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1. Introduction

In this paper, we are concerned with periodic solutions of Duffing equations

2"+ g(x) = p(t), (1.1)
where g : (0,400) — R is locally Lipschitz continuous and has a singularity at the origin, p: R — R is
continuous and 27 periodic.

The periodic problem of differential equations with singularities has been widely studied with an
increasing interest lately because of their background in applied sciences [1-15]. For example, the oscil-
lation problem of a spherical thick shell made of an elastic material can be modeled by singular Duffing
equations [3]. The focusing system of an electron beam immersed in a periodic magnetic field can be also
modeled by this kind equations [5].

The opening work on the existence of periodic solutions of the second order differential equations with
singularities was done by Lazer and Solimini [16], in which the equations

1
no L
" — — =p(t)
were studied. It was proved in [16] that if v > 1, then this equation has at least one positive 27-periodic
solution if and only if

2m
/p(t)dt < 0.
0

From then on, the existence of periodic solutions of equations with the strong singularities (y > 1) was
widely studied.
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Del Pino et al. [4] studied the existence of periodic solutions of equations
"+ gt ) = 0, (1.2)
where ¢ : R x RT — R is continuous and 2m-periodic in ¢. Assume that there exist positive constants
M1,M2,0 and v > 1 such that

— < _g(tw%') < E7 (1'3)

where ¢ € [0,27],0 < x < §. Moreover, there exists an integer n > 0 such that, for ¢ € [0, 27],

2 t t 1)?
nf<liminfig(’x) glimsupg(’m) < (n+1) .

(1.4)

It was proved in [4] that Eq. (1.2) has at least one positive periodic solution under conditions (1.3) and
2
(1.4). This result implies that if 8 > 0 and 3 # %, n € N and v > 1 then equation

1
" _
"+ Br — Pl p(t) (1.5)
has at least one positive 2m-periodic solution. Meanwhile, they raised one open problem: What conditions
should be imposed on p(t) to ensure the existence of 2r-periodic solutions of Eq. (1.5) in the case that

2
8= % for n € N, which is usually called the resonant case. Wang and Ma [17] studied this problem.
They considered more general equations as follows:

1
2+ nz + g(w) = p(t), (1.6)
where n > 1 is an integer. Assume that g satisfies the singular condition
m 2
F S —g(l‘) S Fa T e (056)7 (17)

where 71,172,0 and v > 1 are positive constants; moreover, g satisfies the limit condition
lim g(x) = g(400). (1.8)
r— 400

When (1.7) and (1.8) hold, it was proved in [17] that Eq. (1.6) has at least one 2m-periodic solution
provided that the following condition is satisfied,

2

4g(+00) - / p(t)
0

sin(eﬁgt)‘dt;éo, V0 € R.

One aim of this paper is to further study the existence of periodic solutions of Eq. (1.6). Assume that
g satisfies
(hl) limy o+ g(ﬂ?) = —00,
and the primitive function G of g satisfies
Meanwhile, the following condition holds,
G(x) _
g(z)
Moreover, we assume that the condition as follows is satisfied,

(ha)  g(x) is bounded for x € [1,400) and G satisfies

(hS) hmw—>0+

lim Glo) _ G(+00).

r—+oo I
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Conditions (h;)(i = 1,2,3) generalize condition (1.7). It is easy to check that if g satisfies (1.7), then
conditions (h;)(i = 1,2, 3) hold. On the other hand, we can easily find functions g which satisfy conditions
(hi)(i = 1,2,3), but these functions g do not satisfy (1.7). For example, let us define

1
g(z) = %, x € (0,+00).

By a direct calculation, we get

Therefore, we have

lim g(z) = —oco0, lim G(x)=+o0

z—0+ r—0t
and
G
o €@
z—0+ g(x)

Hence, g(z) = Inz/x satisfies conditions (h;) (i = 1,2,3). However, it is not hard to check that (1.7) is
not satisfied.
By using phase-plane analysis method and topological degree argument, we obtain the following result.

Theorem 1.1. Assume that conditions (h;)(i = 1,2,3,4) hold. Then, Eq. (1.6) has at least one positive
2m-periodic solution provided that the following condition holds,
2m

16(+oc) - [ plt)

0

Remark 1.1. Conditions (h1) and (hs2) do not imply condition (h3). When conditions (h;) and (hz) hold,
we have

sin (0 + T;t)‘ dt#0, VOeR. (1.9)

lim sup G@) =0.

rz—0t g(.’l?)
In fact, let us define f(z) = InG(z) for £ > 0 small enough. Since lim, .o+ G(z) = +o0, we have
lim,_,o+ f(x) = +o00. We claim liminf, o+ f'(z) = —oco. Otherwise, there exists A > 0 such that

f'(x) > -4, z€(0,1),
which implies

flo) < f1)+ A1 —=z), z¢€(0,1).

This contradicts with the fact lim,_o+ f(z) = 4o00. Therefore, we get liminf, g+ Cg;((?) = —o0, which,
together with conditions (hy) and (hs), implies limsup,_,q+ % = 0.
But, in general, we do not have

limint &) _ o,
z—0t g(x)

For example, let us set

1 1 1 1 1
= ——— ——=, bj=——, c¢=——=+ =1,2,
Y et O o ) A o R Y )
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It is easy to check that ¢j41 < a; and b;jInb; > —1,(j = 1,2,...). Define a function g : (0,1] — R as
follows,

1+ajlnbj i
—————(x—b;)+Inb;, x€]a;,b;],j=1,2,...,
a;(b; — a;) ’ ! 7
14+ c¢;Inb;

glx) = ——2—(x—bj) +1nb;, x€bjcl,j=12,...,
cj(bj — ¢5) ! ! 7

1 o0
-, EE€ (0, 1\ U724 [ay, c;].

Set
1 1
Aj = (aj,—> 5 Bj = (bj,lnbj), Cj = <Cj,—> .
a; Cj
Let us denote by S; the area of the triangle AA;B;C;. Obviously, we have
2 [(G+1)° .
S < — —1 .
J—j3 |:j2+2j n(]+ )
Since
L[G+1)3
lim [(?j ! —1n<j+1)} 1,
j=oe J L%+ 2]

we know that the positive term series 372, 5; is convergent. Set S = %72, 5;. Then, we have
—lnbj—S<G(bj)<—lnbj7 (j:1,2,)

Consequently, we get

which implies

lim inf (2) < -1

z—0t g(x)
Therefore, conditions (k1) and (hs) cannot imply (hs).

If the limit
(hs)  limg o0 g(x) = g(400)
exists and is finite, then we can easily derive
G
lim (z) = g(+00).

r——+00 €T
Consequently, we obtain the following corollary.

Corollary 1.1. Assume that conditions (h;)(i = 1,2,3,5) hold. Then, Eq. (1.6) has at least one positive
2m-periodic solution provided that the following condition holds,

2m

4g(+00) - / p(t)
0

sin <o + Zt)‘ &40, VoeR. (1.10)

Remark 1.2. Condition (1.9) or (1.10) can be compared with the well-known Lazer-Leach condition

2

2|g(400) — g(—o0)| — /p(t) sin(f + nt)dt #£0, 6€R, (1.11)
0
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where g : R — R is continuous, the limits lim,_, o g(2) = g(4+00), lim,_, o g(x) = g(—00) exist and
are finite. According to [18], if condition (1.11) is satisfied, then equation

@ +n*z + g(x) = p(t)
has at least one 2m-periodic solution.

When g¢(z) is bounded for sufficiently large x > 0 and condition (hy) or (hs) is not satisfied, we can
also deal with the periodic solutions of Eq. (1.6). In this case, we introduce notations as follows,

g(+o0) = liminf g(x), g(+oo) = limsup g(z).

T—400 r——+00
We can prove the following theorem.

Theorem 1.2. Assume that conditions (h;)(i = 1,2,3) hold and g(x) is bounded for x € [1,+00). Then,
Eq. (1.6) has at least one positive 27 -periodic solution provided that either

4g(+00) - / p(t)
0

sin<e+7?)‘dt>o, V0 R

or

2m
4g(+00) — /p(t) sin (9 + T;)‘ dt <0, V0eR
0

holds.

Remark 1.3. In [17], the multiplicity of periodic solutions of Eq. (1.1) was proved under condition (1.7)
and some other conditions. Analogous results can also be proved when (1.7) is replaced with conditions
(hi)(i =1,2,3) by using the similar methods as in the present paper and [17].

Remark 1.4. In the following, for convenience and brevity, we move the singular point 0 to the point —1.
In fact, we can take a transformation x = w41 to achieve this aim. We shall consider singular equations
as follows:

1
o+ Jn’a + glw) = p(d), (1)
where g : (=1,4+00) — R is continuous and has a singularity at x = —1. We now assume that the

following conditions hold,

(h1)  lim, .+ g(z) = —oo,
(hy)  lim, 1+ G(z) = +o0, (G(z) = [y g(s)ds),

Next, we shall deal with the existence of periodic solutions of Eq. (1.6") under conditions (h}) (i = 1,2, 3)
and (h4) or (h5)

Throughout this paper, we always use R and N to denote the real number set and the natural number
set, respectively. For a multivariate function ¢, the notation ¢ = o(1) (or o(1/c)) always means that, for
¢ — 00, — 0 (or ¢- ¢ — 0) holds uniformly with respect to other variables, whereas ¢ = O(1) always
means that ¢ is bounded for ¢ large enough.
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2. Preliminary lemmas

Consider the equivalent equation of Eq. (1.67),

1
o=y, y'=— 'z —g(@)+p(t). (2.1)

we shall perform some phase-plane analyses for Eq. (1.6") when conditions (h})(i = 1,2,3) and (hy) or
(hs) hold. Let (z(t),y(t)) = (x(¢t, x0,v0),y(t,x0,yo)) be the solution of (2.1) through the initial point

x(O,anyO) = T, y(07x0ay0) = Yo-

Lemma 2.1. Assume that conditions (h})(i = 1,2) hold and g(x) is bounded for x € [0,4+00). Then, every
solution (x(t),y(t)) of system (2.1) exists uniquely on the whole t-azis.

Proof. Define a potential function

1 1
Vi(x,y) = 5?/2 + gnzxz +G(2).

Set

V(t) = %yQ(t) + én2x2(t) + G(z(1)).

Then, we have
V() = y(t)y'(t) + gnPz(t)z’(t) + gz ()2’ (t) = y(t)p(t) < 397(t) + 3p%(1).

From (h%) and the boundedness of g on the interval (0, +00) we know that there exists a constant M > 0
such that

1
§n2x2 +Gx)+M >0, ze(—1,+00).

Hence,

V(1) < 592(0) + n?a(0) + Glat) + 5p7(0) + M < V(0)+ M,

where M' = M + %M& My = max{|p(t)| : t € [0,27]}. Then, for any finite T > 0, we have
V() < V0l + M'(ef —1), telo,T).

Therefore, there is no blow-up for (z(t),y(¢)) in any finite interval [0, 7). Furthermore, (x(¢),y(t)) exists
on the interval [0,4o00). Similarly, we can prove that (z(t),y(t)) exists on the interval (—oo,0]. The
uniqueness of the solution (z(t),y(t)) follows directly from the local Lipschitzian condition on g. O

To depict the position of orbit (z(t), y(t)) of Eq. (2.1), we introduce a function ¢ : (—1,+00) xR — R,

1
((z,y) =2 +y* + m

Lemma 2.2. ([3]) Assume that conditions (h})(i = 1,2) hold and g(x) is bounded for x € [0,+00). Then,
for any 0 > 0, there exists oo > 0 sufficiently large such that, for ((xo,y0) > 03,

(), y(t) = o*  te0,4n],
where (z(t),y(t)) is the solution of (2.1) through the initial point (zo,yo)-

From Lemma 2.2, we know that if ((z¢,0) is large enough, then 2%(¢) + y*(t) > 0,t € [0, 47]. Let us
take a transformation as follows,

x=rcosf, y= grsinﬂ.
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Under this transformation, Eq. (2.1) becomes

(31—? = —% - %g(rcos@) cos 6 + m"p( ) cos 0,
(2.2)
% = %g(r cosf)sin6 + %p(t) sin 6.
For simplicity, we denote by (r(t),0(t)) = (r(t,r0,00),0(t,r0,060)) the solution of Eq. (2.2) satisfying the

initial condition (r(0),0(0)) = (ro, 6p). We define the Poincaré map P as follows,
P (ro,00) — (r1,01) = (r(2m,r0,00),0(27, r0,00)),
with xg = rgcosfy > —1,y9 = 1o sin by.
Lemma 2.3. Assume that conditions (h})(i = 1,2) hold and g(z) is bounded for x € [0,+00). Then, there
exist Ry > 0 and w > 0 such that, for {(zo,yo) > R3,
0'(t) < —w<0, telo,4n].
Proof. From (h}), we know that there exist ¥ > 0 and —1 < o < 0 such that
g(x) — p(t)
x
Therefore, if —1 < x(t) < o,t € [0, 4], then

>v, ze(—1,0),teR.

3

2
0 < —2 — Zpcos?h < -2 2.
(t) < 5~ veos d< (2.3)

[\

On the other hand, since g(x) is bounded on the interval [o, +00), we know from Lemma 2.2 that there
exists Ry > 0 large enough such that, if ((xo,y0) > R3 and z(t) € [0, +00),t € [0,47], then

lg(z(@)] + [p()] _ n

< —.
r(t) 4
Consequently,
)l + p(@®)| n
o/ (t) < -0 4 @O O] gy < 1 2.4
() <~ + L cosor) < - (24)
From (2.3) and (2.4), we get the conclusion of Lemma 2.3. O

Lemma 2.4. Assume that conditions (h;)(i = 1,2) hold and g(z) is bounded for x € [0,4+00). Then, for
¢ — 400, the estimate

r(t) =c+0(1)
holds uniformly with respect to t € [0,4r| satisfying cosO(t) > 0 and (ro,0p) € RT x St satisfying
(ro cos o, Zrosinby) € Te : 2y° + F(x) = F(c), F(z) = in*2? 4+ G(x).

Proof. Let (z(t),y(t)) be the solution of Eq. (2.1) through the initial point (zo,y0) with 2o =
o cos 0y, Yo = 570 sinfy. From the proof of Lemma 2.1, we know that there exists a positive constant M
such that F(z) + M > 0,z € (—1, —|—oo) Set

= Vy2(t) + 2F (z(t)) + M.

Then, we have

Therefore, for any ¢, s € [0,47], we get

lu(t) —u(s)] < D= [ |p(t)|dt.
/
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Furthermore,
u(0) = D < wu(t) <u(0)+ D, te]0,4n],
which implies
V2F(c)+ M — D < u(t) < \/2F(c)+ M + D, te0,4x].

Since F(x) is strictly increasing for = > 0 large enough, we know that, for ¢ large enough, there exist two
constants a = a(c), b = b(c) with 0 < a < ¢ < b such that

V2F(c)+ M — D = \/2F(a) + M, +/2F(c)+ M + D = \/2F(b) + M.

Then, we get
2F(a) + M < u(t) < /2F(b)+ M, te€]0,4n], (2.5)

and

V2F(b) + M — \/2F(a) + M = 2D. (2.6)
According to (2.6), we know that there exists £ € (a,b) such that
2D\/2F(§) + M 4D+/n2&2 +8G(€) + 4M
I G T T A

Since g is bounded on the interval [0, +00), we know that there exists a positive constant ¢ such that for
¢ > 0 large enough,

b—a

Ib—al <¢. (2.7)
From (2.5), we get
2F(a) < (1) + 2F (a(t) < 2F(b), ¢ € [0,4x], (28)

which yields F(z(t)) < F(b),t € [0,47]. Since F(x) is increasing for x > 0 large enough, we know that,
for cosf(t) > 0 and c large enough,

0<z(t)=r(t)cosh(t) <b, te]l0,4r].
It follows from (2.8) that
n?a® + 8G(a) < 4y*(t) + n2?(t) + 8G(x(t)) < n?b* +8G(b), t € [0,4n].
Therefore, we get
n?a® + 8G(a) < n?r?(t) + 8G(r(t) cos (1)) < n*b? +8G(b), t € [0,47],

which implies

o+ % [Gla) — G(r(t) cos 0(t))] < r2(t) < b + % (G() — Glr(t) cos (1)), t€(0,47].  (2.9)

As g is bounded on the interval [0, +00), there exist two positive constants c1, ca such that |G(z)| < c;x+eo
for « € [0, 4+00). Hence, we get that, for ¢ € [0,4n] and cos6(t) > 0,

|G(r(t) cosO(t))] < c1b+ ca. (2.10)
From (2.9) and (2.10), we obtain

8 16
a® — 2 [(c1(a+b) +2c0)] < r2(t) < b + E(clb +c2), te€]0,4m].

According to (2.7), we know that there exists a positive constant « such that, for cos(t) > 0 and ¢ large
enough,

A —ac<ri(t) <P 4ac, tel0,4n].
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Consequently, we have that, for ¢ — +o0,
r(t) =c+0(1)

holds uniformly for ¢ € [0, 47] satisfying cos 6(t) > 0 and (ro,6y) € R xS! satisfying (ro cos 8o, 370 sin 6y)
el.. U

Lemma 2.5. Assume that conditions (h) (i = 1,2,3) hold and g(z) is bounded for x € [0,+00). Let
(x(t),y(t)) be a solution of system (2.1) with (xo,y0) € T'c (which is defined in Lemma 2.4) satisfying

l‘(t1) = 0, LL‘(tQ) = 0,
and

xz(t) <0, t€ (t1,ta).

4 1
tg—t1=7+0 -
nc C

holds uniformly with respect to (xo,yo) € [e.

Then, for ¢ — 400, the estimate

Proof. At first, we know from [14] that, for ¢ — +o0,
tg — tl = 0(1)

holds uniformly for (zg,yo) € I'.. Next, we shall give a more delicate estimate to to — 1. To this end, we
put ourselves into the same situation as in the proof of Lemma 2.4. Set

1
flz)=F'(x) = anx +g(x), z€(-1,400).
Without loss of generality, we assume that
f(z) <0, ze€(-1,0).

From conditions (h}) and (h4), we know that F(x) is increasing for x > 0 large enough and F(x) is
decreasing for |z + 1| small enough. On the other hand, it follows from conditions (k) and (hy) that

lim F(z) = +o0, lim+ F(z) = +o0.
r——1

r—-+00
Therefore, for any ¢ > 0 sufficiently large, there exists a unique —1 < d(c¢) < 0 such that
F(d(c)) = F(c).
Consequently, there are two constants —1 < d(b) < d(a) < 0 satisfying
F(d(a)) = F(a), F(d(b)) = F(b),
where a and b are given in the proof of Lemma 2.4. From (2.8), we have
2F(d(a)) < y2(t) + 2P (w(t)) < 2F(d(b)), ¢ € [0, 4],
Hence,
2(F(a) — Fa(t))) < y3(t) < 2(F(d(b)) — F(x(t). (2.11)

)
Let tq,ts € [t1,t2] satisfying t, < t.,z(t,) = d(a),y(te) < 0 and —1 < z(t.) < 0,y(t.) = 0. In what
follows, we shall estimate t, — ¢t and t,. — t,, respectively.

From (2.11), we know that, for t € [t1,t,],

V2(F(a) = F(x(1))) < —a'(t) < V2(F(d(b)) — F(a(t))),
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which implies

0 0
dzx dz
a—l1 S . 2.12
d([) e -y - <d(/') VFd@) - F (@) 212
Set
‘[1 = * — ° )
VAR - Fe) ) VAF@ - )
and

d(a) d(a)

dz dz
Iy = = .
/ V2(F(d(b) - F(x) / 2(F () — F(2))

d(b) d(b)

Next, we shall estimate I; and Is. Since g(x) is locally Lipschitz continuous, we know that g(x) is
differentiable almost everywhere in the interval (—1,0) and ¢’(z) is Lebesgue integrable on any closed
sub-interval of (—1,0). From the expression of I, we have

I — ﬁ /O F(a)dx .
2 i VF(a)— F(z)

It follows from [1] that
0
a)l; =2 / P(z)\/F(a) — F(x)dz,

d(a)

where

Hence,

\/Ilf/ 1736
a
d(a)

I

Obviously, we have W (0) = 0. According to conditions (hj), we get

xilr_nl . W(z) = 0.
By using Lebesgue dominated convergent theorem and the fact lim,—, 4+ d(a) = —1, we get
2
hrf VFE() = hm \[/ 1— F(z) \[/P dx—i.
a— 400 a
d(a)

Therefore,

I =

! +o ! a — +00
2F(a) F(a) )’ '
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Since F(a) = in?a® + G(a), we obtain

()
L=—+o0|-]), a— +oc.
na a

Recalling a < ¢ < b and |b — a| <, we know

2 1
11=—|—0<>, ¢ — +0o0. (2.13)
ne c
We now estimate I5. From the expression of I5, we have
d(a)
f / _ F(b)dz
b) — F(x
d(b F(b) -
From [1], we get
b Fd(a)
F(b)I :\@/Px\/Fb —F(w)dz — /2(F(b) — F(a)) o
()12 (@)V/F) = Flade = 2P0~ Fla)) 37 o
d(b)
Thus, we have
d(a) F(d(
F(x) F(a) (a)
VE®L = V2 / b b 2f(d(a))
d(b)
Since a = a(c) < ¢ < b = ble),|b —a] < 1 and lime—qo0alc) = +00,lim., 400 b(c) = 400 and
limg 400 d(a) = —1,limp_, 4 oo d(b) = —1, we infer from condition (k%) that
F(d(a)) . n%d*(a) + 8G(d(a))
=1 = 0. 2.14
S Fd) e 2ntd(a) + Sg(d(@) 240
From the boundedness of g on the interval [0, +00), we obtain
. F(a) .. n*a®+8G(a)
SEFE) T S sen) (212)
Hence, we know from (2.14) and (2.15) that
T T Fla)\ Flda)
F(x) a a
T 1— =0.
Jm VEODL = lm V2 / Fo) 2 ( F(b)) 2f(d(a) "

Furthermore, we have that, for ¢ — +oo,

L=o ( ;(b)) —0 (i) . (2.16)

On the other hand, we know from (2.13) that, for ¢ — +oo,

/ﬁ(F(d(b)) F(z)) /¢— fc“@ ¢ = +oo,

d(b) d(b)
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which, together with (2.16), implies that, for ¢ — 400,

dz 2 1
=—+o|-), c— +oo. (2.17)
Jvaram) ey e\
Combining (2.12), (2.13) with (2.17), we get that, for ¢ — +oo, the estimate
2 1
to—ti=—+o0 () (2.18)
ne c

holds uniformly with respect to (zg,yo) € T..
In what follows, we estimate t, — t,. Since 2/(t.) = y(t.) = 0, we have that, for ¢t € (4, t.),
t. t, t.
[a" @ o)s = [ slats)a s+ [ pls)a’(5)ds,
t t t
which implies
o
() = 2(F(a(t.)) — F(a(t) - 2/p(5)$'(5)d5
t
> 2(F(x(ts)) = F(x(t))) + 2[plloo (x(ts) — (1)),
where ||p|lcc = maz{|p(t)| : t € [0, 27]}. Therefore, for t € (t4,1.),

—a'(t) > V2(F(2(t.)) — F(z(1)) + 2|lplloo ((ts) — 2(2)).

Furthermore,

— r(®) > 1.

V2(F(x(t.)) = F(a(®))) + 2llplloo ((t.) — 2(t)) ~

As a result, we get

d(a)
dz >t — ta, (2.19)
V2(F(2.) = F(2)) + 2[[plloc (2. — 2)
where x, = x(t.). Since lim. 1o d(a) = —1, lim., ;o d(b) = —1, and d(b) < z, < d(a), we have

lim.— 1o (d(a) — ) = 0. Meanwhile, there exists a < z* < b such that z, = d(z*) and F(z*) = F(x.).
Using a similar method as estimating I», we can prove
d(a)

m[ V2<F<~’U*>—F<x§1>x+2||p||oo<x*—x>:"C)v ¢ = oo,

which, together with (2.19), yields

1
t —ta =0 <c> , €— +o0. (2.20)

From (2.18) and (2.20), we know that, for ¢ — +o0,

2 1
t*—t1:+0(>
nc Cc

holds uniformly with respect to (zg,yo) € I'c. Similarly, we have

2 1
to —ty,=—4+o0|—-], c— +o0.
ne c
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Consequently, we get

4 1
to—t1=—+o0(—-|, ¢c—+x
ne c

holds uniformly with respect to (o, o) € I'c. The proof is complete. O

3. Proof of Theorem 1.1

In this section, we shall use basic lemmas in Sect. 2 to prove Theorem 1.1.

Proposition 3.1. Assume that conditions (h;)(i = 1,2,3) and (h4) hold. Then, Eq. (1.6") has at least one
positive 2m-periodic solution provided that the following condition holds,
2

16(+o0) - [ 50 .
0

Siﬂ(&—i—m)‘dt;énQ, Vo € R.

Proof. From Lemma 2.3, we know that 6'(t) < 0,t € [0, 4x] for {(xg,yo) large enough. Then, the inverse
of 0 = 6(t),t € [0,4n] exists for ((zo,yo) large enough. Let t = t(6) be the inverse of § = 6(t). We denote
by 7, (7o, 6p) the required time for the solution (r(¢),8(t)) of (2.2) to complete n turns around the origin.
In what follows, we shall estimate 7,,(rg, 6p).

It follows from Lemma 2.4 that, for ¢ — 400, the estimate

ERG .
r(t) ¢ °\¢ '
holds uniformly for ¢ € [0, 47] satisfying cos 6(t) > 0 and (ro,6p) with (1o cos 6o, §7osinfy) € I'..
From the first equality of (2.2), we know that, for {(x,yo) large enough and t € [0, 47],
dt 2 1

A0~ ni. 4 0) cos — & 1) cosO
+n2rg(rcos ) cos ngrp( ) cos

According to condition (h4), we know that g is bounded on the interval [0,400). Hence, we have that,
for ¢ — 400, the estimate

dt 2 8 8 1
- + Eg(rcos&) cosf — ﬁp(t) cosf + o (c) .
holds uniformly for ¢ € [0, 47| satisfying cos §(t) > 0 and (rq,6p) with (ro cos g, rosinfy) € I'..

Without loss of generality, we assume that 6y € [—2F, Z]. We first deal with the case 6y € [~Z, Z]. Set

0o
2
Jo = / [ — 5 g(rcos6) cos + ——p(t) cos 9} a9,
n n-c

n°c
z
and fori=1,...,n—1,
—2in+%
2 8 8
J; = — — ——g(rcosf)cosf + ——p(t) cos 0| d,
n  nc n°c
—2ir—%
and
—2nn+7%
2 8 8
Jp = — — ——g(rcosf)cosf + ——p(t) cos 0| db.
n  n’c n’c
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In what follows, we shall estimate J;, (i = 0,...,n),, respectively. We now estimate Jy. Obviously,
26 8
Jo = Ty20 — / [g(r cos @) cos§ — p(t) cos 0] d6.
n n n’c

™

2
From Lemma 5.1 in Appendix, we know that, for ¢ — 400, the estimate
)

g(rcos ) cos0df = (1 + sinby)G(+00) + o(1) (3.2)

—

[NE]

™

holds uniformly for (ro,6o) satisfying (g cos 0y, §rosinfy) € I'c. When 0(t) € [-7, 6], we have

2
t(0) = 5(00 —0) + o(1). (3.3)
Since p is uniformly continuous on [0, 27] and 6y € [-7, §], we get from (3.3) that
00 2GQ+71'
p(t) cos 0dO = g / p(T) ’cos (90 - %) ‘ dr + o(1).
-z 0
Therefore,
200+7
T 20y 4 . i nr 1
J() = E + T + E _2(1 + Sin 90)G(+OO) + n / p(T) ‘COS (60 — 7) ‘ dT + 0] (C> .
0
We next estimate J;, (i = 1,...,n — 1). Obviously, we have
—2im+ 3
2
Ji = =l % / [g(1 cos 0) cos 8 — p(t) cos 0] d6.
n  nc
—2iT—3
Similarly, we know from Lemma 5.1 in Appendix that, for ¢ — 400, the estimate
—2im+%
g(rcos @) cos0df = 2G(+00) + o(1) (3.4)
—2ir—Z%

2
holds uniformly for (ro, o) satisfying (1o cos o, 5rosiny) € I'c. When 6(t) € [~2im — 5, —2im + F], (i =
1,...,n—1), we have

1) = 2(80— 0) — 2™ + o(1).
n n

Then, we obtain

—2im+ 5
/ p(t) cos0dO = g / p(T) ‘cos (90 - ng) ’ dr + o(1).
—2ir— T 200+ (2i— )7
Hence,
200+ (2i+1)m
2m 4 nr 1
Ji=—+ — | -4G(+00) +n p(T)‘COS(GO——)‘dT +ol|-).
n = nsc 2 c

200+ (2i—D)7
n
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We finally estimate J,. It is easy to see

—2nm+ 5
g, = ™26 _ % / [g(r cosB) cos O — p(t) cos O] db.
n n°c
—2nmw+6g
We can also get
—2nm+5
g(rcosf) cos0dO = (1 — sin0y)G(+0o0) + o(1). (3.5)
—2nm+6q

When 0(t) € [-2n7 + 0y, —2n7 + T], we have

£(0) = %(00 —0) — 21+ o(1).

Hence,
—2nm+% 2
/ p(t) cos 0dO = g / p(T) ‘cos (00 - %) ‘ dr + o(1).
—2n7+0o 200+(2n—1)m
Thus, we get
20, 4 7 1
J, =L _ 20 —= | =2(1 = sinbp)G(+00) +n / p(7) ’COS (90 — E) ‘ dr| +o <) .
n n nc 2 c

200+(2n—1)m
n

Consequently, we obtain

n

2
Z J; =27 + % —4G(+00) + /p(T) ‘cos (90 - %) ‘ dr| +o (1) )
0

=0

On the other hand, we know from Lemma 2.5 that the time At needed for the solution (z(t),y(t)) to
pass through the region {(z,y): —1 < 2 < 0,—00 < y < +00} once satisfies

At4+o(1>.
ne c

Hence, we get that, for ¢ — 400,

2
4 9 nr 1
Tn(T0,00) = 2m + e | 4G (+o0) + /p(T) ‘cos (90 — ?) ‘ dr| +o (C> . (3.6)
In case, when 0y € [—3F, —Z], we can prove by using (3.6) and the same method in (Lemma [17,19))
that, for ¢ — +o0,
T (T t9)—27r—&-i n2—4G(—|—oo)+/ (T)’COS(E—E)‘dT +o E (3.7)
n 0,Y0) — TL2C p 2 2 c : :

If

27

16(+00) - [ p(r)

0

sin (9+ %)’dT >n?, 0¢€0,2n],
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then we get from (3.6) and (3.7) that 7,(r,0y) < 2. Therefore, we have that, for ¢ large enough and
(ro cos by, 5rosinby) € I'e,

9(27T, 0, 90) — 0y < —2nm.
On the other hand, we know from above estimates that the required time 7,41(ro,6p) for solution
(r(t),6(t)) to complete n + 1 turns around the origin satisfies 7,,41(ro,00) = 27 + 2= + o(1). Conse-
quently, we get that, for ¢ large enough and (rg cosfy, 5rosinfy) € I'c,
9(27‘(‘, 70, 90) — 0 > —Z(n + 1)71‘.

According to the Poincaré-Bohl theorem [19], Poincaré map P has at least one fixed point. Consequently,
Eq. (1.6”) has at least one 27-periodic solution.
It
2m
) nr 9
4G(+00) — | p(T) ’sm (0 + ?) ‘ dr <n®, 0€][0,2n],
0

then we can prove similarly that Poincaré map P has at least one fixed point. Consequently, Eq. (1.6")
has at least one 2mw-periodic solution. O

Proof of Theorem 1.1. Consider the equation equivalent to Eq. (1.6),

1
'+ qnr 4 g(w) = p(b), (3.8)
where g(z) = g(z+1), p(t) = p(t)— 1n?. Obviously, § satisfies (h})(i = 1,2, 3). Moreover, lim,_, ;o §(z) =
g(+00). From Proposition 3.1, we know that Eq. (3.8) has at least one 27-periodic solution z(t)(z(t) > —1)

provided that the following condition is satisfied,

2m
4G(+00) — / [p(t) - ing] sin (9 + T;t> ’ dt #n? V6 <R. (3.9)
0

27
/sin<9+ 2>‘dt—4
0

we know that (3.9) is equivalent to the following inequality,

Since

2

16(+00) - [ 50

Sln(@—l— 2>’dt7é0 V0 € R. (3.10)

Therefore, Eq. (1.6) has at least one positive 2r-periodic solution provided that (3.10) is satisfied. O

4. Proof of Theorem 1.2

To prove Theorem 1.2, we need the following Proposition.

Proposition 4.1. Assume that conditions (h})(i = 1,2,3) and g(x) are bounded for x € [0,+00). Then,
Eq. (1.6") has at least one positive 2w-periodic solution provided that either

4g+m»f/p@
0

t
sin (0 + ’;) ‘ dt >n?, VIeR (4.1)
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or

27
4g(+00) - / 0
0

sin (9 + T;t) ‘ dt <n? VOER (4.2)

holds.

Proof. We put ourselves into the same situation as in the proof of Proposition 4.1. Under the present
conditions, we can prove that, for ¢ — 400,

B 27
4 1
Tn(r0,00) < 27 — —— —n? 4 4g(400) — /p(T) ‘cos (60 — %) ‘ dr| +o () ,(cosby > 0),
n2c = c
L 0 i
4 7 ] 1
9 T onT
Tn(r0,00) < 271 — e | +4g(+00) — /p(T) ‘cos (5 — ?) ’ dr| +o <c> , (cos by <0),
L 0 i
and
.| 7 ] 1
Ta(ro, 00) > 27 — — —n? + 4g(+00) — /p(T) ‘Cos (00 — %) ‘ dr| +o () , (cos by > 0),
n2c ¢
L 0 i
4 7 ] 1
>or— — |—p2445 - ‘ r_n ‘ Z <0).
Tn(70,00) > 27 eyl il + 4g(+00) /p(T) cos (2 5 ) dr| +o - , (cos by <0)
L 0 |

If (4.1) holds, then we have that, for ¢ > 0 large enough, 7,,(ro, 0p) < 27. If (4.2) holds, then we have that,
for ¢ > 0 large enough, 7, (r9,6p) > 27. Using the same method as proving Proposition 3.1, we can prove
that Poincaré map P has at least one fixed point. Consequently, Eq. (1.6") has at least one 27-periodic
solution. O

Proof of Theorem 1.2. We also consider Eq. (3.8). According to Proposition 4.1, Eq. (3.8) has at least
one 2m-periodic solution provided that either

2
] L
4g(+00) — / p(t) — ZnQ sin (9 + nt) dt >n? VOcR
- 1

or

2m
[ 1] t
4g(+00) — / p(t) — an sin (9 + T;) dt <n? VOER
gL 1

holds. Since

t
sin<9+r;>‘dt4,

2m
0

we know that Eq. (3.8) has at least one 27-periodic solution provided that either

tg+00) — [ p(0)

sin (9 + Tg) ’ dt>0, v8eR (4.3)
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or

27
4g(400) — /p(t) sin (9 + Zt) ’ dt <0, V0eR (4.4)
0

holds. Consequently, Eq. (1.6) has at least one 27-periodic solution provided that either (4.3) or (4.4)
holds. O

5. Appendix

In this section, we shall give the proofs of (3.2), (3.4) and (3.5). Let us put ourselves into the same
situation considered as in the proof of Proposition 3.1.

Lemma 5.1. For ¢ — +oo, the following estimates

>

0

g(rcos@)cosfdf = (1 +sinby)G(+00) + o(1),

[SE]

and fori=1,2,...,n,

—2(i—1)m+ T
/ g(rcosf) cos 0df = 2G(+00) + o(1),
—2(i—1)7—%
and
onmtT
/ g(rcosf) cosfdf = (1 —sinby)G(+00) + o(1),
—2nm+0,

hold uniformly with respect to (ro,6p) satisfying 6o € [—5, 5] and (rgcosfy, 5rosinty) € I'c, where
r=r(t(0)) = r(t(6),r0,60).

Proof. We only deal with the case ¢ = 1. The other cases can be treated similarly. Let us write

3 0 3
/ g(rcos ) cos0df = / g(rcos @) cos0dl + / g(rcos ) cos 0df. (5.1)
-z -z 0
Since the limits
1 o1 / .
CEIJPOO gr(t(ﬁ)) cosf) = cos#, cl{gloo - [r(t(0)) cosf] = —sinb

hold uniformly with respect to (ro,0o) satisfying (r¢ cos o, rosinfy) € I'c and 6 € [T, 0], there exists

a unique mapping o : [~7,0] — R (which depends on ¢, 7o, 6, #) such that

r(t(0))cosf = ccosa(f), 6¢€ {—g,O} .
Moreover, we have that, for ¢ — +o0,

a0)— 06, o) —1
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hold uniformly for (ro, 6y) satisfying (ro cos 6, Grosinfy) € I'c and 6 € [, 0]. Then, we get

g(ccoso(0)) cosfdb.

—c

g(rcos @) cosfdf =

\o

[NE)

[ME)

Taking 7 = o(6), we derive that, for ¢ — 400, the estimate

0 o(0)
B g(ccos ) cos[o™ (7)) i
g(ccoso(0)) cosHdl = (L/7r o (o1()) d

|
NIE]

0
= /g(CCOST)COSTdT+O(1)

holds uniformly for (7, 0g) satisfying (r cos by, §rosinfy) € I'c. In what follows, we shall prove

ligl g(ccos ) cos TdT = G(+00).

\o

[NE]

Let us take a sufficiently small constant ¢ > 0. Then, we have that, for ¢ — +o00,

—&

—&
/ g(ccosT)cosTdr = — / CO,ST dG(ccosT)
csinT
—5+te —5+e
—&
cos® 7 G(ccosT) _, G(ccosT) cosT
_ _corGlecosT) . [ GleeosT) oot g
sint  ccosT T2 ccosT sin*T
7%+E
2 —&
cos® T cosT
=—-G ~5 d 1
(+00) sinT _%+E+ / sin’ 7 7| +ol)
7%"*6
—&
= —G(+0) / C,OSTdCOST—i—o(l)
sin T
—T4e

—€

= G(+00) / cos 7dT + o(1)
—Tte

= G(+o0)(cose —sine) + o(1).
Since ¢ is bounded, there exists a constant ¢ > 0 such that, for any ¢ > 0,

0
g(ccosT)cosTdr| < pe, / g(ccosT)cosTdr| < pe.

€

pi3
—Z+e

—

T
2
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From (5.2) and (5.3), we can derive

lirJP g(ccosT) cos TdT = G(+00).

2

Therefore, we have that, for ¢ — +00, the estimate

g(rcos @) cos0dl = G(+0) + o(1) (5.4)

\o

[NE]

holds uniformly with respect to (ro,6o) satisfying (7o cos @, §7osinf) € I'.. Similarly, we obtain

(5.4), and (5.5) that, for ¢ — 400, the estimate

/g(rcosﬁ) cosfdf = G(400) + o(1). (5.5)
0
Consequently, we know from (5.1), (5

g(r cos ) cos 0d0 = 2G(+00) + o(1)

—

jus
2

holds uniformly with respect to (ro,0o) satisfying (1o cos o, 57 sinfy) € I'c. The proof is complete. [
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