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Abstract. We consider the steady Stokes equations in bounded and exterior domains € of R3 with boundary data and forces

in L'. We prove existence and uniqueness of a weak solution with gradient in the Iwaniek—Sbordone grand Lebesgue space
3

L2).
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1. Introduction and statement of the results
Let € be a bounded domain of R3 defined by
0=0\0, =[], (1)
i=1

where Qg and €; are bounded domains of R? with connected boundaries such that €, C Qo and €; ﬂﬁj =
@,1 # j. Let f be an assigned field on 2. The classical Stokes problem is to find a solution of the equations!

Au—Vp=jf in Q,
divu=0 in £, (2)
u=0 on 09,

where u : Q — R3,p : Q — R are the (unknown) velocity and pressure fields. It is well-known that if € is of
class C' and f € L*(Q) (t > 1), then (2) has a unique weak solution (u,p) € W;y’g’t/(?’_t)((l) x L3t/ B0 (),
that is,

/Vu-v¢—/pdiv¢+/f-¢:o, Vo € C°(Q),
Q Q Q

and the following estimate holds [2,7]
wllyser-0) + 1PILsve-o@) < clflloiq)- (3)

Moreover, if f € H'(€2), then one shows that (2) has a unique solution (u,p) € [W21(Q)N W[‘:”/OQ’Q(Q)] X
W(Q) and

1 Unless otherwise specified we use the notation of [6]; subscript ¢ in a function space C» () means that the fields in
C»(Q) are (weakly) divergence free in Q. H!(£2) is the space of all functions in L'(2) whose zero extension to R? belongs to
the Hardy space H!(R?). To alleviate notation, we do not distinguish function spaces for scalar and vector (or tensor) valued
functions. Thus, for instance, ¢ € L7(2) means that every component ¢; of ¢ belongs to L?(2) and Hcp||%q(m = [ lel?.

) Birkhauser
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[ulw=1(0) + [pllwii@) < cllFllr@)- (4)
The main purpose of this paper is to prove that in the borderline case f € L'(Q2) and for Lipschtz
3
domains, a solution of (2) exists in a slightly larger space than W;O“’ (Q), the so-called grand Sobolev

space W;’O%) (€2), introduced by Iwaniec and Sbordone [10] and defined as the set of all fields u € W;é Q)
such that?

1

sup 2 / Vul?y =|ul. .3 < 400. (5

qe(1,3/2) 2 |Q‘ Vel |W 2(@) )
Indeed, we shall prove the following existence and uniqueness theorem.

Theorem 1. Let Q be a bounded Lipschitz domain of R®. If f € LY(Q), then (2) has a unique solution

(u,p) € W2 (Q) x LY(Q) and

([l <l fllere- (6)

For more regular domains, the above results can be extended to the more general problem

Au—Vp=jFf in Q
divu=+v in £,

+lpl 5

w3 () L) =

u=a on 0, (7)
[
Q o0

where n is the unit outward (with respect to ) normal to d€).
It holds

Theorem 2. Let Q be a bounded domain of R? of class C%. If a € L*(99), f € L*(Q) and v € HY(Q),
then (7) has a weak solution (u,p) € W, ’2)(9) x L) (Q) and

o,loc loc

Wl"%)(Q’ + ||pHL2) Q)
@) + Il @) )

for all Q' € Q, with ¢ depending on Q and . Moreover, the solution is unique in the class of all fields
u € Ll () that satisfy the relation®

Q/u~qbzaéa-T(z,19)-n—l—ﬂ/m?—&-g/f~z, (9)

for all ¢ € C§°(Q2), where (z,9) is the solution of
Az—-Vi=¢ in Q
divz=0 in £, (10)
z=0 on 00

[l + [lull 2o @) < e{llallLion)

(8)

and
,Tij (Z, ?9) = 8]-21- + aiZj — 19(5”

is the Cauchy stress tensor.

3
2 W;:OQ ) (€2) is a Banach space. For the basic properties of the grand Sobolev spaces we quote [4,9] and [10].
3 See Remark 3.3.
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We shall also consider the problem
Au—Vp=f in Q
divu=+v in €,

u=a on N (11)
u € L¥(CSr,) N L}, (%)
in the exterior domain
Q=R3\,
where € is the domain defined in (1) and Ry > diam €', under the assumptions
v, fFeHNQ), ac L'(09). (12)
Denote by € the linear space of the solutions of the equations
Au—Vp=0 in
diveu=0 in £, (13)
u=0 on 9N
u € DY(Q), q>3/2.
It holds
Theorem 3. Let Q be an exterior domain of R® of class C**. If a, f,~y satisfy (12) and
Jaw=[rowis [arw) velee (14)
o0 Q Q

with v['], P[] and € defined in section 3, then (11) has a solution (u,p) and

||u||L3(USRO) + ||u||L3)(QR0) + ||VUHL3/2(CSRU) + Hp||L3/2(CSRO)
< c{llallron) + I Fll7r @) + [Vl } -
Moreover, uniqueness holds in the class of all fields w € L*(CSg,) N L (), that satisfy (9) for all

loc

¢ € C5°(Q), with z € DY4(Q)(q > 3/2) solution of (10). In this function class (14) is also necessary for
the existence of a solution of (11).

2. Proof of Theorem 1

We premise the following well-known results.

Lemma 1. [1,13] Let Q be a bounded Lipschitz domain of R3 and let f = div F. There is a positive
constant € depending only on Y such that if F € L1(Y), with g € (—e+ (3+¢)/(2+¢€),e+3/2), then (2)
has a unique solution (u,p) € W;g(Q) x L1(Q) and

[ullwria) + Iplla) < cllFllLa) (15)
with ¢ depending only on € and €.

Lemma 2. [4] Let Q be a bounded Lipschitz domain of R®. For all f € LY(Q), there is F € L2)(Q) such
that div F = f and for all ¢ € [1,3/2)

[3(1 _ q) + q] / |F|q § C|Q|(3(17t])+Q)/3Hf”%l(g)’ (16)
Q
where ¢ is an absolute positive constant.
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Proof.  We recall the proof in [4], since we shall need it in the sequel. A solution of div F = f is given
by the gradient of the Newtonian potential

F(z) 1 /Mdvy.

T 4n [z —y|3
Q

Hence, by the Minkowski inequality,

1 1
1Pl < 3 [ || 1F @l
T |z —y| La(Q)
@ (17)
1
S oo Sup i/ [FAIAYESE
Am yeo || |z —yl La()
Hence, the desired result follows, taking into account that [4]
1 (471—)2/3‘Q|(3(1*Q)+¢1)/(3Q)
[z =yl Loy (B(L—q) +q)/a

U

Proof of Theorem 1. By Lemma 2, there is a sequence F'y, such that f, = divFy, f, — f strongly in
LY(Q) and

(3 -9 / [Fl® < el £ill7 ) (18)
Q
for ¢ in a small left neighborhood of 3/2. The field uy, satisfies the relation
/Vuk~Vgo:/fk~cp, Vi € C7p(Q2). (19)
Q Q

To wy, we can associate a pressure field p, which satisfies the estimate
[Pxlla(o) < el VugllLa)- (20)
By Lemma 1, the sequence uy, of the solutions to (2) with data f, satisfies
[wr = unllwra) < cllFe — FallLoo)- (21)
Putting together (18), (21), we have
(5 — ) llue = unllwra) < elfr = Frlli- (22)
Therefore, uy, is a Cauchy sequence in W4(Q2) for ¢ < 3/2 so that it converges to a field u € W4(Q).
Letting £ — 400 and taking into account (19), (22), we see that w is the solution of (2) and
(53 =) lue = ullwra) < el fir = Fllzr@)- (23)

3
Hence, it follows that u € W;’Oz)(Q). Moreover, from (20), it follows that p € L2)(2) and (6) holds. To
prove uniqueness, we have to show that (2) with f = 0 has only the trivial solution. To this end, denote

by (u,p) € W;O%)(Q) x L2)(Q) a solution of (2). By virtue of Lemma 1, (2) with f € C§°(Q) has a
solution (v, Q) € W;g (Q) x L1(Q) for some g > 3. Thus, an integration by parts yields

/u.f:o, Ve or(Q).
Q

Hence, the desired result follows.
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Remark 2.1. Taking into account the results of [3], we have that if  is Lipschitz and

ac L*(09), /a-n:O, feL'(Q),
o0
then the equations
Au—-Vp=f in Q
divu=0 in €, (24)
u=a on )

have a weak solution (u,p) € W;EZ(Q) X LI%O)C(Q) and
lulls @) < e{llallzz@n) + 1 Fllz@}- (25)
If Q is of class O, then we can take a € L9(99) [2], ¢ > 1, and it holds
lull @) < c{llallLaoo) + 11 flloi@)} - (26)
g
3. Proof of Theorem 2
The equations
Au—-Vp=0
27
divu =0 27)

admit the fundamental solution (U (x — y), g(x — y)), with

1 txt
U =g {” nE }

t
t)=—— .

The simple and double Stokes layer potential with densities ¢ and ¢ € L2(9) are the pairs defined,
respectively, by [11]

o[](z) = / Ul — ) - (O)dor,
1519

Pl)(x) = / a(z — ¢) - p(C)dor,
o0

and

wlp](x) = / T'(U, q)(z — ¢) - ( ®n)(¢)doe,
1519}

wlpl(o) = 2div [ fala - O $(OIn(c)dor.
o9
where T/,(U, q)(x — ¢) = [(0¢,Ujk + 9¢, Urj) + qil(x — ¢). They are analytical solutions of (27) in R?\ 99
and, if  is of class C1* for some A € (0,1), then the limits [11,12]

lim wlp](z —an(§)) = Wig](§) = (3Z + K)el(€) € L'(09),

o—

Jim {T(w[w], P]) - n} (2 — an()) = —(3T + K)[g)(€) € L(09)
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exist for almost all £ € 082, where
K': L>®(0) — C%*(99)

(u < A) is the adjoint map of K [11,12]. Hence, it follows that K : L'(9Q) — L'(99Q) is completely
continuous so that the operator W : L' (9Q) — L*(912) is Fredholm with index zero and Kern (1Z+K’) =
sp{n} ® F, where § is the n(n + 1)m/2 dimensional space

§={v: v[ip]jq, = rigid motions, v[1)];gq, = 0, P[¥]q,uc0, =0} C A (09),
i=1...,m [17,15,16,18]. If 2 is of class C* by virtue of the results of [2], we have that K is compact
from L7(09) into itself and from W14(9Q) into itself for all g € (1, +00).

Lemma 3. Let Q be a bounded domain of R3 of class C**, for some A > 0. If a € L'(99Q) satisfies

/wn:Q (28)

o0
then the equations
Av—Vp=0 in
divv=0 in £, (29)
v=a on 0N

have a solution expressed by

u = wlep] + v[e],
p = @[] + P[],

for some @ € LY(0Q) and ¥ € §. u,p are analytical in Q and u takes the value a pointwise almost
everywhere, that is,

(30)

i u(e - an(9) = a(¢) (31)
for almost all € € Y, and
lullLa @) < cllallLroa)- (32)

If Q is of class C* and a € L1(9NY), for some q > 1, then the above result hold with ¢ € L1(d) and
[ullLz(0) < cllallLsoo)- (33)
Proof. By a simple application of Fredholm’s alternative, we see that the functional equation
Wie] = a — v[¢]jp0r (34)

has a solution 1 € L' (99) for some 1 € §. Recall that v[p] € C1*(Q) [12]. By Gagliardo’s trace theorem
[5], there is a field w € W11(2) such that

u(z) = / T(wle), ) - y) - Veo(y)dv,.
Q

Hence,

|

Vw(y)l
|lu(z)| < ch/ e duy.

Therefore, (32) follows by repeating the argument used in the proof of Lemma 2. The last part of the
lemma is a consequence of the regularity properties of the layer potentials. O
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Remark 3.2. The operator K maps subspaces of L (99) in more regular spaces with natural estimates (see
[11, Ch. 3] and [12, Sections 14, 15]). For instance, K[L1(0Q)] = C**(99Q) (¢ > 2/)) for all u < X\ —2/q.
Hence, it follows that, if a € C%*(9Q), u € [0, A], then

[l o < cllallco.nan)- (35)
Moreover,
(i) if a € CYH(0Q), u > 1 — A, then

[wllcrny + 1Plcow@) < cllallornoa);
(ii) if @ € W=Y29(9Q), ¢ € (1,+00), then
ullwra) + IPllLa) < cllallwi-1/0.0¢50)-

Property (ii) also holds for domains of class C* and for g € ((3 4+ €)/(2 + ¢€),3 + €) in Lipschitz domains,
where € is a positive number depending only on 2 [1]. Other classical regularity results as well as natural
estimates can be find in [13].

Proof of Theorem 2. For v € H*(£), the field
1 T —
V() = = / (z =y (v) du,
Q

|z —y3

belongs to W11(€) so that its trace satisfies

Itr V[vloallLrae) < cllVDlwiie) < cllvllne @) (36)
By Lemma 3, the equations
Av—-VQ =0 in €,
divvo =0 in €,
v=a—trV[ylsa on 09, (37)
[tatVilon) - n =0

[2}9)

have a solution (v, @), and denoting by (vy,py), the solution of (2) given by Theorem 1, it is obvious
that

u=v+vs+V[v],
p=Q+ps+~

satisfies (7) and (8).
If (uk,pg) is the solution of (7) for a regular ay, an integration by parts yields

/uk-¢:/ak-T(z,19)-n+/719+/f~z (38)
Q Elo) Q

Q
for all ¢ € C§°(2), with (z,w) solution of (10). Let aj, — a strongly in L!(9). Since

w = wilLoo) < clla = ak L1 o0
for some ¢ > 1, we can let kK — 400 in (38) to see that u satisfies (9). Calling (u, p), a very weak solution
of (2) (in the sense of J. Necas [14]), we have that (7) has a unique very weak solution. O

The following problem
divv=7v in Q,

v=a on O0f, (39)
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is of some interest in the theory of the Navier—Stokes equations (see Ch. III of [6]). As an immediate
consequence of Theorem 2, we have

Corollary 1. Let Q be a bounded domain of R? of class C%. If v € HY(Q) and a € L*(99), then (39) has
a weak solution v € VVllf)(Q) and

||UHL3>(Q) < C{HaHLl(asz) + ||W||H1(sz)} . (40)

Remark 3.3. Note that a very weak solution of (7) (in the sense of J. Necas [14]) can also be defined as
a field u € L{ () which satisfies®

/u~¢:/a-(@nz—ﬁn)—i—/ﬁv—l—/f-z (41)
Q 89 Q Q

for all ¢ € Wy >°(Q). Now, choosing first ¢ = An, with n € CZo(Q) = {n € CZ(Q) : Mpq = 0}, then
¢ = Vw with w € C1(Q), we see that u also satisfies the relations

/u-An:/a-ann+/f~n, Vn e Cro(Q)NC*Q),
)

/u~Vw:/wa~nf/'yw, Vwe CHQ),

Q o0 Q

that represent a more popular definition of a very weak solution to (7) [8]. Note that, in particular, (42)
yields

/’U,'A'f]:/f'na Vn e Cry(),

Q Q (43)
/u-Vw:—/'yw, Yw e Cy° (),
Q )

i.e,u satisfies (7) in the sense of the distributions.

4. Proof of Theorem 3

We can repeat the classical argument of the potential theory we outlined in Sect. 3 to see that the problem
Au—-Vp=0 in €,
divu=0 in £, (44)
u=a on 0N
has a solution expressed by (30) for some ¢ € L*(99) and 1 € &, with
& = {¢: v[yp]jq, = rigid motions, P[Y]jg, =0,i=1...,m} C ctA(99).
Let € be the linear subspace of all 1 € & such that v[9)] o, = constant®. A well-known argument (see, e.g,

[17,15,16,18]) assures that dim € = 3 and if {t;} is a basis of €, then Joq i is a basis of R?. Therefore,
there is 1 € € such that

Jw+o)-0

[219]

4 Note that this corresponds to a different decomposition of the Stokes operator.
5 Clearly, the pairs (v[tp], P[+]) are the solutions of (13).
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and, putting

the pair
u' = wlp] +v[Y] + K,
o = i) + Pl )

is an analytical solution of (44) such that u’ — k € L? in a neighborhood of infinity. A simple integration
yields

/(a—n)-'tp':O, V' €.
o0
Hence, it follows that if

/a-¢’=o, V' €, (46)
o0
then w satisfies (11)4. Completing the standard procedure of “adding” to (u/,p’) suitable volume poten-
tials, we see that (11) has a solution expressed by

u = w(p| + v + E[f] + V],

p= ] + Pl + Qf] +7 n
for some ¢ € L'(9Q) and ¢ € C**(9Q) such that [, = 0, where
lfl = [Ule =) F0)dv,
? (48)

Olfl = [ qlx —y) - f(y)dv,.
/

Let ay, be a sequence of regular fields on 92 which converges strongly to a in L'(92) and let (wg, px)
be the solution of (11) with data (ag, f,7). Let g be a regular function in R3, vanishing outside Sag,
equal to 1 in Sk and such that |Vg| < ¢cR~!. By an integration by parts, we have

/guk~¢zaéak~T(z719)-n+9/919’y+9/gf-z

Q
(49)
— /[uk -T(z,9) —z - T(ug,pr)] - Vg.
Q

By the properties of the function g, Holder inequality, the summability properties of (ug, pr) and the
behavior at infinity of (z, )

/Uk -T(2,9) - V| < llullLs(somsn) V2 o205 80 + 1902272 (820080) )

Q
o°R 2/3

dr
< CHukf||L3(SzR\SR) o < C||uk||L3(SzR7\SR)

R

/Z T (ur, pr) - V| < e{IVurllps/z(s,msn) + 1Pkl Ls/2(s50\80) |-
Q
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Therefore, letting R — +o0 in (49) yields

/uk~¢—aéak~T(z,19)-n+/19’y+ Iz

Q Q Q

Hence, (9) follows by letting k — +o0.
To prove the last part of the theorem, it is sufficient to choose in (9) every pair (v[)’], P[']), with
P ec.
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