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conducting boundary
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Abstract. We study the compressible magnetohydrodynamic equations in a bounded smooth domain in R? with perfectly
conducting boundary, and prove the global existence and uniqueness of smooth solutions around a rest state. Moreover, the
low Mach limit of the solutions is verified for all time, provided that the initial data are well prepared.
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1. Introduction

We mainly study the low Mach number limit for an initial boundary value problem of the following two-
dimensional resistive magnetohydrodynamic equations of a compressible viscous and conducting fluid:

Op + div(pu) =0, (1.1)
O(pu) + div(pu ® u) + 6%Vp(p) = div(2uD(u)) + AVdivu + (V x H) x H, (1.2)
O0H -V x (uxH)=-V x (nV x H), divH = 0. (1.3)

Here, p denotes the density of the fluid, u = (uy,us) the velocity, H = (H;, Hy) the magnetic field,
D(u) = (Vu+ Vu')/2. The constants p and A are the shear and bulk viscosity coefficients of the fluid,
respectively, satisfying 4 > 0 and g+ A > 0; the constant 77 > 0 is the magnetic diffusivity acting as a
magnetic diffusion coefficient of the magnetic field, € is the Mach number. p(p) is the pressure, and in
this paper, we consider the case of isentropic flows

p(p) = ap”, (1.4)
where a > 0 and v > 1 are constants.

Magnetohydrodynamics (MHD) studies the dynamics of compressible quasi-neutrally ionized fluids
under the influence of electromagnetic fields with a very broad range of applications. In the present
paper, we consider the flow in a perfectly conducting container, so that the magnetic field is confined
inside and separated from the exterior. The container is assumed to be a bounded and connected domain
Q) C R? with smooth boundary.

The initial data for the system (1.1)—(1.3) are prescribed as

p(t =0) =po(z), u(t=0)=mug(z), H({t=0)=Hoyx). (1.5)
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We specify the velocity on the boundary with Navier slip boundary conditions, i.e.,
u-n=0, 7-T(u,p)-n+fu-7=0 on 0N (1.6)

with f(z) > 0, where T(u,p) = 2uD(u) + (Adivu — p/€?)I is the stress tensor, n and 7 are the normal and
tangent vectors on 052, respectively. The Navier slip boundary conditions describe an interaction between
a viscous fluid and a solid wall.

We require that the container be perfectly conducting, that is,
nxe=0 n-H=0 on 09, (1.7)

where e = ¢ !(nV x H — u x H) is the electric field (c is the light speed, see [30]). Furthermore, the
conditions (1.7) imply that

nx (VxH)= fl(nou)H on 0f.
n

Because of (1.6), the boundary conditions (1.7) reduce to
nx (VxH)=0, n-H=0 on 9. (1.8)
Notice that in the two-dimensional case, the conditions (1.8) are equivalent to
crlH=0, n-H=0 on 09, (1.9)

where curl H = 01 Hy, — 02 H; .

The MHD equations have recently attracted a lot of attention of applied mathematicians because
of its physical importance, complexity, rich phenomena, and mathematical challenges, see, for example,
[4,9,10,14,15,24,27,36] and the references cited therein on the physical background, the well posedness
and the vanishing viscosity limit. Recently, the low Mach number limit of local smooth solutions to the
full MHD equations with heat conductivity was investigated in [19,20] in the whole space or a torus. The
existence of global weak solutions to the MHD equations was established in [16,34], while the low Mach
number limit was studied in [17,18]. We remark that the low Mach number limit established in [17-20)
for the MHD equations is for the whole space or a torus, consequently, no boundary terms are involved
in uniform a priori estimates.

The aim of the present paper is to establish the global well posedness of smooth solutions to the initial
boundary value problem (1.1)—(1.6), (1.8) around a rest state, and furthermore, to prove rigorously the
corresponding low Mach number limit as € — 0 of solutions for all time. In [24], Kawashima obtained the
global small smooth solution to the three-dimensional Cauchy problem for initial data close to a constant
state in H3(R?). In the current paper, we generalize the result of [24] to the initial boundary problem with
Navier slip and perfectly conducting boundary conditions, and more important, we establish the uniform
estimates of smooth solutions with respect to the Mach number and verify rigorously the incompressible
limit for all time when boundary is present.

We also mention that the global smooth small solution to the related compressible isentropic Navier-
Stokes (the system (1.1)—(1.3) with H = 0) was obtained, for example, in [32] for the non-slip boundary
condition and in [37] for the Navier slip boundary condition, while the existence of global large weak
solutions was established in [12,22,23,28] and among others. The corresponding low Mach number limit
was investigated extensively in [2,3,6-8,11,13,21,25,26,29,31,33], and in the references cited therein.

In this paper, we shall consider the flow with small density variation, i.e.,

p=1+eo.
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Using the usual vorticity identities together with the constraint divH = 0, we can write the problem
(1.1)—(1.6), (1.8) in the form

Opo + div(ou) + 1divu =0, (1.10)
€
1
p(Opu+u-Vu) + Ep'(l +e€0)Vo

= div(2uD(u)) + A\Vdivu+ (H- V)H — %V|H|2, ( )
O0H + (divu)H+ (u-V)H - (H- V)u = nAH, divH =0, (1.12)
o(t=0) =o00(x), u(t=0)=ug(z), H(t=0)=Hy(z), (1.13)
un=0, 7-T(up)-n+fu-7=0 on 99, (1.14)
Hn=0 cualH=0 on 0Q. (1.15)

Thus, the main results of the present paper read as follows.

Theorem 1.1. There exists a positive constant «, such that if the initial data og,ug, Ho satisfy

(00, w0, Ho)l[ez2 + [|(0¢, we, Hy ) (0) || g + [[€(oee, we, Hyr ) (0) ][ 22 < v, (1.16)
with
divHy = 0, /aodx =0 and 14 e09>m for some constant m > 0, (1.17)
Q

and the following compatibility conditions
u-n=u(0)-n=0, 7 -T(ug, p(po)) n+ fup-7=0 on N
Hy - n=H;0) n=cuwlHy=0 on 90
hold, then for any e € (0,€1] where 0 < e; < 1 is some constant, the initial boundary value problem
(1.10)(1.15) admits a unique solution (o, u, H) in Q x RY, satisfying
o€ C(RT;H?), (u,H)ecCRY;H*)NLART; H?),
o € CRY HY, (u,Hy) € CRT; HYNLART; H?),
ow € LR L?),  (uy,Hy) € L°RT; L) N LART; HY),
where RY = [0, +00). Furthermore, it holds that:
sup ([[(o,u, H)(s)[[z> + [|(o0, ue, He) ()| 11)
0<s<t
+ess sup ||e(os, ug, Hyp)(s)||p2 < C,  VteRT, (1.18)
0<s<t

where C' is a positive constant independent of e.

Theorem 1.2. Let the assumptions in Theorem 1.1 be satisfied, and (u,H) be the global solution estab-
lished in Theorem 1.1. Assume the initial data (ug,Ho) — (vo,Bo) as € — 0 in H® for any 0 < s < 2.
Then as € — 0, (u,H) — (v,B) in C’(RIT)C;HS) for any 0 < s < 2. And there exists a function P(x,t),
such that (v,B, P) is the unique smooth solution of the following initial boundary value problem for the

incompressible magnetohydrodynamic equations:

vi+v-Vv+ VP =puAv+(VxB)xB, divv=0,
B, +v-VB-B:-Vv=9AB, divB =0,
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with initial and boundary conditions
v(z,0) = vo(z), B(x,0) =Bg(z), z e,
v.n=0, 7-Dv) n+fv-1=0 on 09,
B - n=curlB=0 on 0f.

In the next section, we shall prove Theorems 1.1 and 1.2. Roughly speaking, Theorems 1.1 and 1.2
are proved based on the uniform estimates of solutions in Sobolev norms which do not depend on time
t and the Mach number e. As aforementioned, compared with the Cauchy or spatially periodic problem,
due to the presence of boundary here, some difficulties involved with controlling the boundary terms,
in particular for the low Mach number limit, arise. To circumvent such difficulties, we exploit the fact
that the vorticity of the velocity and magnetic fields is a scalar in the two-dimensional case to esti-
mate carefully the vorticity and the divergence of the velocity as well as the vorticity of the magnetic
field. More precisely, to control the vorticity of the velocity and magnetic field, we exploit the fact that
both the Navier slip and the perfectly conducting boundary conditions make it possible to give a rep-
resentation of the vorticity on the boundary in the two-dimensional case (cf. (2.5) and (1.9)), while the
estimate of the divergence of the velocity is obtained by using the equality Au = Vdivu — curl curlu
with m = (02, —01)" and curlu = dyus — dauy that helps us separate the divergence and vorticity. On
the other hand, the coupling of the hydrodynamic motion and the magnetic fields makes the derivation
of the uniform a priori estimates more complicated and delicate in comparison with the hydrodynamic
case. Therefore, we have to deal with the estimates involving these coupling terms carefully, especially
on higher-order spatial derivatives.

We remark that the effect of a boundary layer on the propagation of the acoustic waves will not appear
in the convergence of solutions under the Navier slip boundary condition (1.14) and perfectly conducting
boundary condition (1.15) in the present paper (see Chapter 7 in [11]). This is different from the case
of Dirichlet boundary condition. As shown in [8], the acoustic waves are asymptotically damped due to
the formation of a thin boundary layer for a viscous flow in a bounded domain with Dirichlet boundary
condition. The effect of boundary layers due to the Dirichlet boundary condition on the velocity is our
future study.

Before ending this section, we give the notations used throughout this paper. We use the letter C' (or
Cs) to denote various positive constants independent of € (or to emphasize the dependence on d). For
simplicity, we denote by H™ and || - ||g= the standard Sobolev space H™(2) and its norm, by L? and
I - ||z» the Lebesgue space LP(£2) and its norm.

2. Proof of Theorems 1.1 and 1.2

To prove Theorem 1.1, we first establish the local existence for the problem (1.10)—(1.15) with an arbi-
trary but fixed e. Assume that the assumptions in Theorem 1.1 are satisfied. Then, one can show by the
Galerkin method (see [37]) that there exists a T* > 0, such that for 7' < T™* the problem (1.10)—(1.15)
admits a solution satisfying

oeC([0,T],H?), (u,H) e C([0,T],H*) N L*(0,T; H?),
o €C([0,T], HY), (u,Hy) € C([0,T), HY) N L*(0,T; H?),
o €L>(0,T; L?), (uy, Hy) € L0, T; L*) N L*(0,T; HY).
The boundary conditions (1.14) and (1.15) are “complementing” boundary conditions in the sense of
Agmon et al. [1]. This fact can be verified as in [1]. Therefore, the regularity theory can be used in the
proof. We omit the details of the proof of the local existence here.

To extend the local solution globally in time, we shall establish a differential inequality which provides
us the uniform estimates of solutions for both time and the Mach number. Suppose that (o, u, H) is the
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local solution to the initial boundary value problem (1.10)—(1.15) in Q x (0,7T), for 0 < T' < oo. Moreover,
we assume that 1/c < p=1+4eo < c for some constant ¢ > 1.

2.1. L? Estimate

First, we obtain from the continuity equation (1.10) and the boundary condition u-n = 0 that

/adx:/Ude:O.

Q Q
Lemma 2.1. For the solution to (1.10)—(1.15), we have

1d
5 3 IVP Wolliz + veulze + H]72) +vo(llullZ + [HIZ:)

< C”u”Hl(HUHHl +IH[70), (2.1)
where g and C are positive constants independent of €.

Proof. Throughout this section, we denote the inner product in L?(Q) by

:/fgd:lc.
Q
By taking ((1.10),p'(1)o), we see that

(1) _
thH\/ )7z . u-Vodz =

Q

odiv(ou) dz < C'||11||H1H0Hip-

:0\

Using (1.14) and Korn’s inequality, one gets

- /(div(2uD(u)) + AVdivu) - u dz
Q

— [ () + Mdiva?) do+ [ s )28 = wlulf
5 ,

for some constant ¢ > 0. Thus, we take ((1.11),u) to derive that

1
2dt”\[ HL2 +£/u-Vde+70||u||§{1

Q
/ o
</p(1) p(1+60)vg-udx+/<H'VH—;V|H|2>ud$
€
Q

< C(lallg llolZn + lall g | H|30) for some constant vy > 0.

To deal with the magnetic equation, we denote curl = (92, —9;)". Then, the Eq. (1.12) can be written
as

OoH+ (divuH+ (u-VVH—- (H-V)u = fn(mcurlH. (2.2)
Taking ((2.2),H> and using (1.15), we find that
3 dt ||H||L2 + 77||cur1H||Lz—/[(divu)H +(u-VVH-(H-V)uHdx

Q
<C|lull g L] 2
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Putting the above estimates together and keeping in mind that
[F[|g < ClIVF[|L> < C([|divF| > + [lcurlF|L2), (2.3)
for any vector F € H'(Q) with F - n = 0, we obtain the estimate (2.1).

2.2. Estimates of first-order derivatives

Now, we derive the estimates of the first-order temporal and spatial derivatives of (¢, u, H), based on
their L? estimates.

Lemma 2.2. For the solution to (1.10)—(1.15), we have
1d

5 2 D)3 + Aldival 32 + nlleur H.]

d
dt pugu dz + [P (D)o |22 + [|He|22

< C(”ut”Hl + el lullZn + ol ol lalm + [Hl| e ] 2l z2).

Proof. First, differentiating (1.11) with respect to ¢t and multiplying the resulting equation by u in L?,
integrating by parts and using the boundary conditions (1.14), we deduce that

1d

3 |@IDWIE: + Nldivalf) + [ f(a-7)? ds

p'(1
d puzu dr + ()/Vat-udx
dt €

Y- Pt eo) o] wde+ [(pu? — (s Va4 u- V) - u da
_/[ : vL d+Q/(p2p( Vu+u- V) ud

1
+ /(H -VH — §V|H|2)t ~udx
Q

< O(llwellZe + el [l + ol allofl e bl g+ Hel e B el ).
We apply ((1.10), p’(1)o:) and ((2.2), H;) to infer that
Wl + P8 [ odiva de < ol ol full
Q
||cur1HH%2 + | Hy 2= /(Hdivu +u-VH-H-Vu)H,dzx

)
< Cllafl g [H| g [[He | 72,

and 7
2

CL‘&.

respectively. Summing up the above estimates and using the boundary conditions (1.14) again, we obtain
the lemma. O

Lemma 2.3. For the solution to (1.10)—(1.15), we have
d
+1Velis +nllVdivalg. <6|vidivali,

+Cs([ullf + luellie + lullze + ol + [H[E2), 0<d<1,

where 1 is a positive constants independent of e.
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Proof. We take (V(1.10), Vo) to obtain that

1d 1
5$||vcr|\i2 + z/Vdivu - Vodz
Q

=- /((11 -V)Vo + VuVo + Vaodivu 4 oVdivu)Vode
Q
< C(lullmllolze + [ Vdiva] zallo172)-

To bound ||Vdivul| 20,412y, we rewrite the Eq. (1.11) as
1 /
p(Ou+u-Vu) + EP (1+e0)Vo
. — 1 2
= (2pu + M) Vdivu — peurleurlu+ (H- V)H — §V|H| .
Now, we apply ((2.4),p'(1)"*Vdivu) to derive that

(2u 4+ NP (1)-1Vdivul|2, — %/Vdivu -Vodz
Q

1 1
= -Vu— (H-VH - -V|H|?)] - Vdi
p/(l)/p[ut—i—u u—( 5 [H|*)] - Vdivu dz
Q

1 (1 —p'(1
+ /p( teo) — vl )VU'VdiVU dx—}—p'(l)*l,u/cT)rlcurlquivu dz.

€
Q Q

p'(1)
Differentiating (1.14), with respect to the length parameter (see [5]), we obtain
curlu = (2)( — i) u-7 on 09,
where y is the curvature of 9Q. In view of (2.5) and the trace theorem, we find that

—
/curl curl uVdivu dx:/ curluVdivu - 7 dS
Q o0

:/ <2x - Z) (u-7)(Vdivu - ) dS

o0
§5||V2d1VuH%2 + C(SHII”%_F

for some small number § > 0. Therefore,
1
(2u+ N | vp' (1)~1Vdivul|7. — */Vdivu -Vodx
€
Q

< 8[| V*divul|7: + Cs|lull3 + C||Vdival g2 ([ul|zz + [l g2 ullz:
Hlo Wz + [H] 2 [H| ).

Putting the above estimates together and using Young’s inequality, we obtain the lemma.

1667
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Lemma 2.4. For the solution to (1.10)—(1.15), we have

d
2 UVP Weonlzz + [ Vewlz + [HelZ2) + 2l + [Hel70)
< Cs(lloelzr (laellZs + lallf + lallf + ol + o)
05 ([l [allF + I He 3 B+ [Hell3) + Cellod]|Z + dllulZ. (2.7)
where 0 < 6 < 1, and s is a positive constant independent of €.
Proof. Taking (0;(1.10),p'(1)o¢), we get

2dtH\/7 HLZ + 7) /UtdiVUtdZ

Q

=—p'(1) /(u Vo +u; - Vo + oydivu + odivu)oyda
Q
< 0(lluellF + l[ullF) + Csllolz + o).
while taking <(1.11)t, u;) and using the boundary conditions (1.14), we find that

H\/ﬁutHLz + 2MHD(Ut)Ile + Alldivue |7,

/f u - 249+ 22/ /Vat ude

(o9}
/1 _ /1
/[p() pe( Jreg)vg} .ut7/[ptut+eatu~vu4rp(u'vu)t
t
Q

2dt

+%V(|H|2)t —H,-VH — H-VH;] udz
< olluelZ + Cs (ol (e, Vo) 22 + i) + el a2
L 2 ) + Gl 2.
If we differentiate (2.2) with respect to ¢, we obtain
H;; + divu,H + divuH; + v, - VH+4+u-VH; — H; - Vu—H - Vu,
= —ncT)rl curl Hy. (2.8)
And from taking ((2.8), H;) and using the boundary condition (1.15), we get

1d
2dt

— /(divutH +divuH; +uv;- VH+u-VH; —H;-Vu-H - Vu,) - H,dz
Q
< o(luellFp + [IVullze) + Co(IHell 7 B + [Hel70)-
Hence, by choosing § appropriately small, we obtain the estimate (2.7). d

< IH][72 + nflcurlH |7,

Next, we estimate the vorticity of the velocity and magnetic fields, which are denoted by w and ¢,
respectively. By virtue of (1.10) and (1.11), it is easy to see that w and ¢ satisfy the following systems

pwi + pu - Vw — pAw = g, (2.9)
= (2)( - i) u-7 on 09, (2.10)
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and
Orp — nAp = curl(divuH +u-VH — H - Vu),
=0 on 09,

where

g=—pwdivu — Vo x (plhu+ (p+ A)Vdivu)
p

1
~ Vo x (H-VH - 5VIHP) + curl(H - VH).
p
Then, we have
Lemma 2.5.
d 2 2 2
3| (Ve O)Le + pllVellz: +nlVellz.

< 8wl + Csllullzp + Csllullze ([ullfn + llolF)
+C(IH 72 [ HI G lleo | F2 + I H]E),  0<d<1L.

Proof. Multiplying (2.9) by w, and using the boundary condition (2.10), we infer that

1d
s i VAslEe + Vel = [gwdo+ [V s,
Q o0

It is easy to verify that
/gw de<d||Vwlz2 + Cs(|ullZ: ([ullz + €*oll32)
Q
HH = [ H] 5 leollze + [HI 2=l H 7).

Employing (2.10) and the trace theorem, we arrive at
/wVw ‘ndS = / [(QX - f) u- T} Vw-ndS < §|wl|3e + Csllul3.
o) 9 :

Inserting the above two inequalities into (2.14), we conclude that

1d
5 g lIvewllis + pllVel7<dllwlFe + Csllullf + Cs(llullf (lul:

+[lollF) + [ L 3 leoll2 + 1FL1Z | FL)130).

Taking ((2.11), ¢), one finds that
Ld
2dt

< C/(Vdiqu +divug+u-Ve+V(u-V)p+H -Vuo+ V(H: V)u)p dz
Q

lellz: +nlVellZs

< o(|VwlZz + IVellZ2) + Csllul Fa | H| 7
Adding (2.15) to (2.16) and choosing ¢ appropriately small, we obtain (2.13).
Now, defining two functions
Uy (t) := /puut dz + ||(Vo, 00, up, Hy) |22 + [[ul|3 + [Jcurl H||Z .,

Q
Dy (t) := ||oe||22 + ||[(Veurlu, Vdivu, Veurl H)||2, + [[(ug, Hy) || %1,

1669
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we conclude from Lemmas 2.2-2.5 that for small €, there are a positive constant M; and a sufficiently
small constant d, such that

d
7 V1@ + 21O <Mi(lloel7 (I Wi + l[ullie + lowlF + [lwllZe) + oz
HulZe (luellF + (e wlZe) + luellfe) + Mo (H () + 1)

HIE 2 [ 5 (1 + lleol32) + 6( V2 divul 22 + [lw]lF2)- (2.17)

2.3. Boundedness of second-order derivatives

First, we show the following lemma.

Lemma 2.6. For the solution to (1.10)—(1.15), we have

d d
(2 + /\)&HVdiqu%z - 2&/put - Vdivudz + ||/p' (1) Vo |2

Q
< 8([[Vdivu[|7. + [[V2divul|7.) + Cs([|(ug, Vdiva) [ 22 + [z 7 [l l7-
Hulze (@l lulZe + ludf + llolizz) + [H] . ), (2.18)

where § > 0 is a small constant.

Proof. Differentiating (2.4) with respect to ¢, multiplying then by Vdivu in L2, we arrive at
2u+XMd P'(
2 dt €

d
|Vdivul|2, — e / pu; - Vdivudzr —

Q
Il _ /1
= [[(PPE 0G0 o Tk - Fukue v
t

€

D) /Vat - Vdivudz
Q

1
+ (Q(VHF)t ~-H, - VH-H- VHt)] - Vdivudx — /put - Vdivuydz

—HL/C;chrlutVdivu dx
Q
< S(l[(Vdivuy, V2diva, Vo)1) + Cs(l[uellfp + [VdivalZs + oz ol
Hulze (@l lulZe + ) + 1) [HF).,

where we have used the estimate

. . f .
/curl curl w; Vdivua de= / 2x — = ) (us - 7)(n x Vdivu) dS
W
o0

< 8[| V2divul|3s + Csllue|| 7.
Similarly, we take (V(1.10),p'(1)Voy) to infer that
(1
VP ()Vai. + ’%/wt - Vdivuda
Q

=—p'(1) /((u -V)Vo + VuVo + Vodivu + oVdivu) - Vo,dz
Q
< O|IVarlze + Csllullzllo |-
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Putting the above inequalities together and choosing § small, we get the estimate (2.18). O
Lemma 2.7. We have

1d .
5allvzolliz + (214 N[VP (p) 1 Vdivul|7
< 8|ul|%s + Cs(|V2eurlu| 22 + |Jug]|3:) (2.19)

+Cs(llollzz + ullfe + ol (ullE: + alfe) + [H]}:), 0<d<1.

Proof. First, we differentiate (1.10) twice with respect to x to have
1
V20, +u-V(V30)+2Vu-V(Vo) + Vu- Vo + V3(odiva) + Ev2divu =0. (2.20)

If one takes ((2.20), V20), one obtains
1d

1
2dt|\v20\|%2 + E/VQdivuVQde
Q

=— /[(u -V(VZ%0) +2Vu-V(Vo) + V2u - Vo + V(odivu))|VZoda
Q
< dllulFs + Csllof e

Then, we differentiate (2.4) with respect to x to get
23 PR L, 2
(2u 4+ A\)V=divu — pVeurleurlu — —p'(1)VZo
€

p'(1+e0)—p'(1)

=V Vo | +p(Vu; +Vu-Vu+u-V?u) +eVo(u; +u- Vu)

1
+VH -VH+H:V(VH) — §V2|H|2,
which, by multiplying p’(1)~*V2divu in L?, gives
1
(2u+ N)|[Vp' (1)-1V3divul|2, — = /VQdivuVQde
€
Q
< ||\ Vdivul|7. + Cs [[|[VEeurlul|72 + [luel[3 + [lul/2)
+Cs(llollz + ol (laellFn + l[ullze) + [H| 5],

where we have used the fact that ||V(5?1 curlul[z2 < ||V2curlul|z:.

Putting the above two inequalities together and choosing ¢ suitably small, we get the estimate (2.19).
O

Now, we differentiate (2.4) with respect to ¢t and divide the resulting equations by p to arrive at

-1 . P I 4,
uy — p (20 + N)Vdivu, — peurl curluy) + P (1)Voy

-1 {p’(l) —P'(1+e0)

Va] — epflat(ut +u-Vu)—uw-Vu—u-Vu
t

+pt ((Ht.V)HJrH.VHt — ;quF)t). (2.21)



1672 Changsheng Dou, Song Jiang and Qiangchang Ju ZAMP

Moreover, we take 0;V(1.10) to get
(Voy)e +u- V30, + VuVo, + VZou, + Vu, Vo + Vodivy,
1
+oVdivu; + Voidivu + o;Vdivu + —Vdivu; = 0. (2.22)
€

It is to see that uy - njpg = 0, thus it holds that
d

. 1 .
/uttlevut dz = ~3% / |divug|? d.
Q Q

Finally, we take ((2.21), Vdivu;) + ((2.22), p~1p/(1)Vo;) to obtain the following lemma.

Lemma 2.8. For the solution to (1.10)—(1.15), we have

1d, . .
5&(Hdwut\|%z +IIVp tVol[72) + (2 + NV~ Vdivug 7.

< 6([Vdivae|[Z> + |[ulls) + Csl|Veurlue 2> + Cs (o7 leurlug| 7 + [luel|7 [l

HloelFr (laellF + allze + lollFe + lodlF) + Hel 3 1 H[ 7)), 0<6<1.
Next, we estimate the derivatives of curlu and curlH. To this end, we apply 9; to (2.9) to see that
pwit + pu - Vwy — pAwy = h, (2.23)
where
h:=—eoy(ws + u- Vw) — pu;Vow + g;.

Furthermore, the boundary condition for (2.23) reads as
wp = (2)( - /{) u, -7 on O (2.24)
Therefore, by virtue of (2.24) and the trace theorem,
/Awtwt do=— / |Vwy|? dz + /thwt -ndS
Q

o0

s—/\w Az + Cluy 2.
Q

Multiplying (2.23) by w; in L?, we obtain

1d
5&”\/@%”%2 + 1| Ve ||7

< Cllwdllzz + Co(€ ot (w22 + ull32 | VwllZa) + [[ue s [ Vel Z:
+e ol a1V allzy + uellF lallZe + e lloelzn lollelull?

+ (ol IV2ullF + lollZe [uel32) + 0l Vewr |17,

+/ <;VU x (H-VH — %V\H\z) + curl(H - VH)) Vuwde, (2.25)
t
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where the last term on the right-hand side can be bounded as follows:

1
/ (—;VJ x (H-VH — §V|H|2) + curl(H - VH)) Vwedx

t

-/ O (Vo x (B VH - LYHE) - (Vo x (1 VH - o)
= 02 g 2 P 7 2 t
Q

+curl(H - VH)t} Vwdz

< Cs(lloel oz 1]z + o HI - [H] s
o2 L 1L o+ (L2 L [l 172)
HIELF el 7 + LI e lFn + 12 L1 2) + 6] V|7

Substituting the above inequality into (2.25) and taking ¢ small enough, we obtain the following estimate.

Lemma 2.9.

et [V A
< ClhualBye -+ (ol (el + s + 1l + llo 3ol )
el (i + lol3:)) + C (A0 Byl EE
€ ol s B R+ e L s BRI L R o)
I ol + VEEe el s + IEE s )

By applying 0; to (2.11), we get that
Oppr — vy = curl(divuH +u- VH - H - Vu), (2.26)

with ¢; = 0 on 09.
If we multiply (2.26) by ¢; in L? and integrate by parts, we get the following result.

Lemma 2.10. We have

d v
@Ils@t\\%z + §IIV%IIQL2
< Pl Wt 1 s It g2 H Pllrz Pl
< S(lpellz + lwellFr) + Cs (IluellZ= IHIZ + lllZe + lleliZn)
Hlul e (He |52 + NloellF2 + el Zn) + 1Hel[Fn (JwllFn + [[all32)
HIH[Z (el + ), 0<é<1.

On the other hand, we take ((2.9),w; — n1Aw) (in which 7, is a positive constant to be chosen later)
to get that

(w+m) d

TaHVWII%Z + IVpwell72 + pml|Awl|F 2

<S(lvpwellze + lwllFre) + Cs(laelz + llullze + lollzelals + lulle: [ Vwll7:)
+nillpl i< [ Awl|Fz +nillAwllFz + C(lullz [Vwlliz + llullge + loli:llull?s)

+C (ol 1] all + 1H] ),
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where we have used the following estimate on the magnetic field H
1
/ (—Eva x (H-VH — 5VH2) + curl(H - VH)) (w; — mA)wda
p

< 8llvpwil|7z + Co(llol3= I 1 HL Z + | 52)
1
il AwllZe + 7 (o e I G [ H = + 1 r2),

and the boundary term is bounded as follows:

1d f
—/Awwt dx:§&||Vw||2Lz — / (2)( — M) u; - 7(Vw - n) ds
Q o9

1d
<5 SIVwla + 8llde + Collu 3.

Thus, we choose 71 = 10~y < u(2(1 + ||pl|z=)) ! and 6 suitably small to conclude that

Lemma 2.11. For the solution to (1.10)—(1.15), we have

d 12
g IVellze + IVowillze + S5llAwlz < dllwlife + C (TuelF + lulge
ol (lullFs + 1Bl [H:) + [H[G:), 0<s<1.

Now, if we take ((2.11), ¢ — n2Ap), with 75 being a positive constant to be determined later, we
deduce that

n+ 12
2

= /curl(diqu +u-VH-H: Vu)(p: — nAy)dz
Q

d
3 IVeliz + iz +mall Az

< C/{Vdiqu +divup+u-Ve+V(u-V)p
Q

+H - Vw+ V(H: V)u} (pr — 2 lp)dz

< 3(llpell 7z + leliFre + lwlFre) + Co(llullze Bl + [ullFe ol
Hulz el + 18Il F) +n3llAelz:
+O([lF [H 7 + 1] Vol + [uldellele),

which, recalling ||| g2 < C||Ag||r2 and choosing ny = 7/10, yields that

Lemma 2.12.
d
T
< dl|wllFe + Cs([ullf=|HIFz + lallfelelFn + llalfalledFn + [1H | Felled )
+Cs([[ullFpe [H[ + 1B 7 [VwlZ: + ulFllelFe),  0<é<L

2
U
IVelze + leellze + 551061z

We apply the elliptic regularity theory to the Eq. (2.9) to obtain that

lwlizr < CUlglizs + ol (lwellie + Tullfe I Vwlge) + - 7l eq)- (2.27)
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We proceed to derive more estimates. For simplicity, we define

2
U= Wi(t) + [le(ore, /e, Her)|[22,
=0
2
& =3 0i(t) + lleosill3a + le(uee, He) 21 + [l (2.28)
1=0

where
Uo(t) = [(o,w, H)[|72,  ®o(t) = |[(w, H)||3,
U, (t) and Pq(t) are defined by (2.2), and
Wy (t)=|| Vdivu||2. — Z/put - Vdivadz + |V20||2, + [|divag|/2.
Q
+H| Vo |3z + [[Veurlu||2, + |lcurlug||3 2 + ||[VeurlH|2 . + |lcurlHy |32,

@Q(t):(HdelVU”%z + ||Vd1vut||%2) + HVO'tH%z + ||chr1utH%2
+[|VZcurlu||2 2 + |lcurlHy |31 + || VieurlH||2,.

The next lemma gives a bound on |[eoy|| and ||e(ug, Hy)l|-

Lemma 2.13. For the solution to (1.10)—(1.15), we have

d
a”ﬁ(vp'(l)gtt» Vo, Hy) |72 + yslle(ap, Hee) |7
S COM)(V(t) + V(1) + Ellowllzn + 6([ullzs + uelFe), 0<6<1, (2.29)

where 3 is a positive constant independent of €.
Proof. We take (0y¢(1.10), €2p' (1)oss) + (04 (2.4), €2uy) to get that

1d .
5&(H6vp’(1)0tt||2m + [ley/pugl|72) + (20 + A)[ledivag |72 + pllecurlug |7

< ([l dival|Ze + uell3e + lleul7n) + Cs(lleowlli + loellFn + lollze) leowllis
+llewgll L2 (lloel| Vol 2 + ellodl|F IVallFn + lleowll L2 ([Vol g + [[ullgr)

ol g llealle + [Vl g (leuwl Lz + [leowl Lz [ull g2 + ellow]| mr [l 1)
1
+HIVue|[ 2 (elloe| g [[al| gz + [[ug ] 1)) + ([(H- V)H — §V|H|2]tt7€2utt>
< 0(|[divul[Fz + luel[Fp2 + [leuel|7) + CR(E)(V(t) + U(¢)), (2.30)

where we have used the following estimate
1
((H-V)H - §VH2]tt7 6211tt>

:/(Htt'VH+2Ht-VHt+H'VHtt—VHtt~H—2VHt-Ht
Q
—VH - Hy,)e*uyde

< dllewe 22 + Co(IVHIZ [ Bell2 + [l + [F s B 20).
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And again we take (9;;(2.2), €2Hy;) and use the boundary condition Hy|sn = 0 to deduce that

5 B3 4l eVEL |
=— /(divut ‘H+divuH; + v, - VH+u-VH;, - H, - Vu - H- V), - ¢Hydz
Q
= - /(divutt -H + 2divw; - H; +diva - Hyy +uy - VH 4+ 20, - VH; +u - VH,
Q
~H;;-Vu-—2H, - Vu, — H - Vuy) - €Hdz
< S|l €My |3+ CB(E)(T(t) 4+ T2(1)). (2.31)
Thus, taking ¢ suitably small in (2.30) and (2.31), we obtain the estimate (2.29). O

In order to close the established estimates, we have to control ||eoy||r2 and ||o]|gz. To this end, we
differentiate (1.10) with respect to ¢ to see that

leoul2: < CEDEW(E) + divu |22, (2.32)
On the other hand, from the equations (1.11), we have
ol < Ce* ([l + [ullZs) + Ce* (1) (R (E) + T*(1)). (2.33)
In addition, we use the following fact to control the terms ||u;|| g2 and |lul|gs,
[Wliwer < C(ldivwllwe-1o + [lewrl wlws-rp + [W-0llyrmpoo) + [Wlwere)  (2:34)

for all w € WSP(Q) and 1 < p < 4o0.
Combining Lemma 2.1, Lemmas 2.6-2.13 with the estimates (2.17) and (2.32)—(2.34) and choosing €
and ¢ small enough, we finally conclude that

d
a\l’(t) + (1) < c®(t) (U(t) + ¥3(1)), (2.35)
where ¢y > 1 is a constant independent of e.

Now, employing (2.35), and following the analysis in [35], we obtain the following uniform estimate.

Lemma 2.14. Suppose ¥(0) < 3/(2¢y) for some 8 € (0,1/2] where cq is the same as in (2.17). Then there
is an €1 > 0, such that for any € € (0,¢€1], we have c=! <1+ €0 < ¢ for some ¢ > 1, and ¥(t) < 3/(2¢co)
for allt € 10,T).

2.4. Proof of Theorems 1.1 and 1.2

Now, recalling the definition (2.28) of (¥(t), ®(t)), we can use the uniform a priori estimate established in
Lemma 2.14 to continue the local solution (o, u, H) globally in time by applying the standard extension
techniques (see, for example, [37]), and obtain therefore a global solution. Furthermore, we can employ
the uniform estimate given in Lemma 2.14 and Arzela-Ascoli’s theorem to easily show the strong conver-
gence of (o,u, H) to the solution of the corresponding incompressible magnetohydrodynamic equations
as € — 0. This completes the proof of Theorems 1.1 and 1.2.
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