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1. Introduction

Reaction—diffusion systems are frequently used to describe the random motion of populations and spatial
heterogeneity in epidemic transmissions (see e.g., [2,5,17,19-21,25,33,39]). In order to understand the
influence of spatial heterogeneity of environment and movement of individuals on the persistence and
extinction of a disease, Allen et al. [2] studied the susceptible-infected—susceptible (SIS) reaction—diffusion
epidemic model:

95 _ DgAS = —L@SL L ()] 2 eQ, t>0,

o 5!
9 _DIAT =L ), zeq, t>0, (1.1)
S ==, zed, t>0,

where the habitat Q@ C R"™ (n > 1) is a bounded domain with smooth boundary 992 (n > 1), and v is
the outward normal vector on 02 and % represents the normal derivative along v on 0€; S(x,t) and
I(x,t) denote the density of susceptible and infected individuals at location z and time ¢, respectively;
the constants Dg and Dj are positive diffusion coefficients of the susceptible and infected population;
B(z) and «(z) are positive Holder continuous on  which denote the rate of disease transmission and
disease recovery at location x, respectively. Under the assumption that the total population number is
a constant, the results in [2] showed that the disease-free equilibrium of (1.1) is unstable for high-risk
domains where the spatial average of the transmission rate of the disease is large than the spatial average
of the recovery rate. For low-risk domains, which defined in a reverse way, the disease-free equilibrium
is stable. Involving system (1.1), Peng et al. [23,24] studied the asymptotic behavior and global stability
of the endemic equilibrium, Allen et al. [1] considered the continuous-time cases, and Huang et al. [14]
investigated the global dynamics subject to the Dirichlet boundary conditions.

Mixed factors lead to the outbreak of a disease. As same as the spatial heterogeneity, the temporal
heterogeneity is also one of important factors which influences the transmission of a disease. The temporal
heterogeneity comes from the seasonality. As noted in [3], seasonal changes are cyclic, largely predictable
and arguably represent the strongest and most ubiquitous source of external variation influencing human
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and natural systems. Exploring the role of seasonality, Peng and Zhao [25] assumed that 8 and ~ in (1.1)
are spatiotemporal heterogeneous and periodic in time, introduced the definition of the basic reproduction
ratio Ry and its properties and established threshold-type results on the global dynamics in terms of Ry.
Particularly, the asymptotic behavior of Ry with respect to the diffusion rate of the infected individuals
was obtained. The results in [25] also suggested that the interaction of spatial heterogeneity and temporal
periodicity tends to enhance the persistence of the disease. From an applied perspective, though a periodic
epidemic model offers broad insights into understanding the mechanisms of a disease outbreak, the disease
transmission rate and recovery rate are not necessary to share a common period. In particular, if the
periods of these periodic coefficients have no common integer multiple, then the system is not a periodic
system. Mathematically, we can treat such a system as an almost periodic system. In order to describe
the transmission of a disease more reasonably, we consider almost periodic system:

— DsAS = —BEOSL 4 (e I, zeQ, t>0,

9 _p AI_M—v(x 1, z€N, t>0, (1.2)
%s d£:0’ x eI, t>0,
S(x,0) = So(z), I(x,0) = Ip(x), z €,

where ((z,t) and y(z,t) denote the rate of disease transmission and the recovery rate at location = and

time ¢, respectively. In an almost periodic environment, we first make the following assumption:

(H1) B(z,t) and v(x,t) are Holder continuous and nonnegative nontrivial on Q x R, and uniformly almost
periodic in t.

As noted in [25], since ST/(S + I) is Lipschitz continuous in S and I in the first open quadrant, we
can define S and I in the entire first quadrant by defining it to be zero when either S = 0 or I = 0. Refer
to [2] (see also [25]), we assume that

(H2) fQ x,0)dx > 0, with Sy > 0 and Iy > 0 for all z € Q, and Sy, Iy are continuous on €,
which assures that there is a positive number of infected individuals at the initial time.

By the theory for parabolic equations (see [18]), system (1.2) admits a unique classical solution (S, ) €
C?1(2 x (0,00)). It follows from the strong maximum principle and the Hopf boundary lemma for
parabolic equations (see [26]) that both S(wz,t) and I(w,t) are positive for all z € Q and t > 0. As
following from [2], let

N = /[So(m) + Io(2)]dz > 0

be the total number of individuals in  at ¢t = 0. It then follows from (1.2) that
0

at/[S+Ida:_/ADSS+DII)d —0, >0

Q
Hence, the total population size is constant, i.e.,

/(S+I)dm:N, t>0. (1.3)
Q
Thus, [|S(-,t)||z1(q) and [[I(-,t)|[11(q) are bounded in [0,00). Let 7 = 0 on © x R in (1.2), then we
obtain the unique disease-free almost periodic solution (S,0) = (N/|€],0) (see [2, Lemma 2.1]), where
|2 denotes the volume of the domain €.

Our analysis in this paper will mainly focus on the persistence and extinction of almost periodic
reaction—diffusion system (1.2). Based on the theory of linear almost periodic parabolic equations, and
using the idea of the next-generation operator in [8,31] (see also [25,32,34]), we establish the definition
and the theories of the basic reproduction ratio Ry and its computation formulae for almost periodic
reaction—diffusion system (1.2). In particular, we present the asymptotic properties of Ry with respect to
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the diffusion rate Dj of the infected individuals. Finally, we consider the uniform persistence, extinction
and global attractivity in terms of Ry. Our results suggest that the interaction of spatial heterogeneity
and temporal almost periodicity tends to enhance the persistence of the disease. Since almost periodic
functions are a generalization (see [9]) of periodic functions, we would like to illustrate that, differing from
the autonomous case (see [2]) and periodic case (see [25]), the theory of the eigenvalue is not applicable
to almost periodic cases. Here, exponential growth bounds and skew-product semiflows are employed.

This paper is organized as follows. In Sect. 2, we present the theory of abstract linear almost periodic
parabolic equations. In Sect. 3, we introduce the basic reproduction ratio of (1.2) and obtain its com-
putation formulae and properties. In Sect. 4, we establish a threshold result on uniform persistence and
global extinction of (1.2). In Sect. 5, we give the description of the global attractivity for some special
cases. In Sect. 6, we discuss biological interpretations of our results briefly.

2. Almost periodic parabolic equations

A function f € C(R,R™) is said to be almost periodic if for any €, > 0, there exists [ = I(e,) > 0 such
that every interval of R of length [ contains at least one point of the set

T(f,ex) = {8« ER:|f(t+ sx) — f(t)] < €4, Vt € R},

where | - | is the usual Euclidean norm in R™. Let D C R™. A function f € C(D x R,R™) is said to
be uniformly almost periodic in t if f(x,-) is almost periodic for each # € D, and for any compact
set £ C D, f is uniformly continuous on E x R (see [6,9]). A special class of almost periodic functions
consists of quasi-periodic functions. A function f € C(R,R™) is said to be quasi-periodic if there exist
positive numbers @y, ..., w, with their reciprocals T, ...,T}, being rationally linearly independent such
that f(t) = F(t,...,t) and for each 1 <14 < p, F(ty,...,t,) is w;-periodic in ;.

It follows from [6,9] that if f is an almost periodic function, then there exists a Fourier series
Py Ajetit associated with the function f, i.e., f(t) ~ Py Ajetrit. We call \j, j = 1,2,..., the
Fourier exponent of f(t), and A; the Fourier coefficient of f(t). The module of f, mod(f), is defined as
the smallest additive group of real numbers that contains the Fourier exponent of f(¢).

For each o € (1/2+n/2p,1), let X := X, C LP(Q) (p > n) be the fractional power space with respect
to —A with homogeneous Neumann boundary condition (see [12]). Then X is an ordered Banach space
with the cone X defined by X; = {p € X : p(z) > 0,Vx € Q}. Note that the interior of X satisfies
Int X, # (). Hence, the ordering on X can be defined as follows:

1 < 92 & p1(z) < p2(z), Yz EQ,

1 < P2 & Q1< P2, P1F P,

P1 K p2 & p2 —p1 € Int X, .
We denote the norm in X by || - ||. Let AP be the ordered Banach space consisting of all almost periodic
and continuous functions from R to X with the maximum norm. Hence, the positive cone can be defined
by APy = {¢p € AP : ¢(t)(z) = 0, Vz € Q,t € R}. Here, we use the notation ¥(t)(z) = ¥ (z,t).

Consider the linear almost periodic parabolic problem
{ % — DyAu = E(z, )y, x€Q, t>0, (2.1)
S =0, r eI, t>0,

where ¢ is Holder continuous and uniformly almost periodic in ¢. Define the hull of an almost periodic
function &(z,t) as
H(f) = CIS{ES :s R, fs('vt) = g(a s+ t)}a

where the closure is taken in the compact open topology. It then follows that the translation o : Rx H(§) —
H(&), o(t)(¢) = (s = ¢-swith ¢-s(t) = ((t+ s), defines a continuous, compact, almost periodic minimal
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and distal flow (see [28, Lemma VI.C], which is denoted by (H({),o,R). Then (2.1) generates a skew-
product semiflow:

I, X x H(E) — X x H(E), t3>0,
(UO,C) = (u('at7u07<)a<t)7 (22)

where u(z, t,ug, () is the solution of

8—“ — =
{Q& D, Au=({(z,t)u, z€, t>0, (2.3)
U — 0, S 897 t>0
satisfying u(z, 0, uo, (€)) = uo(z) (¢ € H(E)).
For any given 7 € R, define the following linear skew-product semiflow
I} : X x H(¢) — X x H(€), t>0,
(UOaC) s ((I)ﬂ(taC)anCt)z (24)

where @, (¢, )up = e "u(-, t, ug, ¢).

Let Q be a subset of H(&). According to [16, Definition 3.4], the linear skew-product semiflow (2.4)
admits an exponential dichotomy over Q if there exist o7 > 0, K; > 0 and continuous projections
P(¢): X — X (¢ € Q) such that for any ¢ € Q, the following hold:

(1) q)n(ta C)P(C) = P(C : t)(pn(t,C)v vVt € Ry
(2) @,(t,Q)|r(pPeo)) : R(P(C)) — R(P(C-t)) is an isomorphism for t € R, where R(P) denotes the range

of P (hence, ®,(—t,¢) := ®, ' (t,¢ - (—t)) : R(P(C)) — R(P(¢ - (—t))) is well defined for ¢ € Ry );
(3)

”(I)ﬂ(t’C)(I - P(C))H < K16_01t> vVt e Ry,
and
||(I)77(t7C)P(§)” < Klegltu vte R_.
The set
¥(Q) :={n e R: (2.4) admits no exponential dichotomy over Q}

is called the dynamic (Sacker—Sell) spectrum of (2.1) or (2.2) over Q.
For any ¢ € H(§), we define the Lyapunov exponent A; as

In||®(t
¢ :limsupin” 75 ’C)”,
t—o0

where ®(t, () = Po(%, (). The number A\* := sup¢c g ¢) A¢ is called the upper Lyapunov exponent of (2.1)
or (2.2).

Theorem 2.1. There exist an almost periodic function a(t,() and a uniformly almost periodic function
(-, t,¢) € IntX, such that u(z,t,¢) = elo ™G (.t ¢) is a solution of (2.3). Furthermore,
¢

1 1
A\ = lim nHu(xt)taC)H = lim ;/a(T,C)dT,

t—oo t—oo
0

and it is a strictly monotone decreasing function of D, > 0 if £(-,t) changes sign for every t.

Proof. Tt follows from [16, Lemma 3.3] that the skew-product semiflow (2.2) is strongly monotone in the
sense that u(-, ¢, up,¢)) € IntX, for any ¢t > 0, ¢ € H(£), and ug € X4 \ {0}. Hence, the skew-product
semiflow (2.2) admits a continuous separation ([16, Lemma 3.12]) in the sense that there exist subspaces
{X1(O}eere), {X2(¢)}cer(e) such that the following properties hold:

(1) X =X1(¢) ® X2(¢) (¢ € H(&)) and X1(¢), X2(¢) vary continuously in ¢ € H(§);
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(2) X1(¢) = span{u(¢)}, where u(C) € Int Xy and [lu(C)|| = 1 for ¢ € H(S);
(3) X2(¢)N X, =0 for each ¢ € H(E);
(4) @(t,¢)X1(¢) = X1(¢ - 1) and (£, () X5(¢) € Xa(¢ 1) for all £ >0, ¢ € H(E);
(5) There exist Ko > 0 and o3 > 0 such that for any ¢ € H() and 4(¢) € X2(¢) with ||a(¢)]] = 1, we

have

12(t, QO < Kae™ > (¢, Qu()]
for all t > 0.
Let
(C t)

with @(¢) = a(-,0,¢), where || - |2 denotes the norm in L?(Q), and 7(¢,¢) = ||u(-,t,(¢),¢)|]2. Observe
that @(x,t, () can also be expressed as
u(z, t, u(¢),¢)

U0 = Tl 00, Ol

Then we have u(z,t,4((),¢) = r(t,¢)u(z, t,¢) and r(t,¢) are differentiable in ¢ (see [16, Lemma 3.13]).
Hence,

re(t, Qu(z,t,¢) + T(t,C)%(x,t, () = Dur(t, Q)Au(,t,¢) = ((z,t)r(t, Q)u(z, t,¢). (2.5)
It then follows from [, @2(z,,¢)de = 1 that
re(t,¢) = a(t, O)r(t, Q) (2.6)
where
alt, ¢) = fDu/|Vﬂ(az,t,()|2dx+/((z,t)\ﬂ(x,t,§)|2d:z:, (2.7)
Q

and it is almost periodic because Au(z,t,(), @(z,t,¢) and ((x,t) are uniformly almost periodic in ¢
([16, Lemma 3.13 3)]). From (2.5) and (2. ) we see that u(x,t, () satisfies

{ % — D AG = ((z, )i —a(t,O)a, z€Q, t>0,

It is easy to verify that u(z, £, ¢) = elo @O (2 ¢, ¢) is a solution of (2.3) with the initial value u(-, 0, ¢) =
u(+,0,¢) = a(¢), and hence,

t

_ [a(r.¢)dr _ _
®(t, Q)u(¢) = e u(-,t,¢) = u(-,t,u(C), ¢) = r(t, ¢)ul- t,¢). (2.9)
The existence of the continuous separation of the linear skew-product semiflow shows that
In ||®(¢, )
A" = sup limsup M (2.10)
CEH(E) t—oo ¢

Since a(t, ¢) is almost periodic, lim; . + h fot (1, C)dT exists and is independent of ¢ € H(£) (see, e.g., [16,
Lemma 3.2]). Thus, lim; M =limy . fo T,¢)d7 exists and is independent of ( € H(E).
It then follows from (2.9) and (2. 1()) that

t

A = lim 7ln||u(xt,t,§“)\| = lim %/G(T, ¢)dr

t—o00 t—o0

0
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It remains to prove the monotonicity. In fact, it is obvious that A* is nonincreasing by inspection of
(2.7). At the beginning, we differentiate both sides of (2.8) by D, to obtain

(4e)" — At — DyA(a) = ((z,t)(@) —d'(t, ¢)a — alt, ) (@), (2.11)
where the notation ()" denotes differentiation by D,. Next, we multiply (2.8) by (@)’ and (2.11) by 4,
subtract the resulting equations and then integrate by parts over (0,t) x  to obtain

t

lim % a'(r,¢)dr = — Jim //|Vu 7,¢)[Pdadr.

t—o0

0

Since 4(t,¢) € IntX,, we conclude that (A*)" < 0. Finally, we prove that (A*)" = 0 is impossible. On
the contrary, if (A*)" = 0, then the uniform almost periodicity of Va(t, () (see, e.g., [16, Lemma 3.13 2)])
implies that @(t, () is a positive constant function with respect to x. Thus, we follows from (2.8) that
A =limy oo 1 f(f a(r,¢)dr = limy_, 0 %fg ¢(x,7T)d7. Since ((-,t) changes sign on , it is a contradiction.
Hence, we have (A\*)" < 0. O

Let Ue(t,s) (t > s, s € R) be the evolution operator of (2.3). Obviously, U.(t,0) = ®(¢, (). For each
¢ € H(¢), we define the exponential growth bound of U.(t,s) to be

w(We)=inf{w € R: 3Ky = 1, || Uc(t + s,8)|| < Koe®t, Vs € R, t > 0}. (2.12)
Lemma 2.2. w(¥) =w(¥¢) = X\* =supX(H(&)) for all { € H(E).

Proof. The conclusion of \* = sup X(H(&)) can be obtained straight by [16, Lemma 3.10] (see also [29,
Proposition II. 4.1]).

By [27, Lemma 1], we see that the spectrum 3(¢) = X(H(§)) for each ( € H(). Since ¥c(t +s,5) =
Ue.s(t,0) = ®(¢,¢-s), the similar arguments to those in the proof of [32, Lemma 2.4] (see also [27, Lemma
4 (A)]) and (2.12) imply that w(¥¢) > sup X(H(E)), V¢ € H(E). For any € > 0, let \g = sup X(H (§)) and
As = Ao + €. It then follows that from the properties of exponential dichotomy that there exists K3 > 1
such that

e 12,0l < Ka, We20, C€ HE),

that is,

Ie(t, Ol < Kse™!, vt >0, ¢ H(S).
Hence, we conclude that w(¥¢) < Ay = Ao + €. Letting € — 0, we have w(¥¢) < Ao = sup Z(H(E)). Thus,
w(W¢) =sup L(H(E)), V¢ € H(E). In particular, w(V¢) = sup (¢). In view of \* = sup X(H(§)), we have
w(W¢) =w(Ve) = A" = sup (H()). O

3. Basic reproduction ratios

In epidemiology, the basic reproduction ratio Ry (sometimes called basic reproductive rate, basic repro-
ductive number) of an infection is defined as the expected number of secondary cases produced by a single
(typical) infection in a completely susceptible population (see [8]). It is used to measure the transmission
potential of a disease, i.e., it helps determine whether or not an infectious disease can spread through a
population. Mathematically, Ry is a crucial threshold parameter in population models. In this section,
we will give the definition of the basic reproduction ratio of system (1.2) and analyze its properties.

Let U_,(t,s) (t > s, s € R) be the evolution operator of reaction-diffusion equation

DAl = —y(z,t)I, x2€Q, t>0,

{?E:o, x €I, t>0. (3.1)
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It then follows from the standard semigroup theory (see also [25]) that there exist Ky > 0 and o4 > 0
such that

W, (t,8)|| < Kye™ @) vt >s scR. (3.2)

Let w(¥_,) be the exponential growth bound of ¥_, (¢, s), then it is easy to see from the definition of
the exponential growth bound that w(¥_,) < 0.

Assume that the uniformly almost periodic function ¢(x, s) is the initial distribution of infectious indi-
viduals at the location x € Q and time s, then §(x, s)¢(x, s) is the distribution of new infections produced
by the infected individuals who were introduced at time s. Given t > s, then U_, (¢, s)0(x, s)o(x, s) is
the distribution at location x of those infected individuals who were newly infected at time s and remains
infected at time ¢. It then follows that

/ \Ij—’Y(tv 8),6(~, 5)¢(7 S)ds = /\I/—’Y(t’t - a)ﬂ('a [ a)¢('7 t—= CL)dCL
o 0

represents the distribution of accumulative new infections at location x and time ¢ produced by all those
infected individuals ¢(x, s) introduced at previous time to t.

Define AP ) := {¢: ¢ € AP,mod(¢) C mod(S3, )} By [32, Lemma 2.1], AP ) is a Banach space
with the supremum norm, and the positive cone AP, (,8 v = ={¢ € AP : ¢(t)(z) > 0, Vo € Q,t € R}

has a nonempty interior Int(AP&; )) Then we define a linear mapping L by

/\p (bt = a)B(t — a)p(- 1 — a)da. (3.3)
0

Since w(¥_,) < 0, applying the similar arguments to those in [32, Lemma 3.1], we can verify that L is
continuous and positive operator from APz .y to APz ..

Using the ideas in [8,31] (see also [25,32,34]), we call L the next-generation operator and define the
spectral radius of L as the basic reproduction ratio

Ro = T(L)
for almost periodic reaction—diffusion epidemic model (1.2).
Consider the linear almost periodic parabolic equation
— D;AI = B(x, )] —v(z,t)I, x€Q, t>0,
ﬁ =0 z€df, t>0
v — O J :

Let W 5 _)(t,s) (t = s, s € R) be the evolution operator of (3.4). Similarly, we can define the exponential
growth bound of W5 _.)(t,s), denoted by w(V¥ s _-)).

(3.4)

Lemma 3.1. Ry — 1 and w(V(5,_,)) have the same sign.

Proof. For simplicity, Let A := DA+ 3 —~, B:= D;A —~ and C := 3. Here, we denote the evolution
operators V(g _(t,s) and W_,(t,s) by W4(t,s) and Up(t, s), respectively.

Following the approach similar to that in [30], we define the evolution semigroup I'4 associated with
U4 (t,s) as

Cat)d](-,s) =TVa(s,s —t)p(-,s—1t), p € AP(B,7y), Vt>0, seR.
Then we define the exponential growth bound of I'4 as
w(ly) =inf{® € R: 3Ky > 1,||Ta(t)|| < Koe*?, Vt > 0}.

Similarly, we can define the evolution semigroup I' g associated with W (¢, s) and then define the exponen-
tial growth bound of I'p, denoted by w(I'p). Let the generator A of " 4 be the part of the operator f% +A
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on APz ), the generator B of I' g be the part of the generator —%—!—B, and define (Co)(-,t) = B(-,t)o (-, 1).
Then A is a positive perturbation of B, and A = B+ C. Let o(A) be the spectrum of A. Recall that the
spectral bound of A (see also [30]) is defined as

s(A) =sup{Re(\) : A€ o(A)}.

Similarly, we can define the spectral bound of B, denoted by s(B). Since APz ) is an abstract M-space,
we follow from [32, Lemma 2.3] and [30, Theorem 3.14] that w(¥4) = w(T'4) = s(A) and w(¥p) =
w(lg) = s(B).

Note that the positive cone AP(EN) is normal and generating. It then follows from [30, Theorem 3.12]
that A and B are resolvent-positive on APz ., and B~ exists such that

(“B1g)(- 1) = /ng(m —a)d(t —a)da, Ve APy,
0

Hence,
(—=CB71¢)(-,t) = /ﬂ(~7t)\I/B(t,t —a)¢(-,t — a)da
0
= B(,t) | U_,(t,t —a)o(-,t —a)da

/

=: (Lo)(t).
Let

Z(6)(0) = [ (- ot~ a)da, TGO = B[
0

By the arguments similar to the above, we see that L, Z and J are the linear operators from AP )
to AP.. The spectral radius of L, r(L), can be defined as the basic reproduction ratio of (1.2) (see
[4,30]). Since L = Z.J and L = JZ, it follows that r(L) = r(L). Thus, (L) and r(L) give rise to the same
Ry. Since w(¥_.) < 0, that is s(B) < 0, [30, Theorem 3.5] implies that s(A) and r(—CB~') — 1 have the
same sign. Based on the above all, we conclude that Ry — 1 and w(¥ s, _,)) have the same sign. O

Let W(g/p,—1)(t,s) (t = s, s € R) be the evolution operator of the linear almost periodic parabolic
equation

or _ ﬂ(mxt) _
{ O DyAI=2E0] (@I, zeQ >0, 55)

9L —o, T €09, t>0,
where p € (0,00) is a parameter. Let w(V¥ 3/, _,)) be the exponential growth bound of W4/, _-)(t, ).
In order to computer Ry, we make the following assumption:

(H3) Either (8(-,t),7v(-,t)) is quasi-periodic, or mod(/3,~) has no finite limit point.
Lemma 3.2. Let (H3) hold. Then p = Ry > 0 is the unique solution of w(¥ g/, —)) = 0.

Proof. Since the exponential growth bound associated with (3.5) is nonincreasing in p € (0,00) and
w(¥_,) < 0, without loss of generality, we assume that w(¥ 5/, _,)) = 0 for some p = pg > 0. Let
(po,1bo) be the solution of (3.5). Since w(¥ (g/,,,—~)) = 0, it follows from the definition of the exponential
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growth bound that iy (z,t) is a bounded solution of (3.5) with p = py. By the constant variation formula,
we have
t

Vola,t) = U, (t, 7)o (x, 7) +/\I/_7(t,s)

T

Bz, )
Po

Yo(x, s)ds. (3.6)

In view of (3.2) and the boundedness of ¥y (z,t) on R, letting 7 — —oo in (3.6), we obtain

wnlet) = [ (a2

— 00

Yo(x, s)ds, Vit € R.

It then follows from (3.3) that Lty = potbo. Since pg € o(L) \ {0}, we have Ry := r(L) > 0.
For any sufficiently small € > 0, let ¥((54¢)/,,—) be the evolution operator of the linear almost periodic
parabolic equation

Q _ — ﬁ(w’t)+€ _
{ DiAT DY (e, )], xE€Q, >0, 57

9L _ ), zed, t>0,

where p € (0,00) is a parameter. We use w(¥((34¢)/p,—~)) to denote the exponential growth bound of
¥((+e)/p,—)- Define

oo

L0 = [0t (Bt~ ) + o1~ a)d,
0
and its spectral radius R = r(Le). By Theorem 2.1 and Lemma 2.2, we conclude that there exist almost
periodic functions I(-,t, (8 + €)/R§,~v) € IntX, and a(t, (6 + €)/R§,~) such that
t
[a(t,(B+€)/RS, )dT~
Ie('at) = eof o I('7t7 (6+6)/R677)a VteR-‘r
is a solution of (3.7) with p = R§, and
. Il (z, 1)
0= w(¥((pre/ry,—m) = im ———. (3:8)
Since B(x,t) +€ >0, L. : AP ) — AP, is strongly positive. Furthermore, the similar arguments
to those in the proof of [32, Lemma 3.3] imply that L. is compact, and lim._o+ w(V(54e)/p0,—v)) =
W(VY(3/p9,—~)), and lim._o+ R§ = Ro. By the Krein-Rutman theorem (see, e.g., [13, Theorem 7.1]), we
conclude that there exists 1§ € Int(AP(EW)) such that L.y§ = R§y§. Hence, 1§(x, t) is a uniformly almost
periodic solution of (3.7) with p = R§. In the following, we prove that © = 0.
First, by contradiction, suppose that @ > 0. Since I, 1§ € Int(AP(E 7)), there exists a sufficiently small
number 1 > 0 such that ¢§(x,0) > 14 I.(z,0). The comparison principle implies that ¢§(x,t) > v1 I (z, t),
Vit > 0 and x € ). Hence,

[o5(x, t)|| > vi||le(x,t)|, Vt>0, zeQ. (3.9)
In view of (3.8), we know that for any given e, € (0, @), there exists ¢, > 0 such that
In [[Ze(z, ¢ _
e Y
which implies
(I (z,t)]| > @2t vt > 0. (3.10)

Letting t — oo, we see from (3.9) and (3.10) that ||[¢§(z,t)|| — oo, which contradicts the boundedness of
the uniformly almost periodic function ¢§(z,t). Hence, @ > 0 is impossible.
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Next, suppose that @ < 0. For any given £* € (0, —®), (3.8) implies that there exists £y > 0 such that

In ||/(, ¢ . _
M <wHe", V>,
that is,

[ e(z,t)] < @0 vt > 1.

Similarly, there exists a sufficiently large number vo > 0 such that ¥§(z,ty) < vel.(z,%). By the com-
parison principle, we then have ¢§(x,t) < valc(z,t), and hence,

5, )| < vall (@, )] < voe@*D Vi > .

Letting ¢ — oo, we see that lim; .o [|§(z,¢)|| = 0. Let A°(-,t) := D;A + (8(-,t)/R§ — v(-,t)). By
[9, Theorem 5.7] and its proof, we further see that the uniformly almost periodic solution ¥§(x,t) of d—i =
A¢(x,t)] satisfies either tuelllg los(-, )| > 0 or ¥§(-,t) = 0. Thus, we obtain 1§(-,t) = 0, a contradiction.
Hence, @ < 0 is impossible.

The arguments above imply that @ = w(¥((g4¢)/rg,—~)) = 0. Letting € — 0T, we get w(¥(g/Ry,—v)) =
0.

It remains to prove that w(¥ g/, —y)) = 0 has at most one positive solution for p. By the stan-
dard comparison principle, since the exponential growth bound associated with (3.5) is nonincreasing in
p € (0,00), Lemma 2.2 tells us that w(¥ 3/, _-)) admits the same property. On the contrary, we assume
that w(¥(g/,,—)) = 0 has two positive solutions p; < pa. Then w(¥ g/, _)) = 0 for all p € [p1, pa].
Hence, we see that any p € [p1, p2] is an eigenvalue of L, which is impossible since the compact linear
operator L has countably many eigenvalues. O

Based on the above, we present the properties of the basic reproduction ratio of (1.2) for various rates
of disease transmission and disease recovery. At the beginning, we assume that 3(x,t) — y(z,t) or both
B(z,t) and y(z,t) are spatially homogeneous. For an almost periodic function g(t), we denote the mean
value of g(t) by

t

1
lg] := tlim n g(T)dr.
0

Lemma 3.3. The following statements are valid:

(i) If B(x,t) = B(t), v(x,t) = v(t) and (H3) holds, then Ry = [5]/[7].
(ii) If B(x,t) — y(x,t) = u(t), then Ry > 1 if [u] >0, Ro =1 if [u] =0 and Ry < 1 if [u] <O.

Proof. (i) By Theorem 2.1 and its proof, there exist almost periodic functions ¢* = @*(-,t,58/p,v) €
IntX, and a(t, 3/p,7y)) associated with (3.5) such that

{ 22" — DiAGT = 2Nt — oy (w )5 — alt, B/p,7)p", wEQ, >0,

43 3.11
927 — ), x e, t>0. ( )

Multiply (3.11) by ¢* and integrate by parts over Q x (0,t) , then we get
t
: 1 ~% |2
—Dy thm n Vg™ |“dadr
0 Q

t—oo

+ lim ! O/tﬂ/ (ﬁ(if) —(z,7) — a(r, B/ p, 7)> (¢*)?dadr = 0. (3.12)
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Since B(x,t) = B(t), v(z,t) = v(¢), it follows from Theorem 2.1 and its proof that ¢* is independent on
the spatial factor. Hence, we rewrite (3.12) as

lim ! | <ﬂ(7) — (1) —a(r,B/p, 7)) dr =0.

t—o0 t p

Thus, Theorem 2.1 and Lemma 2.2 imply that

t t
1
w(¥(g/p,—)) = thjgo/a(ﬂ B/p,y)dr = tlggo E/ (ﬁg) - 7(7’)) dr.
0 0

It then follows from Lemma 3.2 that Ry = [5]/[7].
(ii) Applying the completely similar arguments to the above, we conclude that

1 t 1 t
W(¥(g,—y) = lim - [(B(z,7) = y(z,7))dr = lim - [ p(r)dr = [u].

t—o0o
0 0

By Theorem 3.1, we deduce that Ry — 1 and w(¥(g,_y) have the same sign, that is, Ry > 1 if [u] > 0,
Ry =11if [u] =0and Ry < 1if [u] <0. O

In the following, we investigate the property of Rg as [B(x,t) — y(z,t) or both B(x,t) and y(z,t) are
only dependent on the spatial factor.
Lemma 3.4. Suppose that 3(x,t) — y(x,t) = p(x). Then we have the following statements:

i) If [op(x)de >0 and p(x) # 0 in Q, then Ry > 1 for all Dy.
(ii) If [ m(z)dz < 0 and p(x) <0 on Q, then Ry <1 for all Dy.
(iii) If [ p(z)de < 0 and max p(x) > 0, then there exists a threshold value D} > 0 such that Ry > 1 for
zeQ

all Dy < D}, Ry <1 for all Dy > D7, and Ry =1 for all Dy = Dj.
In particular, if B(x,t) = 8(x), v(x,t) = v(x), then we have

B2 dx
Ry = sup { fQ f 5 }
ser1(Q),620 | Jo(D1|V|? +v¢?)dx
and Ry is a nonincreasing function of Dy with limp,_.o Ry = maXzEQ{W(I }, and limp, .o Ry =

Jo B/ Jovd.

Proof. By Theorem 2.1 and Lemma 2.2, there exist almost periodic functions ¢, := @. (-, ¢, 8,7) € IntX
and a(t, 3,7) associated with (3.4) such that

t—o0o

¢
1
—Dy hm //|V<p*| dadr + 11 %//'M )| @] ?dadT, (3.13)
0

t
1
w(¥(g,—y) = lim ;/a(ﬂﬁ,v))df
0

and

DIAgb* = /’[’(x)@* - G;(t,ﬁ,’}/)@*, LIRS Qa t > 0)

3.14
{a{f;() z€0Q, t>0. (3.14)
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Since u(x) is independent on ¢, Theorem 2.1 and its proof imply that @, and a(¢,3,~) are independent
on the spatial factor. For simplicity, we denote a(t, 5,7) = a(0,7). Then we rewrite (3.13) and (3.14) as

w(¥(5_y) = a(Bry) = D / V. Pda + / ()5 2de, (3.15)
Q Q
and

{ —DiAp, = p(z)ps — a(B,7)Ps, x€Q, (3.16)

9%
S =0, x € 09,

respectively. Furthermore, we have the following two claims.
Claim 1: w(V (g ) — maxu(z) as Df — 0.
e
It is easy to see from (3.15) that it suffices to prove a(8,v) — max u(z) as Dy — 0. Applying (3.15)
Q

e
again, we have

ol W(3,-) < [ W) Pdodr < maxp(e) = p.
& e

Hence, limsupp, oa(B,7) < p*. Thus, it is sufficient to show that liminfp, .oa(8,7) = p*. Suppose
not, then there exists €* > 0 such that liminfp, .o a(f,v) < p* — €*. Passing to a sequence if necessary,
we assume that there exists D* > 0 such that if Dy < D*, then a(8,v) < p* — €*/2. By the continuity
of p(x), there exist x* € Q and & > 0 such that pu* < p(x) + €*/4 for every x € Bs(z*) C €, where
Bs(x*) = {a : dist(z,z*) < §}. Hence, a(8,7) < p(x) —€¢*/4 for 0 < Dy < D* and = € Bs(z*). It then
follows from (3.16) that

*

- ~ - € *
— DiAgs = p(2)px — a(B,7)@x 2 ¢, @ € Bs(a™). (3.17)

Since ¢, € IntX,, let Dy — 0 in (3.17), then we get a contradiction. Claim 1 is proved.
Claim 2: w(V (5 _.)) — Wll Jo m(z)dx as Dp — oo.
Integrate (3.16) over £ by parts, then we obtain

[t = a(s))p.ds =0,
Q
which is equivalent to

a(ﬁ,'y)/@dx: /u(x)gf)*dx. (3.18)
Q Q

Hence, it is easy to see that w(¥ (g _)) = a(B,7) = min,cq pu(z). Since Theorem 2.1 and Lemma 2.2
imply that w(¥ s _,)) is nonincreasing of Dy, we conclude that it is uniformly bounded. Thus, it has a
finite limit ©. It then follows from [10] (see also [2]) that the elliptic equation (3.16) admits the property
that there exists some positive constant ¢ such that ¢, — ¢ as D; — oco. By Theorem 2.1 and Lemma 2.2
again, let Dy — oo in (3.18), we conclude that & — ﬁ Jo p(z)dz, and w(W¥ (g _,)) is strictly decreasing
with respect to Dy > 0 if p(z) is not a constant in Q. Hence, the conclusions (i)—(iii) can be obtained

from two claims above and Lemma 3.1.
In the case of B(x,t) = B(x) and v(x,t) = y(x), the conclusions can be obtained from [25]. O

For the general case of 8 and ~, motivated by [25, Theorem 2.5], we have the following assertions.

Theorem 3.5. Suppose that (H3) holds, then the following statements are valid:

(i) For all D > 0, Ry > limtﬁoo%fg Jo Bz, 7)dadr/ limy %fot Jo(@,7)dxdr, and the strict
inequality holds if and only if B(x,t) — v(x,t) nontrivially depends on the spatial variable x.
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(ii) If limy— oo + f(f max,cq(6(z,7) — v(z,7))dr < 0 and [(z,t) — v(z,t) nontrivially depends on the
spatial variable x, then Ro <1 for all Dy > 0.

(ili) Ry — limy oo 1 fo fQ z,7)dzdr/limy_oc + fo Jo (@, 7)dzdr as Dy — oo.

limy ., d
(iv) Ry < max{ im0y f‘iﬂ(m .7) T} as D; — 0.
reQ Ulimi—oo ¢ Jo y(z,m)dr

(v) In general, Ro(Dy) := Ry is not a nonincreasing function of Dy; in particular, if B(x,t) = a(x)b(t)
and y(z,t) = a(x)c(t) with a > 0 on Q, a is not identically equal to a constant, b, ¢ € AP, b,
¢ >0 on [0,00) and b — c is not identically equal to a constant, then there exist D} and D? with
0 < D} < D? such that Ro(D}) = Ro(D3?).

Proof. (i) Since ¢* € Int X, we divide Eq. (3.11) by ¢* and integrate the resulting equation over 2 x (0, ¢)
by parts to get

t t
_DIth t// |V d dr = hm // (ﬁ—7> dxdT—tlim %/a(T,,G’/p,'y))dT
0 Q 0

By Lemmas 2.2 and 3.2, we get

w(\P(ﬁ/Ro,—v)) =Dy tlim - |V dxdT + lirgo ; // < _ ’y) dzdr = 0.

This implies that Ry > limy_.cc + fot Jo B, 7)dzdT/ limy_ o %fot Jo (2, 7)dzdT. Furthermore, since the
condition that 8(x,t) — v(x,t) nontrivially depends on the spatial variable x is equivalent to

/ |V dsz >0,
t%oo t

we obtain the conclusion.
(ii) For Eq. (3.4), it follows from (3.13) that

t t
1 1
ol W(s,p) = D1 Jim 5 [ [196.Pdadr + ti 3 [ [ (3=l Pdadr
0 Q 0 Q
t

1
< jfim 3 ) max(8 = 7)dr.
0

If B(x,t) — v(x,t) nontrivially depends on the spatial variable z, then the strict inequality holds. Hence,
the conclusion can be obtained by Lemma 3.1.

(iii) To obtain this assertion, we use similar arguments to those in the proof of [25, Theorem 2.5 (c)]
(see also [15, Lemma 2.4]). Since some necessary modifications are required, here we provide a detailed
proof.

Let ¢ be the solution of (3.5) with p = Ry and assume that v > 0 on Q x R. Integrating Eq.(3.5) with
p = Ry that ¢ satisfies over Q x (0,t), then we conclude that

limg oo L [ dad i (0.00
Ry — ifotfﬂﬁ‘p 2d7  MAX0x(0,00) (3.19)
limy oo + fo Jorvedzdr — MINGy(0,00) Y
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Consequently, the above and (i) imply that Ry is bounded independent of D;. Furthermore, we assume

that
. ¢
tlim E//cfdxdr =1. (3.20)
0 Q

Multiply (3.5) that ¢ satisfies by ¢ and then integrate to get

¢
1
Dy tlim E//|ch|2dxd7 == hm //54,02dxd7'— hm //'ygo2dxd7'
0 Q

Thus, we can find a positive constant C' such that

hm // |V|?dadr < Do (3.21)
It is obvious to see that the constant C' does not depend on D; and may change from place to place (see
also [25]).
Let

A(t) = ﬁ/(p(x,t)dx and  T(,t) = p(2,1) — 3(b).

It is easy to see that fQ I'(z,t)dx = 0. It then follows from Poincaré inequality that

/Fde < C’/ VI [2dz  for all t.

Q
Since VI' = Vi, the inequality (3.21) implies that

t ¢
1 1

lim *//FQdIdT < g, and hence, lim 7//|F|dzd7 < ¢ . (3.22)

t—oo t Dy t—oo { vV Dr

0 Q 0 Q

In the following, integrate (3.5) that ¢ satisfies over €, we have

do p _ p
— = — - d — - I'dz. 3.23
& /(Ro 'v) WJF/(RO v ) Td (3.23)
Q Q
The assertion (i) implies that the zero solution of the homogeneous equation associated with (3.23) is
uniformly asymptotically stable (see also [32, Theorm 2.6]), and hence [9, Theorem 7.7 and Sect. XI.4]
shows that system (3.23) admits a unique positive almost periodic solution (see also the proof of [32,

Lemma 3.1]). Without loss of generality, we also denote the almost periodic solution by @(¢). Using the
result in (i), we follow from (3.19) and (3.22) that

¢
1 B B 1
tlg(r)lo n / (Ro - 7) Idz|dr =0 (\/E> . (3.24)
0 10
O

By integrating (3.23) that @(t) satisfies over (0,t), then we obtain that

0= hm E// < 'y) pdxdr + hm ; // ( 7) Idzdr. (3.25)
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It then follows from (3.24) and (3.25) that

¢
1
lim f// s —7v ) @dzdr — 0 as Dy — oo. (3.26)
t—oo RO
0 Q

Furthermore, we claim that @ — 0 is impossible as D; — oco. On the contrary, if @ — 0 as D; — oo,
then together with (3.22), we conclude that lim;_, % fg Jo ?dazdr — 0. This contradicts (3.20). Hence,
the boundedness of @ as an almost periodic function and (3.26) imply that

t
1
tliﬂr&)ﬁ//(é—’y)dxdTﬁo as Dy — oo.
0 Q

This leads to the assertion (iii).
In the general case of v >, £ 0 on 2 x R, replace v above by v + ¢ for any give € > 0, then we have

limy oo L [ [, Bdzdr
limy oo L [7 [, (7 + €)dadr

Letting ¢ — 0 in (3.27), we get the desired result.

(iv) Without loss of generality, we assume that 3 > 0 and v > 0 on € x R. For the general case, as
above, we replace 8 > 0 and 7 > 0 by 8+ ¢ and y + ¢, respectively, and then, the result can be obtained
by letting e — 0. Let

) ¢
Climy o % fo B(xo, 7)dT -

- limy_, o %fg ’Y(IO’T)dT z€Q

Ro — (327)

limy oo £ [F Bz, 7)d _
- ¢ fotﬁ(x m)dr for some xg € €.
lim; oo % Jo y(x,7)dr

In the following, we prove Ry < x. On the contrary, we suppose that Ry > x. Consider Eq.(3.5) with
p = Ry and rewrite (3.11) as

a(,;’it* - DIASZ* = 5(R10;75) 35* - ’7(‘%715)95* - a(ta ﬂ/R037)¢*7 T e Qv t> Oa (3 28)
Og’;:O, zed, t>0. '

Multiply (3.28) by 1/¢* and then integrate over (0,t), it then follows from Theorem 2.1, Lemmas 2.2
and 3.2 that
t

1
0 = W3/ ) = Jim [ alryB/Ros )i

t—o00

0

t—o00 D* t—oo t RO

t t
1 [ A 1
:D]hmg (pd7+limf <ﬂ ’y)dT
¥
0

t
1 [ Ag* 1/t

< Dy lim - ~90 dr + (X1> lim 7/ ~vdr
R, t Jo

t—oo t * 0 t—oo

<0

as Dy — 0. It is a contradiction. Hence, we get Ry < x.

(v) It is known that the exponential growth bound w(¥ 4/, _-)) associated with (3.5) is nonincreasing
in p € (0,00). Furthermore, Theorem 2.1 and Lemma 2.2 imply that w(¥g,, ) is not a nonincreasing
function of D;. Hence, by Lemma 3.2, we conclude that Ro(D;) := Ry is not a nonincreasing function of
Dy.
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By the forms of 8 and 7, it is easy from (i), (iii) and (iv) to see that

limy . oo %fot Jo Bz, 7)dzdr
limy %fg Jo (@, 7)dzdr

Ry > for all Dy,

and

limy oo & [ [ Bz, 7)dzdr
limy_, o0 %fot Jo ’y(l‘,T)d.’L‘dT.
Obviously, there exist D} and D? with 0 < D} < D7 such that Ro(Dj}) = Ro(D?).

oy fo(Pr) = i Ro(Dr) =

4. Threshold dynamics

In this section, we consider the threshold dynamical behavior of (1.2) in terms of Ry. At the beginning,
we introduce the result of the uniform boundedness of the solution of (1.2).

Lemma 4.1. [25, Lemma 3.2] There ezists a positive constant Cy independent of the initial data (So, Ip)
satisfying (H2) such that for the corresponding unique solution (S,I) of (1.2), we have

1S (2, )| oo () + [ (7, )| Lo () < Co, Vit € [0,00).

Theorem 4.2. The following two statements are valid:
(i) If Ry < 1, then (S,I) — (N/||,0) uniformly on Q as t — oo.
(ii) If Ro > 1, then for any solution of (1.2) with the initial value (So, Io) satisfying (H2), there exists
o > 0 such that

litminf S(xz,t) >0 and litminf I(z,t) > 0
— 00

— 00

uniformly on €.

Proof. (i) Let (S, 1) be the solution of (1.2), then we have

I
% ~ DAL < B ) — (), T EQ, 0. (4.1)
Consider the comparison equation of (4.1):
oI - _ -
5 DiAT = B(z,t)] —y(x,t)I, x€Q, t>0. (4.2)

which admits the same form with (3.4). Suppose that Ry < 1, then Lemma 3.1 implies that w(¥ s _.)) <0.
According to the arguments in the proof of Lemma 3.4, there exist almost periodic functions @, (-, t, 3,7) €

_ t'a('r,ﬁ, )d'r
IntX, and a(t, 3,7) such that I(x,t,3,7) = eg ! P« (x,t, B,7) is the solution of (4.2), and
. t
Jim 3 [ a(r BT = (Vs —) <0 (4.3)

0

It then follows that I(z,t,3,7) — O uniformly on Q as ¢ — co. The comparison principle shows that
I(z,t) — 0 as t — oo.
In the following, we prove S(z,t) — N/|Q| as ¢ — oo. Some ideas come from the proof of [2,
Lemma 2.5]. Observe from (1.2) that
oS

5 pss= [ -

Bz, t)S
ot !

Q, t>0.
S+I,x€,>
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The preceding arguments about I and I imply that

’ — DgAS| < CrelsatBndr e 1>, (4.4)

for some positive constant C. It then follows from (4.3) that the right side of (4. 4) tends to 0. Hence,
S(x,t) tends to a positive constant as ¢t — oo. Let S(z,t) = S1(t)+S2(z,t), where S1(t) = \QI Jo S(z, t)de.

Thus, we have |051/0t] < C26[0 a(r.8MAT for some positive constant Cy. Hence, S Satlsﬁes

3? = DgASy + h(z,t), x€Q, t>0,
=0, r eI, t>0,

where h(z,t) satisfies |h(z,t)| < Cselo a(r8747 for a constant Cs > 0, and Jo Sa(z,t)dz = 0. It follows
from (1.3) and I — 0 as t — oo that Si(t) — N/|Q2| as t — oo. Denote 0 = Mg < A\; < Az < --- be the
eigenvalue of —A with zero Neumann boundary condition, and {1} } 7, denote corresponding normalized
eigenfunctions. Let Sy(x,t) = >~ ap(t)ihe(z) and h(z,t) = D77 hi(t)r(x). Since [, So(2, t)dx = 0,
we conclude that ag = hg = 0. Note that |hx(t)] < C’4eft§ a(rBmdr gor every k > 1, we have |a(t)| <
Cse=! for every k > 1, where Cy and Cj are positive constants and A\, = min{— fot a(t,B,v)dr, A1} > 0.
Consequently, we deduce that So(x,t) — 0 as ¢ — oo for every z € Q. Thus, we follows that S(x,t) —
N/IQ] as t — oo.

(ii) In the case of where Ry > 1, we use the skew-product semiflows approach to prove the desired
uniform persistence (see, e.g., [36]). Define the hull of 3(z,t) and v(z,t) as

H = cls{(Bs,7s) : s € R, Bs(+,t) = B(-, 8 +1), 75 (-, 1) = (-, s + 1)},

where the closure is taken in the compact open topology. It then follows that the translation o : Rx H —
o(t)(0,9) = (0:,9+), ¥(0,9) € H, defines a continuous, compact, almost periodic minimal and distal
flow (see [28, Lemma VI.C], which is denoted by (H, o, R). Let

Xo =< (w,2) € LP(2) x LP(Q) : /(w+z)dx =N, and U = (X1 x X1 )N X,
Q
and

Uy = {(So,]o) ceU: I §é 0}, oUy := {(So,lo) eU:Iy= 0},
P:=UxH, Py:=Uyx H, 9P := P\ Py, IntP := ((IntX,. x IntX_) N Xo) x H.

Then Py and 0P, are relatively open and closed in P, respectively. By the standard regularity theory for
parabolic equation and (1.3), we conclude that for every (S, Iy, 0,9) € P, the reaction—diffusion equation

98 _ DsAS = DS 4y )], zeQ, t>0,
ol DAI_%—M I,  zeQ, t>0, (4.5)
95 = ol —, €I, t>0

admits a unique solution y(-,t, So, Io,0,9) := (S(-, ¢, So, Ip,0,9)), ( t,So, Iy, 0,9)) which exists for any
t > 0, and satisfies (S(z, 0, So, Io,0,9), I(x,0,So, Iy, 0,9)) = (So(x), Io(x)), V(8,9) € H. Then the solution
family of (4.5) generates a skew-product semiflow:

m:P—=P t>0

(5071030 79) = ( ( 3 507]079 19) U(t)(e 19))
It is easy to see that m(Py) C Py and 7 (0Py) C dF, for all ¢ > 0. In view of Lemma 4.1, we conclude

that m; is continuous and compact for any ¢ > 0. Furthermore, Lemma 4.1 and the similar arguments to
those in [7, Theorem 23.3] imply that m; : P — P, V¢t > 0 is point dissipative. It then follows from [11,
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Theorem 2.4.7] that m : P — P has a global attractor. Let w(Sy, Iy, 8,1) be the omega limit set for 7.
It is easy to see that for (S, Iy) € Uy, I(x,t, Sy, Iy, 0,9) =0 and S(x,t, Sy, Iy, 0,1) satisfies

%—DSAS:O, r €, t>0,
=0, r eI, t>0, (4.6)
dea:— t>0, '

S(2,0,50,0,9) = So(x) >, 20, e

A similar argument to those in (i) implies that S — N/|Q| uniformly on Q as t — oco. It then fol-
lows that Us,.1,,0,9) eapo w(So, Ip,0,9) = {(N/|],0,0,9) : (6,9) € H}. For simplicity, we denote
M = {(N/|Q],0,0,9) : (0,9) € H}. Let My be the maximal positively invariant set for m; in OP,.
Then we conclude that ]\Zfa = U(S0,10,0,0)eMpW (S0, 10, 0,9) = M, M is a compact and isolated invariant
set, and no subset of M forms a cycle for m; in 0F;.

Since Ry > 1, Lemma 3.1 implies that w(¥ g, _,y) > 0. Hence, we can choose sufficiently small § > 0
such that the exponential growth bound, w(¥ s 3 _)), associated with the equation
{ 8 — DAl =2 [z, 1)], 2 €Q, >0,

al _ ), T €I, t>0

(4.7)

satisfies w(V (55 _4)) > 0 (see e.g., [32, Lemma 3.3]), where W5 5 .y is the evolution operator of (4.7).
Furthermore, we claim that
hmsup d(ﬂ-t(SOa IO) 07 19)7 M) = 6a V(S(Ja IO7 07 19) € .
t—o0
On the contrary, we suppose that for some (S, Iy, 0,9) € Py, there holds
lim sup d(m+(So, 1o, 8, 9), M) < 6.
t—oo
Hence, there exists t; > 0 such that d(m(So, lo,0,9), M) < §, Vt > t;. Thus, we conclude that
[ I(z,t,So,1o,0,9))|] < 0, Vt > t;. Applying the similar arguments to the proof of (i) above, we con-
clude that there exists to such that S > N/|Q| — ¢ for all ¢ > ¢3 and sufficiently small 6. It then follows
from (4.5) that

0(x,t)(N/|Q]—6)

%—0 T €00, t>ts.
By Theorem 2.1 and Lemma 2.2, there exist an almost periodic function af(t,d,d,9) and a uniformly
almost periodic function I(t,d,6,9) € IntX, such that I(t,d,0,9) = elo &(775’9’19)d71:(t7 0,6,19) is a solution

of (4.7). Furthermore,

t
1
fim ?/d(ﬂ 6,0,9)dr = w(¥(5,4,—)) > 0.

0
On the other hand, as (So, Iy, 0,9) € Py, the strong maximum principle for parabolic equations shows
(S(t, So, 1o, 0,9)), I(t, S0, Io,0,9)) € (IntX+) (IntX ). Hence, there exist t3 and € > 0 to be small
enough such that I(ts, So, Iy, 0,9)) > el(t3,8,0,9). By the comparison principle, as applied to (4.8), we
obtain that
I(t, So, Io, 0,9) > €l(t,5,0,9) = eelo ar000d7F (4 5.0 9y ¢ > ¢,,

where t, = max{ty,ts,t3}. Since I(t,4,6,9) is almost periodic in ¢, and

lim elda(raoods _ (e% st a(r,a,e,ﬁ)dT)t .

t—o0 t—o0

we get limy_, o I(t, So, lo,0,19) = 0o, a contradiction to Lemma 4.1.
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Since M is an isolated invariant set for 7w in 0P, the claim above implies that M is also an isolated
invariant for m; in P. The claim above also implies that W*(M) N Py = (), where the set

WS<M) = {(S(), I, 9,’[9) eP: w(S(),Io, 0, ’19) 75 @,W(SQ,I(), 9,19) C M}
is the stable set of M for m;. By the continuous-time version of [38, Theorem 1.3.1 and Remark 1.3.1],
the skew-product semiflow 7, : P — P is uniformly persistent with respect to (Py,0F), and hence,
m : Py — Py admits a global attractor Ag.
It remains to prove the practical uniform persistence. Since Ag C Py and m(Ag) = Ao, ¥Vt > 0, we
follows that for any (S,1,0,9) € Ay, there exists (S’, 1,0, 19) € Ap such that

(S,1,0,9) =m(S,1,0,9) € IntP.
Then we conclude that Ag C IntP. Define a continuous function F : P — Ry by
F(So,Io,0,9) = inf{v € Ry : So(z) = v, Io(x) = v,z € Q}, V(So, Io,0,9) € P.

Obviously, F(So, lo,0,9) > 0 if and only if (Sy, Iy, 6, 19) € IntP. It then follows that F : P — R, is
lower semicontinuous in the sense that for any (SO,IO,G 19) € P and ¢* > 0, there exists e, > 0 such
that f(So,I(),e,’&) > f(So,Io,o,ﬂ) *7 for all (50,10,9719) € P with H(So,[o) (So,IQ)H < g, and
d((6,9), (0,7)) < e, where d is the metric on C(R,R?) equipped with the compact open topology. Since
F(So, 1o, 0,9) > 0, V(Sy, Io,0,9) € Ay, the compactness of Ay and the lower semicontinuity of F imply
that there exist an open neighborhood O of Ay in P and a number ¢ > 0 such that

.7'-(50,[0,9 19) = o, V(So,[o,e 19) € 0.
Thus, the global attractivity of Ay for m; : Py — Py completes the proof. O

Based on the conclusions in Lemmas 3.3 and 3.4, Theorems 3.5 and 4.2, the following assertions are
obtained straight.

Theorem 4.3. The following assertions are valid:

(i) The disease-free constant solution (N/|2],0) is globally attractive for (1.2) if one of the following
conditions holds:
(-a) B(z,1) — 4(z,1) = u(t) and [ < O;
(i-b) B(w,t) — y(x,t) = p(x) and either p <, % 0 on Q or maxu( ) > 0 and [, p(x)de < 0 but
z€Q
Dy > D3, where D7 is given in Lemma 3.4;

(i-c) If limy oo %fot max(6(z,7) —y(x,7))dr <0 and B(z,t) — v(x,t) nontrivially depends on the
e
spatial variable x;
(i-d) limy—oo 7 fo Jo B(@, 7)dwdr — im0 7 fo Jo (@, T)dxdr <0 and Dy is sufficiently large.
(ii) The uniform persistence for (1.2) holds if one of the following conditions holds:

(ii-a) B(x,t) —y(z,t) = p(t) and [p] > 0;
(ii-b) B(x,t) — y(z,t) = p(x) and either p # 0 on Q and [, p(x)de > 0 or maxpu(z) > 0 and

zEQ
Jou(z)de <0 but 0 < Dy < Dj;
(ii-c) limy—oo L f3 i (B(x,7) — y(z,7))dxdr > 0;

5. Global attractivity

The uniqueness and global attractivity of the endemic almost periodic solution to almost periodic
reaction—diffusion system (1.2) is a hard work since the existence of an almost periodic positive solu-
tion is a challenging problem. Allen et al. [2] gave a conjecture about the global attractivity of endemic
equilibrium of the autonomous system (1.2). Since [24] answered the problem partially, Peng and Zhao
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[25] gave a complete description of the global attractivity of the disease-free constant solution and the
endemic w-periodic solution in the periodic environment for two special cases. For the more generalized
case, i.e., almost periodic case, if B(x,t) = B(¢t) and ~y(x,t) = v(¢t) are almost periodic functions, the
global attractivity of the ODE system associated with system (1.2) can be obtained from the conclusions
developed in [32]. When it comes to the almost periodic reaction—diffusion system (1.2), we would present
the global attractivity of the endemic almost periodic solution for two special cases. At first, we consider
the case that the diffusion rate of the susceptible individuals and the infected individuals is equal, i.e.,
Dgs = Dj. In order to obtain the existence of almost periodic positive solution, we consider

{ %—z — DAw = a(z,t)w — b(z,)w?, z€Q, t>0,

& =0, z €09, t>0, (5-1)

where D is a positive constant, and a(z, t) is Holder continuous and uniformly almost periodic in ¢, b(x,t)
is uniformly almost periodic in ¢ with b(z,t) > 0 on Q x R. We denote that w(t, z) is the solution of (5.1)
satisfying w(0,z) = wo(z). Let W, 3 (t, s) be the evolution operator of

%,Dmﬂ:a(x,t)w, z€Q, t>0,
873207 r €0, t>0.

Hence, we can define the exponential growth bound of W 3 (t,s), denoted by w(¥ 5 ). Thanks to
[37, Theorem 3.1]( see also [35]), we have

Lemma 5.1. The following two statements are valid:

(1) If w(¥(ap)) <0, then lim;—o [w(t, )| =0 for every wo € X4 ;

(i) If w(¥ap) > 0, then (5.1) admits a unique positive almost periodic solution w*(t,x) and
limy o0 |Jw(t,-) —w* (L, )] = 0 for every wy € X4 \ {0}.

By Lemmas 3.2 and 5.1, the similar arguments to those in [24, Theorem 1.1] imply the following result.

Theorem 5.2. Suppose that Ds = Dy and (H3) holds. If Ry < 1, then (N/|Q],0) is globally attractive; if
Ry > 1 and B(z,t) > 0 on Q xR, then (1.2) admits an endemic almost periodic solution, which is globally
attractive in X \ {0}.

Next, for the case of where 3(z,t) = ry(z,t) for some positive constant r € (0,00), as noted in [25],
we deduce that for » > 1,

S L)=-"—=,—

1= (L

is an endemic almost periodic solution of (1.2). In order to get the global attractivity of (S, I,), we draw
support from the following lemma, which can be found in [25, Lemma 4.3] (see also [22, Lemma 1]). For
reader’s convenience, we present the lemma below.

1N7'1N)

Lemma 5.3. Let a and b be the positive constants. Assume that ¢, 1 € Cl([a,00)), ¥ = 0, and ¢ is
bounded from below in [a,00). If ¢'(t) < —bip(t) and Y¥'(t) < K on [a,00) for some positive constant K,
then limy_,o 9(t) = 0.

Theorem 5.4. Let (H3) hold and 3(x,t) = ry(x,t) on QxR for some constant r € (0,00) and ~(z,t) >0
in Qx Ry. If r <1, then (N/|$2],0) is globally attractive; if r > 1, then (S, I.) is globally attractive for
(1.2).

Proof. Theorem 3.5 (i) tells us that Ry > r. For Eq. (3.5), we follow from (3.12) that

t t
1 1
w(qj(ﬁ/p’_w)Dltlirgot//|v¢*|2dxdT+tlir&t//<i7) |¢*|2d$d7‘
0 Q 0 Q
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Hence, Lemma 3.2 implies that Ry < r. Thus, we have Ry = r. It then follows that Ry < 1if 0 <r < 1,
Ry=1ifr=1and Ry > 1ifr > 1. As r < 1, the conclusion can be obtained from Theorem 4.2 (i). For
the case r = 1, the global attractivity of (N/|Q|,0) can be gotten by the similar arguments to those in
[24, Theorem 1.2].

In the case of where r > 1, we draw support from the idea of the Lyapunov functional which introduced
in [24,25]. Let

S2 12
F(t) := S(x,t) + =~ + I(x,t) + —= dex.
Q/< S(z,1) I(x,t))

By carrying out the same computations as in the proof of [24, Theorem 1.2], we conclude that

(25_—9/{ 25 Lo+ W<S"+I*) (S*—Iﬂdm (5.2)

(Se+L)S+D)\ S 1 S 1
It is easy to see that
2 2
4 [ BeOSE (s Ly(S. LY,
dt (Se+L)S+DH)\ S I S I
Q

We then follow from Lemma 4.1 and Theorem 4.2 (ii) that there exist positive constants Cs and Tp
sufficiently large such that

F . LY
d— < —C6/<S—) dz =: —¢(t), Vt=Tp.
Q

I3

dt S I
Using Lemma 4.1 and Theorem 4.2 (ii) again, the similar arguments to those in the proof of [25, Theorem
4.4] show that v'(t) is bounded in [T, 00) and F(t) is bounded from below in [T, 00). Hence, Lemma
5.3 implies that lim; o 1(¢t) = 0. Thus, we have

lim /|(r —1)S(@, ) — Iz, £)]dz = 0.

This, together with (1.3), gives rise to

1
lim —/S(w,t)dx =S, hm / x,t)da = (5.3)
t=o0 Q)] [0
Q
On the other hand, we follow from (5.2) that
dF 252 212 9
Q

The similar arguments to those above imply that

lim /(|v5|2 +VI[)de =0
t—oo
Q
It then follows from Poincaré inequality that

t—o00

lim / [S(,t) = S*(H)Pde =0, lim / I(x,t) — I*(¢)|2dz = 0, (5.4)
Q
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where S*(t) = ‘—1| Jo Sz, t)dx and I*(t) = Iﬁl\ Jo I(z,t)dz. In view of (5.3) and (5.4), we get

Jim [ (1S(2,) = S| + (2, 1) — L|)dz = 0. (5.5)

Q

In the following, we use the tool of skew- product semiflows and inherit the notations in Theorem 4.2. Recall
that for any given (S,1,0,9) € Py, w(S,1,60,9) denotes its omega limit set. Then for any (S,1,0,9) €

w(S, 1, 9~,1§), there exists a sequence t;; — oo such that lim, ﬂ'tk(S,I,97’L9) = (S, 1,0 ,9). Letting
(S,1,0,9) =m(S,1,6,9) and t =ty in (5.5), we conclude that

/(|5*(a:) ~ 8|+ [E(z) — L|)dz = 0,

Q

and hence (S, 1) = (S, I+). Thus, we have w(S,1,0,0) = {(S., L., 0.,9.) : (,,0.) € H}. It then follows
that limy .o 7 (S, 1, 0,9) = (S,, I,,0,,9,). The global attractivity of (S, I,) is obtained. O

6. Discussion

In this paper, we have considered the basic reproduction ratio of almost periodic reaction—diffusion system
(1.2) and represent its properties. Applying the developed theory, we have obtained a threshold-type
result for the uniform persistence, the global extinction and the global attractivity of (1.2) by means of
the basic reproduction ratio Ry. Since almost periodic functions are a generalization of periodic functions,
the study of almost periodic reaction—diffusion system (1.2) is more reasonable to reveal the mechanism
of the disease transmission.

Using the terminology similar to those in [25] (see also [2]), we present the biological inter-
pretations corresponding to our results. We call = is a high-risk site if lim;_ % fot Bz, 7)dr >
limy o0 § fot ~v(x, 7)dT. A low-risk site is defined in a reversed mode. The habitat 2 is called to be high-
risk if limy o 1 fot Jo Bz, 7)dzdr > limy .o %fé Jo v (@, 7)dadr and low-risk if lim;_, + fot Jo Bz, T
dadr <lim—o § fot Jov(@, 7)dzdr. A moderate-risk habitat is defined if lim; .o § fot Jo Bz, 7)dadr =
limy oo 1 fg Jo (@, 7)dedr.

At the beginning, Theorem 4.3 (i-a) and (ii-a) shows that the extinction happens in a low-risk habitat,
while the persistence happens in a high-risk habitat when the disease transmission and recovery depend
on the temporal factor alone. For the case of where the disease transmission and recovery depend on the
spatial factor, we follows from Theorem 4.3 (ii-b) that the disease will be persistent once a high-risk
habitat exists. However, Theorem 4.3 (i-b) and (ii-b) also shows that the disease is not necessarily extinct
or persistent though the individuals live in a low-risk habitat where a high-risk site is contained at
least. In the case, the movement of the infected population by a quick way will be helpful for the disease
extinction, and in other words, there exists a threshold value D} € (0, 00) such that the disease is extinct
if Dy > D7; otherwise, the disease will persist if D < Dj.

For the general case of where the disease transmission and recovery depend on the spatiotemporal
variables, Theorem 4.3 (ii-c) implies that the disease will persist if the habitat is a high-risk type.
Conversely, Theorem 4.3 (i-d) tells us that the disease will die out if the habitat is a low-risk one and
the movement of the infected individuals is sufficiently quick.

Next, we investigate the affection of spatial heterogeneity and almost periodic environment for the
disease transmission. Assume that

Bla,t) = a(@)b(t), ~(x,t) = alx)c(t),

where a(z) is a positive Holder continuous function on Q and b, ¢ are positive almost periodic Holder
continuous functions on R. If b = ¢, then the habitat is a moderate-risk one and we follow from
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Theorem 5.4 that the disease will eventually die out because of the diffusion rates. If a is not a constant,
b # ¢, and [b] = [¢], and hence the habitat is still a moderate-risk one, then we see from Theorem 3.5 that
the basic reproduction ratio Ry(Dy) = Rg > 1 for all Dy > 0 and Ro(D;) — 1 as Dy — 0 or D; — oc.
Consequently, Theorem 4.2 tells us that the disease will persist in this moderate-risk habitat.

The above discussions show that the interaction of spatial heterogeneity and temporal almost peri-
odicity tends to enhance the persistence of the disease for the SIS model (1.2). In other words, if
we only consider the temporal almost periodicity or spatial heterogeneity in (1.2), then the infec-
tion risk would be underestimated. Furthermore, for the case of where a is not a constant, b Z c,
and [b] = [c], when the infected individuals move at the speed D; = Dy, where D; > 0 satisfying
Ro(D;) = maxp,e(0,00) lo(Dr) > 1, the risk of the outbreak of the disease in the population will be
enlarged; on the other hand, the small or large diffusion rate will weaken the persistence of the disease
since the basic reproduction ratio is close to unity in the case.
lim; oo 1 [{ B(z,7)dT
lims o0 %fot y(x,7)dT
to the periodic case in [25], we conjecture that Ry — max, g {I%m““’ i Jo B(m’T)dT} as Dy — 0. Thus, if

’ Z€EQ | limy oo %fot y(z,7)dT I ’
lim¢ oo £ [t B(z,7)dT
MaXyeq { limiHoo % ffzt iéxﬂ';d‘r
one high-risk site and the infected individuals are almost stationary, then the disease will persist.

Remark 6.1. We only prove Ry < max,cq { } as Dy — 0 in Theorem 3.5 (iv). Similar

} > 1 and Dy is sufficiently small, which imply that if there exists at least
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