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Abstract. We study the eigenpairs of a model Schrédinger operator with a quadratic potential and Neumann boundary
conditions on a half-plane. The potential is degenerate in the sense that it reaches its minimum all along a line that makes
the angle 6 with the boundary of the half-plane. We show that the first eigenfunctions satisfy localization properties related
to the distance to the minimum line of the potential. We investigate the densification of the eigenvalues below the essen-
tial spectrum in the limit §# — 0, and we prove a full asymptotic expansion for these eigenvalues and their associated
eigenvectors. We conclude the paper by numerical experiments obtained by a finite element method. The numerical results
confirm and enlighten the theoretical approach.

Mathematics Subject Classification (2000). Primary 99Z99; Secondary 00A00 - 35P15 - 35P20 - 41A60 - 65N25 - 65N30.

Keywords. Agmon estimates, Born-Oppenheimer approximation, Schrodinger operator, Semi classical limit.

1. Introduction and main results

The aim of this paper is to study the eigenpairs of a Schrédinger operator with a degenerate electric
potential of the form (¢ cos @ — ssin #)? on the half-plane ¢ > 0. This problem is motivated by the analysis
of the third critical field He, in the theory of superconductivity (see for instance [15]). More precisely,
the linearization of the Ginzburg-Landau functional leads to investigate the asymptotics of the lowest
eigenvalues of Schrodinger operators with magnetic fields (ihV 4+ A)? and Neumann boundary conditions
on smooth domains €2 in R?. Then, near the boundary of €2, the magnetic field can be approximated by
a constant field that makes an angle 6 € [O, g] with the boundary (approximated by the tangent plane).
Thus, after a choice of gauge, we are led to investigate the operator with Neumann conditions on the
half-space R3 = {(r,s,t) € R3: ¢ > 0}:

hQDE +h2Dt2 + (hD, + tcost — SSing)Q,

where D, denotes —id, for any variable x. The first step in the study of this operator is a Fourier trans-
form in r. If § = 0, we are led to the so-called de Gennes operator on an half-line (see [7]). If 6 # 0, after
a translation in s, we are reduced to a Schrodinger operator with an electric potential on the half-plane
R3 = {(s,t) e R? : t > 0}:

h2D? + h*D? + (tcos§ — ssin 6)>.

After a rescaling, we can reduce to the case h = 1.

Thus, this is a natural question to wonder how the eigenpairs of this operator behave when 6 goes
to 0 (the form domain does not depend continuously on 6).

In this paper, we investigate this question and study the exponential concentration of eigenvectors.

) Birkhauser
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1.1. Discrete and essential spectrum of model operators

We denote by o = (s,t) the coordinates in R? and by €2 the half-plane:
Q=R3 = {z=(s,t) € R? t>0}.

We study the self-adjoint Neumann realization on the half-plane € of the Schrédinger operator £y with
potential Vjp:

Lo=—-A+Vy=D?+ D] +V,,
where Vj is defined for any 6 € (0, 5) by
Vo: x = (s,t) € Q> (tcosd — ssin ).

We can notice that Vj reaches its minimum 0 all along the line tcosf = ssinf, which makes the angle
0 with 92. We denote by Dy(Ly) the domain of Ly and we consider the associated quadratic form gy
defined by:

qg(u):/(\Vu|2+Vg|u\2) dz,
Q

whose domain D(gp) is:
D(qp) = {u € L*(Q), Vu € L*(Q), V/Vou € L*(Q)}.

The operator Ly is positive. We now recall the min-max principle that links the nth eigenvalue to
Rayleigh quotients (see [22, Theorem XIIL.1], [23, p. 75]):

Proposition 1.1. (min—maz principle) Let A be a self-adjoint operator that is bounded from below, qa its
quadratic form and D(qa) its form domain. Let us define
fn=  sup inf qa(®) (L1)

Uy, W 1€D(qa) PEW 1., ¥pq]t
veD(qa), [¥|=1

= inf su A(D). 1.2
Vy,...,¥n€D(qa) \Ize[xpl,?,xyn]q ) (12
I w]=1

Then, for each fixzed n, we have the alternative “(a) or (b)”:

(a) There are n eigenvalues (counted with multiplicity) below the bottom of the essential spectrum, and
ln @S the nth eigenvalue counted with multiplicity;

(b) wn is the bottom of the essential spectrum, and in that case piy, = pint1 = ... and there are at most
n — 1 eigenvalues (counting multiplicity) below piy,.

Let 0,(0) denote the nth Rayleigh quotient of £y defined by (1.1). Let spyi(Lg) and spes(Lo) be its
discrete and essential spectrum, respectively. Let us recall some fundamental spectral properties of Ly
when 0 € (O7 %)

It is proved in [11] that sp.(Le) = [1,+00) and that § — o,(0) is nondecreasing. Moreover, the
function (0, 5) > 6 + 01(0) is increasing and corresponds to a simple eigenvalue < 1 associated with a
positive eigenfunction (see [15, Lemma 3.6]). As a consequence 6 +— o1(f) is analytic (see for example

[14, Chapter 7]).

Remark 1.2. By an even reflection through the boundary, our problem is equivalent to a problem set
on the whole plane R? with a potential that reaches its minimum on the union of two half-lines: Lg has
eigenvalues under its essential spectrum if and only if the half-lines are not colinear. It is interesting to
note the analogy with quantum wave guides that have eigenvalues below their essential spectrum as soon
as their middle fiber has a nonzero curvature (see [5,8]).
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In all our investigations, of fundamental importance is the family of one-dimensional self-adjoint oper-
ators He, ¢ € R, defined by:

H¢ = He(t; Dy) = Df + (t — €)%, (1.3)
on their common Neumann domain on the half-line:
{v e H*(Ry), t*v € L*(Ry), v'(0) = 0}.

The spectral properties of this family of operators have been studied in [7]. Let us recall some of these.
We denote by 1(¢) the lowest eigenvalue of H¢, and by vc a normalized associated eigenfunction. We
have the following limits (see [7, Sect. 3]):

li =1 and li = +o0.
Cirilwu(C) n C;@wu(é) 00

Let us also mention that

we) = 0. (1.4)

¢(— —o0

In addition, the function p reaches (nondegenerately) its minimum denoted by ©¢ for a unique value (g
(as proved in [7, Theorem 4.3]). There holds (see [4] for refined numerical computations):

(2=0, and Oy~ 0.590106125.

1.2. Main results of the paper

Our results concern exponential decay estimates for eigenvectors of Ly and the asymptotic behavior of
its eigenvalues in the small angle limit § — 0. All along this paper, (o(6),ug) will denote an eigenpair of
Ly with 0(0) < 1. We prove the exponential decay estimates for ugy stated in the following two theorems,
improving the results of [21]. Our first result gives an isotropic exponential decay with a weight of the
type el@l:

Theorem 1.3. Let (c(0),ug) be an eigenpair of Ly with o(0) < 1. We have:
Ve (0,v/1T=0(0)), 3Cap >0, qo(e™lug) < Caplluol?z(o- (1.5)
Our second result is an anisotropic decay estimate in the orthogonal direction of the zero set of Vjp:

Theorem 1.4. Let 0 < 3 < 3. Let (0(0),ug) be an eigenpair of Lo with o(0) < 1. Then, there exists a
constant K () such that

go(e” 7 ug) < K(B)|ugll72(q)- (1.6)

Estimates (1.5) and (1.6) have different performances in different directions: For v € [0, 7], let us
consider the points

x =r(cosy,siny), r>0,
on the half-line of angle v with 0. Then,
lz| =r and Vp(z) = r?sin®(y — 0).

Thus, estimate (1.5) is stronger than (1.6) if v = 6, but weaker as soon as v # 6.
Then, we want to analyze the behavior of the eigenvalues below the essential spectrum when 6 goes
to zero. In a first step, we prove that the number of such eigenvalues tends to infinity:

Theorem 1.5. We have the following upper bound for the nth eigenvalue 0,,(0) of Lg:
on () < Ogcosf+ (2n —1)sinb, Vn > 1. (1.7)
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Remark 1.6. If we denote by n(6) the number of eigenvalues of Ly below the essential spectrum, we have:
1—-06gcosf 1
0)> —— + —. 1.8
n) = G 2 (18)
In [18, Theorem 2.1}, it is proved that this number is finite for any chosen 6.
In a second step, we use semi-classical techniques to prove an expansion in powers of 6 as 6 — 0 for
those eigenvalues:

Theorem 1.7. For all n > 1, there exists a sequence (5;n)j>0 such that for all N > 1 and J > 1, there
exist Cn,y >0 and On > 0 such that for all1 <n < N and 0 < 0 < On, 0,(0) is an eigenvalue and

J
on(0) = > Bianb’| < O 074, (1.9)
=0

Moreover, By, = O and 1, = (2n—1) M”;CO)'

The proof of this theorem relies on the construction of quasimodes and on projection arguments that
show that eigenvectors are close to quasimodes. In this way, we prove at the same time a full expansion of
eigenvectors associated with the lowest eigenvalues as 6 — 0, see Sect. 4.3. A remarkable feature is that
the eigenvector expansions do contain half-integer powers of 6, in contrast with the eigenvalue expansions.

1.3. Organization of the paper

After the present introduction, we prove in Sect. 2 the isotropic and anisotropic decay estimate of
Theorems 1.3 and 1.4. In Sect. 3, we prove Theorem 1.5, which shows that the number of eigenvalues
below 1 tends to infinity as the angle 0 tends to 0. We also prove that eigenvalues densify on the whole
interval [Og, 1] when § — 0. Section 4 is devoted to the proof of Theorem 4.1 that immediately implies
Theorem 1.7.

In Sect. 5, we present a series of computations of eigenpairs performed with the finite element library
MELINA [16]. They illustrate the anisotropic exponential decay of eigenvectors and also clearly display
the four term asymptotic expansion for the nth eigenvalue of £y as § — 0:

O'n(g) = @0 + (QTL — 1)&19 — a27n92 — a31n93 -+ 0(03),

where a1 ~ 0.7651882 and ag , as ., are some positive coefficients. This expansion is coherent with (1.9),

all the more since a; coincides with the 7-digit numerical approximation of /u"”((y)/2 according to the
1D computations presented in [4]. In addition, for small angles 0, the eigenvectors show their resemblance
with the quasimodes constructed in tensor product form, cf. Sect. 4.3 and Figs. 7, 8, 9.

2. Exponential decay of eigenvectors
The aim of this section is to prove Theorems 1.3 and 1.4. For that purpose, we need to recall some

ingredients in order to implement the so-called Agmon’s estimates. These estimates are related to the
Agmon distance the main properties of which can be found in [12] (see also [10, Sect. 3.2]).

2.1. Preliminaries

Here, we recall a few classical identities due to Agmon. There are consequences of the “IMS” formula
and can be found in [2] (see also [6] and [20] for the same kind of applications).
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Lemma 2.1. Let u € Dy(Lyg) and ® be a bounded and uniform Lipschitz function defined on Q2. Then, we
have

(Lou, €*Pu) = go(e®u) — [[[VOleTul|F2 (o). (2.1)
Taking u = ug in Lemma 2.1, we get the obvious corollary:

Corollary 2.2. Let (o(0),ug) be an eigenpair for Ly and ® be a bounded and uniform Lipschitz function
defined on ). We have the following identities:

/(0(9) +|Ve*)e*®ugl* = qo (e up), (2.2)
Q
/|V(e¢ue)|2 + /(Vg —a(0) — |VO*)e?® |ug)? = 0. (2.3)
Q Q
Let (Q7,Q7) be a partition of Q: Q= QT U Q™ with QT NQ~™ =0, then we have
/(V9 —0(0) — |[V®[*)e*®|ug|* < sup [Vo — o (8) — [VO|| / e2®|ug 2. (2.4)
0
o+ Q-

In order to satisfy the hypotheses of this corollary, we will need to perform a partition of unity. This
is the aim of the following two lemmas to explain how to deal with such a partition.

Lemma 2.3. Let y € C5°(Q) and u € D(qp), then

1
() = [IPATaP + Valul) + 5 [ TP + [ 9Pl (2:5)
Q Q Q

If we suppose moreover that u € Dy (Ly), we have:
g0 (xu) = (O Lou, u) + [[[Vx|ulZ2(0)- (2.6)

Lemma 2.4. Let (x;); be a finite reqular partition of unity with Y, x? = 1. Then, for all u € D(qs),

> i) = ao(w) + [ 37 [ViPlul® (2.7)
1 Q 1

2.2. Isotropic decay of the eigenvectors
This subsection is devoted to the proof of Theorem 1.3.
PRELIMINARIES. Let (x1,x2) be a partition of unity on R* with x? + x3 = 1 and:
0<x1 <1, xi(r)=1 ifr<1, and 0ifr>2
{ngggl, x2(r)=0 ifr <1, and 1lifr>2.
We define

(@) =xa(lf) and xf(@) = xa(F). (2:8)
We have Vx(x) = £Vx;(%). Thus, we deduce:

(2.9)

=1 Q

3C >0, Vj=1,2, Vo2 €Q, [Vxi(z) <

Let us fix a > 0. As Agmon’s distance, we choose the function:

O(s,t) = av/s? +t2 = alz|. (2.10)
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It clearly satisfies |[V®|? = a?. We do not know yet that e®uy € D(qy). This is the reason why we use a

cut-off function in order to use the Corollary 2.2. We define for k € N:

Dy () = alz| if |z| <k,
O (z) = a2k — |z|) if k <|z| < 2k,
Bj.(z) = 0 if |z[ > 2k.

We have:
VO,|* = Vo> =a® if |2 <2k,
|VO,|2 =0 if |z| > 2k.

FIRST sTEP. Using (2.2) and (2.7), we have:

2 2
/(0(9) + VO, [2)e2 P ug)? = qu(xfeé’“ue Z/ |Vxﬂ 2P |ug |2

Q i=1 =19
Let us choose € € (0,1 — o (0)) and
a=+1—e—0o(h).
Thus, we have:
a(0) +|VP|?=1—c¢.

Let us set Q = QN {|z| < 2k} and Q) = QN {|z] > 2k}. It follows that:

Q

We choose R > 0 such that
02
R?

where C' is the constant appearing in (2.9). Hence, we get:

2

&
S [ 19 et l? < Gl il
i=1g

Relations (2.11), (2.14), and (2.16) provide:

<

)

=] M

2

S
Slle™ uallz0) < e uolfaio) = D ao(xfe™ ug) + (0(0) — 1+¢) / Ju?

j=1

< ||€q>kU0||2L2(Q) - Q(J(Xgeq)’“ua).

[ 00)+ FBPIE wl? = (1= e ol + (2(6) = 1+2) [ Jual®
)

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

SECOND STEP. In order to bound from below the energy “far from the origin” gg(xe®*uy), we introduce

a classical notation attached to Persson’s lemma:

(Lo, r) = inf {ao(w), Jullp2@) = 1, we CF@NCB,)},
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where B, denotes the ball of radius r centered at 0 and (B, its complement. It results from Persson’s
lemma (see [19]) that the limit of X(Lg,r) as r — 400 equals the bottom of the essential spectrum of
Ly, thus 1

lir_&l X(Ly,r) =1. (2.18)
We have:
a0 ) g gy (2.19)

||X2Req>ku0”2L2(Q)
and so, recalling Qp = QN {|z| < 2R} and Qf = QN {|z| > 2R}:
aw0xe ) = S(Ca, B) [ fuof? (2.20)
Qr

Using (2.17), we get:

5

e sl < [ ¥ ual? + (1 £(Co B)) [ ¥ fuol

QR Qk

Using (2.18), we can choose R large enough such that, besides (2.15):

1- (Lo, R) < i

Z/em’ﬂue\z < /emk|u@|2.

Q Qr

We deduce:

We finally get:
4
VkEN, |[le®uglfa) < - e lug |72 q)- (2.21)

CONCLUSION. However, |e®*ug| converges pointwise to [ePug| as k goes to infinity. It follows from Fatou’s
lemma that e®ug € L?(Q). The conclusion comes from:

IV (ePup)l|72 () + Vo e®uollF20) = (1 —&)lle®ull72(q),
as a direct consequence of (2.3) and (2.13).

Remark 2.5. This proof is the key point in order to prove that ug is in the Schwartz’s class, see [21].

Examining the arguments of this proof, we can see that o and the constant C, ¢ can be chosen uni-
formly in any closed interval [0, 01] with 6y > 0 and 6, < 7. Since o() — 1 as 6 — F, it is impossible
to obtain uniform estimates as § — 5. When # — 0, there is no valid uniform estimates in the tangential
variable s. However, considering only a dependence with respect to ¢, we get a uniform control in 6:

Proposition 2.6. Let n < 1. There exist C > 0 and v > 0 such that for any eigenpair (o(0),ug) of Lo
with o(0) < n, there holds

/e27t|u9|2dsdt < Cllug|| 720 (2.22)
Q



210 V. Bonnaillie-Noél et al. ZAMP

Proof. The proof is similar as for Theorem 1.3. We choose ® = ~¢ and instead (2.8) we use the partition
of unity (Xf) with respect to t:

Xi'(x) = xi(g) and x3'(x) = x2(%)- (2.23)
The first step of the proof goes the same way with
€€ (Oa 1- 77)7

and the key point of the second step is then the following lower bound that replaces (2.20):
g0 (x5 ¢ ug) > |Ix5'eTugl 72 (q)- (2.24)

This inequality is a consequence of the fact that the support of x& is now far from the boundary of
and that the bottom of the spectrum of the self-adjoint realization on R? of D? + D? 4 Vj is 1. Thus,
as ¢ is set and the size of R does not depend anymore on 6 for this choice of ®, we get that the upper
bound in (2.21) is independent from 6. O

2.3. Anisotropic decay from the minimum of the potential

In this section, we prove the decay of uy away from the minimum of Vj stated in Theorem 1.4. Let
d € (0,1). Following [1], we introduce the function associated with Agmon’s geodesics:

B(x) = (1—0) / JE =o)L, (2.25)
NZIO)
where f, denotes the positive part of a function f. Let us notice that if we define the function
d
o) = [ VE=o) d
Va(9)

we have

P(z) = (1= 6)g(v/Va(x)).

It is an elementary computation to check that we have (uniformly in 6):

d2 ! -1
g(d) Miwitiry +O(nd) and g¢'(d) i d+O(d™). (2.26)

So Theorem 1.4 holds if and only if gg(e®uy) is bounded uniformly in @ for all § € (0,1).
Let us prove this. We choose § € (0,1). By construction of ®, we have:

Vo[> = (1-8)*(Vo — a(0))+- (2.27)
Let n > 0, we define a partition of unity for €2:
Af =A{(s,t) e, Vpy(s,t) —o(0) >n} and A ={(s,t) € Q,Vy(s,t) — o() < n}.
On A}, we have:
Vo — () — V|2 = (Vg — a())(26 — 6%) > n(20 — 62). (2.28)
Similarly, we have on A

0(9)—Vg ifV9<J(9),

Vo —o(0) — [VO|*| = { (Vo — 0(0))(26 — 82) if not.
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Let us assume that
0 < (26 —62) < Qg < a(h).
Then, we have the following upper bound:

sup |[Vy — o(0) — [VE|*| < o(6).

We now combine (2.4), (2.28), and (2.30) in order to get:

n(26 — 5%) / 22 fug? < / (Vo — 0(6) — [VB2)e*® ug? < o(6) / &2 ug 2.
AF AF Ay

Since ||ug|r2(o) = 1 and that ® is maximal on the boundary of A;", we get:

a(0)+n

£ 0(9) _ 2 _

le u9||L2(Q)g(777(25_62)“)@@ / (1— 0)/B = o(0)dl.
\o(0)

We denote by K(n,d,0(0)) the right hand side of the last inequality. If we fix 6 > 0, the function
Ry x [00,1] = R
(n,0) — K(n,6,0)
is clearly positive and continuous. We notice that:

lim K (n,d,0) = +oc.
n—0

211

(2.29)

(2.30)

(2.31)

(2.32)

[SH ]

Recall that we assume the condition on 7 given by (2.29). We introduce the interval I(6) = (0, 525>

This allows us to define the positive constant

Ko(6) = in K(n,6,0).
0(9) g min (n,9,0)

The minimum is achieved for a 7y € I(d). Choosing this 79, we deduce from (2.32):
le®ug|l2() < Ko(6).

If we define
VVe(x)
b= (1-3) [ VE—ow@ @
()
we have

lePugl| 2@y < Ko(g)
Because of (2.26), we have easily
3K, (5) > 0, Vd > 0, |de 29D| < K;(5).
We notice that /Vy e*~® = \/V e~ 290VV3) and with (2.34), we deduce:
AK(5) > 0, [VVoe® ey < K(8).
Therefore, we have:

IV Vo ePugllz2) < IV Vo €% || oo lle®uoll 22 (e

(2.33)

(2.34)

(2.35)
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and finally, with a new constant Ko (d):

IV Vo ePug||z2) < Ka(6). (2.36)
With the definition of ®, we also get:
[1V®|ePugl|r2(0) < K3(5). (2.37)

Using (2.1), we finally obtain
qo(e®ug) = [|[Vleug| 20y + o (0)ePull72 () < K(6).

3. Densification of the spectrum for small angles

In this section, we investigate the behavior of the eigenvalues below 1.

3.1. An upper bound

In this section, we give the proof of Theorem 1.5. In order to get the announced upper bound, we will
construct a family of quasimodes and use the min-max principle.

Let us introduce first some tools from spectral theory of self-adjoint operators (see for example [22]).
We denote by bg(u) the Rayleigh quotient associated with a function u for Ly:

Vu € D(go) \ {0}, bo(u) = IIu%Q(U()Q)'
LZ

The bilinear form associated with gg is defined on the form domain by:

ag(u,v) = / (Dtu Dyv+ DguDgv + Vy uv) dz.
Q

Lemma 3.1. Let v¢, be a normalized eigenvector associated with the first eigenvalue ©q of the operator H,
(cf- (1.3) and the properties recalled there), and let 1, be the nth Hermite function with the “physicists”
convention. We recall that:

¥n >0, Vo €R, —y)(x) +2%Pn(2) = (20 + )¢ (2).

We define the normalized function U, g by:

Un,p(s,t) = (cos @ sin 9)% v, (tV cos 6) Yy, (sVsinG — \/‘EC:W> . (3.1)

Then, we have:
VneN, V0 e (0, g) . bo(Ting) = Opcosd + (2n + 1) sin 6. (3.2)

Proof. The function u, ¢ is clearly in the form domain D(gg). We are going to estimate gg(un,0). Let us
make the following rescaling and translation:

- o
y = sVsinf — ,
Vtan @ (3.3)
z =1tVcosH.
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Then,

(i) = [ (031, (10w + sinBle, (20, ()P

Q

+ (2v/cos 0 — yV/sin 0 — oV cos 0)?|ug, (z)¢n(y)|2) dydz
= cost / (10t (V) + (= = o)l ()bn () ) dy 1=

+ sm9/ lvg, (2 2+ y?lug, (2)¢n(y)]?) dy dz

— 2V5infVeos 0 / Yz = Co)lvgy () ()2 dy dz.
Q

We have the following relations:

/ W () + (2 — Go)2loy (2) 2 dz = @y, (3.4)
R
/ (2 = Go)lugy (=) P dz = 0, (3.5)
R+
/ W @) + 5[ (9) 2 dy = 20+ 1, (3.6)
R

where (3.5) is a direct consequence of the Feynman-Hellman formula (see [13] and also Sect. 4.1). Thus,
we have

45 (@n.0) = O cos B[t 3 ay + 20+ 1) sinllug, [3ace, - (3.7)

Since v¢, and 1, are normalized, and ||ﬂn,9||%2(9) =1, we deduce (3.2). O

Lemma 3.2. The functions u, 9, n > 0, are orthogonal for the bilinear form ag.

Proof. Let n # m be two integers. We recall that f]R Upthm = 0. As in the proof of Lemma 3.1, we have:
00 im0 i 6) = O c08 0 / b9 (y) dy

+ smf)/d) +y27¢)n( )m (y) dy

Ve veos / Y(= — Co)tbn (9)thm (9l (2)]2 dy 2.
Q
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For the second term, we make an integration by parts:

/ ()Wl () dy = / () dy
R R

_ / (20 + 1 = 5%)n (4) ¥ (y) dy

R

_ / Y2 () () dy.
R

Since the other terms are clearly equal to 0, we have ag(tn, g, Um,0) = 0.
O

Combining Lemmas 3.1 and 3.2, we deduce Theorem 1.5: Indeed, we only have to apply the min-max
principle with the functions (@, ¢)nen that are orthogonal for the bilinear form associated with L.
We now show that the eigenvalues get dense in [©g, 1].

3.2. Spectrum density

Proposition 3.3. Let ( > 0 and n be an integer such that
p(¢)cosf + (2n + 1)sinf < 1.

Then, there exist an eigenvalue A of Lo and a constant C¢ > 0 such that:

[1(¢) cos @ + (2n + 1) sin @ — \| < CeV/2 cosfsinfv/n? + 1. (3.8)

Proof. In the same way as previously, we define the functions:

Un.g:¢c(8,t) = (cosBsin b Ty (tVcos 0 7,(3 sinf — ¢ ), 3.9
oic(s,t) = ( )ive(tVcos O)pn ( 5V ey (3.9)
where v is the normalized eigenfunction associated with the first eigenvalue p(¢) of H (cf. Sect. 1.1).
These functions are clearly in the form domain of L£9. We have:

D oig(s,) = c0s0((C) — (£/c038 — O Jin pic (s, 1),

2
D2y, p.¢(s,t :sin9<2n—|—1— sVsinf — < )ﬂn c(s,1).
osel,1) (svBind = == ) aic(s:)

We deduce
Lot g.c — (u(¢)cosf + (2n + 1) sin 0)uy, g.¢

= 2(cos Osin )2 (\/‘fiﬂ — sV/sin 9) (tVcos O — Q)tin p;¢- (3.10)
an

Thus, noticing that [[@,,e;¢[|20) = 1, we get:
||£917n79;< — (,LL(C) cos 6 + (2n + 1) sin H)Emg;CHLQ(Q)

= 2(cosﬂsin6)% It — C)Ug(t)||L2(R+)HS%/Jn(S)HLz(R)- (3.11)
It is well known that
2
1
/szwi(s)ds _n 2+ ,
R

and if we define C¢ = ||(t — {)v¢||L2(r, ), we can conclude with the spectral theorem. O
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We can notice that the right part of (3.8) goes to infinity as n gets large, so the previous proposition
is useless if 0 is fixed and n goes to infinity. However, we have the following proposition:

Proposition 3.4. We have the densification result:
Yo € (80,1), Ve > 0, 30, € (0, g) W0 € (0,0.], dist(spae(Lo), o) < e (3.12)

Proof. We only consider the case ¢ < 1. In the previous lemma, we choose n = 0 and ( such that
1(¢) = Ao, which is possible since Oy < Ay < 1 and pu(¢) takes all values of [©g,1) when ¢ lays in R.
Thus, we get (3.12). O

In the next section, we improve the estimate of Theorem 1.5 for each fixed rank n when 6 goes to
Z€ero.

4. Asymptotics of eigenvalues in the small angle limit

As it has been proved in Theorem 1.5, when 6 goes to zero, the number of eigenvalues n(f) below the
essential spectrum tends to infinity. Thus, for any arbitrary integer N, we can find a value of 6 small
enough such that on(0) < 1. In this section, we investigate the asymptotics of those eigenvalues and
prove Theorem 1.7. We use again the scaling (3.3):

. Co
= sVsinf — ,
Y Vtan @
z =1tVcosb.

In the new variables, the operator Ly rewrites
sin 9D2 + cos0D? + cos B(z — ¢y — yVtan 0)? = cos (£, + Oy),
where we have set i = tan 6 and
£, =hD}+ D2+ (2 — o — yh'/?)* — ©,. (4.1)
We denote by s, (h) the nth eigenvalue of £;,. Due to the change of variables, we have
on(0) = cos (g + s, (tanb)).

Thus, Theorem 1.7 is clearly a consequence of the following asymptotics for s,,(h), which we are going to
establish:

Theorem 4.1. For all n > 1, there exists a sequence (bj,n)jzo such that for all N > 1 and J > 1, there
exist C,y > 0 and hg > 0 such that for all1 <n < N and 0 < h < hy:

S CN,J hJ+1.

J
s, (h) = > bjnh’

Jj=0

Moreover, by, =0 and by, = (2n — 1) \/@

Remark 4.2. Tt follows from Theorem 4.1 that for & small enough, the eigenvalues s,,(h), 1 <n < N, are
simple.

The proof of Theorem 4.1 is organized in two main steps. Using the one-dimensional operators H,
defined in (1.3), we can rewrite (4.1) as

L"h = th + HCoer\/E(Z;DZ) — @0.

In a first step, we construct quasimodes by an expansion in powers of h'/2 (natural power of h appear-
ing in £5,), and using the spectral theorem, we get a family of approximate eigenvalues (constructed as
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asymptotic series in powers of h'/? and whose odd terms will be zero for some parity reason) and a rough
upper bound for s, (h). In a second step, we establish a lower bound. The basic idea to get such a lower
bound is to use a Born-Oppenheimer technique that consists of replacing H, , 4 by its ground energy

p(Co + y\/ﬁ) and to implement the standard harmonic approximation in the semi-classical limit for the
one-dimensional operator £ go defined as:

zh,BO = hDj + u(CQ + y\/ﬁ) — Og.

However, £4 o, seen as an operator acting on the domain of £5—i.e., as two-dimensional operator, has
eigenvalues of infinite multiplicity, and we cannot use directly the min-max principle to compare its spec-
trum with the eigenvalues of £;,. Thus, we have to justify, through Agmon estimates and a Grushin type
argument, that the eigenvalues of £, are bounded from below by those of £4, po seen as one-dimensional
operator. Such a procedure was described in [17] for degenerate potentials in R™. Nevertheless, we cannot
apply directly the techniques of [17] because the minimal line of the potential Vj goes to infinity and we
work in a domain with boundary.

4.1. Construction of quasimodes

We can write £, as:

£, = Py+ h'/2P, 4+ hP;,

with:
Py =D+ (2 —(0)* — ©¢ = He, — O, (4.2)
P1 = _2(Z - Co)yv
Py =D} +y°. (4.4)

We look for formal series solution of the equation £,u; = ypup in the form:
up, ~ Z(pjhj/Q and v, = Z'yjhj/Q.

Jj=0 j>0
We are led to the system:
h?: (Py = 0)%0 = 0, (4.5)
W2 (Py — o)1 = 7100 — Prepo,

h: (Po —70)p2 = Y20 + 7101 — Papo — Prepy, (4.7)

-1
W12 (Py=0); = > vVikok — Papja — Prgj 1. (4.8)

k=0

Order h°. Considering (4.2), we choose 7o = 0 and the general solution of (4.5) is
eo(y, 2) = fo(y)ve, (2), (4.9)
for some fy to determine.
Order h'/2. To solve (4.6), a necessary and sufficient compatibility condition is:
(meo(y,-) — Proo(y, ), vg,), =0, VyeR,

where (-, -). denotes the standard L? scalar product on R, with respect to z. Using (4.3) and (4.9), this
condition becomes

foly) + 2ufo(w){(z — Co)vey, ve,), =0, Yy ER.
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In order to evaluate the scalar product, we recall an easy computation. Let us take the derivative with
respect to ¢ of:

(H — p(Q))ve = 0.
Choosing ¢ = (p, we get:

(HCU @0 8(7)4* |< ¢o (Z — CO)UCO. (410)
We deduce:
/(z - Co)vgo(z) dz =0. (4.11)
Ry

By (4.11), we get 1 = 0 and, thanks to (4.10), the general solution of (4.6) is given by:
e1(y.2) = yfoy)we, (2) + frly)vg (2),  with  wey(2) = (Ocve)| o, (4.12)
and where fi is to be determined.
Order h. Taking (4.9) and (4.12) into account, we rewrite equation (4.7) as
(H¢o — O0)pa = 12f0(y)ve (2) = Pafo(y) vey (2) = Prfi(y) ve, (2) — Pryfo(y) we, (2)-

From the previous calculations, we already know that a particular solution of the equation (H¢, —©g)p =
—P1 fi(y)ve, (2) is yfi(y)we, (2). That is why we look for ¢ in the general form

02y, 2) = 03 (Y, 2) + yfr(y)we, (2) + f2(y)ve, (2), (4.13)

where <<,02L (y, 2), ’UCO>Z = 0 for all y € R. Note that as a consequence of the equality (v¢,v¢), = 1 for all
¢, we have

<w<0, U<0>z =0.
Thus, @5 has to solve
(He, — ©0)py = v2fo(y)ve, (2) — Pafo(y) v, (2) — Pryfo(y) we, (2).
The corresponding compatibility condition is:
(12fo)vc, = Pefow) ve, = Pryfoly)we,, ve,) =0, Wy € R,
i.e.,
Y2fo(y) = Pafo(y) — 24 fo(y) {(z — Co)wey, e, ), , VY €R. (4.14)
But we have the identity:
2 . 2
(Hgy — ©0)vl) = (1"(Co) = 2)vg, +4(z — Co)we, with vl (2) == (9Zvc)| .-

Taking the scalar product (e, v¢0>z, we find the well-known identity (see [3, pp. 1283-1284] and also

[9]):

.UN(CO) —-2= 74<(Z - CO)wCovvCo>27 (415)
and the compatibility condition (4.14) becomes
1"
Hharmf() = ’72f07 with Hharm = D; + K ;CO)y2 (416)

Thus, for fo, we take an eigenfunction fy harm of Hharm and for 7o, the associated eigenvalue
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w(Co)
2

Y2 = Ap harm ‘= 2n—1) (n>1). (4.17)

With this choice, 5 exists and is unique.

Further terms. Let us assume that the coefficients (’Yk:)ogkgj are determined. Let us also assume that,
for 0 < k < j, the functions ¢ can be written in the form:
er(y,2) = i (U, 2) + yfr1(W)we, (2) + fr(W)vg, (2),

where (o3 (y,-),v¢,), = 0 for all y € R and with the convention f_; = 0. We assume that (o3 )o<k<;
and (fr)o<k<j—2 determined in S(R x Ry) and S(R), respectively, f;_1 and f; being still unknown.

This assumption is proven for j < 2. Let us prove it for j + 1. For this, we write the equation of order
7+ 1:

J
(Hey —©0)pji1 = > vjr1-kpk — Papj—1 — Prgp;. (4.18)
k=0

We write ¢;41 in the form:

Pi+1(Y:2) = 0341, 2) + Y (Y)wey (2) + fi1(y)vg (2)-
Then, Eq. (4.18) implies the following equation in <ij+1

(He, — ©0)@511 = Vi+1fove, +v2fi—1v¢, — Po(fi—1ve,) — PL(yfi—1we,) + R; (4.19)
where
Jj—2
R; = Z%‘H#&Pk + 2051 + V2yfi—awe, — Py — Pa(yfi—awe,) — Proj
k=1

is known and belongs to S(R x Ry ). The compatibility condition ensuring the solvability of (4.19) is
obtained by taking the scalar product with v¢,. We calculate, cf (4.14), and obtain for all y € R

Yirrfow) + 12 fi—1 () = Pafic1(y) — 207 fi—1(y) ((z = Co)weys v ). — 95 (1)
where g; = (R;, v¢,)- belongs to S(R). Thanks to (4.15) this equation in y can be put in the form:

(Hyarm — 72) fi—1 = Yj+1fo + g5- (4.20)
The compatibility condition ensuring the solvability of (4.20) is obtained by taking the scalar product
with fo = fu harm:

Yit1 + {95, fo>y =0.

This determines 7,11, and then f;_q (the unique solution orthogonal to fy) thanks to the Fredholm
alternative. The assertion is proven at the order j + 1.

Cancelation of odd terms. Let us now explain why, for j odd, we have v; = 0. Let us first notice that
either fy is odd or fy is even and that P; is odd and P, is even (with respect to y) and also that v, = 0.
To fix ideas, we deal with the case fy even, the other one being completely similar. Then, we observe that
oi is odd with respect to y and 5 is even.

In the recursion above, we can assume that, for 0 < k < j, pp is even/odd if k is even/odd (with
respect to y) and that the already known fj are even/odd if k is even/odd. In addition, we assume that
v, = 01if k is odd and k < j. Using this recursion assumption, we get that, if j is even/odd then R; (and
thus g;) is odd/even.

If j is even, we get (g;, fo) = 0, thus ;11 = 0. Then, the Fredholm condition (see (4.20)) implies that
fj—1 is odd. Coming back to (4.19), we check that the other terms in the right hand side are odd with
respect to y. We have that goj-H is orthogonal to v¢,; thus, we deduce by uniqueness that gaj-ﬂ is odd.
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If j is odd then ;41 does not need to be zero and f;_; is even. We deduce in the same way that cpj‘H is
even. Thus, the assertion is proved by recursion.
This analysis provides a quasimode for £, (for all n and J):

J
w)(h) =Y @h’/?,
=0
which satisfies
J
AT J41)),,J
[ (2n =D it )|, ) < Coa BT a8 (] 200, (421)

j=
where we use the notation ~yy; , for v2; to emphasize the dependence on n. Using the spectral theorem,
we immediately deduce that:

Proposition 4.3. For all N > 1 and J > 1, there exist Cn ;> 0 and hg > 0 such that for all1 <n < N
and 0 < h < hg:

J
dist(spdis(sh), Z ’)/Qjmhj) S CNJ hJ+1.
=0

Remark 4.4. In particular, we observe that, for 1 <n < N and h € (0, hg):
0 < 5,(h) < Ay harm + Cn1 h? < Cy h. (4.22)

4.2. Lower bound

To get a suitable lower bound of s,,(h), we will use the so-called Born-Oppenheimer approximation £ o
with

LhBo = hD; + Wi(y), with Wiy(y) = u(Co +yh'/?) —6g > 0.
Thus, we have

Yv € DN(L‘,h)7 <£h’l),’l)> > <£h’BQ’U,’U>. (423)

4.2.1. Localization estimates of Agmon type. Let us take Ny such that 1 < Ny < N. We are going to
prove some localization of the eigenfunctions of £ associated with (s, (h))1<n<n,. For all 1 < n < Ny,
we will consider a normalized eigenfunction u,(h) associated with s,(h) so that the distinct w,(h) are
orthogonal. It is convenient to introduce the sum of the first eigenspaces of £;,:

&, (h) = span(ui (h), . .., un, (h)). (4.24)

Combining Proposition 2.6 and the scaling (3.3), we have the following localization with respect to
the normal variable z:

Proposition 4.5. There exist C > 0, v > 0 and hg > 0 such that for all h € (0, hy) and v € En,(h):
/627Z|v|2dydz < C||v||2L2(Q). (4.25)
Q

Now, we improve Theorem 1.3 by proving an optimal localization with respect to y when h goes to O:

Proposition 4.6. There exist C > 0 and ho > 0 such that for all h € (0,hg) and v € €y, (h):

/62|y||v|2dydz < o220 (4.26)
Q
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Proof. For v = u,(h), we can write:

q;(e®v) — / (|D.®|* + h|Dy®|* + s, (h))[e*v]* dydz = 0, (4.27)
)

where qj, is the quadratic form associated to (4.1). Let us choose ®(y) = |y|. With (4.23), we deduce:

/(Wh — h— s (h))]e®o]? dydz < 0 (4.28)
Q
Let us consider the positivity of:
Wi —h —s,(h)
in a region of the type |y| > Cp with Cy > 0.

(i) Using the nondegeneracy of the minimum, we know that it exists gy such that:

i) > 1)

(ii) With 79 defined as min{u(¢o & 0)} — O, we have Wi, (y) > 19 > 0 for |y| > eoh /2.
We deduce from (i) and (ii) that

ly|%h,  for |y| < eoh /2. (4.29)

1" (Co)
4

Therefore, using Remark 4.4 and choosing C large enough, and i small enough, we get the existence of
¢ > 0 such that, for |y| > Co:

Wi (y) > min {n, Coh} if |yl = Co.

Wi(y) — h — s,(h) > ch. (4.30)

Combining this with (4.28), we obtain:
ch / le®v]? dydz < / Wi — h —s,(h)| |e®v]? dydz.
ly|>Co ly|<Co
Then, we take advantage of Remark 4.4 and bound W (y) for |y| < Cy by C{h for a suitable constant
Cj to deduce finally
ch / le®v|? dydz < C’h||v||2L2(Q).
ly|=Co

Thus, we have proved (4.26) for v = u,(h), 1 < n < Np. Using the orthogonality of the eigenvectors
u, (h), we obtain (4.26) for v € &, (h). O

Combining Propositions 4.5 and 4.6, we get the following two corollaries:

Corollary 4.7. There exist C > 0, 6 > 0 and ho > 0 such that for all h € (0,hg) and v € Ep,(h):

/ea(|y|+z>|v\2dydz < Cllollz o),
Q

and in particular:

/ (1+ 2lyf® + 58)[o[2dydz < Cllo22 - (4.31)
Q
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Corollary 4.8. For all g > 0, there exist hg > 0,y > 0 and C > 0 such that, for all h € (0,hg) and
Ve @No(h).‘
op—1/2
1+ [yl dydz < Ce™™ " o]F2(q)-
ly|>eqh—1/2

4.2.2. Approximation of eigenvectors. We will consider the projection Iy : L?(Q2) — L?*(R) ® span{v¢, }
defined by

w— <w,v<0>zv<0.
The aim of the following proposition is to approximate u, (h) by a tensor product:
Proposition 4.9. There exist C > 0 and ho > 0 such that for all h € (0, hg):
Q (1t (h) = T () < CHY2 2t (h)[| 720,
Q(Dyu(h) = Mo Dyun (h)) < ChY* iy () Z2 0y,
Q (yun(h) — Toyun (h)) < ChM? | (h)]|72 (g,
where @Q is the quadratic form of Idp2m) @ (H¢, — ©o).

Proof. (1) We first notice that, since Oy is the first eigenvalue of H¢,, the quadratic form @ is nonneg-
ative: Q(w) > 0 for all w € L?(R) ® BY(R).
(2) We also notice that, since v¢, generates the kernel of H¢, — Oy, there holds

Q(w) = Q(w — Myw), Vw € L*(R) ® BY(R,).

Hence we only have to bound Q(u,(h)), Q(Dyu,(h)), and Q(yu,(h)).
(3) Using the equation satisfied by w, (h):

Lruy,(h) = s, (h)w, (h), (4.32)
and taking the scalar product with w,(h), we find the identity
B Dyt (h) |72 () + Q(atn (B)) = 202 ((z = Co)yatn (B, wn () + hllyat (B |72 () = S () |1t (P[22 -
With (4.22) and (4.31), we deduce
Qua(h)) < OBl (h) 22 ).
(4) Considering again the scalar product of identity (4.32) with u,(h), we observe that, using (4.22)

and (4.23):
1Dy (B[220 < Clltn ()72 0)- (4.33)
Moreover, calculating the derivative with respect to y of (4.32), we obtain:
£,Du,,(h) 4 2ihY2 (2 — ¢o — yhY/*)u, (h) = 5,(h) Dy, (h). (4.34)
Taking the scalar product with D, (h), we get:
[Djun (B)l[72(0) < Ch™ 2 ()72 (4.35)

where we have used (4.31) to control the commutator term.
Considering once more the scalar product of (4.34) with Dyu,(h), we infer:

Bl D2, (1) 320y + QUDyta () + 2i012((z = Go — yh*/ ) (h), Dy (1)
—2h2((2 = 0)yDytn (), Dyttn (1)) + hllyDy 1t (1) 22 c)
= 5 (1) [ Dyu (1) 32
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With the help of (4.31), (4.33), (4.35), and integration by parts, we find
QDytun (h)) < ChY [ () |72 0)-
(5) Similarly, we multiply (4.32) by y and find the identity
L (yun(h)) + 2h0yu, (h) = sn(h)yu, (h),
from which we deduce
hl| Dy (yun (h)) 122 () + Q(yun(h)) + 21(Dyun (h), yun (h))

—20"2((z = Go)y*un(h), yan (h)) + hlly*wn (h) 12y = $n (W) |[y1n (W) Z2(a)-

We obtain finally
Qyun(h)) < Chl/QHun(h)H%Q(Q)v

which concludes the proof.

Corollary 4.10. There exist C > 0 and hg > 0 such that for all h € (0,hg) and v € Ep,(h):

l|lv— H()UHHl(Q) + |lyv — HoyUHLz(Q) < Ch1/8HU||L2(Q).
Proof. Let us assume that w € L?(R) ® B*(R) is such that: (w,v¢,), = 0. Then, we get:
Q(w) = (12(Co) — Oo)l[w 22

ZAMP

(4.36)

(4.37)

where 12({p) denotes the second eigenvalue of H,. Therefore, the left-hand side of (4.37) is bounded by

(12(Co) — ©0)"H{Q(w) + Q(Dyw) + Q(yw)}. Then, the conclusion follows from Proposition 4.9.

O

Corollary 4.11. There exists hg > 0 such that for h € (0, hg), the projection Iy is an isomorphism from

&N, (h) onto its range.
4.2.3. Conclusion. For all v € €y, (h), we have

((hDj + u(Go + yh''?) = ©0)v,v) < sx (W)][0][72(q)-
We recall (1.4) and we have, with Corollary 4.8:

p1/2 o - ) 2\ o s — ot o2
u(yh'* + o) — ©g 5 Y ) v dydz = O(h™)|vllz2()-

ly|>eoh—1/2

A Taylor approximation (using that u is smooth) gives:

‘ (u(yhl/z +¢o) — ©0 — h“";@)f) v

ly|<eoh=1/2
the last inequality coming from (4.31). We get:

(%)
n{(D2+ B2 o,0) = OB ol2a(g < s ()0,

Applying Corollary 4.10, we obtain for all v € &y, (h):
1
h< (D; + %yQ)HOQL H01}> — Ch9/8||H0UH%2(Q) S SN, (h)HHOU||2Lz(Q)

With Corollary 4.11 and the min-max principle, we infer that:

h(2Ny — 1) @ — CRh%® < sy, (h)

and thus k(n) = n in Proposition 4.3. This ends the proof of Theorem 4.1.

2
dydz < C(eo)lly*h* ol 72 (q) < Cleo)h®|[vll72(q)
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4.3. Eigenvector asymptotics

From Theorem 4.1, we obtain that the gap between the eigenvalues is of order h. Thus, combining the
construction of Sect. 4.1 with the spectral theorem (see [24, Lemmas 12-13, Sect. 9]), we can deduce

approximation results for the eigenfunctions 1, (h) of £;. Let us denote by it,(h) and i’ (h) the nth
quasimode with one and two terms, respectively, constructed in Sect. 4.1: We recall

W, (h)(y, 2) = faly) veo (2),
W (M), 2) = fa(y) vo (2) + B2y fuly) deve ., (2)-

Here, f, is the nth eigenfunction of the harmonic oscillator Hpapm cf. (4.16). It is straightforward that
we can take

(4.38)

faly) = %4([@} 1/41/), n>1, (4.39)

with 1), the Hermite function of rank m. Then, there exists an eigenmode u,,(h) such that
[ (B) = 8, (B)l| 2 () < C A2 (B L2y and [l (h) — 5 (B)]|2(0) < C hljun ()] L2(0)-(4.40)
Setting
@1,0(37 t) = ﬁi(h)(% z) and ~§L79(S’ t) = ﬁi(h)(% Z)7 (4'41)

with h = tan 6§ and (s, t) given by the change of variables (3.3), we obtain quasimodes for £y which satisfy,
for suitable eigenvectors uy, g of Lg

luno = @ pllz@) < COV2lunplliz) and luno =@ gllz@) < COllunollrz).  (442)

Remark 4.12. For the same reason (cf. [24]), we get an approximation at any order in power of #%/2 of
Un,9 when 6 goes to 0 (and which is given by the asymptotic series defining the quasimode).

5. Finite element computation of eigenpairs

In this section, we show computations of the eigenvalues o, (f) that display numerically the asymptot-
ics given by Theorem 1.7. We also illustrate the results given by Theorems 1.3, 1.4 on isotropic and
anisotropic decay of the eigenvectors of Ly.

The simulations have been realized with the finite element library MELINA, see [16].

5.1. Eigenvalues

We illustrate here the behavior of the eigenvalues of Ly. The operator Ly is defined on the infinite
domain = R x R;. We bound this infinite domain by a large box Ryp. := (—a,b) x (0,¢) to per-
form numerical approximations. We compute the eigenvalues denoted by o, (6;a,b,c) of the operator
Lo(a,b,c) = —A+Vy on R, . with Neumann condition on ¢ = 0 and Dirichlet conditions on the artifi-
cial boundary {s = —a} U {s = b} U {t = ¢}. Using the inclusion of the form domain of Ly(a,b,c) in that
of Ly, we prove

o (0) < on(0;a,b,c),

and by similar arguments, we obtain the monotonicity of ¢,(0;a,b,c) according to each variable a, b
or ¢. The method consists in computing for several sets of values of (a, b, ¢) with several combinations of
rectangular finite elements of different degrees until convergence is found.

Figure 1 gives an approximation of the first 4 eigenvalues of Ly below 1. For this, the final choice
of (a,b,c) is (100,100, 100) with rectangular elements of degree Q1o and 15 elements in each direction.
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0 0.2 0.4 0.6 0.8 1
20/n

FiG. 1. 0,(6;100,100,100) for n =1,...,4 (ordinates) versus ¢ = 20/x (abscissa) for ¥ = k/100, 1 < k < 99

By looking at Fig. 1, we can conjecture that the derivative of ¢y (0) tends to zero when 6 goes to 5. This
is true indeed, as we prove in the following proposition:

Proposition 5.1. For all 0 € (O7 %), we have:
o1(0) cos — o1 (0) sinf > 0.
Moreover, we have:

lim o/ (6) = 0.
GH%

o<z
Proof. For ~v > 0, we introduce the operator:
L(0,7) = D3 + D} + (t(cos 0 +v) — ssinf)?
and we denote by ¢1(6,~) the bottom of its spectrum. Let p > 0 and « € (0, §) satisfy
cosf +~v=pcosa and sinf = psina.
We perform the rescaling t = p~/2f, s = p~1/25 and obtain that L(0,) is unitarily equivalent to:
p(D? + D? + (tcosa — §sina)?) = pL,.

In particular, we observe that o1(6,v) = po1(«) is a simple eigenvalue: there holds

B 5 - 9 sin @
o1(0,7) = \/(00894—7) +sin“ 6 oy (arctan (cos@—i—y)) . (5.1)

Performing the rescaling £ = (cos@ + )t, we get the operator £(#,~) that is unitarily equivalent to
L(0,7):
L(0,~) = D? + (cos b + v)?D? + (I — ssin6)>.

We observe that the domain of £(6,~) does not depend on v > 0. Denoting by g, the L2-normalized
and positive eigenfunction of £(f,~) associated with o1(6, ), we write:

L(0,7)iig,y = 01(0,7)ilg, -
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0.95

0.85

0.65

0.6t i i i i ]
0 0.02 0.04 0.06 0.08 0.1

20/n

F1G. 2. 0,(6;100,100,50) for n = 1,...,17 (ordinates) versus © = 20/x (abscissa) for ¥ = k/200, 2 < k < 20

Taking the derivative with respect to v, multiplying by 1 ~, and integrating, we get the Feynman-Hellman
formula:
0,01(8,7) = 2(cos 8 +7) / |Dyiig | ds dt > 0.
Q

We deduce that, if d,01(6,7) = 0 then Dy, = 0 and 4y~ only depends on s, which is a contradiction
with @, € L*(Q). Consequently, we have d,01(6,7) > 0 for any v > 0. An easy computation using
formula (5.1) provides:

0,01(0,0) = 01(0) cos b — o1 (0) sin 6.
As recalled in Sect. 1.1, the function oy is analytic and increasing. Thus, we deduce:

cos 6

Vo € (o, g) 0<01(0) < Z01(0).
We get:
0 <liminf o} () < limsupoy(6) <0,
o B |
which ends the proof. O

Figure 2 gives an approximation of all eigenvalues of Ly for small . For this, the final choice of (a, b, ¢)
is (100, 100, 50) with rectangular elements of degree Qqp and 20 elements in each direction. The figure
corroborates the densification of the spectrum in [Oy, 1] described in Sect. 3.

We now illustrate formula (1.9). According to this formula, we have the convergence:

n(0) — O "
onl0) =00 501 as 90, withag = /L) (5.2)
a19 2
for all n > 1. Using numerical computations for H¢, we find good approximations of ©¢ and a;, cf.
Tables 1 and 2 in [4]:

Op = 0.590106125 and @, ~ 0.7651881.
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14 ; . .

12} N\@ 8

10} .

0 | i i
-3.5 -3 -2.5 -2 -1.5

log10(26/m)

F1G. 3. Convergence of p, 1(0) to 2n —1as 0 — 0, n=1,...,7 (bottom to top)

a b
30 T T T 300
25 1 250
20 ] 200 [
15 150

5| —_ e | 50 o—e——«a———éf_/e,

0 D G

0 0 e 2 2
-3.5 -3 -25 -2 -1.5 -3.5 -2.5 -2 -1.5

log10(26/) log10(26/)

&

F1G. 4. pn,3(0) (a) and pn, 4(0) (b) (ordinates) versus log 10(20/m) (abscissa). n =1,...,7 (bottom to top)

Let us denote by &, (0) the nth computed eigenvalue of Ly, with a convenient choice of the computational
domain (—a,b) x (0,¢). On Fig. 3, we represent the functions

log 10(20/7) — pp.1(0) := (5.3)

a6

We see that the ratio p, 1(6) converges to 2n — 1, corroborating formula (5.2).
Computations displayed in Fig. 4 allow to evaluate the next terms of the asymptotic expansion for
o (0). Indeed on Fig. 4a, we represent the functions

Op + a1 (2n —1)0 — 5, (0)
02 '

log 10(28/7) — pp2(8) = (5.4)
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TABLE 1. Numerical limits dn 2

n 1 2 3 4 5 6 7
an,2 0.32616 1.1577 2.8206 5.3148 8.6402 12.797 17.784

1.0001656284 0.99987798948 0.99910390126 0.99445407220

F1G. 5. First eigenpair of Ly for = 97 /2 with ¥ = 0.9, 0.85, 0.8, and 0.7

n—

0.98432278339 0.96110511136

- -
0.92410049174 0.86980918147

0.79630376085 0.70307031204

F1G. 6. First eigenpair of Ly for § = 97 /2 with ¥ = 0.6, 0.5, 0.4, 0.3, 0.2, and 0.1

We observe that the ratio p, 2(6) converges to a numerical limit d, 2 as § — 0 for any n =1,...,7, see
Table 1.
We can still determine numerically the next term of the expansion. On Fig. 4b we represent the
functions
B0+ a1(2n —1)0 — Gy, 20 — 5,(0)

log 10(26/7) — pp3(8) := IE . (5.5)
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0.619644

0.678329

0.735340

0.790305

0.842702

0.891756

0.936217

0.973766

F1G. 7. First 8 computed eigenvectors and eigenvalues of Ly for § = 0.01257

Figure 4b agrees with the first terms of the asymptotics proved in Theorem 1.7 : 0,,() = g +a1(2n —1)
0 — an 20 — an 36° + 0(63).

5.2. Eigenvectors

In this section, we highlight the isotropic exponential decay of the eigenvectors of Ly and the anisotropic
one given, respectively, in Theorems 1.3 and 1.4. Figure 5 illustrates the anisotropic decay for 6 close to
7/2: we compute the first eigenpair of Ly(5,15,75) on [—5,15] x [0, 75] for 6 = I7/2, ¥ = 0.9, 0.85,0.8,0.7
with unit square elements of degree Q9. The first eigenvector is localized along the line V = 0, and we
see the exponential decay far away from this line. When 6 is close to m/2, the eigenvector spreads along
the line Vy = 0 and the exponential decay far away from the origin is not predominant.

When 0 = 97/2 with ¢ € {0.1,...,0.6}, we observe equivalently the decay far away from the line
Vo = 0 and the origin (see (1.5) and (1.6)). Figure 6 gives an approximation of the first eigenvector and
eigenvalue of Ly on the computational domain [—15,25] x [0, 15] with unit square elements of degree Qg.
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0.620155

0.680253

0.740350

0.800448

0.860546

0.920644

0.980741

1.040839

Fic. 8. Quasimodes 17,2“9 and values ©g + &1 (2n — 1)6 for = 0.01257 and n = 1,...,8

We observe also that the first eigenvector spreads less and less along the line Vy = 0 when 6 is decreasing
and the decay becomes essentially radial.

On Figs. 7, 8, and 9, we consider the asymptotics § — 0. Figure 7 gives an approximation of the first
eight eigenmodes of Ly computed by a finite element method with rectangular 2 x 1 elements and degree
Qg on the domain [—20, 80] x [0, 10]. The oscillations with respect to the horizontal variable appear clearly.
We can compare with Figs. 8 and 9 where are represented the quasimodes! ﬁ':z,a and ﬁi,e introduced in
(4.38)—(4.42). We observe an interesting correlation between the computed eigenvectors on Fig. 7 and the
quasimodes on Figs. 8 and 9.

1To compute these quasimodes, we approximate the one-dimensional eigenvector v¢, with a finite difference method for
the operator D? + (t —(o)? on [0, 10] with Dirichlet condition on t = 10, and {p = 0.76818365314 according to computations
of [4].
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0.620155

0.680253

0.740350

0.800448

0.860546

0.920644

0.980741

1.040839

Fic. 9. Quasimodes 17,21,0 and values ©g + &1 (2n — 1)6 for = 0.01257 and n = 1,...,8
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