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Abstract. We use a general energy method to prove the optimal time decay rates of the solutions to the compressible Navier—
Stokes—Korteweg system in the whole space. In particular, the optimal decay rates of the higher-order spatial derivatives
of solutions are obtained.
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1. Introduction

In this paper, we consider the compressible Navier-Stokes-Korteweg system for (z,t) € R3 x R
Owp + div(pu) = 0, (1.1)
O (pu) + div(pu @ u) + Vp(p) — pAu — (u+ A)Vdive = kpVAp. (1.2)

This equation system governs the motions of the compressible isothermal viscous capillary fluids, where
p(t, x)and u(t, ) represent the density and velocity of the fluid, respectively, for all (z,t) € R? x (0, +00),
and the smooth function p = p(p) is the pressure satisfying p’(p) > 0 for p > 0. The constants u, A are
the viscosity coefficients, and & is the capillary coefficient, which satisfied the following condition:

2
u >0, )\+§u20, Kk > 0.
We supplement the system by the initial data

pli=o = po, ult=0 = uo. (1.3)
The formulation of the theory of capillarity with diffuse interfaces was first introduced by Korteweg [15]
and derived rigorously by Dunn and Serrin [2]. Recently, there is some mathematical theory concerning
the compressible Navier—Stokes—Korteweg system. More precisely, Danchin and Desjardins [5] established
the existence and uniqueness of solutions in the critical Besov spaces. Hattori and Li [12,13] proved the
local existence and global existence of classical solutions in Sobolev space. Bresch et al. [1] and Haspot [9]
considered the global existence of weak solutions for the compressible Navier—Stokes—Korteweg system.
Kotschote [16] proved the local existence of the strong solutions. Wang and Tan [36] and Tan et al. [32]
established the optimal decay rates of the global classical solutions and the optimal decay rates of the
global strong solutions without external force, respectively. Li [23] proved the global existence and opti-
mal decay rate of smooth solutions with potential external force. As is well known, for the compressible
Navier—Stokes equations, i.e., x = 0, many important progresses have been made on the existence and
the convergence rates of solutions, see [3,4,6,7,10,11,16-19,22,24,25,30,33,37] and the reference therein
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for instance. Among them, when there is no force, Matsumura and Nishida obtained the optimal L?
convergence rate for the compressible viscous and heat conductive fluid in R? in [26]

I(p = B0 = B)(®)]12 < Co(1+)~2, >0, (1.4)
If the small initial disturbance belongs to H* N L', Ponce in [28] gave the optimal L? convergence rate
IV%(p = p.1u,0 = 0)(0) |12 < Co(1+ )7 207075, ¢ >0, (1.5)

for 2 < p < ooand 0 < k < 2. If the small initial disturbance belongs to H* N W*! with sufficient large
integer s, the optimal LP, 1 < p < 2 convergence rates were also obtained by using the Green function
in [18,22,36]. When an external potential force is existing, the optimal LP, 2 < p < 6 decay rate of the
solutions and the optimal L? decay rate of the first-order derivatives were obtained in a series of papers
[6,7,33]. When there is a self-consist electric potential force, i.e., for the compressible Navier—Stokes—
Poisson equations, recently, H.-L. Li et al. proved the global existence and optimal decay rates of the
solutions in [21]. It was showed that the rotating effect of electric field makes the momentum of the
compressible Navier—-Stokes—Poisson equations decay at a slower rate. Finally, the long-time decay rate
of global solutions for half-space and exterior domain or the general external force were obtained, and we
refer to the papers [4,5,17,19,20,30] for instance.

In this paper, by using a general energy method, we will obtain the optimal time decay rates of the
solutions to the problem (1.1)—(1.3) when the initial data are small perturbations of given constant state
(p,0). The study is motivated by Guo and Wang [8], where the authors develop a pure energy method
for proving the optimal time decay rates of the solutions for the compressible Navier—Stokes equations.
Recently, the method has wide range of applications. Wang used the method to study the Vlasov—Poisson—
Boltzmann system and the Navier—Stokes—Poisson equations, see [34,35]. Tan and Wang [31] considered
the MHD equation by using this method. In our proof, the negative Sobolev norms are shown to be
preserved along time evolution and enhance the decay rates. We use a family of scaled energy estimates
with minimum derivative counts and interpolations among them without linear decay analysis.

Main results of this paper are stated as the following theorem.

Theorem 1.1. Assume that (po —p) € HNT1 w € HY for an integer N > 3. Then, there exists a constant
0o such that if

lpo — pll s + lluoll s < do, (1.6)

then there exists a unique global solution (p,u) of the Cauchy problem (1.1)-(1.3) satisfying that for all
t>0,

t
1o = PYONFgrsr + w7 + / Vo) lrna + [Vu(s) [ Fvds < Clllpo = pllner + [[uoll~)-
0

(1.7)
If further, (po — p,uo) € H=* for some s € |0, 3), then
IA=*(p = D122 + A ul[Z2 + A"V (p = p)II72 < Co, (1.8)
and
1940 = D)) s + IV u(t) s < Coll+ 6 for 1=0,. . N—1.  (L9)

Remark 1.2. The constraint s < 3/2 comes from applying Lemma 2.5 to estimate the nonlinear terms
when doing the negative Sobolev estimates via A%, for when s > 3/2, the nonlinear estimates would not
work.

Remark 1.3. Notice that we only assume that the lower-order Sobolev norm of initial data is small, while
the higher-order Sobolev norm can be arbitrarily large.
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From Sect. 3, we will use the pure energy estimates method to present the proof of Theorem 1.1.
However, we will be not able to close the energy estimates at each [—th level as the heat equation. This
is essentially caused by the “degenerate” dissipative structure of the nonlinear homogenous system of
(1.1)=(1.3), when using the energy method. More precisely, the linear energy identity of the problem
reads as: for [ =0,..., N,

1d
5&/|Vlgl2+ |vl“|2+K“|Vl+1g|2dx+/ﬂ|vvlu|2+(u+)\)|divvlu|2dx:()_ (1.10)
R3 R3

The constraint of A and p implies that there exists a constant oy > 0 such that

/u|VVlu\2 + (4 N)|divViu2dz > oo VT ul|2.. (1.11)

R3

Note that (1.10) and (1.11) only give the dissipative estimate for u. To rediscover the dissipative estimate
for o, we will use the linearized equations of (1.1)—(1.3) via constructing the interactive energy functional
between u and Vo to deduce

d
a/ Viu- VVede + OV oll3 + [V 20]32) < [V a2, (112)
]RS

This implies that to get the dissipative estimate for g, it requires us to do the energy estimates (1.10) at the
I-th level. To get around this obstacle, the idea is to construct some energy functionals £ (¢), 1 <m < N
and 0 <l <m-—1,

EMt)~ > IVFet), VFVo(t), VEu(t)]|l7-, (1.13)
I<k<m

which has a minimum derivative count [. We will then close the energy estimates at each [-th level in weak
sense by deriving the Lyapunov-type inequality for these energy functionals in which the corresponding
dissipation (D} (t)) can be related to the energy £ (t) by the Sobolev interpolation. This can be easily
established for the linear homogeneous problem along our analysis; however, for the nonlinear problem
(2.1)—(2.3), it is much more complicated due to the nonlinear estimates. This is the second point of this
paper that we will extensively and carefully use the Sobolev interpolation of the Gagliardo—Nirenberg
inequality between high- and low-order spatial derivatives to bound the nonlinear terms by /&3 (£)D;™ (t)
that can be absorbed. When deriving the negative Sobolev estimates, we need to restrict that s < 3/2 in
order to estimate A™° acting on the nonlinear terms by using the Hardy—Littlewood—Sobolev inequality,
and also we need to separate the cases that s € (0,1/2] and s € (1/2,3/2). Once these estimates are
obtained, Theorem 1.1 follows by the interpolation between negative and positive Sobolev norms.

The rest of this paper is devoted to prove Theorem 1.1. We briefly introduce the strategy of the proof.
In Sect. 3, it suffices to derive (1.7). Then, the global existence will follow in a standard way as in [23] by
the local existence, a priori estimates and the continuity argument. Finally, we use the energy estimates
to deduce the Lyapunov-type energy inequality, then combining it with Lemma 4.1 to prove (1.8) and
(1.9).

Notation. In this paper, LP, H® denote the usual L? and Sobolev spaces on R?, with norms ||.||z» and
|-l s, respectively. V! with [ € Z* stands for the usual spatial derivatives of order I. A= with s > 0
is defined in Definition 2.1 of Sect. 2. We use H*® denoting the homogeneous Sobolev spaces on R? with
norm ||.|| ;. defined by (2.8). We use C' to denote the constant depending only on the physical coefficient
but may vary and Cj to denote the constant depending additionally on the initial data.
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2. Preliminaries

Before we present the energy estimates method, we should now recall the following useful Lemmas which
we will use extensively.

First, we will review the Sobolev interpolation of the Gagliardo—Nirenberg inequality which we will
use much often.

Lemma 2.1. Let 0 < s,a <1, and then we have
IV Fllee < IV ALV AIE (2.1)

where a satisfies the following equation:

-1 (-2Ja-n (-2

Proof. This is a special case of [27, pp. 125, Theorem].
Then, we shall recall the following estimate Lemmas to estimate the L norm of the spatial derivatives
of h and f defined by (3.4) O

Lemma 2.2. If ||o||g2 < 1, and g(o) is a smooth function of o with bounded derivatives of any order, then
for any integer m > 1, we have

m m m 4
V™ (g(0)) |~ < V™ol V72 034" (2.3)
Proof. See [8, Lemma 3.1]. O

Lemma 2.3. (Commutator Estimate) Let m > 1 be an integer, and then the commutator which is defined
by the following

V™ flg =V"(fg) = fV™g, (2.4)
can be bounded by
V™, flgllze < IV Ao V™ gllee + V™ fllzea gl zes, (2.5)

where p, pa, p3 € (1,+00) and

1 1 1 1 1
p b1 D2 P3 D4

Proof. See [14, Lemma 3.1 |]. O

Then, in order to establish the negative Sobolev estimates, we should review the following useful
lemmas related to the negative Sobolev norms. But let us first introduce some necessary definitions.

Definition 2.1. The operator A®, for s € R, is defined by

Ag(x) = / € g() e e, (2.7)
R

where ¢ is the Fourier transform of g.
Definition 2.2. F* is defined as the homogeneous Sobolev space of g, with the following norm:
Il gz« == 1A°gll2 = [[I€1°9]l 2 (2.8)

The index s can be nonpositive real numbers. However, for convenience, we will change the index to
be with s > 0, in this case. We will employ the following special Sobolev interpolation that related the
negative index s:
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Lemma 2.4. Let s > 0 and | > 0, and then we have

1
1 I4+1 10,110 _
IViglle: < IV gl 2" lgllyy—es  where 6= TTstl (2.9)
Proof. By the Parseval theorem, the definition of (2.8) and Holder’s inequality, we have
IV gllze = M€l allze < NEIHall =o€l gl Z2 = 1V gl = llgl . (2.10)
O

If s € (0,3),A"%g defined by (2.7) is the Riesz potential. The Hardy-Littlewood—Sobolev theorem
implies the following LP type inequality for the Riesz potential:

Lemma 2.5. Let 0 <s<3,1<p<qg<oo,1/q+s/3=1/p, and then

[A™*gllze < llgllLe- (2.11)
Proof. See [29, pp. 119, Theorem 1]. O
3. Energy estimates
To accomplish the energy estimates on the nonlinear problem of (1.1)—(1.3), we set ¢ := p — 1 and
reformulate them as
Oro + divu = —div(ou), (3.1)

Ou—pAu—(p+ \)Vdivu+Vo — kVAp = —(u- V)u — h(o)(pAu + (u + N\)Vdivu) — f(0)Vo, (3.2)
(07 u)|t:0 = (907 UO),
where the two nonlinear functions of ¢ are defined by

and ﬂ@ﬁgﬂnL (3.4)

4

h(p) == ——,
(0) ot 1

And moreover, in order to derive the priori energy estimates for the equivalent problem (3.1)—(3.3),
we assume a priori that for sufficiently small § > 0,

£8() = lo(®)llms + lu(t) |5 < 6. (3.5)
This together with Sobolev’s inequality implies in particular, and we obtain
%§g+1§2 (3.6)
Hence, we immediately have
A(o)l, (@)l < Clol and  [B®) ()], [f® (o) < C, Wk = 1. (3.7)

Next, we will start to exhibit the first type of energy estimates including the dissipation estimate for
u.

Lemma 3.1. If \/E3(t) < 4, then for k=0,1,...,N — 1, we have

d ,
% / IV ol? + [ VEul® + 5| VE o2 de + OVl S 4/EFUIVI T ollE: + IVF  ullZ). (3.8)

R3
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Proof. Applying V¥ to (3.1), (3.2) and multiplying those two resulting identities by V¥p and V*u,
respectively, summing them up and then integrating the equation over R? by parts, we obtain:

1d

th/wk |2+|vku\2dx+/mvk+1u|2+(u+A)|v’fdivu|2dx+/w’fdivu.v’mgdx

R3 R3

= / —VF(div(ou)) - VFo — VF((u- V)u + h(o)(pAu + (14 N)Vdivu) + f(0)Vo)VFudz. (3.9)

We can first estimate the left-hand side of (3.9). For the second term, we have

/u|Vk+1u\2 + (4 N)|VFdivu)|®de > o] VP |2, (3.10)
R3
sinceu>0and)\+§u20. O

For the third term, by the continuity Eq. (3.1) and integrating over R3 by parts, we can obtain the
following:

//@deivu -VFApdz = //{Vk(—atg —div(pu)) - VFApdz
R3 RS

- /Wk“(@w +div(ou)) - V" oda (3.11)

1d

=5% //{\Vk+1g\2dx+/nV’”l(gdivu—ku-VQ)V’““gdx.

R3
In light of (3.10) and (3.11), we can rewrite (3.9) as

2dt / [VEof? +[VFul? + k| VF o2 dz + o0 VF 1l 2
R3
< — /mvk+1(gd1vu +u - Vo)VFH oda + / —V*(div(ou)) - V*o
R3
~V*((u-V)u+ h(o)(uAu + (1 + A)levu) + f(0)Vo)VFudz.
Then, we shall estimate each term in the right-hand side of (3.12). The key point is that we will carefully
interpolate the spatial derivatives between the higher-order derivatives and the lower-order ones to bound
these nonlinear terms by the right-hand side of (3.8). Firstly, we should consider one special situation,

when k£ = 0.
Let k = 0, and by integrating by parts, we can get from (3.12) as

(3.12)

2dt/|g|2+ [ul? + K|V o|2dz + o0 || Vul|32

< - / KV (odivu + u - Vo)V odz

R3

- /div(gu)g + ((u- V)u+ h(o)(uAu + (1 + N\)Vdivu) + f(o)Vo)udz (3.13)
RS
< /m(gdivu +u-Vo)Viedr — /(Qdivu +u-Vo)o+ (u-V)u
R3 R3

+h(0)(pAu + (1 + X)Vdivu) + f(0)Vo)udz
=L+ L+ I3+ 1+ Is + Is.



Vol. 65 (2014) Compressible fluid models of Korteweg type

For the term I7, by Hdder’s, Minkowshi’s, Sobolev’s and Young’s inequality, we obtain

= /"‘(QdiVuﬂLu Vo)Vedz < (lellzs[Vullzz + [ullzsl| Vel z2) V2l s

R3

< (IVell el Vullzz + [Vull2lIVell o) IV2ell s < (1VullZe + [IVellZ2) IV el e
<

Ve UIVuliz + VellZz).

Similarly, we can bound I, and I35 by

Iy = —/(QdiVU+u -Vo)edr S (lells IVullL2 + llull s [ Vel 2)l el e

R3
S (el [[Vullpz + lulla [[Vellz2) IV el 2
S VEUIVulli: +[1Vellz2).

I3 = —/(u V- ude S Jullps [Vl 2 lull o < ull e[ Vull 2| Vull 2 S (/€81 VullZe.

R3
For the term I, from the Eq. (3.7), we know that

1y = f/h(g)(uAu)ud:L’ = /uVu -V (h(o)u)dz
R3 R3
= //Nu (W ()Veo-u+ h(o)Vu)dz

R3
S IVullpsllVel 2 l[ullzs + [[Vullzs[|h(o) || s [ Vull 2
S llullesIVell 2 [IVull 2 + [lull a3 |V ell 22 [ Vul| L2

SVEUIVelZe + 1 VullZ2).
Similarly, for the term I, we have
I5 := —/h(g)(u + A Vdivu - ude = / (1 + AN)divu - V(h(o) - u)dx
R3

R3

= / (u+ Ndivu - (W' (0)Vo - u+ h(o)Vu)dx

R3
S IVullzs (IVellz2 lull e + lleflze [Vl £2)
S llullgs Vel 2 [[Vull£2)
SV IVellie + 1VulZ2).

By Sobolev’s inequality, we can bound the term Ig as

o=~ [ £(@) oude < (@) Vel e
R3

S llellm Vel IVullze S /€5 IVellZ + [VullZ2).
From (3.13) to (3.19), we can get that for k =0,

d
T / o + [ul* + K|V ol*dz + C||Vull7 < /&3 (IVellL2 + [ Vull72),
R3

which means that k& = 0 satisfied the form in (3.8).
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(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)
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Next, we should estimate all the terms of the right-hand side of (3.12), when k& > 1 and set

/ﬁVkH(gdlvu—i—u VQ)Vk+1Qd$+/ —V*(div(ou)) - V*o

ok X (3.21)
—V [(w- V)u+ h(o)(pAu + (,u—i-/\)levu) + f(0)Vo|V¥udx

=N+ o+ I3+ I+ Js + s

First, for the term J1, employing the Leibniz formula and by Hélder’s inequality, we obtain the fol-
lowing:

J1 = —/nvk+1(gdivu)vk+lgdx

R3

= - Z KO V! oVET 2R odg (3.22)
Rr3 0<I<k+1

S D IVeVET R | VE g e

0<I<k+1

To estimate the first factor above, we take the L3-norm on the term with less number of derivatives.
Hence, if I < [£L], together with the Sobolev interpolation of Lemma 2.1, we have

IV oV 20| 2 S ”VIQHL ||V’c l+2uHL6
« k 1 k+1 1 2 1 k+1 _21 (323)
SVl v Qlle v u||L2 IV

where « comes from the adjustment of the index between the energy and the dissipation, and it is defined

by
l 1 a 1 -2 k+1 -2
- — = - 1— +
3 3 3 2 k—1 3 2)k—-1
k—1 k+1

=24+ ——F———=€2 i <l < —. .24
=« +2(k—l+1)€[’3)’ since 0 5 (3.24)

Hence, by the definition of the energy £(t) and Young’s inequality, we obtain that for | < [A41],

IV oV = 2ul| 12 S \JES IV ol e + IV u 2). (3.25)
If [%] +1<Ii<k(ifk< [ﬁ] + 1, then it is nothing in this case, and hereafter, etc.), we have
T P L P At .
< IVl IV ol 5 IVl 5 94l T (3.26)
SVEUVH ollzz + [ VE | 2),
where « is defined by
k—1+2 1 (o 1 l—l+ k+1 1 1 -1
3 3 \3 2)k-1 3 2 k-1

k—1 . E+1
= — e < . .
= « 2+2(l_1)€[2,3), since 3 <I<k+1 (3.27)

In light of (3.25) and (3.26), by Cauchy’s inequality, we deduce from (3.22) that

S SEUIVI T elZe + IV ulZ2). (3.28)
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Next, for the term J,, we utilize the commutator notation (3.4) to rewrite it as

Joy 1= —/K;Vk"’l(u Vo) VF 1 odz

R3
= —/m(u VAL g - VAL 0]V o) VA oda
R3
= J21 + JQQ.
By integrating by part, by Sobolev’s inequality, we have
k+1 k41 [VFHof?
lezz—/m-vv o-V gdx:—/ﬁu-Vde
R3 R3
= %/ndivu|vk+1g|2dx
R3

SIVulr= V¥ ellZ2 < /EIV el

We use the commutator estimate of Lemma 2.3 and Sobolev’s inequality to bound

T _/"‘([V’““,U]W) -V pda S IVEF ul Ve 2| VF o] 2

R3
(IVull= |V ol 2 + IVl 2 [V ol Lo ) [ VE ol 2

<
SVE UV olfe + IVl Z2).
d (33

In light of (3.30) an 1), we find

J2 SAEIVF ol Tz + [VF 7).

287

(3.29)

(3.30)

(3.31)

(3.32)

Now, we estimate the term Js. By integrating by parts, by Hélder’s, Minkowshi’s and Sobolev’s inequal-

ities, we obtain
/ —V*(div(ou)) - ngdx—/vk Y(div(ou)) - VFH odz

< ||Vk(QU)||L2||Vk+1Q||L2 = Z CiV' oVl L2 [ VF o 2
0<i<k
S Y IVeVE | [ VR o e
0<i<k

Ifi1 < [gL by Holder’s inequality and Lemma 2.1, we have
% Vk_lullm\l S ”leHL?’Hvk_luHLG

1-4 1-4
<19l IV ol o [ Vull | Va3

Lol fa 1\ (1), (k+1 1)1
3 3 \3 2 k 3 2) k
k
:>a22(k_l)€[1,2}, since O<l
If [£] + 1 <1 <k, by Hélder’s inequality and Lemma 2.1 again, we have
IV oV ul || < ||V19||L6||Vk lU||L3

141 L
<||QIIL2’““||V’““QIIL V& IIE IV

where « is defined by

w\?v

(3.33)

(3.34)

(3.35)

(3.36)
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1 (a1 l+1+ k+1 1 17l+1
3 3 \3 2/)k+1 3 2 k+1
E+1 1 kE+1
_ o €[=,1), since i§l§k.
2(04+1) ~'2 2

In light of (3.34) and (3.36), by Young’s inequality, we deduce from (3.33) that

I3 S\EUIVI ol + [IVF  ul22).

Next, we estimate the term Jy. By Hélder’s and Sobolev’s inequality, we obtain

where « is defined by

Jy _/ ~V*((u-V)u) - Vkudx—/vk Y(u-V)u) - VElud

Z C.— 1/Vlu NARTE v’f“

0<i<k—1
Y ||vlu v" "l 2 || VE | e

~

0<I<k—1
Ifl < [ 1], by Hélder’s inequality and Lemma 2.1, we have

IV V¥ ull gz S [V s [ VF ull o
177 l l
S IIVQUHB IVl Vel 2 IVl
= [V ull 2 [Vul [V o

S A/EIVH ll e,

1,L

where « is defined as (3.35), but
k 3 k—1
=2 - — 1, - i </ < —.
« 2(k:—l)€(’2}’ since 0<1< 5
If [%] +1 <1< k-1, by Holder’s inequality and Lemma 2.1 again, we have

IV - VIHUHL2 S IV ull o |Vl s
1 i i _1
S IVl IVl E 9l £ 95+ a3
1—4 «
= (| Vull 2 F 9l IV 2
SVENVF e,
where « is defined as (3.37), but
k+1 1 k
a:;e —, 1), since =—<I<k-1
2(1+1) 2 2
In light of (3.40) and (3.42), we deduce from (3.39) that

Ja S\ EIV 2.
Next, we estimate the term J5. We do the approximation to simplify the presentations by

Js 1= / —V*[Rh(0)(pAu 4 (p + M) Vdive)| VFude ~ — / VF(h(0)V*u) - VFudz.

R3

ZAMP

(3.37)

(3.38)

(3.39)

(3.40)

(3.41)

(3.42)

(3.43)

(3.44)

(3.45)
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Since k£ > 1, we can integrate by parts to have

Js & /Vkil(h(Q)VQU) -V luda

]R3

S Z vlh(g) . vk*H’lu . vk+1udx
0<I<k—1ps

S D IV VE T | e [V | e
0<I<k—1

In order to estimate the first term in (3.46), we shall discuss it in the following cases:
i) For [ = 0, since |h(g)| < C|ol|, by Héoder’s and Sobolev’s inequalities, we have

[[h(0) ~Vk“ku\|1m < ||h(g)||L°°||vk:1?HL2
S llellee V¥ ullze < IVell 2 [VF a2

S V EIVE [ 2.
ii) For [ = 1, since |h*)(p)| < C, for any k > 1, we have

IVA(0) - V¥ull 2 S |11 (0) - Vo - V¥ull 2
SR (o) - VellslIV ullps S V2 ollr2 ]| V* | 2
S VEIVF e,

iii) For 2 <1 <k — 1, by Lemma 2.2, we have

1/4 3/4
IV'h(@)llz= S IV'ell 5 IV 2 ellye'

Lo
k k1 k k1
(H@IIL =y +1QII’““)t_“(llgllm FVR ] st )P

< HQHLZ 2(7:#1) ”VkJrl H 2(2k+1)

From the above inequality, and by Lemma 2.1 and Young’s inequality, we have

HVlh( )V’“ Ml 5 IIV h(o)llL= | VE ™" | 2

loll | gkt IIQ“““) V5= | 2

el 7 ! & 3
L

0 ‘ , 2(k+1) ”karIQH 2(k+1) Hva ” 2(k+1) ||vk+1 HL 2(k+1>

S
S
SVEUV ollze + V5 ul 2),

where « is defined by

k=1+1 1 (a 1) 20+3 N B+l 1N/, 2043
3 2 \3 2)2k+1) 3 2 2(k +1)

ﬁazw<3, since 2<I[I<k-1.
214 3)

In light of (3.47), (3.48) and (3.50), we deduce from (3.46) that

Js S\ ESUIVI el T + IVF  ulZ2).
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(3.46)

(3.47)

(3.48)

(3.49)

(3.50)

(3.51)

(3.52)
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Finally, we can estimate the last term Jg in the same way as J;. Since k& > 1, we can integrate by parts
to have

Jo = — / VE(f(0) Vo) Vhuda = / VE(£(0) Vo) VF ude

R3
Z G 1/ flo)-V* o VM udz (3.53)
0<i<k—1 R3
S D0 IV -V ol e [ VE e
0<I<k—1

In order to estimate the first term above, we also need to discuss in the following cases:
i) For 1 = 0, since |f(0)| < C|o|, by Héder’s and Sobolev’s inequalities, we have

1 (o) - Vk@}lc\m S Hf(9)||L3||vk£”{ﬁ
SllellzsIVFellze S Vel 22V ol 2 (3.54)

SVEIVE ol e
ii) For 1 <1<k —1, by Lemma 2.2, we have

V' f(0) iZ’HQHLz 35/4||Vlf(9)llmIIV’HQIILz
<||Vl9|| V2ol [V ol e

12
S Ul 22 9 0 5701l 9 570 9l (3.55)
< ”‘Q”LZ 2kt 1y ||V/C+1QHL(1¢+1) Han”L(k-H) ”Vk-i-l ”LQ Byl
S eIV lse,

where « is defined by

k-1l 1 a 1 20+ 3 k+1 1 20+ 3
B + R 1- —
3 2 3 2)2k+1) 3 2 2(k+1) (3.56)
— a= k+l since 1<[<k—1.
21+3

In light of (3.54) and (3.55), we deduce from (3.53) that

Jo S\ESUIVI ol + [IVF  ulZ2). (3.57)

Plugging the estimates for Iy ~ Is and J; ~ Jg, i.e., (3.20),(3.28),(3.32),(3.38),(3.44),(3.52),(3.57) into
(3.12), we get (3.8).

For the next lemma, we will give the dissipative estimate for o, via constructing the interactive energy
function between u and V.

Lemma 3.2. If /&3 <6, then for k=0,1,..., N, we have

d
T /V’“u VVEde + C(IVF ol + IV 20llE2) S IV a2, (3.58)

R3
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Proof. Applying V* to (3.2) and then multiplying the resulting equation by VV*p under L? inner prod-
uct, we can obtain

/|Vng|2dxfn/VkVAgoVngdx

R3 R3

— / VFOuu - VVFoda + /MVkAU -VVF*0 + (1 + N VFVdivu - VV*od
R3
/Vk u - Vu+ h(o)(pAu + (1 + N\)Vdivu) + f(0)Vo) - VVF*oda
R3
7/Vkatu VY oda — /Hvk+1u VER2 4 (4 NV VR pdg (3.59)
R3 R3
+ / VE " (w - Vu + h(o)(pAu + (u+ A\ Vdivu) + f(0)Vo) - VF 2 edx
R3
- / VFOuu - YV odx + C|[V* a2 [V 0l 12 + [ VE 7 (u - Vu
RS

+h(o)(pAu + (1 + N)Vdivu) + f(0) Vo) |22 V¥ ol | -
Notice that the first term in the right-hand side of (3.59) involves the time derivative; thus, by the
continuity Eq. (3.1) and integrating by parts for both the t— and z— variables, we can get that
d
f/Vkatu~Vngdx = ——/kaVngda?Jr/Vku'VVkatgdx
R3 R3
= —f/Vku VVFodx — /V divu - V9, 0dz

(3.60)
/Vku Vvkgdx—i—/v divu - V*(divu + div(eu))dz

/Vku VVF*odz + ||de1vu\|L2 + /delvu VFdiv(ou)dz.
R3
By applying Hdélder’s inequality, Leibniz formula and Minkowshi’s inequality to the last term of the right
side of (3.60), we have

/delvu Vidiv(u)de S [V ()| 2 [V M ulle S ) IV 0VE T o | VE Tl 2. (3.61)

0<I<k+1
If 0 <1 < [E], by Lemma 2.1, we have
IV eVl S [V ol o [V e o
[e3 1_;
S IVl ® IVF ol 5 [Vull 5 95+ ull}z ® (3.62)
SVE UV ol + VE a2,
where « is defined by
UL fa 1) L=y, (kE1 o1y -1
3 3 3 2 k 3 2 k (3.63)
:>a—1—|—$€[§2) since 0<l<m .
S 2(k—1+1) 4 -2
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While for [ > [2E] + 1 (then k — 14+ 1 < [££1]), in the same way above, we have
IV oV a2 S IV ol 6| VF " a s
S IVl I ol Vol 9+ (3.64)
< VEUVH gl g + V5 ),
where « is defined by

E—-1+1 1 a 1 l E+1 1 l
—— = -2 | x4+ |— -] x (11—

3 3-\3 2) 7% 3 2 K (3.65)

_l’_
=14+ c[2 i el <k4+1.
=« 1—&—216[4,2) since 5 <I<k+
Thus, in light of (3.62) and (3.64), we can deduce from (3.61) that

/deivu -VEdiv(ou)de < \/E3(IVF M oll2 + IV ul|2). (3.66)
R3

Plugging the above inequality into (3.60), we can obtain that
d
- /vkatu SVVFRdz < T /Vku SVVFPodx + C||VF |2, + Cy/E3| Vo[22 (3.67)
3

O

Next, for the last term of the right-hand side of (3.59), notice that it has been already proved in the
proof of Lemma 3.1 that

IVF u - Vu + h(o)(pAu + (p + A)Vdiva) + f(0)Vo)| 2
SVEIV ol + IVF  ul|2).

As to the left-hand side of (3.59), by integrating by parts, the second term of it can be rewritten as

(3.68)

- K/VkVAQ - VVF*odz = K/VIH_QQ VR pda = k|| VEF2p|2,. (3.69)

Consequently, by (3.67)-(3.69), together with Cauchy’s inequality, since /&5 < § is small, we can
then deduce (3.58) from (3.59).

4. Negative Sobolev estimates

In this section, we will derive the evolution of the negative Sobolev norms of the solution to the problem
(3.1)-(3.3). In order to estimate the nonlinear terms, we need to restrict ourselves to that s € (0, 3).

Lemma 4.1. If \/E3 < 4, then for s € (0, 3], we have

d
G [1A00P A 4 klA Vg + CITAul

3 (4.1)
S (lells + 1VullF) (Aol 22 + [IA™*ul 22 + K[| ATV ol 2),
and for s € ( % % we have
d
d—/|A Sol* + A u? + k|AT*Vo|?dr + C|| VA ul|22
(4.2)

_1 5_ _ _ _
§ 1o, )2 * (lellmz + IVl )2~ (A ellze + A" ull 2 + KIIA™* Vel 2).
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Proof. Applying A~* to (3.1) and (3.2), and multiplying those two resulting identities by A~%gandA~5u,
respectively, summing them up and then integrating this equation over R? by parts, we have

/|A 0|? + A% d$+/u|VA Sul? 4 (4 N)|[divA~5u2dx

2dt
R3
= H/ VAo - A %udx + /A *(—odivu — u - Vo)A~ % pdx
(4.3)
R3 R3
— /A‘s(u -Vu+ h(e)(uAu + (1 + A\ Vdivu) + f(0)Ve) - A™%udz
R3
=W+ Wo + W3+ Wy + Wy + +Ws.
O
Firstly, we should bound the left-hand side of (4.3). For the second term, we have
/N|VA*Su|2 + (p + N)|divA 5 ul?dz > 00| VA 5ul|22. (4.4)

R3

In order to estimate the nonlinear terms in the right-hand side of (4. 3) we shall use the estimate (2.11)
of Riesz potential in Lemma 2.5. This forces us to require that s € (0,3). If s € (0, ], then 1/2+s/3 < 1
and 3/s > 6. For the first term, by the continuity Eq. (3.1) and by 1ntegrat1ng by parts, we get

Wi =k /A *VAp- A~ udx—H/A *Vo - A7V (divu)dx

= /A Vo A7V (=00 — div(ou))dz

(4.5)
:—/@'/A *Vo-A~ V@tgdx—n/A Vo - A*Vdiv(ou)dx

1 d
YT K| A5V o|2dx + k|| A"V o| 12| A~ Vdiv(ou)]| 2.
R3

In order to estimate the term Wi, by employing the Leibniz formula and Minkowshi’s inequality, we
should first estimate that
[A™*Vdiv(ou)l| 2 S |A7(V?(ou))| 2
SIAT* (V)22 + AT (Vo V)22 + [A7* (V20 u)|z2 (4.6)
=51+ 5 +53.

If s € (0, %], by the Lemmas 2.5 and 2.1, we have

= A @V u)llze S NeVPull o S el 2 V2l 2o

14s 3—S
SVl 9017l .7
< llollzgs + VullF.

= - 2 < . 3 2
=[A7 (Vo - Vu)llz S IVe-Vaull s SHIVell s [Vull

2+é 5—8
< ||V29H HV3Q||L2 V| 2 (4.8)
el + 1Vl
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= [A (Ve u)llee SNV ull o SIV2ellze]ull 2
2+s ——s
SIV2elleallVull 2271 V2ul 2 (4.9)

< llellzs + [Vullz-

From (4.6) to (4.9), we can get that for s € (0, 3],

A= Vdiv(eu)l 2 < llellzs + Va7 (4.10)

And this together with (4.5), we can obtain that for s € [0, 1],

1d
W)=k / TVAg- AT ude § —5 [ MATVolPda + r(llels + [ VulF) AT Vel . (4.11)
R3 R3

For the second term, we can apply Lemmas 2.5 and 2.1, Holder’s as well as Young’s inequalities to
have

Wy = f/A*S(gdivu)A*Sgdm S|IAT? (odiva) || Lz ||A™ %0 L2
RS
S lledivall | IAglze S llell o [Vl A"l (112)

1/24 1/2— s
S IVl 2192l 2 1Vl 2l A o 2
S Vel + IVul72) A%l 2

Similarly, we can bound the remaining terms by

W, = —/A‘s(u Vo)A~*odz < |A~*(u- Vo)l 2 A0 12
1/2+s 1/2—s s (4.13)
< ||v 121V 2ul 322 IV ol g2 1A o | 2
S (IVullZ + Vol 22) A5 o 2.
Wy = —/Afs(u -Vu)A % ude S ||AT5(w- Vu)|| L2 ||A™%ul| 12
]RS
SNVl 2222 570Vl 2 A 12 (4.14)
< IVl g |Vl g2 | A5l 2
< IVl 2 A5l 2.
Ws = —/A_s(h(g)(uAu + (p+ AN)Vdivu))A ™ *udz
Ri}
< A= (h(o)(uAu + (1 + A)Vdiva))| g2 A~ 5ul| 2
SIAT (h(@)(pdu + (u+ N Vdiva)) | a [A a2 (4.15)

< Nloll s [1V2ul g2 || A=l 12

1/2 1/2— _
S IVell s oIV oll1 5 [V 2ul| 2 | A5 ul| 2
S (IVoll2p + [V 2ull22) [|A™5ul| 2.
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/ A(H(@)V)- A *ude S A (@) Ve) 124 ul

S ||@||L3/s||vQ||L2||A “ul[ 2 (4.16)
S Vel 2920l 2 IV el e | A ™l
S IVellzn A=l e
Now, if s € (1/2,3/2), we shall estimate each term on the right-hand side of (4.3) in a different way.
Since s € (1/2,3/2), we have that 1/2 +s/3 < 1 and 2 < 3/s < 6. For the first term Wy, we should
estimate each term in (4.6). Then, by Lemmas 2.5 and 2.1, we obtain
$1 1= A (@) lee S 0V2ull s % el 21Vl
< ”Q”;;E||VQH£2_S||V2UHL2 (4.17)
< e w)llpa? lellme + [ Vull) E>.

S = 1A (Vo Vllus S IVe- Vel S 9ol [Vul
< llellZ V2ol i #llulli 4||vau||m (4.18)
< le )32 (lell + 19l )5,

where « is defined by

Lo Lfs Iy (o L)(5_s
3 2 2\2 4 3 2/\4 2
4 13
— a= T2, €(1,2), since s¢€ (2 2) (4.19)
Sz = [AT¥(VZ0-u)|2 S V30- IILWNIIVQQHL?IIUII 3
S ||V29|‘L2||71‘||z;§||VUH£2_§ (4.20)

5

Sl wlze? Ulellme + 1 Vull )=~
From (4.6), (4.17), (4.18) and (4.20), we can obtain that for s € (3, 3)

|A=*Vdiv(ew)|z2 < lI(e. )35 * (lellz= + [ Vull)E 2. (4.21)
This together with (4.5), we obtain that for s € (3, 3)
—s —s 1d —s s—% 5 s —s
Wi = N/A VAg A "ude S =5 — [ KA Vol dz + all(e, u)l| 2 (lell a2 + [[Vull 1) > [[A7* Vel 2.
g e
(4.22)

For the second term, by Lemmas 2.5 and 2.1 again, we obtain that

Wy = —/A_S(QdiVU)A_Sle‘ S AT (odivu) || L2 [|A™ %0l 2
R3
< lledivull oA~ olze $ lellzo-

1/2 3/2— _
S el P IVel 2 1Vull 1Al 2
S o5 2 (lell ez + IVl g2) 3| Aol 2.

Similarly, we can bound the remaining terms by

Vullr2[[A™%ol| 2 (4.23)
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Wy = / A7 (u- Vo)A ode S flull [Vl | Vells [A~ ol s

(4.24)
,s||<g, w522 (el + [IVull ) 3 ~*[|A="0 2.
Wiz = [ A5 (u A *ude S ful 5272 Val {27 Va2 1Al o
e (4.25)
S o w522 1 Vul 25 *1A= o -
Ws = —/Afs(h(g)(,uAu + (p + A\)Vdivu))A™*udz
S— —s8 —s (426)
sugn 2PVl IVl e A e
< e w1322 (lell e + [Vl )= [A~ o]l -
/ A Aude S Jlolls 2 IV el 3 0 IV oll 2 1A ol 2
(4.27)

S ||(97 Wl Vel F A0l 2.

Consequently, in light of the estimates of Wy, Wy, W3, Wy, W5, Wi both in the case of s € (0,1/2]
and s € (1/2,3/2), together with (4.4), we can deduce (4.1) and (4.2) from (4.3) seperately.

5. Proof of Theorem 1.1

In this section, with all the energy estimates that we have derived in the previous two sections, we are
able to prove Theorem 1.1 with the assistance of the Sobolev interpolation.

In order to prove (1.7), we need to close the energy estimates at each [—th level in weak sense. For
convenience, we should first rewrite (3.8) of Lemma 3.1 as

d
F(IV¥ellze + 119" ellZ: + [VFullZe) + CIV  tullfs < \/EUNVEallz: + IV ullZ2).  (5.1)

Then, let N >3 and 0 <1 <m — 1 with 1 <m < N. Summing up the estimates (5.1) for from k£ =1 to
m, since we assume the priori \/&£§ < § is sufficiently small, we obtain
d
7L oo IVFelia+ D IVRulZ) +C0 Y VRIS G Y (IVEll7e (5:2)
I<k<m+1 I<k<m 1+1<k<m+1 I+1<k<m+1
Then summing up the estimates (3.58) of Lemma 3.2 for from k = [ to m, we have
d
n > /Vku VVFedz+Cs Y VRl SC0 > VRl (5.3)

1<k<mpgs I+1<m+2 I+1<k<m+1

Multiplying (5.3) by 2C3d/C3, adding the resulting inequality with (5.2), since § > 0 is small enough, we
can deduce that there exists a constant C5 > 0 such that for 0 <[ < m,

{Zl<k<m+1 ||kaHL2 + Zl<k<m ||vku||L2 + 2026 Zl<k<m f VEu - Vngdx}

+Cs {Zl+1§k§m+2 IV¥oll7. + D lt1<k<mi1 I UHLZ} <O

(5.4)
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We define

_ 20
gry=cst [ > IVRelE+ DD VRl + =2 > /Vku VVFodz | . (5.5)

I<k<m+1 I<k<m I<k<mg

Since § is so small that £™(t) can be equivalent to [[V'o[|%,.1- + | V'u|%.._,, then we may reformulate
(5.4) as

d om
P ORS IV el Fpmsre + IV e <0, (5.6)

where 0 <[ <m — 1.
Now, let I = 0 and m = 3 in (5.6), and then integrating the equation directly in time, we get

o)1 + lu(®)7s < () < €5(0) < lleollFra + luollZs. (5.7)
By a standard continuity argument, this closes the priori estimates (3.5) if at the initial time, we

assume that [|go||%4 + [[uol|3s < do is sufficiently small. This in turn allows us to take [ =0 and m = N
in (5.6) to get

d
50" (0 + Vel + [ Vulfx <0, (5:8)

Then, by integrating it directly in time, we can obtain (1.7).

Next, we turn to prove (1.8) and (1.9) of Theorem 1.1. However, we are not able to prove them for
all s € [0,3/2) at one time, because, in Sect. 4, we have proved that the negative Sobolev estimates of
the problem (3.1)—(3.3) have different bounded forms in the case s € (0, 3] and s € (3,3). As a result,
we have to present the proof separately.

Firstly, let us prove them for s € [0,1/2].

To begin, we define the notation

E-s(t) = A% 0(®)l[72 + A" u(®)|Z2 + KA Vo(t)||7=. (5.9)
With this notation, (4.1) can be rewritten as

d .

&5 + CIVAT ullZ2 S (llellrs + [Vulfn) vVE—s(#). (5.10)
Then, integrating (5.10) in time, and by the bound (1.7), we obtain that for s € (0,1/2],

E_u(t) SE(0)+C / (lelZs + I Vull?) VE o (r)dr
0
S Co <1 + sup \/5_3(7')> .

0<r<t

(5.11)

This implies (1.8) for s € [0,1/2], that is,
IA=*0(®)l[ 72 + IA™*u(®)][Z2 + £IAT*Vo(®)]Z < Co. (5.12)
Ifl=0,1,...,N — 1, by Lemma 2.4, we have
IV fllz= < ||Vl“f||1L;9||A*Sf||iz, and 0 =1/(I+1+s)
= 91 fllze > CIA ST VAT
By this fact and (5.12), we may find
IV ollZ + IV Vol f2 + [V ullze 2 CollIV! el 72 + V'Vl 7e + [ V' ull72) s, (5.14)
This implies that for [ =0,1,..., N — 1, we have
IV ol -ren + IV ullF—e 2 ColIV ol fynren + 1V Fpwv—) 5. (5.15)

(5.13)
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This together with (5.6) in the case of m = N, we can obtain the following time differential inequality

d

MRS Co(EN ()75 <0, for 1=0,1,...,N—1. (5.16)
Solving this inequality directly, we can get
EN(t) < Co(1+t)"") for 1=0,1,...,N—1. (5.17)
This implies (1.9) that for s € [0,1/2],
IV ol 3w —ien + IV 3o < Co(+¢)~ T, for 1=0,1,...,N — 1. (5.18)

Now, we can present the proof of (1.8) and (1.9) in the case of s € (1/2,3/2). Although the arguments
for the case s € [0,1/2] cannot be applied to this case directly, we can deduce them from what we have
proved for (1.8) and (1.9) with s = 1/2, since we have oy, ug € H~1/2 (since H=* N L2 c H~* for any
s" €10, s]). Then, we have the following decay result:

IV o) 3wt + IV u(®) 3w < Co(L+2)" /2 for 1=0,1,...,N - 1. (5.19)

Hence, by (5.19), we deduce from (4.2) that for s € (1/2,3/2),
t

E5(t) S €-5(0) + C/ (e w) 152" (lellz + [ Vullm)*> = /€ (r)dr

0
t

§Co+Co/(1+T)_(7/4_8/2)d70iu2 VE_s(T)
T<t

J <r<
S Co(14 sup € (7).

0<r<t
This implies (1.8) for s € (1/2,3/2), that is,
1A= etz + 1A~ u(®)][Z2 + £[AT*Ve(®)]Z < Co. (5.21)

Now that we have proved (5.21), we may repeat the arguments leading to (1.9) for s € [0,1/2] to
prove that they hold also for s € (1/2,3/2).

(5.20)

References

1. Bresch, D., Desjardins, B., Lin, C.-K.: On some compressible fluid models: Korteweg, lubrication and shallow water
system. Commun. Partial Differ. Equ. 28(3-4), 843-868
2. Dunn, J.E., Serrin, J.: On the thermomechanics of interstitial working. Arch. Ration. Mech. Anal. 88(2), 95-133 (1985)
3. Deckelnick, K.: Decay estimates for the compressible Navier-Stokes equations in unbounded domains. Math.
Z. 209, 115-130 (1992)
4. Deckelnick, K.: L?-decay for the compressible Navier-Stokes equations in unbounded domains. Commun. Partial
Differ. Equ. 18, 1445-1476 (1993)
5. Danchin, R., Desjardins, B.: Existence of solutions for compressible fluid models of korteweg type. Ann. Inst. H.
Poincare Anal. Non Lineaire 18, 97-133 (2001)
6. Duan, R.J., Ukai, S., Yang, T., Zhao, H.-J.: Optimal LP-L9 convergence rate for the compressible Navier-Stokes
equations with potential force. J. Differ. Equ. 238, 220-223 (2007)
7. Duan, R.J., Ukai, S., Yang, T., Zhao, H.-J.: Optimal convergence rate for compressible Navier-Stokes equations with
potential force. Math. Models Methods Appl. Sci. 17, 737-758 (2007)
8. Guo, Y., Wang, Y. J.: Decay of dissipative equations and negative Sobolev spaces, Preprint, 2011, [arXiv:1111.5660]
9. Haspot, B.: Existence of global weak solution for compressible fluid models of korteweg type. J. Math. Fluid Mech.
(2009), doi:10.1007/s00021-009-0013-2
10. Hoff, D.: Global solutions of the Navier-Stokes equations for mulitidimensional compressible flow with discontinuous
initial data. J. Differ. Equ. 120(1), 215-254 (1995)
11. Hoff, D.: Strong convergence to global solutions for multidimensional flows of compressible viscous fluids with poly-
tropic equations of state and discontinuous initial data. Arch. Ratio. Mech. Anal. 132, 1-14 (1995)


http://dx.doi.org/10.1007/s00021-009-0013-2

Vol. 65 (2014) Compressible fluid models of Korteweg type 299

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.
28.

29.

30.

31.
32.

33.
34.
35.
36.

37.

Hattori, H., Li, D.: Solutions for two dimensional system for materials of Korteweg type. SIAM J. Math. Anal. 25, 85—
98 (1994)

Hattori, H., Li, D.: Global solutions of a high-dimensional system for Korteweg materials. J. Math. Anal.
Appl. 198(1), 84-97 (1996)

Ju, N.: Existence and uniqueness of the solution to the dissipative 2D Quasi-Geostrophic equations in the Sobolev
space. Commun. Math. Phys. 251, 365-376 (2004)

Korteweg, D.J.: Sur la forme que prennent les équations du mouvement des fluides si I’on tient compte des forces
capillaires causées par des variations de densité considérables mais continues et sur la théorie de la capillarité dans
T’hypothése d’une variation continue de la densiteé, Archives Néerlandaises de Sciences Exactes et Naturelles, 1991,
pp. 1-24

Kotschote, M.: Strong solutions for a compressible fluid m odel of Korteweg type. Ann. Inst. H. Poincare Anal. Non
Lineaire 25(4), 679-696 (2008)

Kobayashi, T.: Some estimates of solutions for the equations of compressible viscous fluid in an exterior domain in
R3. J. Differ. Equ. 184, 587-619 (2002)

Kobayashi, T., Shibata, Y.: Remark on the rate of decay of solutions to linearized compressible Navier-Stokes equa-
tions. Pacific J. Math. 207(1), 199-234 (2002)

Kobayashi, T., Shibata, Y.: Decay estimates of solutions for the equations of motion of compressible viscous and
heat-conductive gases in an exterior domain in R3. Commun. Math. Phys. 200, 621-659 (1999)

Kagei, Y., Kobayashi, T.: On large time behavior of solutions to the compressible Navier-Stokes equations in the half
space in R3. Arch. Ration. Mech. Anal. 165, 89-159 (2002)

Li, H.-L., Matsumura, A., Zhang, G.: Optimal decay rate of the compressible Navier-Stokes-Poisson system in
R3. Arch. Ration. Mech. Anal. 196, 681-713 (2010)

Liu, T.-P., Wang, W.-K.: The pointwise estiamtes of diffusion waves for Navier-Stokes equations in odd multi-dimen-
sions. Commun. Math. Phys. 196, 145-173 (1998)

Li, Y.P.: Global existence and optimal decay rate of the compressible Navier-Stokes-Korteweg equations with external
force. J. Math. Anal. Appl. 388, 1218-1232 (2011)

Matsumura, A., Nishida, T.: The initial value problems for the equations of motion of viscous and heat-conductive
gases. J. Math. Kyoto Univ. 20, 67-104 (1980)

Matsumura, A., Nishida, T.: Initial boundary value problem for equations of motion of compressible viscous and heat
conductive fluids. Commun. Math. Phys. 89, 445-464 (1983)

Matsumura, A., Nishida, T.: The initial value problem for the equations of motion of compressible viscous and
heat-conductive fluids. Proc. Japan Acad. Ser. A 55, 337-342 (1979)

Nirenberg, L.: On elliptic partial differential equations. Ann. Scuola Norm. Sup. Pisa 13, 115-162 (1959)

Ponce, G.: Global existence of small solution to a class of nonlinear evolution equations. Nonlinear Anal. 9, 339—
418 (1985)

Stein, E.M.: Singular integrals and differentiability properties of functions. Princeton University Press, Prince-
ton (1970)

Shibata, Y., Tanaka, K.: Rate of convergence of non-stationary flow to the steady fiow of compressible viscous
fluid. Comput. Math. Appl. 53, 605-623 (2007)

Tan, Z., Wang, H. Q.: Optimal decay rates of the compressible Magnetohydrodynamic equations, Submitted, 2011
Tan, Z., Wang, H.Q., Xu, J.K.: Global existence and optimal L? decay rate for the strong solutions to the compressible
fluid models of Korteweg type. J. Math. Anal. Appl. 390, 181-187 (2012)

Ukai, S., Yang, T., Zhao, H.-J.: Convergence rate for the compressible Navier-Stokes equations with external force.
J. Hyperbolic Differ. Equ. 3, 561-574 (2006)

Wang, Y.J.: Decay of the Vlasov-Poisson-Boltzmann system, Preprint, 2011, [arXiv:1111.6335]

Wang, Y.J.: Decay of the Navier-Stokes-Poisson equations, Preprint, 2011, [arXiv:1112.4902]

Wang, Y.J., Tan, Z.: Optimal decay rates for the compressible fluid models of Korteweg type. J. Math. Anal.
Appl. 379, 256-271 (2011)

Wang, Y.J., Tan, Z.: Global existence and optimal decay rate for the strong solutions in H? to the compressible
Navier-Stokes equations. Appl. Math. Lett. 24, 1778-1784 (2011)



300 Zhong Tan and Rongfang Zhang

Zhong Tan and Rongfang Zhang

School of Mathematical Sciences

Xiamen University

Xiamen 361005

China

e-mail: rongfangzhang@gmail.com; roz14@pitt.edu

Zhong Tan
e-mail: ztan85@163.com

(Received: November 25, 2012)

ZAMP



	Optimal decay rates of the compressible fluid models of Korteweg type
	Abstract
	1. Introduction
	2. Preliminaries
	3. Energy estimates
	4. Negative Sobolev estimates
	5. Proof of Theorem 1.1
	References


