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Strain gradient solutions of half-space and half-plane contact problems
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Abstract. General solutions for the problems of an elastic half-space and an elastic half-plane, respectively, subjected to a
symmetrically distributed normal force of arbitrary profile are analytically derived using a simplified strain gradient elas-
ticity theory (SSGET) that contains one material length scale parameter. Mindlin’s potential function method and Fourier
transforms are employed in the formulation, and the half-space and half-plane contact problems are solved in a unified man-
ner. The specific solutions for the problems of a half-space/plane subjected to a concentrated normal force or a uniformly
distributed normal force are obtained by directly applying the general solutions, which recover the existing classical elastic-
ity-based solutions of the Flamant and Boussinesq problems as special cases. In addition, the indentation problems of an
elastic half-space indented by a flat-ended cylindrical punch, a spherical punch, and a conical punch, respectively, are solved
using the general solutions, leading to hardness formulas that are indentation size- and material microstructure-dependent.
Numerical results reveal that the displacement and stress fields in a half-space/plane given by the current SSGET-based
solutions are smoother than those predicted by the classical elasticity-based solutions and do not exhibit the discontinuity
and/or singularity displayed by the latter. Also, the indentation hardness values based on the newly obtained half-space
solution are found to increase with decreasing indentation radius and increasing material length scale parameter, thereby
explaining the microstructure-dependent indentation size effect.
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1. Introduction

Due to a lack of any material length scale parameter, classical continuum theories cannot explain size
effects exhibited by many materials at the micron and nanometer scales (e.g., [2,7,21,37,45]). Hence,
higher-order elasticity theories have been developed to interpret microstructure-dependent size effects on
elastic properties, which include the Cosserat theory [8], couple stress theories (e.g., [23,32,36,38,46,47,
50]), and strain gradient elasticity theories (e.g., [12,15,33-35]).

The general strain gradient elasticity theory of Mindlin [33] for an isotropic material contains 16 mate-
rial parameters in addition to the two Lamé constants, which are challenging to determine experimentally
(e.g., [24]). Difficulties also arise from having to deal with the associated higher-order equilibrium equa-
tions and extra boundary conditions. Owing to these challenges, Mindlin’s general theory has not been
widely used in modeling size-dependent material responses.

Simplified versions of the strain gradient elasticity theory of Mindlin [33] have been suggested (e.g.,
[1,12,17,48]). Such simplified models are mathematically more tractable and are quite desirable in view
of the formidable experimental efforts required in determining additional material parameters.

These simplified strain gradient elasticity theories have been employed to analyze various problems
in solid mechanics, such as fracture [17,42], mechanics of defects [25,26], thick-walled shells [15,16], and
Eshelby-type inclusion problems [10-14,29-31]. The two-dimensional (2-D) and three-dimensional (3-D)
problems of a point force in an infinite elastic body have also been studied using simplified strain gradient
elasticity theories (e.g., [11,14,22,25,39]).
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However, the Flamant and Boussinesq problems have not been satisfactorily explored using such the-
ories. The 2-D Flamant problem was analyzed in [27] and [52] employing the simplified strain gradient
elasticity theories suggested in [1] and [48], respectively. But these solutions are not exact, since the
boundary conditions (BCs) used are not complete or variationally consistent. The plane strain Flamant
problem was recently re-examined in [18] using correct BCs and a dipolar gradient elasticity theory
(a simplified version of the general theory of Mindlin [33]). Like in [27,52], Georgiadis and Anagnostou
[18] also applied the Fourier transform method to directly solve the displacement-equations of equilibrium,
which are fourth-order partial differential equations (PDEs). Due to the difficulties in evaluating some
integrals involved, the solution for the 2-D Flamant problem provided in [18] is not in a closed form. For
3-D contact problems, no analytical solution that uses correct and complete boundary conditions based
on a strain gradient elasticity theory has been reported.

In the current paper, the 3-D problem of a half-space subjected to an axisymmetrically distributed
normal force of arbitrary profile is solved together with the corresponding 2-D half-plane problem in a uni-
fied manner using a simplified strain gradient elasticity theory (SSGET) that contains only one material
length scale parameter. The potential function method of Mindlin [33] and Fourier transforms are utilized
in deriving the general solutions. The specific solutions for the problems of a half-space/plane subjected
to a concentrated normal force or a uniformly distributed normal force are then obtained by directly
applying the general solutions. The solutions of the Flamant and Boussinesq problems based on classical
elasticity are recovered as special cases of the SSGET-based solutions for the concentrated normal force
problems. By using the general solutions, the indentation problems of an elastic half-space indented by
a flat-ended cylindrical punch, a spherical punch, and a conical punch, respectively, are solved, leading
to size- and microstructure-dependent hardness formulas. To quantitatively illustrate the newly obtained
solutions and formulas, numerical results are also presented.

2. Potential function method
2.1. Simplified strain gradient elasticity theory

In a first-order strain gradient elasticity theory, the strain energy density function w has the form:

w = w(£ij7 Kijk)v (1)
where €;; and ki, are, respectively, the components of the infinitesimal strain and strain gradient tensors
defined by

gij = 5 (uij +uja),  Kigk = Eije, (2a,b)
with u; being the components of the displacement vector.
For an isotropic linear elastic material, the general expression of w can be written as [12,35]
w = 5)\5“53‘]’ Tt HEij€ij + C1KijjRikk + C2KiikRkjj + C3RiikKjjk + CakijkKijk + C5KijkRkjis (3)

where A and p are Lamé’s constants in classical elasticity, and ¢; —c5 are additional material constants. In

Egs. (1)—(3) and throughout the paper, the summation convention and standard index notation are used,

with the Greek indices running from 1 to 2 and the Latin indices from 1 to 3 unless otherwise indicated.
As stated in [12], when ¢; = ¢o = ¢5 = 0,c3 = 2AI% and ¢4 = pl?, Eq. (3) reduces to

1 1
w = 5)\8“'8]‘]' + Hgijeij + l2 <2)\Hu‘kﬁjjk + ,Ualfijk/‘?ijk) y (4)

which is the strain energy density function adopted in the simplified strain gradient elasticity theory
(SSGET) (e.g., [1,15,26]). In Eq. (4), [ is a material length scale parameter having the dimension of
length, which can be determined experimentally or computationally (e.g., [12,24,43]).
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It follows from Eq. (4) that the Cauchy stress, 7;;, and the double stress, fi;;, are given by
ow

Tij = aé‘ij = )\5”52‘]‘ + 2pe;; = T4,
ow
Wijk = =12 (Nkurdij + 2pkije) = 7ij k- (5a,b)
8/<;Z-jk

The total stress, 0;;, is related to the Cauchy stress through [15]
0ij = Tij — ijex = (1= V)75, (6)
and the equilibrium equations have the form:
044, + fi =0, (7)

where f; are the components of the body force.
Equation (7) can be rewritten in terms of the displacement vector u = u;e; as [15]

(1 =PV [N +2u)V(V-u) — uV x (Vxu)] +f=0, (8)

which is the displacement-equation of equilibrium based on the SSGET. In Eq. (8), V, V-, Vx, and V2
denote, respectively, the gradient, divergence, curl, and Laplacian of the indicated quantity.

2.2. Potential function method of Mindlin

The displacement-equation of equilibrium in the general strain gradient elasticity theory of Mindlin [33]
has the form:
A+2u)(1 = BVHV(V-u) — u(1 —BVHV x (V xu) +f =0, (9)

where [; and [5 are two material length scale parameters that can be related to the material constants c;
by (e.g., [22,43))

9 2(01 + co +c3 +C4+C5) 2 (Cg—|—2C4+C5)

li= , 5= (10)

A+ 20 20
Clearly, Eq. (9) reduces to Eq. (8) when I} =3 =1.
The general solution of Eq. (9) is given by [33]

1
u=B-12V(V-B) - la— BVAV [r-(1-13V*)B+ B, (11a)

where o = 1/[2(1—v)], r is the position vector, and B and By are, respectively, a vector potential function
and a scalar potential function satisfying

w(l —15V?)V2B = —f,

11b,c
w1 —1BVAHV2By =1 - (1 - 13V)f — 413V - f. ( )
In the absence of body forces, f = 0 and Egs. (11b,c) become
w(l — 12V V2B =0,
(1=56V) (11d,e)

w1l —13VHV2B, = 0.

When Iy = lo = 0, Eq. (9) reduces to the Navier displacement-equation of equilibrium in classical
elasticity, Eq. (11a) recovers the general solution of the Navier equation, and B and By defined in Egs.
(11b,c) become the well-known Papkovitch-Neuber potential functions (e.g., [53]).

When 5 =0 and lo =, Eq. (9) reads, with f = 0,

pV2u+ A+ p)V(V - u) + pl? V3V x (V x u)] = 0, (12)
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and Eqgs. (11a,d,e) reduce to

u=B-1V(V-B)— %v [£-(1—1>V?)B + Byl (13a)

w1l —1?V*)V?B = 0,

By = 0. (13b,c)
Note that in reaching Eq. (12) use has been made of the identity: V(V -u) — V x (V x u) = V?u (e.g.,
[38]). Equations (12) and (13a,b,c) are the same as those originally provided in [36] in the absence of
body forces and body couples. The solution given in Eqgs. (12) and (13a,b,c) was adopted in [9] to solve
axisymmetric contact problems.

Since Eq. (9) becomes identical to Eq. (8) when Iy = Iy = [, the general solution of Eq. (8) can be
readily obtained from Egs. (11a,b,c) with I; =1y =1 as

u=B-1’V(V-B) - %(a — VAV [r-(1-1*V*)B+ By, (14a)
with
(1-1*V?)V?B =0,
(1—-1*V*HV?By =0 (14b,c)

in the absence of body forces.

The use of Mindlin’s potential function method has reduced the problem of solving the fourth-order
partial differential equations in Eq. (8) (with f = 0) to the problem of finding the potential functions B
and By satisfying Eqs. (14b,c). This approach is adopted in the current study to solve half-space (3-D)
and half-plane (2-D) contact problems, which is more advantageous than that employed in [18,27,52] in
solving the 2-D Flamant problem, where the Fourier transform method was directly applied to solve the
fourth-order displacement-equations of equilibrium.

3. Formulation

The half-plane and half-space contact problems considered in this study are shown in Fig. 1. It is assumed
that body forces are absent so that Eqgs. (14a,b,c) give the solution of Eq. (8), which is the final governing
equation in the SSGET.

For a half-space (occupying x3 > 0) subjected to an axisymmetrically distributed normal force, the
vector potential function B takes the form (0, 0, B3) and the scalar potential function By is non-zero
(e.g., [9,53]). As a result, the displacement components in this case can be obtained from Eq. (14a) as

P pn
W 5
X1
0 ; =
X2
VX3 VX3
(a) (b)

Fi1G. 1. A half-plane (a) and a half-space (b) subjected to a symmetrically distributed normal force of arbitrary profile
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1
ug = —1?Bs 35 — Sla— PV?) [w3(1 = °V?) B3 + Bo] 4.

1
uz = Bz — 1>Bs 33 — 5(a —’V?) [23(1 = I’V?*)Bs + By] ,, (15a,b)
where B3 and B satisfy
(1—-1*V*V?B3 =0,

15¢,d
(1—1*V?)V?B, =0, ( )

which are directly obtained from Eqgs. (14b,c).

3.1. Boundary conditions

The general form of boundary conditions (BCs) in the SSGET was obtained in [15] using a variational
formulation based on the principle of minimum total potential energy, which reads

oijng — (ijen) j + (pagrnemi)  ng =t or u; = T;
77 J J J 7 S on 09, (16)
HijkMjNg = i OT Ui Ny = 3k

where t; and g; are, respectively, the components of the Cauchy traction vector and double stress traction
vector (see [12] for the general expressions of ¢; and ¢;), 9 is the smooth boundary surface of the domain
Q occupied by the elastic body satisfying Eq. (8), n; are the components of the unit outward normal
vector on 02, and the overhead bar represents the prescribed value.

For the current half-space problem, t = pes and @ = 0 on x3 = 0. Then, it follows from Egs. (5a,b),
(6) and (16) that, with n = —es,

p+ (1 — l2V2)733 =0,
(1 — lQVQ)Tag — lQ(Tal’gl + Ta2’32) =0, on xg =0, (17&—C)

l2Ti373 =0

where p = p(r) and use has been made of Eq. (17¢) in reaching Eq. (17a).

For the half-plane (plane strain) problem (see Fig. 1a), Eqs. (17a-c) become, with 791 = 723 = 0 and

T22 = T22(£17333)7
P+ (1 — l2V2)7'33 =0,
(1 — ZQVQ)Tgl - 127'11731 = 0,
I’1135 =0,
l2T3373 =0

onzg =0, (18a-d)

which can be readily shown to be the same as the BCs used in [18] for the plane strain half-plane problem
when p is a concentrated normal force acting at (z1,x3) = (0, 0). Clearly, when [ = 0, Egs. (17a-c) reduce
to 7;3 = —pd;3 on xg = 0, which are the BCs for the half-space problem based on classical elasticity (e.g.,
54)).

The BCs in Egs. (17a-c) or Egs. (18a-d) will be used to determine the constants involved in the
potential functions B3 and By, which are to be obtained from solving Egs. (15¢,d).

3.2. Solutions in the Fourier domain

The Fourier transform and Hankel transform methods have been widely used to solve half-space/plane
contact mechanics problems based on classical elasticity and surface elasticity (e.g., [4,19,41,51,53]). The
Fourier transform method is employed herein to solve the half-space and half-plane contact problems that
have been formulated in Sect. 3.1 using the SSGET and Mindlin’s potential function method.
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The Fourier transform pair is given by

(oo}

~ [ f@e s,

- (19a,b)
1 _ ]
_ z{md
0= 5 [ F@ewae,
and the double Fourier transform pair is defined as
FE8) = / [ e e dada,
T (20a,b)
f(x1,22) = &o)etredeydés,

where the overhead bar denotes the function in the transformed space and i is the imaginary unit satis-
fying i? = —1.
Taking Fourier transforms (see Eq. (20a)) on Eq. (15¢) and Eq. (15d), respectively, yields

22 82?3 262\ 20
pre! (1+2l£)8x2 +(1+l§)533:0,
3 3
9'B, 242 9*Bo 262\¢2H 2ab)
—(1+20°¢%) + (14 12€%)¢*By = 0,
oz} O3

where £2 = £,£,. The solutions of Egs. (21a,b) give, for the displacement u (and thus Bz and By) to be
finite at x3 — o0,

l2

By = Ae~™3l8l 1 Bema¢

Eg _ 067I3‘§‘ 4 De*“"g'g (223:,1))

where ( = /&% + l%, and A, B,C and D are unknowns to be determined from the BCs.

Next, performing Fourier transforms (see Eq. (20a)) on Egs. (15a,b) and then using Egs. (22a,b) result
in the displacement components in the Fourier domain for the half-space problem as

s = —56 {0 (Coa+ ) = [(1 = a) B+ 2D ) (250.0)
a,

Ty = 2 [(2— )C + a[¢] (Cs + A)] 51! — % [(1— a)BC +2D1%€%] ¥,

2 [
These expressions also hold for the plane strain half-plane problem except that &; in Egs. (23a,b) needs

to be replaced by £. That is, the displacement components for the half-plane problem in the transformed
space are given by

Uy = f%g {a (Cag + A) e~ slél — [(1-a)B+ 2D12C] 6713C} ,
; (24a-c)
(2 - @)C + a || (Cas + A)] e~ =2l — 3 [(1 — a)B( + 2DIPE%| e3¢,

o

Uy =

uz =

N | =

It then follows from Egs. (23a,b), (2a), (ba) and (20a) that the Cauchy stress components in the
Fourier domain for the half-space problem are
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T% =a[-2vC [¢] + (Czs + A)F] e~wslel 4 {Blavl™® — (1 — a)&3] — 2DIP¢3(} e "o,

E =&1é2 {a(C’xg + A)e™#lél — [(1 — &) B + 2DI*(] e—wsﬁ} 7
(25a-d)
=g {[(1 —a)C + a(Cas + A) [€]] el — [(1 — a) B¢ + D (1 + 21%¢%)] e,xgc} ’

1
B = _[Ce] + a(Caz + A)e?] el 4 {B [2l‘2 + (1 - a)fﬂ + 2D12§2(} e~ 236,
1
Note that no summation is implied on 3 in Eq. (25a).

For the plane strain half-plane problem, the non-zero stress components in the Fourier domain can be
obtained from Egs. (25a-d) as, after replacing & by £ and setting & = 0,

% =a[-2C ¢+ (Cxs + A)fz] e wslél 4 {B [041/[72 —(1— a)§2] - 2D12§2§} e3¢,

% =i {[(1 —a)C + a(Cxz + A) [¢]] e — [(1 — @) B + D (1 + 20%¢2)] e 7s¢

_ (26a-d)
% = — [CI¢] + a(Cxs + A)?] e + {B Bz? +(1- a){ﬂ + 2D12§2<} e3¢,

T2 _ (- —aslél | BI-2e-ws

. —I/Oé( 2C €| e~ "2l 4 BI7 % C).

It can be readily verified that with o = 1/[2(1 —v)], the normal stress components listed in Eqgs. (26a,c,d)
satisfy the relation Too = v(T11 + T33), as expected for a plane strain problem.

Taking Fourier transforms (see Eq. (20a) and Eq. (19a)) on Egs. (17a-c) and Egs. (18a-d), respectively,
and then using Egs. (25a-d) and Egs. (26a-c) in the resulting equations will lead to the BCs in the Fourier
domain for the half-space and half-plane problems, respectively. These BCs, which happen to have the
same form for the two problems, are given by

apg® A+ pl¢] (1 +2a0°€*)C = p,
al? |E| CA+ [av + (a = )P (B+ (1 — a)I*¢PC —2*¢*¢*D = 0

al?|¢]P A - [; +(1— oz)l2£2] (B+ (1 —a)PEC —2*¢3¢*D =
—af?A+ (1 - a)®B+ (2a — 1) [£]C + (1 +20%¢3)¢D = 0,

where P is the image of the distributed normal force p in the Fourier domain. The solution of this linear
algebraic equation system gives

20 =VP [y oty ko A 1EP _ A0 -v)'ep
=) [(1 )L = v+ AEC) + i fe] } b w7 agaa)
72(171/)p _ 442 . _ ( l/)p 2.2
= €0 [1—v+2%€°C (¢~ )], D o) (1421%¢?)
where
e(€) = (1 —v)(1+21°€%) + 21°¢*€*(¢ — €))% (28¢)

Note that A, B,C and D are all even functions of ¢ and that ¢(£) > 1 — v regardless of the value of .
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Using Egs. (28a-d) in Egs. (23a,b) and (25a-d) will give the final expressions of the displacement and
stress components in the Fourier domain for the half-space problem, and substituting Eqs. (28a-d) into
Egs. (24a-c) and (26a-d) will yield the displacement and stress expressions in the Fourier domain for the
plane strain half-plane problem.

4. General solutions
To obtain the displacement and stress components in the physical space from the corresponding expres-

sions in the Fourier domain derived in Section 3.2, inverse Fourier transforms can be applied, as shown
below in this section.

4.1. Half-plane problem

For the half-plane problem with a symmetrically distributed normal force p(r) (see Fig. 1a), P is an even
function of £. It then follows from Egs. (24a-c), (26a-d) and (28a-d) that u; and 73 are odd functions
of &, and us, T11, To2 and T3 are even functions of . Performing inverse Fourier transforms (see Eq. (19b))
on Egs. (24a-c) and Egs. (26a-d), respectively, gives, after using Eqs. (28a-d),

up = 277#/&,0 (h11e” 38 4 hige” x?’c) sin(&xq)dE,

ug =0, (29a-c)
1 oo
uz = 2/‘0/ €00 hgle_7335 + hgge_”c3<) cos(&xq)dE,
and
T = —0/ wgo]if) (9116773 + groe™"3¢) cos(€xq)dé,
Ti3 = / mpp(g) (ga1e™ "% + gose™*3¢) sin(Exq)d¢,
° (30a-d)
T33 = — 71'4,25) (9316_“5 + 9326_“{) cos(&xq)dE,
0
Tog = — ‘v [(g11 + g31)e " + (g12 + ga2)e™ 3] cos(&a1)d¢,
) To(§)
where
hin=1—v+ 2% + (2v +238) [v — 1+ 2% - Q)]
hia = 2176 (1 — v + 17€?),
(31a-d)

hor = 2(1 —v) (1 — v+ %xgs + 2z4g2<2> +243¢ [2v — 34 23(¢ - €)],

hao = 202€3¢71 (1262 +v),
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and

g1 = (1 — v+ 2°¢) (1 — w38) + 231" ¢¢,
gra = —20%€2¢?,
go1 = w3 (v — 1) + 2173 C(1 + @3¢ — w3(),

gaz = —ECT (1 — v+ 21€%¢?), (320)
gs1 = (1 — v+ 202 (1 + 238) — 2(2 + 23)1'¢°¢,
30 = 20%¢4
On the loading surface z3 = 0, Egs. (29a,c) and (31a-d) give
ul‘zgzo - _QL 75 G 1 —v)(1—-2v) — 2wi*e? (X3 ] sin(€x)d¢E,
T ) ol
(33a,b)
—v D 2¢3 -1 442
usly, o = — v = PECTY 4 21E2¢(C — )] cos(€ar)de,
T 0/ 90(5
and Egs. (30a-d) yield
711|w3=0 cos(&xq)dE,
!
7'13|1/,3 0= / sm (&xq1)dE,
(34a-d)

m‘*@\

Tilao =~ / —F (1= v 213 — € cos(m e,
0

2v
m22lag=0 =~ o

0

=

[1—v+20% (€= () + 12¢%] cos(éz)dE.

I

)

4.2. Half-space problem

For the half-space problem with an axisymmetrically distributed normal force p(r) (see Fig. 1b), applying
inverse Fourier transforms (see Eq. (20b)) to Egs. (23a,b) and (25a-d) and using Eqgs. (28a-d) will lead
to

__ %8 p —a5€ —a5¢

(35a,b)

/% hgle_x3£ + h22e—3¢3<) Jo(fT‘)df,
0
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763 = % / % (92177 + gape™ ™€) €J1(€r)dE,
0
2= ;715; 0/%0?5) (h11e7 738 + hige™"2¢) EJa(Er)dE,
0 (36a-d)
T33 = —% / % (316773 + ggae™™20) EJo(Er)dE,
0

7 = 4= [ s {209 + 912(O€] €a(€r) + (1 — 203r2) gl )€ a(ér) e
0

where r = (zqq)'/?,J, is the Bessel function of the first kind of order n (with n = 0, 1, 2),
hi1,hi2, ho1, hoo, go1, go2, g31 and gso are given in Egs. (3la-d) and (32¢-f), and g41, g42 are defined as

9a1(§) = 2v {— [1— v+ 20%€2¢ (¢ — [¢])] e ™Il + leze_%g} 7
942(6) = f% {— [(1 2 2l4§2C2) (1 — 22U — |§| 933) + 2 (2V 4 |§| IS) 144- |§|3} 6713‘5‘ (366,f)
+2 (1 — v+ 12€%) 1P¢2e ¢}

Note that in reaching Eqs. (35a,b) and (36a-d) use has been made of the following inverse Fourier trans-
form results [53]:

P F(&EJo(r)de,
/
1 1Tq Oof 9
FF©8] = 5 [ FOSAEns,
L (37)
FAF©ae = -3 [FOnlende,
0
—1[F )2 L[ 3 2
FRFOL] = o [ FOES [aler) - (2022 = 1) hfer)] de,
0
where F~! denotes the inverse Fourier transform.
On the loading surface, Egs. (35a,b) and (36a-d) give
_ L3 Ooi 442 2
usl,, ()——W/w(g (1= )(L— 20) — 2A'€(C — 7] (en)de,
(38a,b)

‘*B\

0
tlayno = G [ o (L= = PECT 4 20E(C — ) (e
0

—~
i
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_ (A=v)zg r D .
Tﬁ3|z3:0 = oy 0/(:4,0(5)5 Jl(fr)dfv

izl = A2 / P11 - 0) (1 2) — WP - )2 Da(Er)de,
0

1 e (39a—d)

I % [1— v+ 24€2(C - )] €Jo(Er)de,
0

oo
1
786lzg=0 = 7 -
0

+ (1= 223r7%) [-(1 = v)(1 = 2v) 4+ 2wl (1 + 20767 — 21°C[¢])] £J2(&r) } dE.

"U\

{ [41 (14 20) — 2w (21454 ot leP + 1252)] €Jo(Er)

—~
I

)

It is observed from Egs. (33a,b), (34a-d), (38a,b) and (39a-d) that, with ¢(§) > 1 — v (see Eq. (28e)),
the SSGET-based solutions predict smaller in-plane displacements uoé|353:0 and the Cauchy stress com-
ponents 7gg|,._, than those predicted by the classical elasticity-based solution (with = 0). Also, the
shear stress components 713 and 723 are no longer vanishing on the loading surface x3 = 0 when the strain
gradient effect is considered (with [ # 0). These observations will be quantitatively shown in the next
section.

5. Specific solutions

The general solutions for the half-space and half-plane problems derived in Sect. 4 are expressed in inte-
gral forms. These integrals are specified or evaluated in this section for several simple shapes of loading
p(r) (including a concentrated force and a uniform pressure distribution) to obtain specific solutions,
which are compared to the counterpart solutions based on classical elasticity to illustrate the differences.

5.1. Concentrated force

The problem of an elastic half-space loaded by a concentrated force is known as the Boussinesq problem,
while the problem of an elastic half-plane loaded by a concentrated force is called the Flamant problem
(e.g., [3,28,40)).

For the Flamant problem, p(r) = Pd(z1) and thus p = P in the Fourier domain. It then follows from
Egs. (33a,b) and (34a-d) that the current SSGET-based solution yields the surface displacements as

P 1 .
legm =~ [ o [(1 = 7)1 = 20) = 200'€3(C = € sin) s
0
(40a,b)
wl,, g = ST g (1~ = P =2 — )] costéan i,
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and the surface Cauchy stress components as

(1-v)P

1
w(é)

711|13:0 = — cos(&xy)dE,

\8

(-wP |
7'13|M:0 / sin(€x)d¢E,
0 e (41a-d)

P o0
slago =~ 2 / g (1~ v+ 21— 97 cos(em)ae,
0
malpymg =~ [ g (1= v+ 2006 (€= O + e cos(em)de.
0

For the Boussinesq problem, p(r) = Pd(x1)d(x2) and thus p = P in the Fourier domain. Then, the
current SSGET-based solution gives from Egs. (38a,b) and (39a-d) that the surface displacements as

P o0
Wleyoo =~ / % (1 0)(1 — 20) — 2€2(C — €] a(Er)de.
(42a,b)
(1-v)P 243 -1 442
Uslamo = — v = BT+ 2 (C - ©)] Jo(gr)a,
and the surface Cauchy stress components as
755l 4,0 = 02 V)P@"ﬂ / £4 (ET) dg,
Molyymo = st / SR [0 )1 - 20) - 2t'e(¢ - 7t
P (43a-d)
768 ,—0 = e / ﬁ { [—(1 —v)(1+2v)—2v (21454 —21%¢ |£|3 + 1252)} EJo(Er)
0
+(1- 2x%r_2) [—(1—v)(1 = 2v) + 2wIPE% (1 + 21°6% — 21°C |¢])] €J2(&r) } dE,
s =2 [P0 e epae

27T ©(§)

The classical elasticity-based Flamant and Boussinesq solutions can be recovered from the current
SSGET-based solutions as special cases. Setting | = 0 and p = P in Egs. (30a-c) yields, along with Egs.
(28¢) and (32a-f),

o 2p 13:171 2P :z:lx3 2P a:3

e 7
’ - _ 44a-c
11 T 4 »T13 = P T33 = T rd’ ( )



Vol. 64 (2013) Strain gradient solutions 1375
0 12
. —1=0
0.02 0 | U R [=1pm
—-==1=2um
-0.04
N e 8 08
~ 0.06 Sl 4
=4 ~ % gepe)
-0.08
otf 04 TS
N 0.2
R T R T o 1 2 3 4
X;, Mm X Hm
(@ (b)

F1G. 2. Surface displacements of a half-plane loaded by a concentrated normal force P at (z1,23) = (0,0). The legend in
the boz also applies to (a)

which are the same as those in the classical Flamant solution (e.g., [28,40]). In reaching Eqgs. (44a-c), use

has been made of the following results:

/efat sin(bt)dt = b2 / t cos(bt)dt = " ibQ’
0 - (45a-d)

t t a’ = b
a —a

/te sin(bt)d Ty b2 /te cos(bt)d m,

0 0

which hold for any a (> 0) and b.
Similarly, letting { = 0 and p = P in Egs. (36a,c) gives, together with Eqgs. (28e) and (32c-f),
P 323z 3P z3

783 = 271_ (7“2 Tz )5/2a 733 = 271’ (T2 T )5/27 (4637b)

which are the same as those in the classical Boussinesq solution (e.g., [28]). In obtaining Eqs. (46a,b),
the following results have been used:

T3 2

(r? 4 23)3/2°

222 —r

/56 $3£JO f?‘)d{— W,

/ e o(er)de =

(47a-c)
3rxs

/ R T
0

According to the classical Flamant solution, the in-plane displacement wu; is discontinuous and the
out-of-plane displacement us is unbounded at the point of force application (e.g., [40]). However, such
discontinuity and singularity are not exhibited by the SSGET-based solution of the same problem. The
numerical results depicted in Fig. 2 show that at the loading point (z1,z3) = (0,0), u1],,_, vanishes (and
thus is continuous) and us|,,_, is well defined for each case with [ # 0 (when the SSGET-based solution
is used). Similar observations were made in [18] based on their solution. Such mechanical responses are
more physical than the discontinuous and singular behaviors predicted by the classical solution. In addi-
tion, the current SSGET-based solution (with [ # 0) deviates significantly from the classical one (with
[ = 0) in the vicinity of the loading point, even though it converges to the latter at a far distance (with
21 becoming sufficiently large). Also, the discrepancy between the current solution and the classical one
decreases as the material parameter [ decreases.
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Fiac. 3. Surface displacements along x2 = 0 of a half-space loaded by a concentrated normal force P at (z1,z2,z3) =
(0, 0, 0). The legend in the boz also applies to (a)

Similar trends are observed for the SSGET-based solution of the Boussinesq problem, as shown in
Fig. 3.

5.2. Uniformly distributed normal force

For a uniformly distributed normal force of intensity gy applied on the interval —a < z; < a on the
surface of a half-plane, Eq. (19a) gives

P = 2q0¢” ' sin(a). (48)
For a half-space, if the uniformly distributed normal force of intensity go is applied over the region r < a,
then it follows from Eq. (20a) that

p = 2mago€ " J1(ag). (49)
Using Eq. (48) in Egs. (29a-c) and (30a-d) gives the solution for the half-plane problem as

‘ )

Uy = —

3

0 o _ _ . .
(hue 238 4 hige ’”34) sin(&a) sin(£xq)dE,
uo/£2s0(£)

=

U =

)

ug = % / % (hgle_’”36 + h226_x3<) sin(&a) cos(&xy)dE,

Ti1 = —27% J % (gne*g”35 + 91267134) sin(€a) cos(€xq)dE, (50a-g)
Ti3 = % 0/ i() (9216773 + gase™ ™3¢ sin(€a) sin(Ex)dE,
T33 = 20 f 1 (ggle_”c3£ + 9326_x3<) sin(&a) cos(&xq)d¢,
™ ) £e(d)
T22 = 7% L [(911 —+ 931)67135 —+ (912 —+ 932)67‘%3(] sin(fa) COS(SSEl)dg.

T ) &o(é)
0
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Similarly, substituting Eq. (49) into Egs. (35a,b) and (36a-d)) yields the solution for the half-space
problem as

a X
ug = (Jo A / g(p h1167w3§ + h1267ISC) Jl(af)Jl(fr)df,

ur

Uz = QL / ? 112167””3E + hgzef“c) Jo(&r)J1(ag)dE,
0

aqox T 1
rgq = 24070 / — = (921677 + gaoe™ ") 1 (a€) T (€7,
0

(51a-f)

aqoT1T T 1 .
Tig = 10 1 2/? h11€_l3£+h12€_13<) J1(a§)J2(&r)dé,
0

13

a8 = % 0/ % {[2941(&) + 942()E] Jo(&r) + (1 — 2250 2) ga2(§)E3 T2 (é7) } J1(al)dE,

T33 = —aqo / ﬁ (g3167 "2 4 ggae™ ™) Jo(&r)J1(ad)dE.
0

The numerical results displayed in Figs. 4 and 5 show that u1,,_, and 733|,,_ given by the SSGET-
based solutions for the half-plane and half-space problems change smoothly across the loading periphery,
unlike those given by the classical elasticity-based solutions (with [ = 0), which exhibit sharp angles. A
similar observation was made for the near-tip displacement in 2-D crack problems (e.g., [17,42]), which
varies more smoothly if a strain gradient elasticity theory is used to describe the material behavior.

6. Indentation

The problem of an elastic solid indented by a punch is of practical interest. Classical elasticity cannot
explain the size effect on elastic properties observed at the micron and nanometer scales (e.g., [2,7,45])
due to a lack of any material length scale parameter.

The indentation size effect is studied herein using the newly derived SSGET-based solution for the
half-space contact problem that contains a material length scale parameter. Three indenter shapes (or
punch profiles), i.e., flat-ended, spherical and conical, are considered, as was done in [6,53].

6.1. Flat-ended punch
The problem of an elastic half-space indented by a rigid flat-ended cylindrical punch was first solved in
[5] using the classical theory of elasticity. According to his solution, the pressure profile under the punch

takes the form (e.g., [3]):

pp(r) = 5—(a® —r?) 712, (52)
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Fic. 4. Surface displacements and Cauchy stress components of a half-plane subjected to a uniform pressure ggp on
—a < z1 < a. The legend in the boz also applies to (a), (b) and (c)

where a is the radius of the cylindrical punch, and P is the total load applied on the punch. That is,

P= 27T/p3(r)rdr. (53)
0
Taking Fourier transforms (see Eq. (20a)) on Eq. (52) gives

Py(€) = %mw@ (54)

The displacement and stress components can then be readily obtained by using Eq. (54) in the general
solution given in Egs. (35a,b) and (36a-d) for the half-space problem. In particular, substituting Eq. (54)
into Eq. (35b) yields, along with Egs. (31c,d), the indentation depth (defined as the depth of penetration
of the punch tip) dp as

(1-—
0B = U3l,—0 py=0 = 27m/j /5 sin(a&)d¢, (55a)
where
$(&) =1—v— 1P +2%€%¢(¢ - €), (55b)

and () is defined in Eq. (28e).

The displacement and Cauchy stress components on the surface x3 = 0 of the half-space at different
values of I/a are shown in Fig. 6, where the corresponding components given by the classical solution
(with [ = 0) are also displayed for comparison. The numerical values shown in Fig. 6 are obtained by
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Fic. 5. Surface displacements and Cauchy stress components along xo = 0 of a half-space subjected to a uniform pressure
go in the region r < a. The legend in the boz also applies to (a), (b) and (c)

using Eq. (54) in Egs. (38a,b) and (39a,c). It is seen that the current SSGET-based solution predicts
considerably smaller surface displacements than the classical solution inside and near the loading zone.
In addition, the Cauchy stress components on the surface 713|13:O and 733|13:0 given by the current
solution are well defined and smooth.

6.2. Spherical punch

The Hertz’s solution [20] for the frictionless and non-adhesive contact of two elastic spheres is the earliest
one in contact mechanics. According to Hertz’s solution, the pressure distribution under the spherical
indenter has the form (e.g., [3]):

pu(r) 3P Va2 —r2, (56)

© 27ad

where a is the radius of the contact zone, and P is the total axial force applied on the punch. Taking
Fourier transforms (see Eq. (20a)) on Eq. (56) yields

_ 3P .
Pi(€) = g3 sin(ag) — ag cos(ag)). (57)
The displacement and stress components can then be readily obtained by using Eq. (57) in the general

solution given in Eqgs. (35a,b) and (36a-d). In particular, using Eq. (57) in Eq. (35b) gives the indentation
depth 0y as
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Fic. 6. Variations of the surface displacements and Cauchy stress components along xo = 0 in a half-space with the
Boussinesq pressure distribution. The legend in the boz also applies to (a), (b) and (c)

oo

3P(1 —v asz(%) )
61 = usl,_gayo = 25Ta3u ) / oty (St~ teost) . (58)

0

where ¢ and ¢ are defined in Eq. (55b) and Eq. (28e), respectively.

Figure 7 shows the displacement and Cauchy stress components on the surface x3 = 0 of the half-space
at different values of I/a, where the corresponding components given by the classical solution (with [ = 0)
are also displayed for comparison. The numerical values shown in Fig. 7 are obtained by using Eq. (57)
in Egs. (38a,b) and (39a,c). It is observed from Fig. 7 that the surface displacements predicted by the
current SSGET-based solution are significantly smaller than those by the classical solution both inside
and near the loading zone. Also, uy |z3:0 and 733\1320 given by the current solution are smoother. These
microstructural effects (as measured by the material length scale parameter [) on the elastic field are
similar to those observed earlier for the flat-ended punch problem.

6.3. Conical punch

Conical indenters are frequently used in indentation tests. For a cone-shaped punch subjected to the axial
load P, the pressure distribution in the contact zone has the form (e.g., [44])
P a
= ——cosh™' —. 59
po(r) —gcosh — (59)
Taking Fourier transforms (see Eq. (20a)) on Eq. (59) gives

Pol€) = =2

2 [1 — cos(éa)]. (60)




Vol. 64 (2013) Strain gradient solutions 1381

0
-0.01
3
§. 0.02
S
-0.03
-0.04 0
1 2 3 4 0 1 2 3 4
r/a
(a)
0 fp———-—--—
":\_ ,“::.‘— ““““
-0.01 {3\, e
Y ,:.(
& ERY Rl
o 0021 % %, 0 F
W )
(o]
S 2003
-0.04
-0.05
0 1 2 3 4
r/a
(©

F1G. 7. Variations of the surface displacements and Cauchy stress components along xo = 0 in a half-space with the Hertzian
pressure distribution. The legend in the boz also applies to (a), (b) and (c)

The displacement and stress components can then be readily obtained by using Eq. (60) in the general
solution given in Egs. (35a,b) and (36a-d). In particular, substituting Eq. (60) into Eq. (35b) yields the
indentation depth dc as

Pl—-v 7 ap(L)

6c = u3l,—g py=0 = 7ra2u / i ‘}1 (1 —cost)dt, (61)
0

where ¢ and ¢ are defined in Eq. (55b) and Eq. (28e), respectively.

Figure 8 displays the displacement and Cauchy stress components on the surface z3 = 0 of the half-
space at different values of [/a, where the corresponding components given by the classical solution (with
[ = 0) are also shown for comparison. The numerical results in Fig. 8 are obtained by using Eq. (60) in
Egs. (38a,b) and (39a,c). Microstructural effects (through [) on the elastic field similar to those observed
for the flat-ended and spherical punch problems based on Figs. 6 and 7 are shown in Fig. 8.

6.4. Depth-dependent hardness

Consider the indentation hardness defined by (e.g., [49,53])

P
H=— 62
3 (62)
where P and § are, respectively, the total applied load and indentation depth.
When the strain gradient effect is ignored, I = 0 and thus p(§) =1 —v = ¢(§) according to Egs. (28¢)

and (55b). It then follows from Eqgs. (62), (55a), (58) and (61) that



1382 X.-L. Gao and S.-S. Zhou ZAMP

0p 0.4
-0.01 0.3
3 &
T -0.02 702}
: g
-0.03 0.1
-0.04 0
0 1 2 3 4 0 1 2 3 4
r/a r/a
(@) (b)
0 RTTTI
0.01 Y Pt
-0.01 12y P
&m -0.02 \,‘_,/::
& 003}
S
-0.04
-0.05
-0.06
0 1 2 3 4
r/a r/a
(©) (d)

F1a. 8. Variations of the surface displacements and Cauchy stress components along x2 = 0 in a half-space with the conical
punch pressure distribution. The legend in the boz also applies to (a), (b) and (c)

dpa 8ua 2ua
HC — Hc S R— HC = 63
B -y THT301-v) ¢ 1-vw (63)
as the indentation hardness for the three punch profiles based on classical elasticity.
When the strain gradient effect is considered, the indentation hardness can be obtained from Egs.

(62), (bba), (58), (61) and (63) as

2 o0
= /z/J !sin tdt (64a)
™
0
for the Boussinesq flat-ended cylindrical punch,
4 L
— [ Y(a,t)t™" (sint — tcost)dt (64b)
™
for the Hertzian spherical punch, and
2 (oo}
f/watt 2 (1 — cost)dt (64c)
™
0

for the conical punch, where

Wlat) =1— @ _pp 20 =)+ 20— 1)

L) (1 —v)(1 4 202¢2) + 21622(C — t)%’

with [ = [/a and ¢ = t2+l~i2.
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F1G. 9. Indentation hardness changing with the contact radius at different [ values: (a) flat-ended punch, (b) spherical
punch, and (c) conical punch

Clearly, when I = 0,%(a, t) = 0 from Eq. (65). It then follows from Egs. (64a-c) that Hg = HY,
Hyg = Hg, and Ho = H§. That is, when the strain gradient effect is not considered, the indentation
hardness given by the current SSGET-based solution reduces to that given by the classical elasticity-
based solution in each of the three cases. Also, for macro-indentation tests with [ = [/a < 1,1 (a,t) — 0
from Eq. (65), and the current solution converges to the classical one, giving Hp = HS , Hy = HY,,
and Ho = H§. However, for micro-indentation tests, the size effect can be significant. As illustrated in
Fig. 9, the indentation hardness predicted by the current solution is considerably higher than that given
by the classical solution.

Figure 9 shows variations of the indentation hardness with the contact zone radius a at different values
of [/a. For each of the three punch profiles considered, it is seen from Fig. 9 that the indentation hardness
increases with decreasing a and increasing [. The punch profile is also observed to have an influence on
the indentation hardness, as displayed in Fig. 10. For given values of [ and a, the indentation hardness
measured by a conical punch is seen to be the largest and that by a flat-ended cylindrical punch to be
the smallest. By contrast, the indentation hardness predicted by the classical elasticity-based solution
is a constant (independent of the indenter size (reflected through a) and the material microstructure
(measured by 1)) for each punch profile, as shown in Fig. 9.

7. Summary

The contact problems of a half-plane and a half-space, respectively, subjected to a symmetrically dis-
tributed normal force of arbitrary profile are solved using a simplified strain gradient elasticity theory
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(SSGET). The general SSGET-based solutions for the half-plane and half-space problems are derived in a
unified manner using Mindlin’s potential function method and Fourier transforms. The current solutions
contain one material length scale parameter and can capture the indentation size effect at small length
scales. The classical elasticity-based solutions of the half-plane and half-space problems are recovered as
special cases when the strain gradient effect is not considered. The general solution for the half-space
problem is also applied to analyze the indentation of an elastic half-space by a flat-ended cylindrical
punch, a spherical punch, and a conical punch, respectively.

The numerical results show that the displacement discontinuity and/or singularity exhibited by the
classical solutions of the Flamant and Boussinesq problems are not displayed by the current SSGET-based
solutions. The displacement and Cauchy stress components on the loading surface predicted by the newly
derived solutions are found to deviate considerably from those given by the classical solutions inside and
near the loading zone. The SSGET-based solutions converge to the classical solutions at a distance away
from the loading zone. The discrepancy between the two sets of solutions increases as the material length
scale parameter becomes larger. The indentation hardness given by the current SSGET-based half-space
problem solution is significantly higher than that provided by the classical elasticity-based solution when
the indentation radius is small.
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