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The existence of normalized solutions for L2-critical constrained problems related
to Kirchhoff equations

Hongyu Ye

Abstract. In this paper, we study the existence of critical points for the following functional constrained on S. = {u €
HYRM)| |ulz = c}:

a b N 2N+8
I(w)= = [ |[Vu]®> + = Vul? / N,
=5 [1war+ 7| [vur]| - g [

RN

where N = 1,2,3 and a,b > 0 are constants. The constraint problem is L2-critical. We showed that I(u) has a constraint
8 N
critical point with a mountain pass geometry on S¢ if ¢ > ¢* := (271b|Q|4¥ ) =2V | where Q is the unique positive radial

8
solution of —2AQ + (% —1)Q = |Q|¥Q inRN. For 0 < ¢ < ¢*, I(u) has no critical point on S¢, and we proved the existence
of minimizers for a new perturbation functional on S.:

2

a [ b " 1 r N 2N+8
Bap) =5 [19al+ | [1vup | =5 [ vt - 5 [ R
s s s s
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1. Introduction and main result

In the past years, the following nonlinear Kirchhoff equation

- a+b/\Vu|2 Au— |[ulf2u=Xu, R NeR (1.1)
]RN
has attracted considerable attention, where N < 3, a, b > 0 are constants and p € (2,2%),2* =6if N =3
and 2* =40 if N =1,2.

Equation (1.1) is a nonlocal one as the appearance of the term [,y |[Vu|? implies that (1.1) is not a
pointwise identity. This causes some mathematical difficulties which make the study of (1.1) particularly
interesting, see [1,2,4,6,7,13,17,20] and the references therein. The first line to study (1.1) is to consider
the case where A is a fixed and assigned parameter, see [9,12,14-16,19,22,25]. In such direction, the
critical point theory is used to look for nontrivial solutions of (1.1); however, nothing can be given a
priori on the L?-norm of the solutions. Recently, since the physicists are often interested in “normalized
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solutions,” solutions with prescribed L2-norm are considered. Such solutions are obtained by looking for
critical points of the following C'! functional

2
a b 1
=5 [1var+ 3 [ [ v ) =0 [ (12)
RN RN RN
constrained on the L2-spheres in H*(R™):
S.={uec H'®RY)| Juls = ¢, ¢>0}.

Set

Iy 2= u?i I, (u). (1.3)

We see that minimizers of I, .» are critical points of I,|s. and the parameter A is not fixed any longer
but appears as an associated Lagrange multiplier.
By the L2?-preserving scaling and the well-known Gagliardo-Nirenberg inequality with the best con-

stant [23]: Let p € [2, 2%5) if N >3 and p > 2 if N = 1,2, then

Lo IVuly © (14)
———|Vu u , .
2Qu7" ’
with equality only for u = @, where @, is, up to translations, the unique positive ground state solution
of

Julp <

- Wﬁm <1 +Ie- N>) Q=1QI*Q, R, (15)

it has been shown in [26] that p = 28548 is L2-critical exponent for (1.3), namely for all ¢ > 0, I, .2 > —oc0
if pe (2,28548) and I, .. = —oo if p € (258, 2%).

When p = 21\]fv+8’ for simplicity, we use I(u) and I.2 to denote 121\11\,4-8 (u) and Izz\]iv+8’cg, respectively.
Then, we have the following existing results:

Lemma 1.1. ([26], Theorem 1.1 and Theorem 1.2) For p = 258 then
8 N
0, O<c<c :=(271 N)geN
(1) Iz = (270l Quga ")
—00 ¢ >c".
(2) 1.2 has no minimizer for all ¢ > 0.
(3) I(u) has no critical point on the constraint S, for all 0 < ¢ < ¢*.

In this paper, we look for critical points restricted to S, for the L2-critical case p = QNTJFS. To the best
of our knowledge, there is no paper on this respect. In the past years, there have been some works studying
similar L2-critical problems related to Schrédinger operators by adding a nonnegative perturbation term
% Ja2 V(@)|u* to get minimizers, see e.g., [8], where V() is locally bounded satisfying V(z) > 0 and

lim V(z) = +oc.

|z|—+o00
In our setting, when ¢ € (0,c¢*], by Lemma 1.1 (3), in order to get critical points, we try to add a
nonpositive and lower perturbation term to the right-hand side of (1.2). Considering the effect of the
nonlocal term, we study the following perturbation functional
2

a b 1 N 2N +8
B =5 [1vap 3| [1vup] =5 [Vt - o5 [ g
RN RN RN

RN

where V (z) € L (RY) satisfies that
V(z) >0and lim V(z)=0. (V)

|z|—+o0
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Then, we consider the associated minimization problem

eap(c?) = z?élsn E,p(u). (1.7)

It easily sees that e, ;(c?) € (—0o0,0]. To state our main result, for a > 0 fixed, we introduce an equivalent
norm on H!(RY):

2
lul| = /(a|Vu|2—|—u2) , Y ue H(RY),
RN
which is induced by the corresponding inner product on H'(RYN). We recall in [21] that the following
minimum problem:
2
Ap = inf /|Vu|2 | u e H(}(Q),/V(x)|u|4 =1;,>0 (1.8)
Q Q

is achieved by some ¢ € H}(Q) with [, V(z)[¢|* =1 and ¢ > 0 a.e. in Q, where Q@ C RY is a bounded
domain with smooth boundary and V(z) # 0 a.e. in 2. Then, we get our main result as follows:

Theorem 1.2. If0 < b < )\%, then there exists a* > 0 small such that e, ,(c*) < 0 for all a € (0,a*) and

c € (0,c*), where c* is given in Lemma 1.1. Moreover, there exists a couple of solution (ue, Ac) € Se X R™
satisfying the following equation

— a—&—b/|Vu|2 Au—V(x)u3—|u|%u=)\cu, reRY
RN

with B p(ue) = eqp(c?).

For ¢ > ¢*, by Lemma 1.1 (2), it is impossible to look for minimizers of I on S.. We must look for a
critical point of I with a minimax characterization. As far as we know, there is no paper to study L?2-
critical constrained problems in this way, which was used in [3,10,26] to deal with L? subcritical cases.
To this end, by Lemma 1.1 (1), we shall show that I possesses a kind of mountain pass geometry on S,
(see e.g., [10]): There exists K(c) > 0 depending on ¢ such that

1) =, inf max I(h(r)) > max max([(h(0)). I(h(1))}

where

I'(c) = {h € C([0,1], 5c)| h(0) € Br(c), 1(h(1)) < 0} (1.9)
and B (o) = {u € Sc| [Vul3 < K(c)}. Then, we will look for critical points of I on S, at the level y(c):
Theorem 1.3. Forp = QNTJrg and ¢ > ¢, then problem (1.1) has at least one couple of solution (ue, \.) €

HY(RN) x R~ with |u.|s = ¢ and I(u:) = v(c).

We give the main idea in the proof of Theorems 1.2 and 1.3.

To prove Theorem 1.2, we see that E, ;(u) is coercive on S, if ¢ < ¢*. The main difficulty now is to
deal with a possible lack of compactness for minimizing sequences of e, ;(c?). Motivated by Lions [18],
we try to reduce our problem to the classical vanishing—dichotomy—compactness situation to check the
compactness and prove Theorem 1.2. To do so, a necessary step is to show that

eap(c?) <0, (1.10)



1486 H. Ye ZAMP

which can be proved by using the minimizers for (1.9) and restricting the ranges of a and b. We succeeded
in excluding the vanishing case with the help of (1.10) and the decay property of V(x) at infinity. To
avoid the dichotomy case, we need to obtain a strong version of subadditivity inequality

eap(c?) < eap(@®) +eap(c* —a?), VO<a<e. (1.11)

The scaling argument used in [26] to get the strong version of subadditivity inequality does not work
here since E, ;(u) is no more an autonomous functional. To overcome this difficulty, we note that for
u € S. and 0 > 1 the only scaling: uy := fu can be used in our case, which also tells us why we add
the perturbation term I [Ln V(z)u* but not 3 [,y V(z)u®. By using (1.10) and such a scaling, we finally
prove that (1.11) holds, which requires more careful analysis.

Let us underline the difficulties in proving Theorem 1.3. First, since the mountain pass geometry on
S. does not guarantee the boundedness of the Palais—Smale sequence, no minimax type theorem can be
directly used. To overcome this difficulty, we adopt the method introduced by Jeanjean in [10] to consider
an auxiliary functional I(u,t) : HY(RN) x R — R as

2
2t

g ae 2N+8
I(u,t) = — 24— 2l -
(i) =2 [ 1vu+ 7 [ v 2N+8/||
RN
With the help of I, we succeeded in constructing a bounded (PS)y(e) sequence {v,} C S for I|s,
satisfying that G(v,) — 0, where
2

) ::a/|Vu|2+b /|vu|2 N+4/| B
RN RN

Secondly, since we look for critical points on S, we have to show that {v,,} strongly converges in H!(R"Y).
We try to use the concentration-compactness principle to do so. As ( [on |Vu|2)2 and [,y |u] ¥~ behave
the same under L2-preserving scaling of u, it seems impossible to show that there exists ¢t > 0 such that
I(u') < 0 for all u € HY(RM)\{0}, where u'(x) = t2 u(tx). Then, it makes that the usual arguments
allowed us to benefit from “natural” constraints {u € S.| G(u) = 0} (see [3,10,26]) cannot be applied
here. To overcome this difficulty, we indeed notice that for any v € H*(RY) with G(u) < 0, there exists
a unique to € (0,1) such that G(u'®) = 0 and t; > ¢y such that I(u'') < 0 and if we assume that v,, — v
in HY(RY), then

/ |V |> — / |Vo|? <= v, — v in L*(RY).
RN RN
Hence, if by contradiction we just assume that [,y [Vo]* < nEToo Jen Vo [?, it must lead to G(v) <0

by which we get a path in I'(Ju]z) to show that v(|v|2) < v(c). However, the function ¢ — 7(c) is indeed
nondecreasing on (¢*, +00), which induces a contradiction and completes the proof of the theorem. Our
method to show the monotonicity of ¢ — v(c) is quite different from [3,10,26] since no suitable manifold
can be used here. We succeeded in doing so by a more careful analysis that K (c) given in (1.9) is
nonincreasing on (c*, +oc0) and K(c) — 0 as ¢ — +oo and by an L2-preserving scaling of Vu.

We also obtain a supplementary result to [26] in the spacial case p = 2, which will complete the proof
of the existence of constrained minimizers on S, related to Kirchhoff equations.

2
Theorem 1.4. For any c > 0, then Iy > = —5 and there is no minimizer for I 2.

Throughout this paper, we use standard notations. For simplicity, we write fQ h to mean the Lebesgue
integral of h(z) over a domain Q C RY. LP := LP(RY) (1 < p < +00) is the usual Lebesgue space with
the standard norm |- [,. We use “ =" and “ —" to denote the strong and weak convergence in the related
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function space, respectively. C' will denote a positive constant unless specified. We use “ :=" to denote
definitions and B,.(z) := {y € RV ||z — y| < r}. We denote a subsequence of a sequence {u, } as {u,} to
simplify the notation unless specified.

The paper is organized as follows. In Sect. 2, we prove Theorem 1.2. In Sect. 3, we prove Theorem
1.3. In Sect. 4, we prove Theorem 1.4.

2. Proof of Theorem 1.2

In this section, we consider the case ¢ € (0,c¢*) and the constrained minimization problem (1.7), where
c* is given in Lemma 1.1.

By the assumption (V), V(z) is bounded a.e. in RV, i.e., 0 < V(z) < V) := |V (2)|s a.e. in RV,

Lemma 2.1. For all ¢ € (0,c¢*), then
(1) Eqp(u) is bounded from below and coercive on Se.
(2) ean(c?) <0.
Proof. (1) For any c € (0,c¢*) and u € S, then by (1.4) there exists C' > 0 such that

1
Z/V(m)\ur* < VO /|Vu|2
RN RN

2

and

2N 48 )
- e 2
2N+8/| I c*) 1 /|W|
]RN

Hence,

8—2N

Bz g (1-(5) 7

which implies that E, ;(u) is bounded from below and coercive on S..
(2) For any u € S, and t > 0, set u'(x) := ¢t > u(tz), then u’ € S, and

at2 bt4 Nf,4 2N+8
Bas(u) = 5 [ 19u + % /|v i —f/ Dlul* - g [ 1l
RN RN

Hence, by (V'), we see that e, ,(c?) < Eqp(uf) — 0ast — 0T,

) IVl — Vol VY,

O

Lemma 2.2. Ifb € (0, )\%], then there exists a* > 0 such that e, ;(c?) < 0 for alla € (0,a*) and ¢ € (0,c*).
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Proof. For each c € (0,c¢*), let ¢. = where ¢ is given in (1.8). Then, ¢. € S.. Hence, we have

|¢|2

r 2
4 N 2N+8
Fuato) = i o [ 1o | [ v - 2%+8 /m

B 2
- i 2 B 4| |¢'\ 2N+8
=201 | Q/IW /V(mw TON+8 /|¢|

2N+8

_ (bA; — 1)c? WQ

419|3 2N +8

if b € (0, )%] Since Eqp(¢c) — Fop(de) as a — 01, we see that there exists a* > 0 such that e, p(c*) <
E,p(¢c) <0 for all 0 < a < a* and the lemma is proved. O

Lemma 2.3. Ifb € (0, )}—1] and a € (0,a*), where a* is given in Lemma 2.2, then the function ¢ — eq (c?)
is continuous on (0,c*).

Proof. The proof follows from Lemma 2.1 (1) and is similar to that of Theorem 2.1 in [5], so we omit
it. O

Lemma 2.4. If b € (0, i] and a € (0,a*), then for any 0 < ¢ < ¢y,
eap(c®) <eap(a®) +eap(c* —a?), VO<a<c

Proof. If b € (0, —] and 0 < a < a*, then e, ;(c?) < 0 for all 0 < ¢ < ¢*. Let {u,} C S, be a minimizing

sequence for e, p(c?), then by Lemma 2.1, {u,} is bounded in H'(RY) and then by (V), there exists
k1 > 0 such that

RN

(2.1)

Indeed, i 2 0, then for any € > 0, there exists ng > 0 such that n > ngy implies that

Jan ltn i (V), there exists R > 0 such that 0 < V(x) < ¢ for all |z| > R. Then, for n > ny,
there exist constants Cy, Co > 0 such that

[v@uit= [ v@wts [ V@l

RN Br(0) RN\Bg(0)
<W / |un|4 +e / |un|4 (2.2)
Br(0) RN\BR(0)

< %Cl|un‘%1\§v+s +eCy
< (VoCy + Cy)e,

which implies that [;y V(2)|u,|* — 0 by the arbitrary of ¢ and V() > 0. Hence, by (1.4), we have

eap(c’) = lim Ea,b(un)Z hm —f/V Yun|* =

n—-+oo
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which is a contradiction. Moreover, since e, ,(c?) < 0, for n large we have

2
Jrl) < [Vt N+4/|un\"‘”*s (2.3)
RN RN

Set uﬁ := Au,, with 6 > 1, then uz € Sy. and for n large,

2
E,p(u o) - 60%E, blup) = %{6(92 -1) / \Vun|2 — (92 -1 / V(x)|un|4
2N9N—1 /| ‘2N+8
T Ni4 )

92
= an(0)7

where f,, : [1,4+00) — R is given as

2
Falt) = (2 — 1) /|Vun|2 -1 /v e[ /|un|2N+8.
RN

We easily see that f,,(1) = 0 and by (2.3) and (2.1),

2
fuOler =2 [ [ 1Vu| 2 [Vl - N+4/| ks
RN RN

(4—N) (4—N) 24
4(4 — N 2N48 4(4 — N
<= "7 A e S )
= " N+4 /'“”'N S Nt <0
]RN

Since

2

16 8_N 8—2N 2N 48
ro= [190?] <2 [Vl - GE500F [l
RN RN RN

it follows that f;/(t) is strictly decreasing on [1,4+00) and f}/(t) < f//(t)li=1 < 0 on [1,+00) by (2.3).
Hence, we get that

Ea b( )_92 ab(un) - .fn( )

4
6 4-N
4

< T + L0 - D] < ~k030 = 1) <0,

which implies that
eap(02c?) < 0%eq (c?)

by letting n — +o00. Then, we easily conclude our result and the lemma is proved. O
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Proof of Theorem 1.2

Proof. For any ¢ € (0,c*), by Lemma 2.2, e,(c?) < 0. Let {u,} C S. be a minimizing sequence for
eap(c?), then by Lemmas 2.1, {u,} is bounded in H!(R"). We may assume that for some u € H*(RY),
Up, — U, in HY(RY),
Uy — U, in L} (RY), qe1,2%), (2.5)
up(x) — u(z), ae.in RY.

Moreover, u # 0. In fact, by contradiction, we just suppose that « = 0, then by (V') and (2.5), similarly
to (2.2), we have [y V(2)|un|* — 0, which implies that eq,(c*) > 0. It is a contradiction. So o := |uly €
(0,¢].
Next, we try to prove that u € S.. Just suppose that o < ¢, then u € S,. By (2.5), we have
[un3 = Jun —ul3 + [ul3 + 0 (1), (2.6)

where 0,(1) — 0 as n — +o00. By the Brezis-Lieb Lemma and Lemma 2.3, we see that
6a7b((;2) = 111'41_1 Ea,b(un) Z Ea,b(u) + hr_{} Ea,b(un - u) Z ea,b(OéQ) + ea,b(CQ _ 042)’
which contradicts Lemma 2.4. Then |u|s = ¢. So u € S. and then by the Gagliardo—Nirenberg inequality
(1.4), up, — u in LP(RY), p € [2,2%). Hence, by (2.5),
eap(c?) < Eqp(u) < liT Eop(un) = eap(c?).
So u is a minimizer of ea,b(CQ) and then u is a constraint critical point of E,; on S.. Therefore, there

exists A € R such that E, ,(u) —Acu=0in H=Y(RN), ie., (u,\.) is a couple of solution to the following
equation

- a+b/|Vu|2 Aus(x)u37|u|%u:)\cu.
RN

Moreover, the fact that E, ,(u) < 0 shows that

4—- N
Ao = (Ep ), u) =AE,p(u) — a [ 19 = =5 [ 1u*F <o,
RN RN
ie., A <0. O

3. Proof of Theorem 1.3

In this section, we consider the case ¢ > ¢*. Let us first show that I possesses a mountain pass geometry
on S,.

Lemma 3.1. For any ¢ > ¢*, there exists K(c) > 0 depending on ¢ such that

1(e) =, inf e T(h(r)) > mae max(1(h(0)). I(h(1))} (3.1)

where
I'(c) = {h € C([0,1], S)| h(0) € Br(c),1(h(1)) <0} (3:2)

and By ) = {u € S| |Vul3 < K(c¢)}. Moreover, K(c) is nonincreasing on (c*,+00) and K(c) — 0 as
c — +00.



Vol. 66 (2015) Existence of normalized solutions 1491

Proof. For any k > 0, set
By, :={u € S.| |Vul3 < k}.

For any u € S, by (1.4), we have

8—2N

a c\ ~ b
) > Vi = (Z) 7 ZIval,
which implies that
o\ T
I(u) > %|Vu|% for all 0 < |Vul2 < ky(c) := % <CC)
Since |I(u)] — 0 as |[Vul|s — 07, there exist 0 < ko(c) < k1(c) such that
0< sup [I(u)< inf [I(u)and I(u) >0 for all u € By, (- (3.3)
wEBy () UEIBj (¢)

Moreover, it easily sees that k1(¢) — 0 as ¢ — +00. Then, without loss of generality, we may assume that
ko(c) is nonincreasing on (¢*, +00).
For any ¢ > 0, set

. o ct%Q(tx)
Q (.T) T |Q‘2 9

where Q := Q% is given in (1.5). Then, Q! € S., |VQ?|s = tc|VQ|2 and

‘ ac? 9 e R bet 4

Hence, there exist t; > 0 small and t; > 0 large such that
IVQ"[3 < ko(c),

IVQ™|2 > ky(c) and 1(Q"2) < 0.
Set K (c) := ko(c), then K(c) is nonincreasing on (¢*, +00) and lim K(c) = 0. Let

c— 00
h(r) == QU It [0,1].

Then h € T'(c), ie., I'(c) # @. For any h € T'(c), |[Vh(0)|2 < K(c) = ko(c) < ki1(c) < |Vh(1)|3. Then,
there exists 79 € (0,1) such that [Vh(r0)[3 = k1(c), i.e., h(10) € OBy, (). So by (3.3), we have

max I(h(7)) > I(h(19)) > inf I(u)> sup I(u)>I(h(0)) >0,

T€[0,1] u€IBy, (c) UE By (¢)
which implies that

7(6) > max max(I(h(0)).2(h(1))}

since h € T'(c) is arbitrary. O

Remark 3.2. As it is clear from the proof of Lemma 3.1, we can assume that

sup I(u) < LC)
UGBK(C) 2
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we define a map H(u,t) : H}(RY) x R —

In order to obtain a bounded (PS).() sequence for I|g
HY(RY) as

c?

H(u,t)(z) = ¢ 'u(c'z)
and define a C! functional I(u,t) : HY(RY) x R — R as

2
ae? 5 bett 9 2N+4s
WG WA 2N+8/| N
RN RN

ie., I(u,t) = I(H(u,t)). It casily sees that for all t € R, H(u,t) € S, if u € S,.

Lemma 3.3. For any c > c*,

Y(¢) = inf max I(h(r))
hel(c) T€[0,1]

is well defined with

T(c) = {h € O([0,1], S, x R)| H(h(0)) € Bx (e, I(h(1)) < 0},
where By () is given in Lemma 3.1. Moreover, 5(c) = ~(c).
Proof. By the definition of H (u, t), we see that T'(¢) x {0} C I'(c), then I'(c) # @ and F(c) is well defined.
Moreover, H(I'(¢)) = I'(¢), which implies that ¥(c) = ~y(c). O

Denote E := H'(RY) x R. Let E be equipped with a norm defined by
1
1w, )]z = (ull* +[s]*)2, ¥ (u,t) € E,

which is induced by the corresponding scalar product

((u,t), (v, 8)) g = /(aVqu +wv) +ts, YV (u,t),(v,s) € E.

RN

We recall in [24] that for any ¢ > 0, S. is a submanifold of H'(R") with codimension 1 and the tangent
space at u € S is defined as T, = {v € H*(RY)| [o» uv = 0}. The norm of the derivative of I|g(.) is
defined by

I(I]s.)" (W)l = UETSU|\I1))H:1<I/(U),U>.

Similarly, the tangent space at (u,t) € S. x R is T(u’t) = {(v,s) € E| [pnuwv = 0}. The norm of the
derivative of I| |s.xr is defined by

”(:flScXR)l(uvt)”* = _ sup <:fl(u’t)7 (v,5))-
('U’S)GT(u,t)’H(v’S)HEZI

Lemma 3.4. For ¢ > ¢*, then there exists a sequence {v,} C S such that
(1) I(Un) - ’V(C) as n — +0o0;
(2) H(I|SL)/(U7Z)||* — 0 as n — +o0;

(3) G(v,) — 0, where
2
. 2 2 2N+8'
w=a [V | [19 N+4/||
RN RN

(4) {vn} is bounded in H'(RY).

—~
_OJ
=~

N
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Proof. The proof is similar to that of Lemma 2.4 in [10]. We give a detailed proof here for readers’
convenience. N _
Let {h,,} C I'(c) satisfy m[%)i] I(hn(7)) < 7(c) + L. Set hy(7) := (hyn(7),0), then h, € I'(c) and
7€|0,
~~ 1

I(h, (7)) <7 -
max ( (T))_’Y(C)+n

since ¥(¢) = v(c¢). By Proposition 2.2 in [10], there exists a sequence {(un,t,)} C S. X R satisfying

I(un,tn) = (), [I(]s.xr)" (tn, )]l — 0 (3.5)
and
Jnin [(uns tn) = hn(7)|lE — 0.
Set vy, := H(up,ty,), then v, € S.. By Lemma 3.3 and (3.5), we have
I(vn) = 7(c)- (3.6)
For any (w, s) € H'(RY) x R, we have
(I (s tn), (w,8)) = (I'(0n), H(w, t,)) + G(vy)s. (3.7)
Let (w,s) = (0,1) € T(umtn), it follows from (3.5) that
G(v,) — 0. (3.8)
For any w € T,, , if we take s =0 in (3.7), then we have
(I' (), w) = (T (s ), (H (w, ~t5),0)). (3.9)

Moreover,

w e T, <= (H(w,—t,),0) € Tpu, 1.)-
Then, by (3.9) and (3.5), we see that to prove that ||(I]s.)'(vn)]l« — 0 is equivalent to show that
{(H(w,—t,),0)} is uniformly bounded in E for n large, which is indeed ensured by the fact that

[tn] < min | (tn, tn) = hn(7)||p < 1 for n large.

Since

1 a
I0n) - 3G = 7 [ 190.P,
RN

it follows from (3.6) and (3.8) that {v,} is bounded in H(RY). O
In order to prove Theorem 1.3, we need the following two crucial lemmas.

Lemma 3.5. The function ¢ — ~y(c) is nonincreasing on (¢*,+00).

Proof. For any ¢* < ¢1 < ¢ < 400, it is enough to show that v(c2) < vy(e1).
Let {h,} C T'(c1) be a sequence of paths such that

1
I(hy < —. 3.10
s I{0(7)) < 9(e0) + (3.10)
Take u € Bg(e,), L., u € S, and |Vul3 < K(cz). By Lemma 3.1, K(c2) < K(c1). Let y,(7) €
C([0, 1], Bx (c,)) satisfy that v, (0) = “tu and Yn(%) = hy(0). Then, we define a new path Iy 1 0,1] — S,

as follows: )
o () = {7”(7)’ el (3.11)
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It is easy to see that hy € I'(¢1). Moreover, we conclude from Remark 3.2 that

I(hn(7)) = I(hn(7)) = I(ho(7)). 3.12
fél[%ﬁ]( (7)) Trélffﬁ]( (7)) fél[%fi]( (7)) (3.12)

Set

Then, |gp|2 = ¢2, 1€, gn € S, and for all 7 € [0, 1],

[190.08 = [ 1o, | |gn<7>|”fv”=(c) () 25 (3.13)
RN RN RN

RN

Hence, by (3.11) and (3.13), we have g,,(0) € Bg(c,) and I(gn(1)) < I(hn(1)) <0, 50 g, € I(c3). There
);

exists a sequence {7,} C (0,1) such that I(g,(m,)) = IIl[%)i] I(gn (7)), then by (3.10)—(3.13), we have
T7€|0,

y(e2) £ max I1(gn(7)) = 1(gn(7a))

T€[0,1] _
< I(hp(m)) < max I(h,(7))
T€[0,1]

< max I(h,(7)) < 7(e1) + %7

T€[0,1]

which implies the conclusion by letting n — +oc. O

Lemma 3.6. For any u € HY(RY) with G(u) < 0, where G is given in (3.4), then
t

(1) there exists a unique 0 < to < 1 such that G(u'®) = 0, where u'(x) =

(2) there exists t1 > to such that I(u') < 0.

(3) Moreover, I(u'®) = max I(u') = max I(u?).

te0,1] t>0
Proof. Since G(u) < 0 implies that u # 0, G(u!) > 0 if ¢ > 0 is small. Then, it must have a unique
to € (0,1) such that G(u'®) = 0. Indeed, the uniqueness is ensured by the fact that G(u*) < t1G(u'0) = 0
for all ¢t > 1.
By G(u) < 0, we have

2 2N+8
o\ [ 1vu <N+4/|\

RN

2
CLt2 t4 2N+8
I(ut):7/|Vu|2—|—Z b /|Vu\2 N+4/|u\ — —00
RN RN

as t — +oo. Hence, there exists ¢; > 0 large such that I(u'') < 0. Since I(u') > 0 for ¢ > 0 small and

G(’Ut) = t%](vt)7 we see that t1 > 1o and I(uto) = Hl[g,)%] I(u“l). MOTGOVQI‘, we see that I(Ut) < 0 for all
teo,

t > t1, which shows that I(u') = max I(ut). O

Then,



Vol. 66 (2015) Existence of normalized solutions 1495

Proof of Theorem 1.3

Proof. For any ¢ > ¢*, by Lemma 3.4, there exists a bounded sequence {v,} C S, such that

I{vn) = (), [(]s.) (vn)lls — 0 and G(vy) — 0. (3.14)
Since y(c) > 0, by the vanishing lemma, we may assume that, up to a subsequence and up to translations,
vp, — v in HY(RY) (3.15)
for some v # 0. Moreover, there exists A € R\{0} such that
/ |V, |> — A2 (3.16)
RN
By (3.14), there exists a sequence {\,,} C R such that
I'(vn) — A, — 0 in H-H(RY). (3.17)
Then, by (3.16), we have
A = W A= —i;{g(a/ﬁ +bA%) < 0. (3.18)

To complete the proof, it is enough to show that

/ |Vo|? = A? (3.19)
RN
holds. Indeed, if (3.19) holds, then
Vv, — Vu|s — 0, (3.20)
hence by the Gagliardo—Nirenberg inequality (1.4) and the boundedness of {v, },
v, — v in LP(RY), V2 < p < 2% (3.21)

Then, by (3.15), (3.17) and (3.20), we have
<I/(Un) = AnUn — I/(U) = AV, vy, —v) — 0,

which and (3.18)-(3.21) show that v,, — v in L?(RY), i.e., v, — v in HY(RY). So, v € S, and (v, \.) is
a couple of solution of (1.1) with I(v) = y(c).

We next prove (3.19) by contradiction. We just suppose that [;y |Vo|? < A%, Then, a = |v|z € (0,¢).
By (3.14)—(3.18), we see that v is a nontrivial critical point of the following local functional

a+ bA? N 2N 48
Iao) = S5 [ 190 - g [l
RN

RN

Then, v satisfies the following Pohozaev identity

N -2 a+bA2 N2 2N 48
Patwyi= B2EED) [igup— 2o [ <o,
RN RN

2N +

hence Ga(v) := §(I';(v),v) — Pa(v) =0, ie.,

2N
(a+bA2)/|Vv|2 - / B )
RN RN
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So G(v) < 0. By Lemma 3.6, there exists a unique ty € (0,1) and ¢; > to such that G(v') = 0 and
I(v") < 0, where v'(z) := ¢t 2 v(tz). Then, vt € I'(a). Moreover, by Lemma 3.6, I(v") = max I(v').

te[0,1]
Then, by (3.14) and (3.15), we have

1
< ttl = to = tO —_— = to
v(a)ftren[gﬁ]l(v ) =1(v7) =1(v") = 7 G(v")

t2
= 1w

RN

< lim inf %/|an|2 = liminf [I(vn) - iG(’un)] = (c),
RN

A
NI
—
<
=

n—-+4oo n—-+o0o

which contradicts Lemma 3.5. Then, we have completed the proof of the theorem. 0

4. Proof of Theorem 1.4

Proof of Theorem 1.4

Proof. The idea of the proof comes from [11].
(1) For any ¢ >0 and u € S, then Io(u) > —% . Set u(z) := t> u(tz), t > 0. Then, u’ € S, and

2
at? bt 1 2
I 2 < I(u') = 5 / |Vul® + e / [Vul* | - 5 / |ul* — )
]RN

2
ast— 07. S0 I > = —%.

Just suppose that there exists u € S, such that Ir(u) = I 2 = —%, then it follows that
2

a 2 b 2| _
o<2/|w| + /|Vu| _o,
RN RN

which is a contradiction.
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