nel: |Co(vi)E|<6} {nel: |Co(vi)E|>6}
< 7GRN I + Cull () IR
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for some constant C7, where the inequality marked by underlining is similar to the expression in Lemma
2.2. For all sufficiently large 7, (2.13) and (2.14) follow from Lemma 2.5 and the fact that v = 0 and

. . too ;
@, (Co(w)?) = sACRIEN M2 = 3 GalCo(v?))
> 1\ — JCRIW) 2 - Call ()|,
\C2 .
— m as ] — OQ.
This implies that ®y,(Co(v7)") — +o00 as Cy — +o0, contrary to (2.11).
Therefore, the sequence {u’} is bounded. The proof is finished. O

3. Proofs of main results

Proof of Theorem 1.1. From Lemma 2.7, there are sequences 1 < \; — 1 and {u/} C FE such that
®) (v) =0 and @, (u’) = cy,. Lemma 2.9 implies {u’} is bounded; thus, we can assume v/ — u in E,
ul, — u, for all n € Z. By the fact <I>’/\j is weakly sequentially continuous on FE (it is similar to the fact
@, is weakly sequentially continuous on E, which is below Theorem A) and <I>’>\j (u?) = 0, we have

0= lim (®} (u?), @) = (®'(u),p), VYo cE.
j—oo ' M

Therefore, ®'(u) = 0.
The facts @ (u?) = 0 and @y, (u’) = ¢y, imply that

+oo
(I))\j (u]) _ %<q>l/\j (uj)7uj> = Z (;gn(uﬁ)u% — Gn(u%)> =y 2 a. (3.1)

n=—oo

Similar to (2.7) and (2.8), we know

> (A —Gaw) ~ ¥ (Sontm Gt w55 e

n=—oo

It follows from (3.1), Lemma 2.2 and ®'(u) = 0 that

n=—oo

+oo

O(u) = P(u) — %(@’(u)7u> = n:Z;oo (%gn(un)un - Gn(un))
too o .
— jlilﬁ.lo :2_: (39 (ud)ud — Gp(ud)) > c1 > € > 0.

It implies that u # 0. Therefore, (1.1) has a non-trivial solution wu.
By using the argument borrowed from [20], we will show that u satisfies (1.6). In fact, let

O_gn (un)

n

ifu,#0 and z,=0ifu, =0, ne€Z,

= —
then

Lu,, = wu,, (3.2)
where Lu,, = Lu,, + znu,. Note that

gn(s) =o0(s) ass—0 forallneZ, seR
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and lim|,| o tn, = 0 imply that lim,| o 2 = 0. Thus, the multiplication by 2, is a compact operator in
12, which implies that o.(L) = o.(L), where o, stands for the essential spectrum. Equation (3.2) means
that u = {u,} is an eigenfunction that corresponds to the eigenvalue of finite multiplicity w ¢ ae(i)
of the operator L. Equation (1.6) follows from the standard theorem on exponential decay for such
eigenfunctions [16]. O

Proof of Theorem 1.2. By Theorem 1.1, M # ), where M is the collection of solutions of (1.1). Let
= inf ®(u).
@i o o)

If u is a solution of (1.1), then by Lemma 2.8 (take r = 0),

1 =X 1 Ry
(b(u) = CI)(U') - 5(@/(u),u> = Z (QQTL(un)n - Gn(“n)) > —C=- Z ‘Wnl
Thus, o > —o0. Let {u’} be a sequence in M such that
d(u) — a. (3.3)

Similar to the proof of Lemma 2.9, we conclude that the sequence {u’} is bounded in E. Thus, u/ — u
in E and wJ, — u, for all n € Z, after passing to a subsequence. Therefore, by the facts that ® is weakly
sequentially continuous on F and ®'(w’) = 0, we have

<®/(u)7 90> = lim <(I)/(uj)7 90> =0, Vpek.
j—ro0
That is, ®’'(u) = 0.
Note that ®'(u’) = 0, similar to (2.7) and (2.8), we have
O(u) = () — 5(@'(u), u!)
+oo

= Y (Ll — Cu(uh)) = S (Aga(un)n — Gulun))  as j — oo,

n=—oo n=—oo

It follows from ®'(u) = 0 and (3.3) that

B(u) = B(u) — 1@ () u) = 55 [Lgn(tin)iin — Go(un)]

= limj 0 ®(v!) = a.
Now, we suppose that
gn(s) =o0(s) ass—0 forallneZ, secR.

It follows form (G;) that for any € > 0 there is a constant C. > 0 such that

|gn(8)| < e|s| + C.|s[P~* for all n € Z and s € R. (3.4)
Let
B = ulen]\fl/(b(u),

where M’ := M\{0}. Let {u/} be a sequence in M\{0} such that
o(u') — B, (3.5)
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Similar to the proof of Lemma 2.9, we conclude that the sequence {u’} is bounded in E. Thus, u/ — u
in E, after passing to a subsequence. Note that

+oo

0= (2'(u!), ()") = 1) ")° = D galud) W)y,

n=—oo

which together with (3.4), the Holder’s inequality and the fact |ull; < |lull;z < Cl|ul for u € E implies

I P = 32 gn(ud)(w!)}

400 . X +oo . 1 .
e 2 |- 1)yl +Ce 3 [ul [P ()|

n=—oo n=—oo

IN

(3.6)

IN

_ . e
eCllw? || I(w) "I + Cllw? 71 (u?) ]

IN

, , i .
eCllw || 1w ) * [ + CZ Nl 7l ] - [l () * |

IN

eCllw | + CL |l 172 | |1
Similarly, we have
1)~ )1? < eCllw? I + CL |l 172 1 | (3.7)
From (3.6) and (3.7), we get
1?1 = 1) 1P+ [[(w?) 71> < 26Cll? || + 262 | |77 17|12,

which means ||u’|;» > C for some constant C' > 0. Since Lemma 2.5 implies v/ — u in [P, we know
u # 0. As before, we can easily get ®(u/) — ®(u) = 8 as j — oo. Therefore, (1.1) has a ground state
solution. O
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