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On the effect of damping on the stabilization of mechanical systems via
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Abstract. The effect of damping on the re-stabilization of statically unstable linear Hamiltonian systems, performed via
parametric excitation, is studied. A general multi-degree-of-freedom mechanical system is considered, close to a divergence
point, at which a mode is incipiently stable and n — 1 modes are (marginally) stable. The asymptotic dynamics of system
is studied via the Multiple Scale Method, which supplies amplitude modulation equations ruling the slow flow. Several
resonances between the excitation and the natural frequencies, of direct 1:1, 1:2, 2:1, or sum and difference combination types,
are studied. The algorithm calls for using integer or fractional asymptotic power expansions and performing nonstandard
steps. It is found that a slight damping is able to increase the performances of the control system, but only far from
resonance. Results relevant to a sample system are compared with numerical findings based on the Floquet theory.
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1. Introduction

When a Hamiltonian system is subject to conservative loads, it can undergo a static bifurcation (diver-
gence, or buckling) at a critical value of a load multiplier. Consequently, its equilibrium path (which can
always be considered trivial by a proper change of variables) becomes unstable at loads higher than the
critical one. The challenge to re-stabilize the equilibrium via a proper control (e.g., by internal moving
masses, or by actuators for retroaction control laws) has attracted the interest of many researchers [1-5].
A simple form of control is offered by parametric excitation, in which a mass, stiffness, or length is peri-
odically varied in time, changing the system from autonomous to non-autonomous and, possibly, making
it stable [6-20]. A celebrated example of re-stabilization via parametric excitation is the Indian magic
rope trick problem [13,14,19].

The beneficial effect of the parametric excitation on otherwise statically unstable systems has been
explained in the literature via the concept of effective mechanical stiffness [16,19,21], which emerges when
the problem is approached by the method of direct separation of motion [12]. A clear explanation of this
phenomenon is given, in the opinion of the authors, by the Multiple Scale Method [22], that they applied
in [23] to study a specific two-dof system, and in [24] to analyze a general multi-dof system. In both papers,
it was proved that a static (zero frequency) forcing term, able to stabilize the system, appears in the
right- hand member of higher-order perturbation equations, as generated by a combination of parametric
and natural frequencies. The implementation of the perturbation scheme was not trivial, since it required
the use of integer or fractional powers expansions, according to the resonance involved, proper ordering
of parameters, higher-order expansions, addition of the homogeneous solutions, and refined technique of
reconstitution.
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F1G. 1. Stability region (shaded area) in the frequency—amplitude plane, close to the principal parametric resonance; black
line static bifurcation, blue line undamped system; red line damped system

However, it was stressed in [17,23] that although the parametric excitation is able to re-stabilize the
statically unstable mode, on the other side, it has a detrimental effect on the otherwise stable modes,
which can destabilize via the classical mechanism described by the Floquet theory. The result is sketched
in Fig. 1, where the stability region close to the principal parametric resonance is plotted in the (Math-
ieu) excitation frequency (€2)-amplitude (§) plane. The bottom (black) line denotes the “lower stability
boundary”, at which the system undergoes a static bifurcation. It means that when a sufficiently high-
amplitude excitation is provided, the unstable system regains stability. However, close to the parametric
resonance, re-stabilization cannot occurs; moreover, the (blue) curves delimiting the unstable region con-
stitute “upper stability boundaries” for non-resonant excitation.

The previous results concern undamped mechanical systems. It is therefore worth investigating if
damping can improve, and at which extent, the performances of the parametric excitation. It is hoped,
indeed, that similar to what happens for parametrically excited stable systems, where damping rises
the stability boundary close to the resonance, the same occurs for the unstable systems here dealt with
(red curve in Fig. 1), where a coupling between the static and dynamic instability forms is, in principle,
possible. To this end, the whole analysis carried out in [24] is redeveloped in this paper, with damping
now accounted for.

The paper is organized as follows. In Sect. 2, the equations in the problem are formulated and arranged
in view of the perturbation analysis to be carried out ahead. In Sect. 3, the amplitude modulation
equations governing the slow flow of the dynamical system are derived for non-resonant and several
resonant cases, all handleable by standard integer series expansions. In Sect. 4, the more difficult 1:1
resonant case is treated by nonstandard fractional power series expansions (see, e.g., [25,26]). In Sect. 5,
numerical results concerning a triple pendulum, taken as sample system, are displayed and commented.
Section 6 is devoted to Conclusions. Since damping, as expected, renders the asymptotic treatment
cumbersome, to make the reading easier, many details have been shifted to two Appendixes that close
the paper.

2. Problem position
We consider a damped n-dof linear system, parametrically excited, whose motion is governed by the

following equations:
Md + vDg + (C(p) + 69Q% cos 2tB) q =0 (1)
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Here, M = M7 is the mass matrix; D = D7 is a positive-definite damping matrix, and ~ is a damping
multiplier; C = C7 is the stiffness matrix, depending on a load parameter p; B is the parametric excitation
matrix; 0 and 2 are amplitude and frequency of the parametric excitation, respectively; q are Lagrangian
coordinates, and a dot denotes differentiation with respect the time ¢.

We assume that the underlying Hamiltonian system (y = § = 0) undergoes a static bifurcation
(divergence) at the critical load p = pp, such that the trivial equilibrium g = 0 is stable at p < py and
unstable at p > pg. Goal of the analysis is to find how to re-stabilize the system in the postcritical range
via a suitable parametric excitation.

To this end, we put p = pg + Ap, where Ap > 0 is the incremental load, small with respect to po;
moreover, we expand the stiffness matrix as C(p) = Co + ApCy + O(Ap?), where Cy = C(pg). In view of
a perturbation analysis, we introduce the rescaling Ap — e2Ap, v — v, § — &6, where 0 < ¢ < 1 is a
perturbation parameter. Consequently, Eq. (1) becomes:

Mg + Coq + £(yDq + 092 cos Bq) + e*ApCiq = 0 (2)

When ¢ — 0, the system tends to the Hamiltonian system at the critical state, whose associate eigenvalue
problem reads:

(Co —wiM)u=0, (3)
This latter admits the eigenfrequencies (0, ws, . . . ,wy, ), supposed distinct, and the related real eigenvectors
(111,112, cen ,lln).

We will deal Eq. (2) by the Multiple Scale Method (MSM, [22]). As it is well known [27], this method
works as a reduction method, by furnishing few equations governing the so-called slow flow, i.e., the
slow time-evolution of the amplitudes and phases of the harmonic components (including those of zero
frequency, i.e., of static nature), which enter the essential part of the linear solution. Moreover, these
equations appear to be directly in their normal form [28], i.e., deprived of any unessential terms. How-
ever, as discussed in [27], some ’difficult problems’ are encountered in applying MSM; re-stabilization by
parametric excitation is just one of them, as explained in “Appendixes 1, 2”.

3. Multiple Scale analysis by integer power expansions

According to the MSM, we first introduce independent timescales t; = &7t, j = 0,1,.. ., so that:
i—iskd di—iigkﬂd d; (4)
di k=0 v j=0 k=0 Y
where di = 9/0ty. Then, we expand the Lagrangian coordinates in series of integer powers of e:
a=qy+eq; +efgy+ o (5)

and get the following perturbation equations:

eV Md%qo + Coqy =0,
1 2 692 iQto —iQto
et Mdgq; + Coq; = —2Mdodiq, — 7(6 +e )Bq, — vDdoqy,
g2 Md3q, + Coqy = —2Mdod;q; — 2Mdgdaq, — Md?q, — ApCiqq
0% . .
— (e 4+ eT ) Bg; — yD(diqy + doqy),
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The solution of the first of Eq. (6) (generating solution) reads:
n
qp = Z Ap(ty, to, .. Juperto 4 cc., (7)
k=1

where i is the imaginary unit and c.c. denotes the complex conjugate of the preceding terms. Here, Ay’s
are complex amplitudes, depending on slow timescales; since w; = 0, A; is real. With Eq. (7), the e!-order
perturbation equations (6) reads:
n 592 n
Mdgql + Coq; = —ZiZwkdlAkMukei“”“t" - ZAk(ei(“’HQ)t“ + ei(“”“*Q)tO)Buk
k=2 k=1

n
—iy Z wiApDugel“rto 4 cc. (8)
k=2
Five different cases will be considered in this Section:
1. non-resonant case Q # wj,2w;,w;/2,w; L w;, 1,5 =2,..;
2. first-order resonant case 0 = 2wj;
3. second-order resonant case Q = w;/2;
4. sum combination resonance ) = wj + w;;
5. difference combination resonance ) = w; — w;.

A further case © = wj, requiring a different treatment, will be addressed later.

The non-resonant case. Any combination resonances are excluded, so that Q # w; + w;, Vj,i. By
following the standard steps of the MSM, detailed in Appendix 1 “The non-resonant case”, the following
amplitude modulation equations (AME) are derived for the amplitudes:

1‘.1:1 = alAl + oAy 9)
Ak:agkAk, k:2,3,...n,

where the coefficients o’s depend on the parameters and are defined in Eq. (47) in the Appendix 1 “The
non-resonant case”. In particular, damping enters the coefficients o, o35, but not .

Since R(asr) < 0, the latter of Eq. (9) states that all the dynamic components of motion decay.
Therefore, the essential asymptotic dynamics is governed by the first of Eq. (9) in the static component
Aq; therefore, the n-dof system reduces to a single-dof system. Since oy < 0, stability can be lost only via
a static bifurcation, occurring at s = 0. This is exactly the stability boundary for the undamped system
(named “lower” in [23,24]). In conclusion, when resonance is absent, damping is unable to increase the
stability performances of the system.

The resonant case 2 = 2w;. To express the closeness of ) to 2w; (2w; # wiVk), we introduce a
small detuning eo and let 2 = 2w; 4 0. Since amplitudes not involved in resonances are inessential in
determining stability (via a mechanism similar to that discussed for the non-resonant case), we limit the
generating solution to:

qy = Al(tl, to,.. .)II1 + Aj (tl, to,.. .)lljeiwjto + c.c.. (10)
By applying the standard MSM algorithm (see the Appendix 1 “The resonant case = 2w;”), we get
the following AME:
41 = a1 A + agAy, o o (11)
Aj = OégAj + ia4Aj + ()45Ajewt + iagAje‘”t,
where the coefficients o’s are defined in Eq. (57) of Appendix 1 “The resonant case Q = 2w;”. Since A; is
real and A; is complex, the asymptotic dynamics occur on a four-dimensional manifold. The first of Eq.

(11) is identical to the first of Eq. (9), governing the static loss of stability and, moreover, is uncoupled
from the second one. Therefore is this latter that rules the (dynamic) loss of stability. To transform it in
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an autonomous form, we let A; = R e'7t/2 and, to pass to real quantities, R = u + iv. Then, we write the
system of equations for the new variables in the form:

U= (a3 +as)u+ (0/2 — as + ag)v,
0= (_?;’/2‘5044 + ag)u + (a3 —25)11. (12)

The condition a3 — a2 = a2 — (6/2 — a4)? determines the upper boundary of stability.

The resonant case 2 = w; /2. In this case, we have Q = w;/2 + 0. As it was in previous case, we take
a two-term generating solution, namely Eq. (10). By going to the 2-order, where resonance manifests
itself for the first time, we obtain the following AME (see Appendix 1 “The resonant case Q = w;/2"):

Al = C¥1A1 + Al + ag(Zje%rt + Ajefziat),

. : 1
Aj = iOé4A1€2mtAj + OZ5Aj + iOé@Aj, ( 3)

where the o’ s coefficients are defined in the Eq. (59) of Appendix 1 “The resonant case = w;/2”. The
asymptotic dynamics still occurs on a four-dimensional manifold. However, since the equations are now
coupled, static and dynamic components of motion interact in determining stability.

By letting A; = R e?9! with R = u + iv, we can rewrite the system (13) in the matrix form x = Hx,
where:

A 0 1 0 0
_ A | a2 aa 2ai3 0
=lau H= 0 O o 20 — «g (14)
v ag 0 ag—20 as
The characteristic equation for the characteristic number A of the matrix H is:
M 4B A3+ koA F kA + kg =0, (15)
where:
k1 = —(a1 +2a5) > 0, ko :2a1a5—a2+a§+402+a§ — 4o,
ks = 2a0a5 — do2ay — alag + dayago — alozg, (16)
ky = —4daso? — agag + dasgo — agag + 2az004006 — daizouy 0.

The stability conditions are drawn by the Hurwitz’s theorem, which supplies the following stability
conditions:

ko > 0, k‘3 > O7 ky > 0, k‘1k‘2k‘3 — k‘g — k%k‘4 > 0. (17)

The sum combination resonance {2 = w; + w;. In this case we have ) = w; + w; + 0. The generating
solution involves three components:

qy = Al(tla to,.. .)111 + Ai(tl, to,.. .)uiei“ito + Aj (tl, to,.. .)ujeiwjto + c.c.. (18)

By performing calculations detailed in Appendix 1 “The sum combination resonance 2 = w; + w;”, we
get the following AME for the amplitudes:

Al = OélA1 + ag Ay o -
Ai = Pridi + 102 Ai + 531'14161# + 1541‘1416@, (19)
Aj = PrjAj 41025 A; + B Aie'" +if4; A,

where the f’s coefficients are defined in Eq. (67) of the Appendix 1 “The sum combination resonance
) = w; +w;”. Motion occurs on a six-dimensional manifold. However, the equation for A; is uncoupled
from the latter and coincides with the first of Eq. (9), holding in the non-resonant regime, so that it does
not add any information on stability.
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By letting A; = R;€“'/? and Aj = Rjei“t/Q, with R; = u; +iv; and R; = u; + iv;, we can rewrite the
last two Eq. (19) in the matrix form x = Hx, where:

U; Bi 0/2— Ba; Bai Bai

N | Bai—0a/2 B Bui — B3
= uj |’ H= Bs; Baj Bij g/2— [0 |- (20)

v; Baj — 35 Boj — /2 B1j

The characteristic equation has the form (15) (with a’s replaced by (’s), and stability conditions the
form of inequalities (17).

The difference combination resonance 2 = w; — w;. Here the closeness of ) to the difference of the
natural frequencies is defined by Q = w; —w; + €0 (j > 7). By following the procedure of Appendix 1
“The difference combination resonance 2 = w; — w;”, the AME are found to assume the form:

41 = a1 A; + agdy _ .
Ai = Pridi + 102 Ai + ﬂ?n’Aje__Wt + 1541'143'8__10757 (21)
Aj = BijAj + 10245 + B3 Aie’?" +if4;Aie’",

where the (3’s coefficients are defined in the Eq. (71) of the Appendix 1 “The difference combination
resonance 2 = w; — w;”. As for the sum combination, the dynamics of the static component A; is
uncoupled from those of the harmonic components A;, 4;.

By letting A; = Rie”9%2 and Aj = Rjeigt/2, with R; = u; +iv; and R; = uj + iv;, the latter two
equations are rewritten in matrix form, with:

B _0/2 — B Bai — P4

| Bait /2 B Bai Bsi
H= B35 —fa; B 0/2 = B (22)

Baj B3 Boj — 0 /2 B

so that the stability conditions have the form of inequalities (17).

4. Multiple Scale analysis by fractional power expansions

The resonant case 2 = w, is now addressed. As discussed in [24], this case calls for using fractional power
expansions of £'/2. Since the procedure is not standard, we will describe it with a major detail.
First, we introduce a fractional expansion for the Lagrangian coordinates:

q(t,e) = qolto, t1,ta,...) +e/2qy (to, t1, ta, . ..) + eQy(to, t1, ta, . ..) + 2/ 2qq(to, tr,ta,y .. ) ... (23)

where:
to=t, t1=c%, ty=ct, ... (24)
are fractional times, too. The chain rule now reads:

d o'} d2 0o o0 .
& — ng/2dk7 @ = Z Zg(k+j)/2dkdj (25)
k=0 7=0 k=0
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so that the perturbation equations are:

e’ Mdjq, + Coqq = 0,

e¥/2. Md3q, + Coq, = —2Mdod, qp,
502 . .
e': Mdiq, + Cogy, = —2Mdodaq, — Md3q, — 2Mdod;q; — TB%(elmo + o710

_’deOq07
—2Md1d2q0 — 2Md0d3q0 — 2Md0d2q1 — Md%ql

e¥/2 . Md3q, + Coq,
—2Mdodiq, — (sgﬁBql(ei% +e71%0) — 9D(diqq + doay),
e?: Mdjq, + Coqy = —2Md1dzqy — Md3q, — 2Mdodaqy — 2Mdodsq; — 2Mdydaq,
—2Mdgdaq, — Md2q, — 2Mdodiq; — ApCiqy — %B(h(eigto + eif0)
—yD(daqq + d1q; + doqs),

(26)
The £%-order equation admits the generating solution
do = A1(t1, ta, .. w + Aj(t1,ye, .. u;e“i™ +cc. (27)
which substituted in the equations of £!/2-order furnishes:
Md3q; + Coq; = —2iw;d; A;Mu,e“* + c.c.. (28)
Elimination of secular term requires d; A; = 0, so that:
q, = Bj(t1,t2,..)uei" 4 cc., (29)

where the arbitrary amplitude B; has been introduced, differently from the usual procedure adopted in
the standard method; in contrast, By has been omitted (see [24] for a discussion on this point).
By substituting 2 = w; + £1/2¢ for the e'-order equations, we obtain:

502 — :
Mdgq, + Cogy = —diA;Mu; — TAjBuje“’tl + (—2iw;(d2A4; 4 d; B;)Mu,
2 iot . iw,t 60? I(Q4w;)t
—00°A1Bue'?"t — I’ijDllj) eIt — 5 AjBuje 370 4 c.c. (30)

By removing secular terms, it follows:

2 592 —iotq A Aoty T
7d1A1 — T (Aje + Aje ) lll Bllj = 0,

. (31)
—inj (dgAj + dlBj) — 592Alelﬂt1u?Bu1 — iijAju?Duj = 0,

Starting from this point, the procedure continues by the usual steps (see “Appendix 2”). In particular,
the solvability condition at the €3/2-order supplies:

502 ‘ —
—2d1d2A1 — T (Bjeiwtl + Bjewtl) II{BUJ' - ’ydlAlulTDul = O,

(32)
—2iw;(d3A; + d2B;) — diB;j — iyw; Bju; Du; = 0,
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and that at the e2-order furnishes:

204

)
—d2A; — 2d;d3A; — (Apul Ciuy —

502 . )
Jri'yT ((Q — wj)ulTDzj_ + wjuivaj) (Aje“’t1 - Ajeﬂ"tl) =0,

u!Bz;)A; — ydy Ajul Duy

52947 . (33)
—2iwj (d4Aj + ngj) — d%AJ - 2d1ngj — ’}/ll?Dllj (dQAj + dlBj) + TAjujrsz_e%ah

5208 _ ) :
+ ( 1 ujTB(z;r +1z;)— Apquluj + 72wj2-u;‘-rva> Aj+ 1"/5(23u;‘-FDz1A1e ot _ .
with the z’s vectors defined in Eq. (73) of “Appendix 2”.

To recombine all the previous results, let us introduce the total amplitude C; = A; + e/ 2Bj. Then, by
using the inverse transformations €6 — 6, ey — v, e2Ap — Ap, t; — /%t g1/2
of the derivatives as:

o — o and reconstruction

A..l = Ed%A1 + 53/22d1d2A1 + 52((1%141 + 2d1d3A1),

34
Cj = E(dQAj + dlBj) + 53/2(d3Aj + dQBj) + 62(d414j + d3Bj) ( )

we obtain equations in the original (not-rescaled) quantities, having the form:
A...l = OélAl + g Ay + 013(Cje_igt +€jeiat) + ia4(6jei”t — Cje_iat), (35)

Cj = 015Alelat + Ck(;Alewt + iOMAlewt + iang + OZQC]' + iOl1()Cje2wt,

where the coefficients a’s are defined in Eq. (77) in “Appendix 2”. Since A;is real and C; is complex, the
motion occurs on a four-dimensional manifold. Since the equations are coupled, the static and dynamic
components interact in determining stability.

By substituting C; = R ¢'7! where R = u+iv, we can recast the system (35) in matrix form, similarly
to the resonant case Q@ = w/2 (for which coupling also occurs). The matrix H now will be:

0 1 0 0
2 2
H= Qo Qg asg Qy (36)
Qg Qp Qg a1g —ag +o
a; 0 aigtag—o Qg

The stability conditions have the form of inequalities (17).

5. Sample system analysis

As a sample system we will consider a triple pendulum in its unstable upright equilibrium position (Fig. 2).
The system is made of three hinged rigid rods of equal length [, elastically restrained at the hinges by
linear springs of equal stiffness ¢, carrying heavy masses m at the hinges. Hinges are damped by linear
viscous devices of equal constants d. The support undergoes a vertical harmonic motion z = acos ¢,
with a < L.

By taking the rotations ¢; (¢ = 1,2, 3) as Lagrangian coordinates, the equations of motion were derived

by using Lagrange equations, with F' = %d [qf + (G2 — q1)2 + (43 — 43)2} the dissipation function. After

linearization around the vertical position ¢; = 0, and non-dimensionalization, they were found to assume
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Fi1G. 2. Inverted triple pendulum under harmonic motion of the support

the form (1), where:

M =

=N W
==

—2pg — 3 Do 0
, Co = Do —2po — 2 Po ;
0 Po —po — 1
0
2
0

and, moreover,

a c l
s=2 — o = _
P mgl’ \/;’ 7 mlz\/> \/> (38)

with ¢ the gravity acceleration and ¢* a nondimensional time (star ahead).

The critical load is found to be py = —8.1207. Under thls load, the eigenfrequencies are w; =
0, 3.6389, 8.6722. The stability boundaries7 as supplied by the asymptotic procedure illustrated above,
were plotted in the amplitude—frequency plane (§,€2), and compared with those determined by a pure
numerical approach grounded on the Floquet theory. Results are commented ahead.

Overall view. Figure 3 provides an overall view of the stability regions. The lower curve (plotted in black)
which extends over all the Q-interval is the locus of static bifurcation (damping independent), on which
just the zero frequency, statically unstable mode, is involved. The solution, determined as non-resonant,
loses validity close to €2 = wo, w3, where a first-order resonance in contrast occurs. The lower bound
represents, for each frequency, the lowest amplitude § able to re-stabilize the equilibrium. Since the curve
decreases with €, re-stabilization is easier at high, rather than low, frequency. However, close to other
resonances as {2 = 2ws, 2wz, we + w3, dynamic bifurcations occur, involving the stable modes. In addition
to the previous ones, there exist resonances at 2 = %wg, %W3, but they cannot distinguished in the scale
of the figure, so that they will be commented ahead.

Dynamic bifurcations lead to the appearance of instability regions (whose boundaries are plotted
in blue) which prevent re-stabilization at lower amplitude and, moreover, constitute upper bounds just
out of resonance. When damping is added (red curves), the scenario remains almost unchanged almost
everywhere, since modifications are too small to be appreciated on this scale. An exception, however, is
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51
0.4
0.3
0.2
\J

T T v T T J
0 o, 5 2o, o 10 o+o 15 2o, 20 o)

Fic. 3. Overall view of the stability regions; black curve static bifurcation; blue curve dynamic bifurcation for the undamped
system (y = 0); red curve dynamic bifurcation for a damped system (y = 0.01)

R 0 53
0.0121
0.08
0.02
0.008 §
0.04
0,004 ] 0.01]
0 0 0 0
6.5 75 Q 16 18 Q
(a) (©)

Fi1G. 4. Stability boundaries around: a, b Q = 2ws, ¢ 2 = 2ws; blue curves undamped system; red v = 0.01, yellow v=0.05;
green v=0.1; solid lines second-order asymptotic solution; dotted lines first-order asymptotic solution; black curve static
bifurcation

represented by the resonance zone close to the sum combination resonance €2 = ws + w3. Here, a small
damping v = 0.01 produces a contraction of the stability region; thus, in spite of the expected beneficial
effect, damping has a destabilizing effect. This phenomenon is not new, having been observed in some
pioneering papers concerning the combination resonance, as resumed in [29] Sect. 5.4.5. The destabilizing
effect of the damping, moreover, is well known in autonomous non-conservative systems (see [30,31] for
a thorough discussion). Further details on this interesting aspect will be given ahead.

Resonance 2 = 2w;. An enlargement of the stability boundaries around @ = 2w, = 7.28 and Q =
2ws = 17.34 is plotted in Fig. 4. The asymptotic boundaries evaluated at first-order (dotted lines) and
second-order (continuous lines) are plotted for the undamped system (blue lines) and damped system
(red, yellow, and green lines). It is seen that second-order corrections are significant (more at lower
frequency) and shift on the left the boundary curves. This effect is due to the increment of load Delta
p, which has been scaled at second order. Damping has a beneficial effect (as expected at the principal
parametric zone, see [29], since it shrinks and raises the boundaries, the more the higher it is).

Resonance 2 = %wj. The scenario close to ) = %UJQ = 1.819 is depicted in Fig. 5. Here, as we said,
interaction between static and dynamic bifurcation occurs. When the system is undamped (Fig. 5a), there
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Fic. 5. Stability region around Q2 = %wg: a undamped system, v = 0; b v = 0.005; ¢ v = 0.01

o 01 o
0.2 0.2 0.2
° 4.2 46 2 ° 4.2 46 2 ° 4.2 4.6 2
(@) (b) (c)

F1c. 6. Stability regions around Q = %wg; a undamped system, v = 0; b v = 0.005; ¢ v = 0.01

is narrow thong of instability; damping (Fig. 5b) reduces and shifts it upward, thus bringing a beneficial
effect.

When the region near 2 = %wg = 4.336 is considered (Fig. 6), the behavior is more complex. Indeed,
while damping arises the instability zones, it enlarges them, bringing a partially detrimental effect to the
re-stabilization.

Combination resonance. Combination resonance leads to instability only in the sum (not in the difference)
case, as observed in several cases of literature. The zone close to 2 = wy + w3, already commented in
Fig. 3, is represented in Fig. 7. It appears that damping initially enlarges the instability zone (Fig. 7b),
but, increasing, it also arises it (7¢). Therefore, damping is detrimental for small values and beneficial for
larger values (similarly to what happens for autonomous systems, see, e.g., [32]).

Resonance 2 = w;. The 1:1 resonance case is now addressed that, as we said, also entails a static—
dynamic interaction. Figure 8 refers to the case = wy. When damping is absent (Fig. 8a), there exist
two regions of instability merging at low amplitude. When a small damping is added, the two regions
initially expand (Fig. 8b), so that damping has a detrimental effect; however, when damping is larger
(8c) the left region raises, so that a partial beneficial effect of damping can be appreciated.

A similar behavior can be observed close to Q = ws(see Fig. 9). When the system is undamped (9a),
only a narrow stable tongue separates the wide regions of instability. Very small damping values (not
shown for brevity) make the tongue extremely thin; however, when a larger damping is considered (9b),
the tongue thickens and then merges with the right stable region (9c¢). As a final result, damping brings an
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Fic. 9. Stability region around = w3 = 8.672: a undamped system, v = 0; b v = 0.05; ¢ v = 0.1

improvement at lower frequencies and a worsening at higher frequencies, compared with the undamped

case.

Comparison with the Floquet theory. The previously illustrated asymptotic results were validated against
purely numerical results obtained by evaluating the eigenvalues of the monodromy matrix, according to
the Floquet theory. The agreement was found generally good, although less good cases were encountered.
Fig. 10 reports some results. Figure 10a refers to the resonance 2 = %wg, and it is in excellent agreement
with Fig. 5c. Figure 10b concerns the combination resonance {2 = wy+ws, which gives results in reasonable
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F1G. 10. Stability regions determined via a numerical approach (Floquet theory): a around Q = wy/2 (v = 0.01), b around
Q = ws + w3 (v =0.05), ¢c around 2 = ws (y=0.01)

agreement with those in Fig. 7b. Finally, Fig. 10c displays the case {2 = w3, whose results are in good
accordance with those in Fig. 8b.

6. Conclusions

The problem of re-stabilization of statically unstable system via parametric excitation has been addressed.
The paper extends the results of a previous paper by the authors, by including the effect of damping, so
far neglected. The analysis has been carried out via a Multiple Scale analysis, which calls for nonstandard
algorithms to be applied: namely integer and fractional power expansions, introduction of the homoge-
neous solution, reconstitution of amplitude modulation equations of different order, suitable ordering of
the parameters, all needed to avoid inconsistencies of the method. Non-resonant and several resonant cases
have been studied, including combination resonances. In any cases, a proper set of amplitude modulation
equations has been derived, governing the essential dynamics of the multi-degree-of-freedom system, and
constituting a reduced-order model. The asymptotic (long-time) dynamics of the system was found to be
ruled by the following equations:

1. Far from resonances, the bifurcation is of static type, i.e., only the amplitude of the statically
unstable mode is involved, while all the amplitudes of the marginally stable modes, due to the
presence of damping, decay. Since damping cannot influence a static bifurcation, it cannot modify
the non-resonant boundary curve, which therefore coincides with that of the undamped system. The
static bifurcation represents a lower boundary for re-stabilization. It gives the minimum amplitude
of the parametric excitation able to re-stabilize the system.

2. Close to the resonances 2 = 2w;,w; + wy, the dynamics of the unstable mode is uncoupled by
those of the stable modes, and still governed by the non-resonant solution. Here damping enters the
amplitude equations, and its effect has to be numerically evaluated.

3. Close to the resonances 2 = %wj, w; the static and dynamics components of motion interacts, since
the relevant equations are coupled. Again, the effect of damping calls for a numerical analysis of the
reduced-order model.

A triple pendulum has been taken as sample system, and the asymptotic results have been used for
drawing the stability boundaries in the excitation amplitude—frequency plane. The following results have
been obtained:

1. Damping not always brings a beneficial contribution to re-stabilization. Sometimes it is definitely
detrimental, sometimes it is detrimental when it is small and beneficial when it exceeds a threshold
value, and sometimes again it brings an improvement on the left side of the resonance but a worsening
on the right side. Thus, no general rules can be drawn at this stage.
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2. Damping, however, is beneficial close to the principal parametric resonance €2 = 2w;, where the
effects of the dynamic instability are strongest.

3. Generally, the modifications of the stability scenario due to damping are weak, since, as it is know,
damping works better at low amplitudes, where, however, the system is statically unstable. There-
fore, its improvement concerns the upper bounds, which are generally raised.

4. The destabilizing effect of damping on parametric excitation is not new in the literature, since it was
discovered in some pioneering works, although confined to the combination resonance. It seems to
have similarities with the more-known Ziegler paradox, which concerns autonomous nonconservative
systems. The search for possible common aspects between the two phenomenon is an open question
that could deserve some future attention.

The study so far carried out concerns any finite-dimensional system admitting a simple-zero eigenvalue
and therefore suffering static bifurcation. Of course, a wider class of problems could be studied to check
the efficiency of the parametric excitation in restoring stability. In particular, we mention:

1. Lightly damped Hamiltonian systems undergoing multiple (e.g., double)-zero eigenvalues. A proto-
type for this bifurcation is the Augusti model [33] in the theory of elastic buckling. In the framework
of perturbation theory, the relevant treatment is similar to that illustrated here, although quite
more complex, since both buckling modes must be included in the generating solution, leading to a
reduced-order model of higher dimension.

2. Heavily damped systems, or systems subjected to nonconservative forces (namely, follower or aero-
dynamic forces) triggering a double-zero (Takens-Bogdanov) bifurcation. Here, re-stabilization is a
challenging task, since the bifurcation is of dynamic type, while parametric excitation supplies a
constant force and higher harmonics.

3. Nonlinear systems, in which, mainly in the dynamic bifurcation case, the parametric re-stabilization
could reduce the limit-cycle amplitude.

4. Continuous (not discretized) systems, for which the procedure illustrated here can still be followed,
although with a slightly different mathematical apparatus, as for example illustrated in [34,35].

Appendix 1: The integer asymptotic expansions

Here, we will give details on derivation of the AME by integer series expansions.

The non-resonant case

To remove the appearance of secular terms in the solution of Eq. (8), any harmonic terms in the right-
hand members (r.h.m.) of the equation must be rendered orthogonal to the eigenvector of same frequency
(solvability condition). It reads:

2d, Ay, + YA uiDu, =0, k=2,...,n. (39)
while no information is drawn on d; A;. By using this result, Eq. (8) can be rewritten as:

592 n ) ) n .
Mdjq; + Coq; = - Ak(el(w’”‘+mt° + el(“”“_Q)t")Buk + iy Zkakael“”“tO + c.c., (40)
k=1 k=2

where the following position holds:

Vk = Muk (u{Duk) — Dllk. (41)
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Then, the solution for q; takes form:
6Q? - i(wr+Q)t i( Q)t iwt
q, = — ZAk(z e!lWk 04z e\ R °)+172kakvke““+cc (42)
k=2

where zf are (unique) solutions to the non-singular algebraic problems:
(Co — (w £ Q)°M) zi¥ = Buy, (43)

and vy, are solutions to:
(Co — w,%M) VE = Vk, (44)
normalized in such a way ul Mv, = 0.
By using Egs. (7) and (42) in the third of equations (6), we get:
Md3q, + Coqy = » <—w,3d1Akak — Qiwpdy AxMuy, — d2A,Muy, — ApA,Cruy

k=1

52 4 (45)

AkB( +3z, ) —vd1 ADuy + 'y%},%Avak) ewrkto 4 ¢c. + NRT,

where NRT stands for non-resonant terms. To remove secular terms, it needs that frequency-w; terms in
the r.h.m. are orthogonal to uj, and frequency-wy terms (k = 2,...) are orthogonal to uy, i.e.:
2094

0°Q2
—d%Al + (

u/Bz; — Apu?’Ciu; ) A; —yu!Duydi 4, =0, (2 = 2 =27)

62 4 (46)

—2dwpdo Ay, — dek + ( u;‘gB(zz +1z, ) — Apquluk + 72w,2€u£ka> Ay — vugDukdlAk =0.

By coming back to the true time and not-rescaled variables € — ¢, ey — 7, e2Ap — Ap, edi A —
Ay, e2d3A; — Ay, edi Ay + 2da Ay, — Ag, we finally obtain the AME (9), where the following
positions hold:

5294
o = —'yufDul7 g = u’'Bz; — Apu? Cyuy,
o y (47)
agp = —=up Duy, + ﬂ (Apu{cﬂlk - w;B(z +12;) — Z(uTkFDuk) R A DVk)
The resonant case 2 = 2w;
With the generating solution (10), the e-order perturbation equation (6) reads:
2 : iwjto 6927 iot Jiw;to
Mdoql 4+ Coql = —21wjd1AjMuje : — TAjBuje e
60> 502 , :
——5241Bu el 7AjBujel(Q*“’jNO — iyw; A;Duje" + c.c. (48)
Removing secular terms we obtaln:
2
—2iw;d1 A5 — —u;‘-FBuije“’t1 iwju; Du;A; =0, (49)

2
With this result, Eq. (48) transforms into:

2

o0
Mdjq; + Coq; = 5

502 :
——A bl (@t g AV et e, (50)

(2141 Blll eiﬂto —+ A] Bujei(ﬂ+wj )tO)
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where V; is defined by Eq. (41) and, moreover,

b]’ = Bllj — (ll?Bllj)Mllj. (51)
The solution for q; takes the form:
59° ¢ i (QFwi)to | Ay wi(Q—wi)t : iw;t 2
@ = (2A1zle 0+ Ajzje I+ Ajzse 9 0) +iywjAvie®it +cc., (52)
where v; is the solution of Eq. (44), z1 = z; = 7, zj are solutions of Eq. (43), and z; satisfies the

problem
(Co— (2—w;)®M) z; =b;,. (53)

J

with the arbitrary component of z; onto the j-th mode taken as zero.
By substituting solution (52) into the e2-equations (6), we obtain:

52 4
Mdgq2 + Coq2 = 7d%A1M111 — ApA101u1 + B) Alel — ’)/dlAlDlll
5204
+ (—d%Alelj — ZindQAjMuj — AijCluj + TAJB(Z;_ + Zj_)
—vd; A;Du; + 72wj2»Ajva + ngﬁzdlAjMvj) glwito (54)
_ 9] _
+ (1692(9 — w]')dlAjMZj_ —+ 17’}/ (u)ijj —|— (Q — w]')DZj_) AJ)
x elwitoelott L cc. 4+ NRT.
Elimination of secular terms leads to:
5204
—d%Al — ApA1u1T01u1 + A1u1TBz1 — 'yd1A1u1TDu1 =0,
5204
7d%AJ — QindQAj — Aijllfclu]' + TA]ufB(Zj— + Z_]_) — ’)/dlAjllJTDllj (55)

3 592 —\ A . ,io
+72W?AjuerVj + =5 (wjujTij + (22— wj)u]TDzj ) Ajelt = 0.

To obtain amplitude equations in the real (not-rescaled) quantities, the inverse transformations €6 — 9,
ey — v, e2Ap — Ap, t; — £t, e — o are used, together with the reconstruction of the derivatives:

Al = EdlAl, Al = EQd%Al,
i 2 (56)

AJ‘ = EdlAj + € dgAj.
Here, d?4; is given by the first of Eq. (55), d14; by Eq. (49), and d2A4; by the second of Eq. (55), once
d?A; has been evaluated by differentiation of Eq. (49), with the help of Eq. (49) itself. Thus, Eq. (11)
are found, where the coefficients «; and ay are defined by the first line of equations (47) (holding in the
non-resonant case), and, moreover,

ag = —5u Du;y,

1 5294 52 4 _ ,YQ
g = @ ApujTCluj + W(u;‘rBuJ)2 — u}jB(zj+ + 2, ) — Z(ujTDuj)2 - 72w]2u;‘Fva ,

502 e (57)
a5 = 74— (w7uj Bv, + (Q — wj)uj Dzj ),
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The resonant case Q = w;/2

In this case we have @ = w;/2 + 0. Since this is a second-order resonance, the equations (39) and the
first-order solution Eq. (42) still hold. By substituting these solutions (having only two terms for k = 1
and j) into the e2-order equations (6), and accounting for the closeness of Q to w;/2, we obtain

204 5294

0 _ .
Md(z)q2 + Coq2 = —d%AlMlll — ApA101u1 + B) A1B21 — ’}/dlAlDlll + TAsz;e2IUt1

) 520t _
+ (Q’Yw]zdlAjMVj — 21wjd2Alelj — d%Alelj — Aijclllj + TA]B(zj + Zj )

62 4 . .
—~d1A;Du; + 'VQwJQ-Ajva + 2A1Bz1e2“’t1> ewito 4 c.c.+ NRT. (58)

Removal of secular terms requires the frequency-w; terms to be orthogonal to u;, and frequency-
w; terms to be orthogonal to u;. From this condition, by using the same inverse transformations as in
previous case, we obtain Eq. (13), where:

5204
o = —’yu?Dul, Qg = 7u?le — Apu?cﬂll,
62Q4 B 5294
oy =" ulBzy,  ai=-"—wBa,  as=-lu/Du, (59)
1 T 201 T ! + 72 T 2 2 2T
g = 72% (Apuj Ciu; — 1 u; Bl(zj + 1z, ) — Z(uj Du;)” —~v Wil va)'

The sum combination resonance 2 = w; 4+ w;
With the generating solution (18), Eq. (8) reads:
2 : 592* iot : iw;t
Mdoql + Coql = — 21wid1AiMui + TAjBuje 14+ 1’ywiAiDui ewito
. 5927 iot . iw;t
— 21w]'d1Alelj —+ TAiBuie L4 l’yijlelj eIt

. 502 .
—50%A;Bu; et — 5 Z ApBugel@WrtDto 4 ¢ o (60)
k=i,j

After removing secular terms:

502 -
—2iwid1Ai — TAjuZ—TBuje“’t - l’ywlAlllZTDlll = 0,

5927 . (61)
72iwjd1Aj — TA,;u]TBuie“’t - i’yijjufDuj = 07
which, when used in Eq. (60), transforms this latter into:
2 502 i(Qronte O (Q—wk)to | iwit
Mdgq, + Coq; = Z —TAkBuke kJto TAkbke BI04 iywy A Ve @kt
k=i,j
—09%ABuje 4 c.c., (62)

where Vy, is defined by Eq. (41) and:
b; = Bu; — (u] Bu;)Mu;, b; = Bu; — (u] Bu;)Mu,. (63)
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The solution for q; takes the form:

502 . _ . )
- Z (Akz;e‘(mr“”“)to + Akz,;e‘(gf‘*”“)to) + iy Z wiApvie“rto 4cc., (64)

k=1, k=i,j

q; =

j, z; are the solutions of equations (43) when k = 1, 7,4, respectively; v;, v; are
the solutions of equations (44) when k = j, 4; finally z
7 is replaced either by 1, j.

With these results, the e2-equations (6) becomes:

where z; =z = 2], z

7 7

z; are the solutions of the equation (53), where

204

4

0
Md§q2 + Coq2 = Z 7d%AkMuk — 2iwpdos AxMuy, — ApARCiuy +
k=1,i,j

77d1AkDuk + fyzw,%Avak + QVWI%dlAkMVk) elwrto

AB(z) +2;)

2
+ <1592(Q - wj)dlszzj_ + i%fy (w;Bv; + (2 — wj)Dzj_) Aj> elwitoglot

2
x eWitoelot 1 cc. 4+ NRT. (65)

Elimination of secular terms leads to:

5204
7d%A7 — 21w,d2Al — ApAz'llzrcllli + 1 A7HZB(ZT + Zl_) — ’}/dlAlll?Dllz
2 2 T 592 T T —\ A .. lot1
+y*w; Aju; Dv; + =7 (wju] Bv; + (Q — w;)u; Dz; ) Ajelh =0,
204

082
7d?Aj — QindQAj — Aijll,jrcluj + TAJU,JTB(Z;_ + ZJ_) — fydlAjujTDuj
2

5Q —
+’y2w]2-Aju?va + iT'y (wiujTBvl- + (- wi)u]TDzi_) A7t = 0. (66)

The equation for A; coincides with the first of equations (55). By using the inverse transformations and
reconstruction (56), we obtain the Eq. (19), where:

B1; = —2ul Du,
2
1 T 2t T R U I 2 2 2T
Bo; = 5 Apu; Ciu; + . (u; Bu;)(u; Bu;) — u; B(z] +1z;) — Z(uZ Du;)” — v *w;u; Dv; |,
i Wi

502 1
Bsi = Vo wjuiTij +(Q - wj)uiTDzj_ + —uiTBuj (ujTDuj - uiTDui)>7

dw;
502 o ¢
Bai = —uiTBuj (1 — )

4&)1‘ 2wi

and (15, B2, B35, Baj are defined by replacing the indexes ¢ to j and j to ¢ in Eq. (67).

The difference combination resonance 2 = w; — w;

When the generating solution (18) is used into the £!- order perturbation equation (6), this latter reads:
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502 o o '
Md3q, + Coq, = — 2 (2A1Bulelm“ + A;Bu;el (Pt 4 AjB“jel(Qerj)to)
502 ‘ ~
_ (inidlAiMui + TAjBuje_“’t1 + ifywiAiDui) elwito (68)

502 : :
— (2iwjd1AjMuj + TAZ-Buie“’t1 + i’yijjDuj> elwito L ¢ c.

After eliminating the secular terms:

: 592 T —iot :
—21wid1Ai - TAjui Buje - l’ywiAiDlli = 0,

00

> ‘ (69)
—2iw;d A — TAiujTBuie“’t —iyw;A;Du; =0,

The solution for q; will have the form (64), where z; =z = z], z; and zj are solutions of equations (43),
v; and v; are the solutions of equations (44) and z;” and z; are the solutions of the following problems:

(Co— (Q+w)*M)zf =b;,  (Co— (2—w;)®M)z; =b;. (70)

Here b; and b; are defined by Eq. (63).
After substitution the expressions for q, and q; to e2-equations (6) and elimination of secular terms,
by using the inverse transformations and reconstruction (56), we finally get Eq. (21), where:

i i
Bri = —§uiTDui7 Brj = —>u] Duy,

i = 55 (ApuiTClui - m};-(u?Buj)(ufBui) e u Bz +2;) - %2<uiTDui)2 - V%?H?DVJ’
s = 5y (S O = 0B B0 — B ) 07D Dy, )
B3i = 713? wul Bv; + (Q — wj)usz; N %%“?B“j(uyr])“j N uiTDHi))’
Baj = ’Yi?;j <_wiu]TBvi +(Q+w;)uj Dz — 431]- uj Bu; (u] Du; — ufDu;) ),

(71)

Appendix 2: The fractional asymptotic expansions

Here, we will explain in more detail how to get AME in the fractional expansion case. By solving Eq.
(30) with the help of Eq. (31), we get:

s

5 (Akz;rei(ﬂ'“‘”“)t” + Zkzlzei(ﬂ_“”“)to) + i’yijjvjei“’th + c.c. (72)

k=1,j

qs =

Above, z; =z =z, and z; are the solutions of the problems:

(CO — QQM) 7] — Bll1 - (u]TBul)Muj,

(CO - (Q - w]')QM) Zj_ = Bllj - (U?Bllj)Mul (73)

and z;“ and v; are the solutions of equations (43) and (44). Note that u] Mz; = 0, usz; = 0 and
uJTMvj =0.
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In the next step we obtain the equation for gs:
2

607 — ) 002 )
Mdiq; + Coqs = —2d;d2 A1 Mu; — TBjBujewtl —yd; A1 Duy — TBjBujelmw)to
+ (_inj (d3A]‘ + ngj)Muj - d%Blelj + 2i(593d1A1MZ1610t1 - i’yijlelj)
x ewit 4 c.c., (74)
from which, by removing secular terms, we get Eq. (32). Then, we have the solution:

(592 i W = (Q—w; : 3 i

b= (szfe (@r)to 4 By @000 ) 4210071 Argy ™ (75)
+i’yijjVj€tho + ’Yd1A1V1 + c.c.,

where g; is the solution of equation (Co — QQM) g, = Mz; and ujTMgl = 0 and vy is the solution of
equation Cov; = (uf'Du;)Mu; — Du;.

The equations of the e2-order will be treated next:
2094

2

)
Md%(h + Coq4 = — (2d1d3A1 + d%Al) Mll1 — ApAlClul + A1BZ1 — ’ydgAlDlll

_ _ . 502 .
—l—l(SQQ(Q — wj)(dQAj + dlBj)MZ;elotl + 177 ((Q — qu)DZ; + ijVj) Ajewtl
. 620! _
—|— (— (21wj(d4Aj —|— d3Bj) + dgAJ + 2d1ngj) MUj — Aijclll] + TAJB(Zj + Zj )

52947 . .
+— A;Bz; e®7" 4+ 607 ((d7 Ay + 2iQda A1)Mz, + 40°d; A1 Mg, ) €71
+7(d24; + d1 B;)(2w;Mv; — Du;) + i70Q3 A Dz it + Y’wiA;Dv;) elwito
+NRT + c.c. (76)

Elimination of secular terms leads to Eq. (33).
Recombination finally supplies Eq. (35), where the following positions hold:

5294 5Q2
a1 = —yuj Duy, Qg = uf Bz; — Apu] Ciuy, a3 = —TulTBuj7
502 T T 5% - o
ay =vy—— (ou; Dz 4+ w;u; Bvj), a5 = ———=u; Buy 1—)7
4 ( 1 i I ]) 40-)]2 j w]
602 (u!'Du;)(u?’Buy) 502 o o2
- — Q TD — J J J = — TB 1 [ -
e 72wj ( vy P dw; ’ ar 2w; it 2w; + 4wz |7
1 (6208 5204 B 42
Qg = E (16(«)2 (H?Bul)(u’{Buj) + Apurfcluj - llJTB(Zj + Zj ) - ’YQW?HIDV] — Z(HJTDIIJ)Q N
J
0 20t (1 B
g = —§ufDuj, Qg = @ m(ufBul)(ufBuj) — ufsz )
J
(77)
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