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Non-uniform dependence on initial data for the ©—b equation
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Abstract. This paper is concerned with the non-uniform dependence on initial data for the p—b equation on the circle. Using
the approximate solution method, we construct two solution sequences to show that the data-to-solution map of the Cauchy
problem of the u—b equation is not uniformly continuous in H*(S).
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1. Introduction

The b-equation [4,5,11]
Up — Uyt + U(Ux - uxwm) + bux(u - ua:ac) =0, (11)

which in fact comprises a family of equations parameterized by the real value b, models wave phenomena
in shallow fluid flow, and has been the subject of considerable interest both to mathematicians and
physicists. When b = 2 and 3, respectively, (1.1) reduces to the well-known Camassa—Holm (CH) [1] and
Degasperis—Procesi (DP) [5] equations, which have interesting connections with the Korteweg—deVries
(KdV) equation and have been extensively studied, particularly from the point of view of integrability
and geodesic flow on infinite dimensional Lie groups. The Cauchy problem of the b-equation, and in
particular its well-posedness and blow-up behavior, has also been well-studied both on the real line and
on the circle, see for example [3,6,22,23,25].

In [17], Khesin et al. studied a generalization of the Hunter—Saxton (HS) [12] equation, which is
a high-frequency limit of the CH equation and introduced the p—HS equation. The y—HS equation,
which is now more commonly referred to as the u—CH equation, describes the propagation of weakly
nonlinear orientation waves in a massive nematic liquid crystal with external magnetic field and self-
interaction. It was also shown in [17] that the u—CH equation on the circle is formally integrable, admits
a bi-Hamiltonian structure and an infinite hierarchy of conservation laws, and is an Euler equation for
geodesic flow on the Lie group of circle diffeomorphisms. Subsequently, in addition to u—CH, Lenells et
al. [20] also introduced the u—DP as well as u—Burgers equations, and the p—b equation (see also [19]).

In this paper, we consider the Cauchy problem for the (spatially) periodic u—b equation:

{/,L(ut) — Ut — UWlgzy + 0Up (pp(U) — Uze) =0, t>0, z €S,

u(0, ) = ug(z), r €S, 12)
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where b is a real constant, u = u(t,z) is a time-dependent function on the unit circle S' = R/Z ~ [0, 1),
and pu(u) =[5 u(t,x)dz denotes the mean value of u. We note that under spatial periodicity, pu(u¢) =
0= p(uy).

In the case b = 2 and 3, respectively, the u—b equation reduces to the u—CH and u—DP equations.
In addition, if u(u) = 0, they reduce to the HS and p—Burgers equations, respectively.

The local well-posedness of the u—CH and u—DP Cauchy problems have been studied in [17] and
[20]. Recently, Fu et al. [7] described precise blow-up scenarios for u—CH and pu—DP.

Our attention in this paper is on the dependence on initial data. Himonas et al. [8,9] showed that
solutions of the CH equation on the real line as well as on the circle do not depend uniformly on the
initial data. They made use of the method of approximate solutions [2,10,16,18].

Our work has been inspired by [8,9]. We show non-uniform dependence on initial data of (1.2) by
constructing two sequences of solutions in a bounded subset of the Sobolev space H*(S'), whose distance
converges to zero at t = 0 but is bounded below by a positive constant at any later time. We remark
that, unlike the b-equation case, the method of [9] does not apply in a straightforward manner to the yu—b
equation. To be more specific, for the b-equation, one only needs to estimate the H?-norm (1/2 < o < 1)
of the difference between approximate and actual solutions (as in [13]). For u—b, however, we need to
treat the cases b = 3 and b # 3 separately and estimate the H-norm (1/2 < o < 1) and H'-norm of
the difference, respectively, (see Sect. 3.2 for details). Unfortunately, when b # 3, we are not yet able
to obtain the non-uniform dependence on the initial data for (1.2) with 3/2 < s < 2 and will study it
in a separate paper. We further remark that we have come to be aware that a similar method has been
employed to study the non-uniform dependence problem for the b-equation by Yan Li [21].

This paper is organized as follows: In Sect. 2, we recall the well-posedness results of [17] and [20]. We
will establish an energy estimate and use it to derive a lower bound for the lifespan of the solution as
well as an estimate of the H*(S') norm of the solution u(t,z) in terms of that of the initial data ug. In
Sect. 3, we consider approximate solutions and estimate their errors in the H%-norm (1/2 < o < 1) in
satisfying the equation (1.2). Further, we estimate the difference between the approximate and actual
solutions with the same initial data. The proof of the main result is given in Sect. 4.

In this paper, the symbols <, = and 2 are used to denote inequality/equality up to a positive universal
constant. For example, f(z) < g(z) means that f(z) < cg(x) for some positive universal constant c.
Since all spaces of functions are over S', the reference to S! will be dropped if no ambiguity arises.
[A, B] = AB — BA denotes the commutator of linear operators A and B.

2. Local well-posedness

As u(u,) = 0 under spatial periodicity, we can re-write (1.2) as follows:

up +ut, = —0, A1 (bu(u)u + 5 5 ui), t>0, z €St

U(O,J?) = Uo(l'), T e Sla

(2.1)

where A = 1 — 9?2 is an isomorphism between H*(S') and H*~2(S') with the inverse v = A~ u given by
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Since A~! and 8, commute, the following identities hold as follows:

x x

u(z dx—/ )dy—i—/l/u(y)dydx, (2.2)
00

AT 02u(x) —l—/lu (2.3)

A 0u(r) = (x —1/2)

o\_l

It is easy to show that u(A=10,u(z)) = 0.
We recall the following local well-posedness result:

Proposition 2.1. [20, Theorem 5.5] Let ug € H®, s > 3/2. Then, there exist a mazimal existence time
T =T(|luo|lzs) > 0 and a unique solution u to (2.1) such that

u=u(-,ug) € C([0,7); H*) N C*([0,T); H*™ ).
Moreover, the solution depends continuously on the initial data, that is, the map
ug — u(-,ug) : HY — C([0,T); H) N C*([0,T); H*™)
18 continuous.

Remark 2.1. The mazimal existence time T > 0 in Proposition 2.1 is independent of the Sobolev index
s> 3/2; this can be proved using the Kato method [14], as in [24].

Next, we will give an explicit lower bound for the maximal existence time T with respect to the H®-
norm of the initial data. We will also give an estimate of the solution size and show that the H*-norm of
the solution is dominated by that of the initial data.

Lemma 2.1. Let s > 3/2 and let u be the solution of (2.1) with initial data uy described in Proposition
2.1. Then, the maximal existence time T satisfies

1
T>Ty = ——, 2.4
=0 2C ol (2:4)
where Cs is a constant depending only on s. Also, we have
lu(®)llare < 2ol 0<t< T, (25)

Proof. First, we note that pu(u) = p(ug) = po. The proof of the lemma is based on the following differential
inequality for the solution u:

S lu®lE < G,  0<t<T. (26)
Integrating this inequality from 0 to ¢, one obtains
[[uol| 2
u(t s <
Ol < TG

which implies that ||u(t)||g: < oo if Csllugl|mst < 1. As a result, for 0 < ¢ < Ty, we have

llwoll s
U e < ———————— = 2||ug||gs.
)l < g e = 2l

It thus remains to prove the inequality (2.6). Note that the product wu, only has the regularity of
H*~ ! when u € H®. To deal with this problem, we will consider the following modified equation:

—b
(Jou)s + Jo(uuy) = —0, A1 <b,u0J5u + 37,]5 (ui)), t>0, ze8S', (2.7)



1546 Guangying Lv, Peter Y. H. Pang and Mingxin Wang ZAMP

where ¢ € (0,1] and

Jef(x) = Jg(f)(m) = (]6 X f)(ﬂ;‘)
is the Friedrichs mollifier with j.(z) = (%) for a C* function j(z). Let A = (1 — 02)*/2. Applying the
operator A® to (2.7), then multiplying the resulting equation by A®J.u and integrating with respect to
x € S, we obtain

1d

§a||,]€u||%, = — (AN J(uuy), N°Ju) — ((%ASAl (b,uojgu + 32_1),]8(ui)> , ASJEu>7 (2.8)

where

(f.9) = [ fod

We will estimate the right-hand side of (2.8). First, we note that A® and J. are commutative and that

(Jef.9) = (f. Jeq), | Jeullms < [lufl 4. - (2.9)
To estimate the first integral in the right-hand side of (2.8), we write it as follows:
(ASJE(qu)7 ASJEu) = (JEAS(uuz), ASJEu) = (As(qu), JEASJEU)
= ([A%, uluy, J-A°Tu) + (uhuy, JoA°Ju).
Using [15, Lemma X1] and (2.9), we obtain
s s s s 2
(A%, wft, JoA* Teu)l| < A%, ufugly [[JeA Jeully < Cs llul| o [JullE- (2.10)
where we have used the fact that ||u|/gs = ||A®u||2. Noting that, by [8, Lemma 2],

||[J5,u]f9;||2 <C ”uwHoo ||f||2’

and integrating by parts, we obtain
(A uy, JoA°Jou)| = [(Jeuluy, A°Ju)l

= |
= |([Je, u] O A°u, A°Jou) + (w0, Au, A°J )

1
< Ve, wldeAullzlull e + 5 |(uoh® Jou, A*Tew)|

< Csllug oo [l F-- (2.11)
From (2.10) and (2.11), we have
|(A®Je(uug), A Jou)| < Csllualloollull - (2.12)
For the second integral in the right-hand side of (2.8), we note
|(8:A° A7 (buoJeu) , A*Jou)| < Cluol - |A™ 0p Jeu| el s, (2.13)
3—b
‘((')wA“‘A_l (2J5(u§)> , ASJ5u>’ < OIAT 0T (W) || s || w| - (2.14)
Since pg = p(u), we have
ol = | [ ute )da| < flula < ful- (2.15)

S1
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By (2.2) and (2.3), and using the Sobolev embedding theorem, we obtain
1A™ 0z Tl e < |AT Opull e < || AT Ol + || A7 00 prea

u—/u(ac)dx

< 3lulls + 2ful e
< 5lull o1 (2.16)
JA 0, T (@)l < A7 02 e < A D2 + | A~ 022 o

< 3ffull2 +

Hs—1

< 3wl + o2~ [ dos
Hs—l
< 3lJull3 + 2lfus || -1
< B|ug oo ||ull - (2.17)
Using (2.12)—(2.17) in (2.8), we obtain
1d
i&HJsUqus < Cs(llullrs + lluslloo) 1l -
Letting € — 0, we have
1d
3 gpllellEe < Csllullae + llualloo) lullzr-,
or
1d 9 9
- s S Us Hs o1 Hs- .
5 g 1O NE < Co(llullas + llullo) lu(@)l] (2.18)
Since s > 3/2, by Sobolev’s inequality,
[u(®)llcr < Csllu(@)||ae,
and the desired inequality (2.6) follows. O

3. Approximate solutions

In this section, following [8,9], we consider a two-parameter family of approximate solutions. We will
first estimate the error of the approximate solutions in satisfying (2.1) in the H%-norm (1/2 < o < 1),
and then, estimate the difference between the approximate solution and actual solution having the same
initial data.

We consider approximate solutions of the form

u®r = WA + A7 cos( Az — wt),

where s € R, w is in a bounded set in R and A = 27z with z € Z,. We note that v~ € H®.

3.1. Error in satisfying (2.1)

Now, we estimate the H?-norm of the error of u“** is satisfying (2.1), which is given by

E = ’LL;J’/\ + uw,/\u:,)\} + BIA—I (bﬂ (uw,/\) uw,)\ + 3 g b (u;,’)\)2)

= E1 +E2+E3
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A direct calculation shows that
1
B = uf’)‘ + u‘"’)‘u;*;’A = —5/\_254'1 sin 2(A\x — wt).

Using (2.2), we have

= bAT T [wAT AT T (sin(A — wt) + sin(wt))]

X Kx - ;) [sin(A — wt) + sin(wt)] — sin(Ax — wt) + cos(wt) — cos(A — wt)}

A )
By =2 Lo, A7 gy
3 b 1 1 T 1 =z
=220 (- 3) Jarearan - fazreanrars [ [aden 2
0 0 0 0
b—3

= T)FQSH [(x - ;) [sin(2\ — 2wt) + sin(2wt)| — sin(2Az — 2wt)

+Cos(2wt) — cos(2\ — 2wt)
2) '

Lemma 3.1. Let s > 3/2 and o € (1/2,1]. When w is in a bounded set in R and A > 1, we have
|Ellge S A" (3.1)

for0<t < T, wherers =2s—o—1>0.

Proof. First, we recall from [9, Lemma 1] that
[uM e = lwA™" + A7% cos(A\z — wt)||[ge SATHH AT,

The following was also obtained in [9]:

1
1B re = HQ)\QSH sin2( Az — wt)H < A2+l
HU
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Finally, direct calculations show that

| B (t)|| e = A5 1b| |w)\71 + AT (sin(\ — wt) + sin(wt))]

cos(wt) — cos(A — wt)
A Ho

X

(x—;)[ﬁMA—wO+ﬂm@@]—$an—wﬂ+

g )\—5—2 (

—s—2+
SA 7,

1

T — —

H + || sin(Ax — wit) || ge +)\_1>
2| 0

|Es(t)|le = '1);3 A2 H (z —1/2) [sin(2X — 2wt) 4 sin(2wt)] — sin(2A\z — 2wt)

cos(2wt) — cos(2A — 2wt)
_|_
2 Ho

SN (|2 — 1/2|| o + [ sin(2Az — 2wt) || ge + A1)

< \“2Hlto,
O
3.2. Difference between approximate and actual solutions
We now estimate the difference between the approximate and actual solutions.
Let uy (¢, 7) be the solution to (2.1) with initial data u“*(0,x), that is, u, x(t, ) satisfies
gty x + Uy AOztiy x + Op A1 (b/i(uw,k)uw,A + ?’;b(amuw,w) =0, t>0, z€8!, (32)

up A (0,2) = u*(0,2) = wA"L + A% cos(A\z), = €S

Then, by Proposition 2.1, Lemma 2.1 and [9, Lemma 1], u, x € C([0,T]; H®) is the unique solution of
(3.2) with

1 1 1
2 = > >1, A>1.
lwwx (O, 2)me fug Mg ~ AT

To estimate the difference between the approximate and actual solutions, we let

v=u"N — Ugs A-

Then, for t > 0 and x € S', v satisfies

1 3-b
vw=FE— 581. [(u“")‘ + uw,,\)v] — 0, A [bpu(ug p)v + Taw(u‘”’A + Uy )0V |

v(0,2) = 0.
We treat the cases b = 3 and b # 3 separately.

(3.3)

Lemma 3.2. Let b=3. Let s > 3/2, 0 € (1/2,5 — 1], w be in a bounded set in R, and A > 1. Then
[o®)]lme = [u(t) = o\ (Ol S AT (3.4)
for0 <t <T wherers =2s—1—0 > 0.
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Proof. Applying to both sides of (3.3) with b = 3 the operator A?, multiplying the resulting equation by
A°v and integrating, we obtain

1
——|lv@®) % = (A°E, A%v) — 3 (A”@x [(u‘””\ + uw)\)v] , A"v)

+ 3p(uw,n) (A70, A v, A%v) . (3.5)
By the Cauchy—Schwarz inequality, we have
|(A7E, A70)| < 1Al A0ll> < |1 Ellae o] e (3.6)
Similarly to [9], for 3/2 < p < s and o + 1 < p, one can show that

(A7 00 (u + ww )], A7) | S (1056 Moo + [0zt lloc) 1011w + ([u= Mo + lwwllze) ol

S (M ae + llwwallme) [0l (3.7)
By using (2.2) and the Cauchy—Schwarz inequality, we have
|11(uw,x) (A70, A", A%) x| = |p(uw 2 (0)) (A0, A", A%W) x|

< JwA TP AT sin | - |[AT9, A |2 ||Av]|o
T 1 =z

< Aol - (m—;) / oapde — [ oty + [ [ ol)dys
0 0 0 H

0

o

x

1 1
1
o g i el [ [l
Heo
0 0 0

S A ol (3.8)
Substituting (3.6)—(3.8) into (3.5), we have

d — w
Ol S O+l Mae + volme) [Vl + 1B ae ol

SA e

Noting that [|u“*(t)||gr <A™+ AP~ for 3/2 < p < s, and, by Lemma 2.1, that
luwa@)llze S luwaO)ze = w0 € A1+ A7,

it follows from Lemma 3.1 that

d

@z S AT+ 27) ol + A7 ol
or
d _ .
0Ol S vl + A7 (3.9)
As v(0) = 0, solving the differential inequality (3.9), we obtain (3.4). O

Now, we consider the case b # 3. In this case, the Eq. (3.5) will have an extra term:
—b
I:= —3T/8IA"A_1 [8z (u“”\ + uw,A) (9351)] - A%vda. (3.10)

It is easy to see that

|7l < |}81A’1 [0 (U + g, 2) 03] ||H0 [[o()] ere- (3.11)
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By (2.2), we know that

x x

(x— ;) /lw(x)d:v—/w(y)dy—i—/l/w )dydz

1 1 z
1
x—2H /|w(x)|dx+||wHHafl+//|w Jldyda |, (3.12)
HU
0

where w = 9, (U + uy, 2)0,v. When 3/2 < s < 2, we are unable to show that fo |w(x)|dx is bounded.
So, we shall limit the scope of s in the following result:

Lemma 3.3. Let b# 3. Let s > 2, w be in a bounded set in R, and A > 1. Then
[o(@) a2 = w2 () = woa (@)l S A% (3.13)
for 0 <t <T where 0, =2(s—1) > 0.

0. A w| e

N

Proof. In the proof of Lemma 3.2, if we take o = 1, the Eq. (3.5) becomes
1
5 0Ol = (A, Av) = 3 (80, [ +uan) o] , o)

+ 3p(uwn) (A, A o, Av) +1, (3.14)

where I is given by (3.10) with ¢ = 1. We will show that the estimates (3.6)-(3.8) with o = 1 remain
true. In (3.7), we take p = 2.
Now, we estimate fol lw(z)|dz and ||w|s With w = 0, (u®* + 1y 2 )9,v. A direct calculation yields

1 1
/|w(m)|dx = / f@z (u“”)‘ + Uy ) Opv| da
0 0

< ol [u? + v Al (3.15)

1/2
lwl]l2 = </ ‘(%(u“”A +uw7,\)|2 |630v|2 dx)

< (Hamuw’k + ||amuw,>\”00)||v‘|H1
S (I Mz + lluwoallme) 1ol (3.16)
Substituting (3.12), (3.15) and (3.16) into (3.11), we have

1S ol (e [ a2+ o]l m2)

S lollf (lu ) (3.17)
Applying (3.6)—(3.8) with 0 = 1 and p = 2, and (3.17), it follows from (3.14) that
d - w
SOl S O+ 11 + o) [olFs + 1B ol (3.18)

Similarly to the proof of Lemma 3.2,
[ @)z SATTHNTT 0 A (@)l S AT H AR (3.19)
Noting that s > 2 and applying Lemma 3.1 with o = 1, it follows from (3.18) and (3.19) that
d _
@Hv(t)\@p S (A ol + A2V ollan

The rest of the proof is the same as that of Lemma 3.2. g
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4. Non-uniform dependence

In this section, we prove our main result, namely,

Theorem 4.1. Let

5> 2 if b+ 3.

Then, the data-to-solution map u(0) — u(t) for (2.1) is not uniformly continuous from any bounded
subset of H® into C([-T,T); H®). More precisely, there exist two sequences of solutions uy(t) and tx(t)
o (2.1) in C([-T,T); H®) such that

lux@®llm= + @@= S 1, lm [lux(0) = ax(0)l|z- =0, (4.1)

{3>3/2 if b=3,

and

liAminf lux(®) — ax(t)||gs = |sint], |¢] <T <1. (4.2)
Proof. Let ux(t) = ui a(t,x) and x(t) = u_1(t, ), where ui x\(¢,2) and u_q (¢, z) are the unique
solution to the Cauchy problem (3.2) with initial data u"*(0,z) and uw=1*(0, z), respectively.

By Proposition 2.1, these solutions lie in C([0,T]; H®). By Lemma 2.1, we know that the existence
time T" can be chosen to be independent of A provided A > 1. Moreover, for 0 <t < Tj,

lusia@llzre < 2fusr 2 (0)[ e = 2/ (0)| e
If X is large enough and k > s — 1, then, by [9, Lemma 1],
A Ol e S AT+ AT SN
It follows that
Juscr Al me SA A> 1,

and
[u=A () = ura@)llan S A2, A> 1 (4.3)
We first consider the case b = 3. Lemma 3.2 implies that
|uEPA ) = usi x|l ge SATE A 1. (4.4)

Now, applying the interpolation inequality

ol < [l 2= ) o e/ (s2=sn)

with s; = 0 and sp = 25 — 0 = k and using (4.3) and (4.4), we get

1/2
[ =82 () = usr A (D)l e < (w2 E) = usr A0 mo [u= A (E) = war A ()] g2

ST A2 s
Hence,
[ A () = uar A (B)lle SAT, A1, (4.5)

where ¢, = (s — 1)/2.
We can now prove (4.1) and (4.2). It follows from the definition of u“** that

lu1,3(0) = ur A (0) [ e = u*(0) = u™ M O)|l e = 2071 =0 as X — o0,
which implies that (4.1) holds. Obviously,

lura(t) = uma ax@llre > [lut (@) = w2 Olle = [Jul (@) = wra @)l = Ju™" () = umr A (O e
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It follows from (4.5) that
lura(t) = wma @l 2 [l () — w2 @)l =A™=, A1,
which implies that

tim inf s, (1) — w1 x (6]l > Hominf [ (6) — = A(0) - (4.6)
Using the identity
cosa—cosﬁz—?sina Sina;ﬁ,
we obtain
ub A (t) — uT A () = 2071 4+ 20" ¥ sin(\z) sin t.
Thus,

[ut () = u A e = 227 sin(Az) | =
Letting A — oo in the above inequality, we have

li}\minf lut () — u P )| e = | sint]. (4.7)

sint| — 2271 s -

Summing (4.6) and (4.7) yields (4.2).
Next, we consider the case b # 3. Lemma 3.3 implies that
[ A () = usi A (@)l SAT%, A>T (4.8)
Applying the interpolation inequality
lpllzr < g™~ ol g™ 27

with s; =1 and sg = [s] + 2 = k and using (4.3) and (4.8), we get

k—s)/(k—1) s—1)/(k—1)
< Huﬂ”\(t) — st H( )/( Huﬂ’)‘(t) ING H( )/(

< A0s (k=) (k1) \ (h=s) (s=1)/ (k1)

[ 2(0) = wra @] .

<A Os—s D (k=9)/(k=1) |\ 51,

Hence,
[P () = usr A ()lle SAT, A1,

where €, = (s — 1)(k — s)/(k — 1). The rest of the proof is similar to the case b = 3. This completes the
proof of the theorem. O
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