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General decay and blow-up of solutions for a viscoelastic equation with nonlinear
boundary damping-source interactions
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Abstract. In this paper, a viscoelastic equation with nonlinear boundary damping and source terms of the form

t
ugt (t) — Au(t) + /g(t —s)Au(s)ds = a|ulP" u, in Qx (0,00),
0

u =0, on I'g x (0,00),
t

/g(t — s)aﬂu(s)ds +h(ut) =blulF"tu, onTy x (0,00)
v
0

ou
ov
w(0) = u®, ue (0) = ul, z€Q,
is considered in a bounded domain 2. Under appropriate assumptions imposed on the source and the damping, we establish
both existence of solutions and uniform decay rate of the solution energy in terms of the behavior of the nonlinear feedback
and the relaxation function g, without setting any restrictive growth assumptions on the damping at the origin and weak-

ening the usual assumptions on the relaxation function g. Moreover, for certain initial data in the unstable set, the finite
time blow-up phenomenon is exhibited.
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1. Introduction

It is well known that viscoelastic materials have memory effects. These properties are due to the mechan-
ical response influenced by the history of the materials themselves. As these materials have a wide
application in the natural sciences, their dynamics are interesting and of great importance. From the
mathematical point of view, their memory effects are modeled by integro-differential equations. Hence,
questions related to the behavior of the solutions for the PDE system have attracted considerable atten-
tion in recent years.

We study the following viscoelastic problem with a nonlinear boundary dissipation and nonlinear
boundary /interior sources:

¢

ug(t) — Au(t) + /g(t —s)Au(s)ds = alul’"'u, inQx (0,00),
0
u=0, on Iy x (0,00),

t

ou 0 . k—1

W /g(t - s)au(s)ds + h(ug) =blul”" " u, on Ty x (0,00)
0

u(0) = u(z), w(0)=ul(x), z€q,

) Birkhauser
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where a >0, b>0,p > 1, k> 1, and € is a bounded domain in R"™ with smooth boundary I' = T'qUT';.
Here, Ty and T'; are closed and disjoint with meas(I'y) > 0, and v is the unit outward normal to T
The relaxation function g is a positive and uniformly decaying function, h is a function satisfying some
conditions given in (A2), and

n
1<p<—— n>2and 1 <p<oo, ifn=2,
n—2 1.2
n—1 . (1.2)
1§kj<72,n>2and1§k<oo, if n=2.
n—

This problem has been widely studied when the viscoelastic term g is absent in (1.1). Several results
have been established. Some of the most important papers are those of Chen [8], Haraux [15], Komornik
and Zuazua [17], Lasiecka and Tataru [18] and Nako [32]. Among these works, it is worth noting that the
pioneering work of Lasiecka and Tataru [18], in which (1.1) with g = 0, was conducted under very weak
geometrical conditions on I'y and I';. They showed that the energy decays as fast as the solution of an
associated differential equation, without imposing that h has a polynomial behavior near zero. However,
they did not obtain an explicit decay rate estimate for the energy. Alababu-Boussouira [1] investigated
the stabilization of hyperbolic systems by a nonlinear feedback that can be localized on a part of the
boundary or locally distributed. Using weight integral inequalities together with convexity arguments,
she obtained a semi-explicit formula for the decay rate of the solution energy in terms of the behavior
of the nonlinear feedback close to the origin. Recently, Cavalcanti et al. [3] considered (1.1) with g = 0.
They established the existence, nonexistence and uniform decay of solutions under suitable conditions
and relations between the damping and the source terms. Yet, the decay rate is also implicit, as in [18].
Vitillaro [34] considered (1.1) with g = a =0, b =1 and h(us) = |us|™ " us, m > 1. The author proved
the local existence of solutions when m > k and global existence when k& < m or the initial data was
chosen suitably. We refer the reader to related works [11,19,38] dealing with boundary stabilization.

Conversely, in the presence of the memory term (g # 0), there are numerous results related to the
asymptotic behavior of solutions of viscoelastic systems. For example, the viscoelastic membrane equation

t
up — Au + /g(t — $)Au(s)ds =0, inQ x (0, c0),
d (13)
u(z,0) = u%(z), u(x,0) =ul(x), x€q,
u(z,t) =0, z€dQ, t>0,

is considered in a bounded domain 2 C R™ with smooth boundary, see [4,5,9,10,12,28,33]. A nonlinear
case of (1.3) with damping term and force term is
¢
up — Au + /g(t — s)Au(s)ds + h(ug) = f(u), in Q x (0, c0),
) (1.40)
u(z,0) = u¥(z), u(z,0) =ul(x), ze€q,
u(z,t)=0, x€09Q, t>0,

where 2 C R™ is a bounded domain with smooth boundary. Problems related to (1.4) have been exten-
sively studied, and several results concerning existence, decay and blow-up have been obtained [6,16,21—
26,29,35-37]. In relation to a class of abstract viscoelastic systems, Rivera et al. [30] considered the
following

ug + Au — (g * A%) (t) =0, (1.5)
where A is positive self-adjoint operator with domain D(A) that is a subset of Hilbert space H and x
denotes the convolution product in the variable t. They showed that the dissipation given by the mem-

ory effect is not strong enough to produce exponential stability with 0 < o < 1. Indeed, they obtained
that the solutions decay polynomially even if kernel g decays exponentially. Very recently, River et al.
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[31] completed the analysis in studying the optimal energy rate for problem (1.5) with 0 < o < 1: that
is, they showed that the associated energy to problem (1.5) with 0 < « < 1 is polynomial stable, and
subsequently found that the decay rate is optimal.

Problem (1.1) has been considered by Cavalcanti et al. [5] with a = b = 0. They showed the global
existence and established some uniform decay results under quite restrictive assumptions on both the
damping function h and kernel g. Later, Cavalcanti et al. [4] generalized the result without imposing
a growth condition on h and under a weaker assumption on g. Recently, Messaoudi and Mustafa [27]
exploited some properties of convex functions [1] and the multiplier method to extend these results. They
establish an explicit and general decay rate result without imposing any restrictive growth assumption on
damping term h and greatly weakened the assumption on g. More recently, Ha [14] studied problem (1.1)
with @ = 1 and b = 0. He generalized the result of [4] by applying the method developed by Martinez
[20]. In fact, the author proved the existence of solutions and uniform decay rates under greatly weakened
assumptions of g and h.

Motivated by previous works [3,14,27], it is interesting to investigate the existence of solutions, uniform
decay result of solutions and finite time blow-up of solutions to problem (1.1) with two nonlinear source
terms (boundary and interior) and without imposing any restrictive growth assumption on the boundary
dissipation. The presence of the boundary nonlinear term |u|k_1 u brings great difficulty in establishing
existence of weak solutions due to the fact that Loptanski condition does not hold for Neumann problem.
To overcome this point, we utilize arguments as in Cavalcanti et al. [7] making use of Faedo—Galerkin
procedure to study well-posedness of problem (1.1). Then, based on some properties of convex functions
and the multiplier method as in Guessmia and Messaoudi’s work [13], our next intention is to establish
an explicit and general decay rate for equations (1.1) under assumptions on g and h, without imposing
a specific growth condition on the behavior of h near zero and greatly weakening the usual assumptions
on relaxation function g. In this way, our results allow a larger class of relaxation functions and improve
the results of Messaoudi and Mustafa [27], who considered problem (1.1) in the absence of the bound-
ary/interior source terms. Additionally, two competing nonlinear source terms (boundary and interior)
in (1.1) may cause the finite time blow-up of solutions, which was not discussed by Ha [14]. Our last
intention is to prove that for certain initial data in the unstable set, there are solutions that blow-up in
finite time.

The remainder of this paper is organized as follows. In Sect. 2, we provide assumptions that will be
used later, state and prove the existence result Theorem 2.6. In Sect. 3, we prove our stability result that
is given in Theorem 3.5. Finally, we prove the blow-up result in Theorem 4.2.

2. Preliminary results

In this section, we give assumptions and preliminaries that will be needed throughout the paper. First,
we introduce the set

Hy,={ueH (Q):ulp, =0},
and endow H%O with the Hilbert structure induced by H'! (), we have that Hllg is a Hilbert space. For
simplicity, we denote ||-[|, = ||| pa(qy and ||l r, = [l za(r,)» 1 < ¢ < 00. According to (1.2), we have the
imbedding: Hf, — LP*!'(Q). Let c¢. > 0 be the optimal constant of Sobolev imbedding which satisfies
the inequality

lullpy < ecllVully,  Yu € Hy,, (2.1)

and we use the trace-Sobolev imbedding: H} — LF*1(T;), 1 <k < -%5. In this case, the imbedding
constant is denoted by B,, i.e.,

[ellgiap, < BellVuls - (2.2)
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Next, we state the assumptions for problem (1.1):
(A1) g:[0,00) — (0,00) is a bounded C* function satisfying
o0
g(0) >0, 1— /g(s)ds =1>0, (2.3)
0
and there exists a nonincreasing positive differentiable function £ such that

g'(t) < —&t)g(t), (2.4)
for all t > 0.
(A2) h: R — R is a nondecreasing function with h(s)s > 0 for all s € R and there exists a convex and
increasing function H : R — R of class C'(RT)NC? ((0, 00)) satisfying H(0) = 0 and H is linear
on [0,1] or H'(0) =0 and H” > 0 on (0,1] such that,

mg|s|? < [h(s)] < My|s|!, 1< q< 2= if |s[ > 1,

h2(s) < H=1(sh(s)) if |s| < 1, (2:5)
where my and M, are positive constants.
Remark 2.1. Without loss of generality, we take a = b =1 in (1.1) throughout this work.
The energy associated with problem (1.1) is given by
1 2
E(t) = 3 lluelly + J(u(t)), forue H%O, (2.6)
where
1 / 1
Ju®) =5 (1= [9(6)ds | IVu(@l + (g0 Tu)e
0
1 +1 1 k1
_ﬁ ||U||§+1 - k+1 ||u||k+1,f‘1 ) (2.7)
and

(9o Va)(®) = [ gt =) [Vu(t) - Vuls)|3ds.
0

Next, we define a functional F introduced by Cavalcanti et al. in [3], which helps in establishing
desired results. Setting

1 BP+1 Bk-‘rl
F(z)=ca® — =2 _gPtt — L k1 550 2.8
(x) 5% P e o1t o >0 (2.8)
where
u u
Bg = sup ”Hipﬂ and Br = sup H”kiﬂrl (2.9)

weHE 1| V2 wert , \/1]|Vull;
u#0 u#0

Remark 2.2. (i) As in [3], we can verify that the functional F' is increasing in (0, Ag), decreasing in
(A, 0), and F' has a maximum at Ay with the maximum value

d= F(\o)

(2.10)

+1 k+1
_ 1)\2 o B?) p+1 BF+ )\k+1
- 0 0 0 ’
2 p+1 k41

where \g is the first positive zero of the derivative function F’(x).
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(ii) From (2.6), (2.7), (2.3), (2.9) and the definition of F, we have
1 1
E(t) > J(u(t) > S| Vu®)]* + 5 (g 0 V) (1)

BM (ng (g0 V)t ))pH
—ffl (Vervuls + oo vwm)kﬂ

= F <\/z Va2 + (g o Vu)(t)) L t>0. (2.11)

Now, if one considers

HIVu(®)|* + (g 0 Va)(t) < A3, (2.12)
then, from (2.11), we obtain

B0) = £ (Ul + @0 v 0)

P+1

1 1
=5 V()] + (g Vu)(t) -

2 (Vi s gevum)
B (Vi ovm(w)k“

2 +1 k+1
1 Bj B
> (\/l IVull3 + (g0 Vu)(t)) (2 e " A’“) ,t>0.

p+17° k+1
Thus, using the identity

1= BN = BEPAgT =0, (2.13)

we have, for k > p,

B(t) > F (w I9ul + (g0 wm)

2
2 L1 L1 k+1yk—1
(Vi + aovow) (5- i1+ (g - o) B

s (VUi + o vuc >)2,

and if p > k, we get

v

50 2 F (\IVul + (g Vo 0)

> s (Vi e v

where the identity (2.13) is derived because )¢ is the first positive zero of the derivative function F'(z).
Consequently, we have

J(u(t)) =0
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and
2 1 2
LIVl + (g0 V(o) < - F (w IVal2 + (g0 vw(t))
< LBw, fort>o0, (2.14)
co

=l k>
Wlth co = 2§ij»11)7 1 Z P,

m, lfp Z k

Following, we will study the existence of weak solutions to problem (1.1). For this purpose, we use
the Faedo—Galerkin procedure and employ the ideas developed in [3,7] to establish the weak solution of
problem (1.1). Firstly, we are going to consider regular solutions of the following problem

ull () — Augy (t) + /g(t — 8)Aupy(s)ds = f1.m(um), in Q x (0, 00),
0

U = 0, on 'y x (0,00),
t 0 % (0,00) (2.15)

9 |
_ /g(t — )t (s -ty + A(uly) = fom (), on T x (0,00)
0

Oy,

ov

u(0) = u(z), u(0) = ul(z), z € Q,
where, for each m € N, f; ,, i = 1,2, are defined by

s, [s] <m,
fim(s) = m|P ' m, s>m, (2.16)

and
|8|k]:1 s, |s|<m,
fom(s) = Im|" "t m, s>m, (2.17)
|l-m[F "t (=m), s< -m.

Then, a sequence of regular solution of problem (2.15) will be obtained and this sequence will converge
to a desired weak solution, as m goes to infinity. However, instead of solving (2.15), we will consider the
more general problem given by

u”’(t) — Au(t) + /g(t — s)Au(s)ds = [ul" " u, in Q x (0,00),
0

t u =0, on 'y x (0,00), (2.18)

% — /g(t - s)%u(s)ds + o + h(u') = |u/" " u,on Ty x (0, 00),

u(0) = u®(x), u(0) = ul(z), x € Q,

0

where o > 0 is a positive constant.
Remark 2.3. Setting
fi(s) = |s[" s and fao(s) = |s|" s,

and defined fi trune and fa trunc as
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[sI" s, s < M,
fl,trunc(s) - |J\4|p_1 M, S Z M,
—MP~H(=M), s<-M,

s/ s, sl < M,
f2,trunc(5) - |M|k71 J\f7 S Z ]\47
|-M "7 (M), s <M,

where M is a positive constant, so if Fj;(s fo fi(T)dr and F; 4runc(s) = fos fitrunc(T)dT are, respec-
tively, the primitives of f; and f; trune, @ = 1 2. We deﬁne for u € HFO,

Tirunel ( s )nvm)n%;(govm(t)

/Fl trunc d!L‘ - /F2 tTunc F

and we can write

Define
1 2
Etrunc(t) = 5 HutHQ + Jtrunc(u(t))a

considering the energy F(t) defined by (2.6), and noting that [, Fi trunc(u(t))dz < [, Fi(u(t))dz and
Jr, Frrunc(u(t))dl < [ Fi(u(t))dT', we deduce that

Etrunc(t) Z Jtrunc <u<t))

> % (1HIVu(o)? + (g0 Vu)(e / Firane(u(t))d — / Foorame (u(t))dT
Q Iy

> % (z IVu@®)|® + (g0 Vu)(t /F1 ))dz — /Fg(u(t))dI‘
Q Iy
p+ p+1

> LIVaI + 3o V)t - 22 (w IVull+ (go Vo)

k+1

F(VIIvuls + o v ).

which shows that the inequality (2.11) remains true by changing Eirunc(t) by E(t) and J(u(t)) by
Jtrunc(u(t)). Analogously as in deriving (2.14), subject to (2.12), we also obtain

Jtrunc (U(t)) Z 0

B (va;ﬂgowxw)w
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and

a1} + o 700 < = (ViITul} + @0 7o)
1

S *EtTunc(t)a t Z 0.
Co

From the above consideration, all the arguments that will be used to prove the existence of regular solu-
tions to problem (2.18) when the initial data is taken in the potential well, can be repeated to the same

problem by changing f1(s) = |s|pi1 s and fa(s) = |s|k*1 $ by f1trune and fa trunc, respectively.
Now, we are ready to state our result.

Theorem 2.4. Let the hypotheses (A1) —(A2) and (1.2) hold and u° € H, N H*(Q),u' € H} verifying
the compatibility conditions

ou’ _
aiuy +au' + h(u') = |u0’k " on Ty. (2.19)

Assume further that | ||Vu0||§ < A2 and E(0) < d. Then, there exists a unique regular solution u of (2.18)
satisfying
uwe L™ ([0, T); Hf, N H* (Q)),
w e I (0, T HY)
uy € L= ([0, T); L* (Q))

with 1| Vu(t)|2 + (g o Vu)(t) < A2, fort > 0.

Proof. Let {wm},,cn be a basis in Hy N H?*(Q) and V,, be the space generated by wi, ..., wn,
m =1,2,.... Let us consider
Un (£) =D i () w;
i=1

satisfying the following approximate problem corresponding to (2.18)

t

/u;;l(t)wdx + /Vum(t) - Vwdz — /g(t -7) / V(1) - Vwdadr

Q Q 0 Q
+a/u;n(t)wdf+/h(u;n(t))wdf (2.20)
Ty Iy
— / [t (£) [P iy (£)wiz + / |t ()]t (£)wdT for w € Vi,
Q Fl

um(0) = u® and u},(0) = u!, for m € N.

By standard methods in ordinary differential equations, we prove the existence of solutions to (2.20)
on some interval [0,t,), 0 < ¢, < T. In order to extend the solution of (2.20) to the whole interval [0, T,
we need the a prior estimate below.
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The First Estimate
Setting w = u.,(t) in (2.20), we obtain
d |1 1 / 1
2 2
G @+ 5 (1= [ o | 19un @13+ 5g0 un)io
0

1 +1 1 k+1 2
g el = g el e, [+l @13, + [ b, )i
Iy

= 206" 0 Vun)(t) — 59(0) [Vum (1) (2.21)

Then, from (A1) and (A2), we have
1 1
Eip(t) = ~a [ (O3 r, — [ ulb(uf )0 + 56" 0 Van)(6) = 59(0) [Vun (O3 <0,
N1

This shows that E,,(t) is a nonincreasing function. For extending the solution to the whole interval, we
adapt the idea of Vitillaro [] to our context. Since this result can also be used for existing solutions, for
simplicity, we will omit the index m. O

Lemma 2.5. Let v’ € H} N H?(Q),u' € HY and the hypotheses (A1)-(A2), (1.2) and (2.19) hold.
Assume further that HVUOHE < A2 and E(0) < d. Then, it holds that

HIVu(®)]3 + (g0 Va)(t) < A3, (2.22)
for allt > 0.

Proof. Using (2.11) and considering E(t) is a nonincreasing function, we obtain

F (\/z IVull? + (g o Vu)(t)) < E(t) < B(0) < d, t € [0.t,). (2.23)

Further, from Remark 2.2 (i), we observe that F is increasing in (0, ), decreasing in (Ag,00) and
F()\) — —o0 as A — oo. Thus, as F(0) < d, there exist Ay < Ag < Mg such that F'(X,) = F (A2) = E(0),
which together with [ ||Vu0||§ < A% infer that

F(ViIval:) < 20 =F oy,

This implies that {2 [vul||, < X
Next, we will prove that

VHITu@3 + (g0 Tu)t) < 4. (2:24)

To establish (2.24), we argue by contradiction. Suppose that (2.24) does not hold, then there exists
t* € (0,ty,) such that

VUV 2 + (g0 Vu)(t) > Xp.

Case 1: If \;, < \/l ||Vu(t*)H§ + (g o Vu)(t*) < Ao, then

F (Vv + g0 Tue)) > FO§) = E0) 2 B
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This contradicts (2.23).

Case 2: If \/l ||Vu(t*)||§ + (g o Vu)(t*) > Ao, then by continuity of \/l HVu(t)Hg + (g o Vu)(t), there
exists 0 < t; < t* such that

Xy < LIVt + (g0 Va)(t) < Ao,
then

F (w IVu()l2 + (g 0 wxm) > F(X) = E(0) > E(t).

This is also a contradiction of (2.23). Thus, we have proved the inequality (2.24). This completes the

proof of Lemma 2.2. O
We note from (2.1), (2.2) and Lemma 2.2 that
1 41 1 k1
m ||Um||p+1 + o k1 ”Um”k_s_Lr1
<1 (IVunlf™ + IVunlls™)
Ap+1 )\k-‘rl
<c (logl + l@ ; (2.25)

C€+1 Bf+1
P10 k41
Now, integrating (2.21) over (0,t) and using (A1), (2.22) and (2.25), we conclude that

where ¢; = max

1 2 1
3 I3+ 5 [90m + 5 (g0 V)0
t
+a / i, ds+ [ [t )aras
0 0 Iy

A2 1 pt1 k+1
<EQ0)+ — + ]T [l | pt+1 +— k—|— 1 f|lu MHk+1,I‘1

1 AT
SE(O)-F)\% <2+01 <l2+1 —I—l,?j

=L, (2.26)

where L; is a positive constant independent of m € N, o and t € (0,T).
Additionally, using (2.26) and the growth condition imposed on h given in (A2), we obtain

| ) 1

§||U'm(t)\|2 *||Vum||2 (g0 Vun)(t) +

/||u Hzrl ds—i—mq//\u \q+1 dl'ds — ept
0
S Lla

and then

t

//<|h(u;n)| N | dTds < Limg, My, L1, T), (2.27)

0 T'y
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where L and cj, are some positive constants
The Second Estimate
First of all, we are going to estimate ||u;,(0)||,. By taking ¢t = 0 and w = w],,(0) in (2.20), we get

[ (0)]|5 + /vu V!l (0 )dm+a/ Lt (0)dF+/ " (0)h(u)dl

Ty 151

/‘0’?10// dx+/’u0| 0// )dr.
Employing Green’s formula, (2.19) and Hélder’s inequality, we have
1A, + [, - (2.28)

[ (O] <
Next, taking the derivative of (2.20) with respect to t and setting w = u//, (¢) in the resulting expression

LY (W) dr

we see that
m m

Iy

= (I @13 + 1V 0113) + el ()15, + / W (u

DN | =
CL‘Q_,

d
CT/Vum -Vl (t)dx — ¢(0) || Vul, ()”2
Q

'0) / Vun(t) - Vi, (£)da

t
di / t—T /vum vum( )dxdT _g(
0
t
/9 (t—7) /Vum -V, ()d$d7+p/|“m\p Ll ul () da
T / [l (£ (2:29)

We will estimate the terms on the right-hand side of (2.29). By Hélder’s inequality, Young’s inequality

and (A1), we have, for € > 0,
/
( ) (2.30)

/wm VL, (D)dz < & |[Vum (0] + IVl ()13

and
t

/ (-7 / Vi (7) - Vl, (H)dadr < [Vl (1) / (t = 1) [V (Pl dr
0

0
(2.31)

1 2
— [V, ()] +5\|9"||L1/\9"(t*7)| [Vt (7)|5 A
0
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Observing tha =1and & kl + 2k + 2 =1, and then, from generalized Holder’s inequality,
(2.1), (2.2), Young s mequahty and (2.22), we obtain

1
/ ™ (0 < o oy [

1
<P [Vumlly ™ 1V, lly l[umll
< k1) [ Vg3 + € llu (2.32)

and

k—1
k‘/ 1 AR AR (31 | e o N N [V

k—
< kBk [Vl ! [V, [l [, ||2’1“1
< ko) Vg3 + € il (2.33)

where k;(¢), ¢ = 1,2, are positive constants which depends on € and the estimate obtained in (2.22).
Integrating (2.29) over (0,t) and taking estimates (2.30)—(2.33) into account, we have

1
5 (IO + IV @)1) + (2 — = / (I, s+ / / *ards

< % (”Ulrln(o)nz + HVu1H2) —i—g(O)/Vum(t) . Vu;n(odm —9(0)/Vu0 - Vulde
@ Q
i (g(oﬁ)lé‘—i—l T hi(e) +ka(e) ) /HVum||2ds + /g/(t -7) /Vum(T) -V, (t)dzdr
Q

t
+ (11 <) [Ivun(l3ds+e / (5 s (234
0 0

Exploiting Holder’s inequality, Young’s inequality and the assumption on g given in (2.4), we observe
that

0) [ V() Vi () < £ [V, O + 1 V(o)

and
t

/ g(t—r) / Vi (1) - V!, (t)dedr
Q

0

2 §(0) [lgllpr llgll o
< e|[Vug, @)l + yi— IV ()15
then, from (2.34), choosing € small enough and combining the estimate (2.22), (2.26), (2.28) and using

Gronwall’s Lemma, we obtain

t t
lu 12 + [Vl ()2 + / e ()12 v, dis + / / W () (u))? dTds < Lo, (2.35)
0 0 I'y

for all t € [0,T] and Ly is a positive constant independent of m € N.
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The estimates (2.22), (2.26), (2.27) and (2.35) permits us to obtain a subsequence of {u,,}, which we
still denote by {u,,} and a function u : 2 x (0,00) — R satisfying
Um — u weak star in L>(0,T; HY, ), (
ul, — u' weak star in L>(0,T; L*(Q)), (
ull, — v’ weak star in L>(0,T; L*(Q)). (2.38
up,, — u' weakly in L*(0,T; L*(I'y)), (
ul, — v’ weakly in LT ((0,T) x T'y), (
h(ul,) — x weakly in L ((0,T) x Iy). (

m

In addition, from the assumption (A2) and (2.35), we also notice that

[ ar= [ wtars [ a7 ar
Iy lug, |<1 lug,1>1
2
<c2+ qu ||u:n(t)||2371"1
< co + My B |V, (0)]15°
S C3,
where ¢;, i = 2,3 are some positive constants. Thus, we deduce that

h(ul,) — x weakly in L? ((0,T) x T'y). (2.42)

m

Further, noting that Hz (I') — L?(T') and H}, — L*(Q) are compact and from Aubin-Lions theorem,
we deduce that

Uy, — u strongly in L?(0,T; L*()), (2.43)
ul,, — u' strongly in L?(0,T; L*()), (2.44)
Uy, — u strongly in L?(0,T; L*(T4)), (2.45)
and consequently, thanks to Lion’s Lemma, we have
g [Pty — Jul? ™ u weakly in L2(0, T; L2(Q)) (2.46)
g |* 7 2y — Ju|* " w weakly in L2(0,T; L2(I'y)). (2.47)
Multiplying (2.20) by 6 € D(0,T) and integrating it over (0,7T), we get
T T T ¢
//uﬁlvﬁdxdt—i—//Vum - Vohdxdt — //g(t— T)/Vum(T) - Vofdzdrdt
0 Q 0 Q 00 Q
T T
+a / / ul, (t)vdldt + / / h(ul, (t))vodldt
0or, 0T,
T T
= / / [t (0[P e () vOdzdt + / / [t ()]t (£) 00T AL, (2.48)
0 Q 0or,

for all & € D(0,T) and for all v € H{, N H?*(Q). Convergences (2.36)-(2.47) are sufficient to pass the
limit in the approximate problem (2.48). Since {wp, },,cy is a basis in H{, N H?(€2) and V,, is dense in
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H}, N H?(Q), after passing to the limit, we obtain

t

T T T
//u”vt‘)dxdtJr//Vu~Vv9dxdt7//g (t—r) /Vu - Vofdzdrdt
0 Q 0 Q 00 Q
T T
+a//u'(t)v€dfdt+//Xvﬁdfdt
0

:/T/|u HPF v@dxdt—l—//l )|* 7 u(t)vodrdt. (2.49)

0

In particular, let v6 € D((0,7T) x §2) in (2.49), we obtain
¢
u’(t) — Au(t) + /g(t —8)Au(s)ds = [ul"'u in D'((0,T) x Q).
0
Since v”, |ul’"" u € L2([0,T); L2(Q)), we have
¢
A u(t) — /g(t — s)u(s)ds | € L*(0,T; L*(Q))
0

and therefore

u’ () — Au(t) + /g(t — $)Au(s)ds = [ul" ' u in L*(0,T; L*(2)). (2.50)

0

Taking (2.50) into account and making use of the Green’s formula, we see that
¢
— |u-— /g(t — s)u(s)ds | +ou' +x = [u/*""u inD'((0,T); H = (T1)),
0

and since |u|" ' u, au/, x € L2(0,T; L(T'y)), we infer

% (u - /g(t - S)U(s)ds) +ou’ +x = |u|* "t win L2(0,T; L*(Ty)). (2.51)

0
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Finally, we want to show that y = h(u’). Firstly, taking w = u,,(¢) in (2.20) and then integrating it over
(0,T), we deduce that

T

T
//U"L um dmdt+//vum vu»,n( )dmdt
0
T ¢
//g (t—1) /Vum - Vi, (t)dadrdt
00
T
—l—a//u(um dth—i—//h t)dldt
0

Iy

T
/ |um()|”“dxdt+//|um )[F+t darat. (2.52)
0

Q 0 Iy

From (2.38), (2.42) and (2.45)—(2.47), we have

T t
lim (//|Vum (t)|* dedt — /g (t—7) /vum -Vt (t )dxdet)
e 0 Q
T T
//u dxdtfa//u dth+//Xu t)dI'd¢
0 Q 0

I

T
—|—//|u |p+1dxdt+//\u(t)|k+1dl“dt. (2.53)
0

01y

Ot~

Employing (2.50), (2.51) and (2.53) and the Green’s formula, we obtain

n}gnoo (/T/|Vum(t)2dxdt—/T/tg(t—T)/Vum(7')-Vum(t)dxdet)
0 Q 0 0 Q
T T t
= 0/ Q/ \Vu(t)]? dedt — 0/ 0/ gt —71) ! Vu(r) - Vu(t)dedrdt, (2.54)

which implies that

Vi, (t) — Vu(t) strongly in L2(0,T; L*()). (2.55)
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Secondly, considering w = u/,(t) in (2.20) and then integrating it over (0,7"), we have

// " dxdt+//Vum -V, (t)dzdt
T t
//g (t—1) /Vum -V, (t)dedrdt
00
T
+a//|u 0 dth+// #)drdt
0

IS}

= /T / [t ()P e (), (8)ddt 4 / / [t (67 g (£l (£)AT L
Q

0 01
From convergences (2.37), (2.38), (2.44)-(2.47) and (2.55), we deduce that

lim /h(u;n(t))u;n(t)dth

T

o () (#)dadt — / / Vu(t) - Vo' (t)dadt

0 Q

ot —7) / Va(r) - V! (t)dadrdt — /T / o (1) dDdt

lu(®) P~ u(t) (£)dadt + ()" u(t)u/ (t)drdt. (2.56)
/ [

Exploiting (2.50), (2.51), (2.56) and using the Green’s formula, we see that

lim 0/ F[ hul, (t))ul, (t)dTdt = 0/ F{ xu'(t)dldt. (2.57)

Since h is nondecreasing monotone function, we have, for all p € LI (T),

T
[ [ @) = ) (winft) = ) dret = 0,
0 I'y

This yields

/ / #))pdldt + / / @) drdt

0TIy

< / / h(ul, (£))ul,, (£)dTdt, (2.58)
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and then

lim inf / / t))edl'dt 4 lim inf / / ) dlde
Sliminf//h u,, (t)dIdt.

Considering the convergence (2.57), (2.40) and (2.41), we obtain

T
/ / (x — h(9)) (t/(t) — p)dTdt > 0,
0

Iy

which implies that x = h(u').

Uniqueness. Let u; and us be two solutions of problem (2.18). Then, z = u; — ug verifies

/ 2 (Hwdz + / Vz(t) - Vwda — j g(t — 1) / Vz(r) - Vwdzdr

o) ) 0 )
—|—a/z’(t)wdf —l—/(h(u'l) — h(ub) wdl’
I Iy
B / <|U1|p71 ur — |ug|" ™ Uz) wdz +/ (|Ul|k71 uy — Jug|" uz) wd, (2.59)
Q '

for all w € Hf, . Replacing w = 2/(t) in (2.59) and observing that h is monotone, it holds that

(1@ + 192012 + a1, < & / gt =) / Vz(r) - Vz(t)dadr

0 Q

&~

1
2
t

—9(0) ||V2(t)H§*/9'(t*T)/VZ(T)‘VZ(t)dedT
0 Q

[ (™ = o™ ) o+ [ (ol o = e ) (0dr. (260)

Q I'y

Utilizing (2.4), Holder’s inequality and Young’s inequality, we have

t t

[ o= [ Vet Vattrdadr < 5 Va1 + 19 [oe-nIvmiiar 2oy

0 Q 0
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Using the fact that 2= + —i— 2 =1and kl + ik + % = 1 again, and, then, from Holder’s inequality
and Young’s 1nequahty, we See that

/ (|ul|p*1 Uy — |u2|p*1 UQ) 2 (t)dz

Q

<en [ (™ Jual ™) a0 |2 ()] do

Q
C4 —1 —1 2 2
< 5 (el + s, ) (1972105 + 1715 (2.62)

/ (\ul\kfl Uy — |’U12|k71 ug) 2 (t)dT

Iy

and

k—1
< ¢ (||u1||2k_n + luzll§ir, ) Nelloe.r, Hz'nm

2 2
<ellZllyr, + 5 ||U1||2k r, T ||U2||2k T ||VZH27 (2.63)
4

where ¢ > 0 and ¢;, i = 4,5 are some positive constants. Integrating (2.60) over (0, t) and taking estimates
(2.61)—(2.63), (2.22) and (2.26) into account, we deduce that

5 (112 + 19013 + a—e/uz Mz, ds

e oz, (g1 .
< 35 2|5 ds + T*‘Q(O)‘F@ HVZ(S)HQdS,
0 0

where cg is a positive constant. Thus, choosing e sufficiently small and employing Gronwall’s lemma, we
conclude that

1)l = [V2(0)ll, = 0 for all t € [0,7].
In order to obtain the existence of weak solutions for problem (1.1), we use standard arguments of
density with truncated problem and obtain the next result.
Theorem 2.6. Let the initial data {u°, u'} € H} x L*(Q). Suppose that the hypotheses (A1)-(A2) and
(1.2) hold. Assume further that | HVUOHE < A% and E(0) < d. Then, there exists a weak solution u of the
problem (1.1) satisfying
ue C ([0, T);Hp,) nC* ([0, T); L* (),
with 1]|Vu(t)|* + (g o Vu)(t) < A2 for some T > 0. Moreover, we have the following energy relation
satisfied
) t
//ut (ug dFds+/ (" o Vu)(s)ds + 5/9(8) HVu(s)HgdSZE(O). (2.64)
0
Proof. Since v’ € H}, , u' € L*(Q), and, moreover, ZHVUOHE < A2 and E(0) < d. Then, lHVuon =
— 41 and E(0) = d — 65 for some positive numbers d;, ¢ = 1,2. Now, we consider

D(—A):{UEH%OQHQ(Q), g:j:OonI‘l}.
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Let sequences {uY,u},} in D(—A) and Hy, (), respectively, such that
u), — u” in Hf and u), — u' in L* (Q) as m — oc. (2.65)

So, {u?n, u}n} satisfy, for all m > my, for some mg € N, the compatibility conditions

oud, 1
g;" + %u}n + h(up,) = fim (uh,) on Iy,

where « is chosen equal to + and f1,m(s) is the sequence of Lipschitz continuous (truncated) functions

defined by (2.16). And, moreover, [ || Vu) 2 < A3 and E(u?,(0)) < d. Then, for each m € N, there exists

w5
a regular solution u,, : Q x (0,00) — R of (2.15) with initial data {ul,,u}, }. So, we can verify

ull (t) — Auy, (t) + jg(t — 8) Ay, (s)ds = f1.m(um), in Q x (0, 00),

Uy =0, on Ty x (0, 00), (2.66)
o (7 gt — 8) Lt (s)ds + Eul, + h(ul,) = fom(um), on Ty x (0,00),
um (0) = vl ul (0) =ul,, x € Q,

mo m m?

where fs,,(s) is the sequence of Lipschitz continuous (truncated) functions defined in (2.17). By the
same argument used to prove the estimates given in (2.26) and (2.27), we arrive at

LIV ()] + (9 0 Vum) (1) < A, (2.67)
12+ LIV + 50 V) (1)

t t
1 2
o [, s+ [ [ unuhtut,aras
0 0 I'y

< L, (2.68)

and
t
q+1
//(|h(u;n)| iy m|q+1) dTds < L(mg, My, L1, T). (2.69)

Similar to deriving (2.25), by (2.1), (2.2) and (2.66), we have

/FLm(um)dx—i—/Fg’m(um)dI‘ < /F1(um)d$+/F2(um)dF
Q Fl Q 1—‘1

)\P+1 )\k+1
<c1< 0 -+, (2.70)
[ =2 [ =2
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where F; (s fo fim(T)d7 and Fi(s fo fi(r)dr, i =1,2 with fi(s) = \s\pils and fo(s) =

ct BHI} Hence, from (2.67)—(2.70), we get

andcl—max{pﬂ, )

{un} is bounded in L>(0,T; HY ), (2.71)
{ul,} is bounded in L>(0,T; L*(Q2)), (2.72)
{Fi m(um)} is bounded in L>°(0,T; L* (), (2.73)
{Fy.m(um)} is bounded in L°°(0,T; L*(Ty)), (2.74)
{\/Iﬁu;n} is bounded in L?(0,T; L*(T';)), (2.75)
{uy,} is bounded in Lq“(o T; L9T(Ty)), (2.76)
{h(u.)} is bounded in L a (O T; qul( Ty)). (2.77)

Next, we will prove that
fim(um) — fi(u) in LQ(O,T; LQ(Q))7
fom(tm) — fo(u) in L2(0,T; L*(Ty)). (2.79)

Following the similar arguments as in [7], we obtain the proof. Indeed, we have

//mmum — fu(w)? dads

T

gz//mmum — Fum)? dwd8+2//|f1 ) — Fr(w)]? dads.

0

Observe that from the definition of truncated sequence given by (2.16) and making use of the Dominated
Convergence Theorem, it follows that

T
//|fl(um)7fl(u)|2d$d8*>0aSmHOO.
0 Q

So, it remains to show that

T

// | F1m () = f1(tm)|* dzds — 0 as m — oco. (2.80)

0 Q

In fact, from the definition of the truncated sequence given by (2.16), we can write

T T
<2 [ [P ads+ / [ () + 1= ) s | 2.81)
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where Q,, = {2 € Q; [um,(2)| > m}. Then, by the embedding Hy, — L%(Q) and (2.67), we have for

n>2
n—2 n—2
2n 2n
2n 2n_ Ce A
/mmdx < /|um =2 dg < >lk 0
2
Qo Qim
Therefore,
C )\ —2n
meas(Qy,) < — O3, (2.82)

I
Analogously, for n = 2, the above inequality remains valid with any exponent for m. From the fact that
p < ;"5 and (2.82), we infer

p(n—2)

n n—p(n—2)
/\fl(um)\2dx§ /|um|% dz (meas(Q)) 5= 0, (2.83)
m Qn

as m — oo. Also, we have

/ | f1(m)|* dz = meas(Q,, )m? < c*—f\omgp_ 2 =0, (2.84)

2

as m — oo. Combining these results in (2.81), (2.83) and (2.84) we obtain (2.80) which proved the desired
result (2.78). Similarly, as in [14], we have the result (2.79).

Taking the above estimates into account, there exists a sequence, which we still denote by {u,, }, such
that

Up, — u weak star in L™°(0,T; Hp, ), (2.85)
ul, — u' weak star in L>(0,T; L*(Q)), (2.86)
ul, — u’ weakly in Lq+1(o T; L97H(Ty)), (2.87)
h(u,) — x weakly in L@ (0,T; L% (T'y)), (2.88)

for some y € L%(O,T; L%(Fl)). Defining 2, ; = wym — w;, m,l € N, from (2.66), it holds that

1d 9 ) 1 ) 1
5 UEma @l + 192 015) + - Ol — - / ol D

Y

1 2
1 [ it 5 O, + [ (h(u) = Bl a, = ) dr
Fl 1_‘1
t

di /gth /Vzml() Vi (t)dadr | — g(0)[|Vzm(t)]|2

0 Q
t

7/9/(t7T)/VZm7l(T) . Vzm,l(t)d:z:d7+/(f17m(um) — flvl(ul))z;ml(t)dx

Q Q

0
+ / (fa,m(Um) — fau(ur)) Z;nyl(t)dr.

Iy
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Employing Cauchy—Schwarz inequality, we have

%% (sl + 192ma113) + / (h(up,) = h(up)) (uy,, = up)dT

T

< (54 7) [ (w0l + o) ar

I
t

+% /g(t_T)/VZmJ(T)'Vzm,l(t)d$dT
0
t

—g(0) HVZm,l(t)H; - /g/(t - T)/Vzm’l(T) -V (t)dzedr
Q

0

+ / From(tm) — fra(un)) 2 () + / (o (tim) — foa(w) 2 (AT, (2.89)
Q

Iy

Integrating (2.89) over (0,t¢) and applying the similar estimate as in deriving (2.35), we obtain

L (Jetna®I2+ 1720000 // (u])) (ul,, — uf) dTds

< =} + 9 - Vbl + (£ + 1) / [ (o + 1ud0) aras
0 Iy

t

t
+C7//|Vum—Vul|2dmds+// Frm(um) — f1(w)) ml( )dads
0 0

0

// fom(um) — fou(w)) 2, ,(t)dlds, (2.90)

0 I'y

where c¢; is some positive constant.
Convergences (2.65), (2.78), (2.79) and (2.85) imply the convergence to zero (when m,l — o) of the
terms on the right-hand side of (2.90). Therefore, we deduce that

U, — win C°(0,T; HE,) N CH(0,T; L*(12)) (2.91)
and
t
lim / / (Wi, ) — h(ul)) (il — uf) dTds = 0. (2.92)
7 I

From (2.87), (2.88) and (2.92), we also obtain

\

lim // ur, — h(up)u' — xul, dl"ds—l—lhm// (up)u;dlds = 0.

0 I'y 0 T'y
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Consequently, again using (2.87), (2.88) and changing m to [, we see that

t ¢
2 lim //h(u;n)u;ndf‘ds = 2//Xu'dFds. (2.93)
m—0o0
01 0Ty

By (2.92) combined with (2.87), (2.88) and the monotonicity of h, we get that x = h(u').
The above convergences (2.78), (2.79), (2.85)—(2.88) allow us to pass the limit in (2.64) in order to
obtain

upe (1) — Au(t) + Oftg(t — 8)Au(s)ds = [ul’" ", in D' (2 x (0,T)),
u=20, on 'y x (0,00),
Af,fgtf@gﬂ@my+Mm):mﬁ u, in LT (0,T;L" (Ty))
u(0) = ug, us(0) = ug, x € Q.

Finally, for the last assertion in the theorem, we first derive the energy identity for the approximate

solutions u,,
. t t
w+—//mﬁﬂm+//%m%mms
m
t t

—I-/fQOVum )ds + 9(8) [[Vum(s ||2ds— E(0),
0

l\D —
N | =
o\

and then, due to the monotonicity of h and (2.91)—(2.92), we pass to the limit. Therefore, we complete
the proof. O

3. Uniform decay

In this section, we prove decay rate estimates for regular solutions of the following problem

w’(t) — Au(t) + fotg(t — 8)Au(s)ds = [ul’" " u, in Q% (0,00),
u=20, on Iy x (0,00),
gu fo Zu(s)ds + au' + h(u ) lul*"tu, on Iy x (0, 00),
w(0) = u®, u (0) = ul, z € Q,

(3.1)

where a > 0 is a positive constant. Further, we observe that the same result remains true when one
considers truncated Lipschitz functions instead of f1(s) = |s|” s and fa(s) = |s|* "' s. Based on this fact
and considering the density arguments used in Sect. 2, we also can extend our result to weak solutions
of problem (1.1). We consider h satisfies (2.5) with ¢ =1 i.e.,

aq |s| < |h(s)] < agls| for all |s| > 1. (3.2)
Adopting the proof of [27], we still have the following result.

Lemma 3.1. Let u be the solution of (3.1), then, under assumptions (A1)-(A2), E(t) is a nonincreasing
function on [0,T) and

B(t) = ~aullr, ~ [ whu)dr + (0 Va)(®) - 3(6) [Vu(®)]3 <0, (3.3)
Iy



88 S.-T. Wu ZAMP

Theorem 3.2. Let u’ € Hi N H?(Q),u' € HL and (A1)-(A2) and (1.2) hold. Assume further that
l ||Vu0||; < A} and E(0) < d, then the problem (3.1) admits a global solution.
Proof. Tt follows from (2.14) and (2.11) that

1
5 luel3 + co (VIVul3 + (g0 Tu)(®))

IN

3l + F (ViITul + (o 7))

5 3 + Tu()
=E(t) < E(0) < d. (3.4)

Thus, we establish the boundedness of u; in L? (Q) and the boundedness of u in Hllg. Moreover, from
(2.1) and (2.2), we also obtain

+1 k+1 +1 k+1
lullp s+ lulli iy e, < & IVals™ + B [ Vul;

p—1 k—1
1 E 2 E 2

< Den (Y 7 g (EOY 7 gy2
l lco leg

< L(1IVull} + (g0 Va)(t)),

IN

which implies that the boundedness of w in LP™! (Q) and in LF**(T'y) with L = 1 (cfi"‘1 (E(O))T

k—1

ZCO

+Bkt! (w) : ) Hence, it must have T' = co. O

Now, we shall investigate the asymptotic behavior of the energy function E(t). First, we define some
functionals and establish several lemmas. Let

G(t) = ME(t) + =®(t) + U (1), (3.5)
where
O(t) = [ upude, (3.6)
/
w(t) = /ut/g(t—s) (u(s) — u(t)) dsdz, (3.7)
Q 0

and M, e are some positive constants to be be specified later.
Lemma 3.3. There exist two positive constants 31 and B2 such that the relation
KE[) < G(t) < B2E(t) (3.8)
holds, for e > 0 small enough while M > 0 is large enough.
Proof. By Holder’s inequality, Young’s inequality and (2.1), we deduce that

1 c?
()] < 5 llully + 5 IVul, (39)
and
t 2
1, o 1
W) < 5l + 5 [ | [ ot =9 o - uts)as | do

Q 0

1 c2(1—1
S e 5 + % (9o Vu)(t), (3.10)
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where the last inequality is obtained due to fotg(s)ds < fooo g(s)ds = 1 — I. Hence, it follows from
(3.5),(3.9) and (3.10) that

G(t) = ME(t) + e®(t) + U(t)
< ME(t) + e |lug|® + e2 | Vull3 + s (g0 V) (2)

and
G(t) = ME(t) — ca (l[ucll3 + I Vul; + (g0 V) (1))
where ¢; = %, Cco = Egz, c3 = @, and ¢4 = max(cy, o, c3). Thus, selecting € > 0 small enough and

M sufficiently large, there exist two positive constants (3, and S5 such that
PiE(t) < G(t) < BE().

O

Lemma 3.4. Let (A1)-(A2) and (1.2) hold, then, for any to > 0, the functional G(t) verifies, along
solution of (3.1),

G'(t) < —a1E(t) + az (g o Vu) (t) + as / h%(u;)dl,
I
where a;, 1 = 1,2,3 are some positive constants independent of c.
Proof. In the following, we estimate the derivative of G(t). From (3.6) and (3.1), we have

t

(0) = sl - Va3 + [ Vut) [ glt = 5)Vu(s)dsda
Q

0

- / h(ug)udl’ — oz/utudf +ulP + lullit i, - (3.11)

I I

Employing Hélder’s inequality, Young’s inequality, (2.2) and (2.3), the third and fourth terms on the
right-hand side of (3.11) can be estimated as follows, for n, é > 0,

t
/Vu /gt—sVu Ydsdx

0
< |5+ 50+ w02 IVul+ 304 D=1 go V) 1) (3.12)

DN | =

and
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1
/h(ut)udF <8 lluly, + E/}ﬂ(ut)df
1 Iy

1
< OB |Vully + o= [ h*(u)dT. (3.13)

40
Iy

As for the fifth term, we consider, without loss of generality that o < 1. Thus, for § > 0, we obtain
a/utudF < OB Vul} + o Julr, (3.14)
A substitution of (3.12)—(3.14) into (3.11) yields

)

1

¥(0) <l - (5 - 01+ 00 - 07 - 2682 [Vl
1

b0 =D (g0 Va) (1) + & [ Wi

o 2 +1 k+1
+o5 luellze, + llullpi + el e, -

Letting n = ﬁ >0 and 6 = # in above inequality, we obtain

/ ! 2 2 11 2B7 [ -
w(t) <~ 19ul + el + 2 0o 9w @)+ 225 [ (e
Iy
QOABE k
2O e, T Nl (3.15

Next, we estimate W’(t). Taking the derivative of ¥(¢) in (3.7) and using (3.1), we obtain

t

U'(t) = /Vu(t) /g(t —8) (Vu(t) — Vu(s)) dsdz
0

-/ ( / g(t—s)Vu(s)ds> ( / glt— ) <w<t>—w<s>>ds) da
Q

0

+/h(ut /g (t — ) (u(t) — uls ))dde+a/ O/g(t—s) (u(t) — u(s)) dsdl

I

—
[
[}

Q
- / w / g'(t = 5) (u(t) — u(s)) dsda - ( / g(s)ds) e 2 (3.16)
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Similar to deriving (3.15), in what follows we will estimate the right-hand side of (3.16). Using Young’s
inequality, Holder’s inequality, and (2.3), for § > 0, we have

/ Vau(t) / gt — ) (Vu(t) — Vu(s)) dsdz
Q 0

< 6| Vuli + %/ (/g(ts) (Vu(t) Vu(s))ds) da

Q 0

1-1
< 6||Vul; + 5 e Vu) (), (3.17)

and

/ ( / g(tsm(s)ds) ( / glt — 5) <w<t>w<s>>ds> da
Q 0

0

<26 (1—1)? | Vu)? + (25 + 415> (1-1)(go V) (t). (3.18)

Utilizing Hoélder’s inequality, Young’s inequality and (2.2) and noting that o < 1, the third term and
fourth term on the right-hand side of (3.16) can be estimated as

t

[ #w) [ ott = 5) (®) ~ u(s) asar

1 0
- 2
< % /hz(ut)dF + % (goVu)(t), (3.19)

and

* N

. (1-1)B

luellyr, + (g0 Vu) (¢) (3.20)

As for the fifth and sixth terms on the right-hand side of (3.16), using Holder’s inequality, Young’s
inequality, (2.1)—(2.3) and (3.4), we obtain

t

/ "t u/g(t —8) (u(t) —u(s))dsdl’
r 0

(1-1)B?

2k
<9é ||U||2k,1“1 + 15

(g0 Vu) (t)

k—1 2
<om (B0 wu+ B2 gov ), (321)
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and
t

/|u\p_1u/g(t75) (u(t) — u(s)) dsdz
Q 0

1—1)c?
<o+ 0% (o vy )

p—1 —De2
< 5c2 (’f{i?) ||Vu||§+%(goVu) (t). (3.22)

Exploiting Holder’s inequality, Young’s inequality and (A1) to estimate the seventh term, we have

Q/ " 0/ g'(t — ) (ut) — u(s)) dsdz

* N

9(0)c
46
Then, combining these estimates (3.17)—(3.23), (3.16) becomes

2
<6 fJuelly =

(g’ o Vu) (1). (3.23)

t
V() < / g(5)ds — 8 | g2 + 58 [|Vull? + s (g 0 Vu) (2)
0

0)c? 1
2 e, — 2% (o vuy (1) + 1 [, (3.24)
2 1 46 2
I
1

lCo

Hence, we conclude from (3.5), (3.3), (3.15), and (3.24) that
G'(t) = ME'(t) +e'(t) + U'(t)

M Ocz 233 1
< (- 299 (g o O - -5l —a (30— 2 - 1) .,

p—1 k—
where ¢5 = 1+ 2(1 — )2 4 ¢ (E(O)) + B2 (E(O)) and ¢g = (1—1) (% Y204 B2 4 ciISBf)_

2 45 2
el 1—1)e
+(est = ) Ival+ (@ U5 ) o v o
1 2
(545 [ s (g + ol ).
Iy

where we have used the fact that for any ¢y > 0,

t to
/ g(s)ds > / g(s)ds = go, V&> to,
0 0

because g is positive and continuous with g(0) > 0. At this point, we choose € > 0 small enough so that
Lemma 3.3 holds and € < 4. Once ¢ is fixed, we choose ¢ to satisfy

. el go
) < HHD&{8C5711}n

and then pick M sufficiently large such that

g(0)c? 2B? 1
M .
> max { 2 1 5
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Hence, for all t > ty, we arrive at

el
G'(t) <~ IVul} = 2 sl + (g0 Ve () + s [ W (un)dr

I
1 k-+1
e (Il + lallfi r, ) -
which yields
G'(t) < —aE(t) + az (go Vu) (t) + as / h?(u,)dT, (3.25)
I
or
E(t) < —B5G'(t) + fa (g0 V) (1) + Bs / B2 (ug)dT",
I'y
where ¢;, 1 = 7,8, oy, 7 =1,2,3 and B, k = 3,4,5 are all positive constants independent of a. O

Before stating our main result, we need to recall that if ¢ is a proper convex function from R to
R U {0}, then its convex conjugate ¢* is defined as

¢"(y) = sup {zy — @(x)} . (3.26)
TER
Now, we are ready to prove our main results by adopting and modifying the arguments in [13,14]. We
consider the following partition of I'y
Iy ={zel||lu| >1},T] ={x el |ju] <1}.
Theorem 3.5. Let u® € Hy, NH?(Q),u' € H} be given and (A1) — (A2) and (1.2) hold. Suppose further

that 1 ||Vu0H§ < A% and E(0) < d. Then, for each to > 0 and k1, ko and ¢ are positive constants, the
solution energy of (3.1) satisfies

t
B(t) < koH[? kl/g(s)ds .t > to, (3.27)
0
where
/ 1
and

t, if H is linear on [0, 1],

Hs(t) = {tH’(sot), if H'(0)=0and H" > 0 on(0,1]. (3.29)

Proof. Let u® € HL NH?(Q),u' € HY, such that I | Vu®||5 < A2 and E(0) < d, then the global existence
of solution u of (3.1) is guaranteed directly by Theorem 3.2. Next, we consider the following two cases:
(i) H is linear on [0, 1] and (ii) H'(0) =0 and H” > 0 on (0, 1].

Case 1: H is linear on [0, 1]. In this case, there exists o > 0 such that |h(s)| < «f |s|, for all s € R. By
(3.3), we have

/hQ(ut)dF <a) /uth(ut)dI‘ < —a}E'(t),
T 1Y
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which together with (3.25) implies that
(G(t) + coE(t)) < —arHo(E(t)) + as (g 0 Vu) (t), (3.30)
where Hy(s) = s and ¢g = afjas.

Case 2: H'(0) =0 and H” > 0 on (0,1].
In this case, we first estimate [;. h?(u;)dT on the right-hand side of (3.25). Given (3.2), noting that
H~!is concave and increasing and using Jensen’s inequality and (3.3), we deduce that

2 (uy = 2 (uy 2(uy
F/1h( )dr th( )dF+FZh( )dr

< Mq/uth(ut)dl“+/h2(ut)dl“

rf Ty

IN

_ME'() + / H (ugh(uy)) AT

IN

1
—ME'(t) + C—H_1 clo/uth(ut)dF
10
ry
1
< —M,E'(t) + C*Hfl (—c10E' (1)),
10

where ¢19 = Hence, (3.25) becomes

1
vol(TT)
Fi(t) < —a1E(t) + et H ' (—c10E' (1) + az (g 0 Vu) (1), Vt > to, (3.31)

where c11 = o and
Fi(t) = G(t) + MgasE(t). (3.32)

Now, we define

Fy(t) = H'(eoE(t))F1(t) + BE(Y), (3.33)
where £y > 0 and 3 > 0 to be determined later. Then, using E’'(t) <0, H"(t) > 0, and (3.31), we obtain

Fy(t) = eoE' () H" (20 E(t)) Fa (t) + H' (0 E (1)) Fi (t) + BE'(t)
< —an H' (e B(H) (1) + s H' (0 E(1)) (g 0 Vu) (1)
ten H (eoBE()H ™ (—e1oE' (1)) + BE' (). (3.34)
Let H* denote the Legendre transform of H defined by (3.26), then (see [2])
H*(s)=s(H) ' (s)— H [(H')*1 (s)] ,ifse R* (3.35)
and H* satisfies the following inequality
AB < H*(A)+ H(B), for A, B > 0. (3.36)
Further, using (3.35) and noting that H’(0) = 0, (H')"" is increasing and H is also increasing yield
H*(s) < s(H) ' (s), s > 0. (3.37)
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Taking H' (egE(t)) = A and H™ ' (—c1oE'(t)) = B in (3.34), applying (3.37) and (3.36), noting that
0 < H'(egE(t)) < H'(e9E(0)) due to H' is increasing, we obtain

Fy(t) < —onH'(e0 E(t))E(t) + cot H (H'(e0 E(t))) + c13 (9 © Vu) (t) + (8 — c12) E'(#)

- (Oél — 61150) H/(é‘oE(t))E(t) + c13 (g o Vu) (t) + (ﬁ - 012) El(t)

Thus, choosing 0 < g¢ < fl—ll, B > c12 and using E'(t) < 0 by (3.3), we obtain

<
<

Fy(t) < —c1aH' (20 E(t)) E(t) + c13 (9 0 Vu) (1)
= 7014H2(E( )) + C13 (g o VU) (t), (338)

where Hy(s) = sH'(g¢s), c12 = c10¢11 , 13 = a2 - H' (69 E(0)) > 0 and ¢14 is a positive constant.
Let

Gr(t) = G(t) 4+ coE(t), if H is linear on [0, 1],
"Wl B, if H'(0) =0 and H” > 0 on (0,1].

Then, by Lemma 3.3 and the definition of Fy by (3.32)—(3.33), there exist 8], 35 > 0 such that
BRE(t) < Gi(t) < BLE(t) (3.39)
and from (3.30) and (3.38), we have
G (t) < —c15H2(E(t)) + 16 (g 0 Vu) (t), t > to, (3.40)

where ¢15 and ¢16 denote some positive constants. Additionally, using (3.39) and £(¢) < £(0) by (A1), we
see that

f(t)Gl(t) + 2616E(t) S llE(t)7 t Z to, (341)

where i1 = 81£(0) + 2¢16 > 0. Now, we define

Fy(t) = £ (E(1)Gr (1) + 2016 E(L)) , 0 < & < % (3.42)
which is equivalent to E(t) by (3.39). Using (3.40), (2.4) and (3.3), we arrive at
Fy(t) = e (§'()G1(t) + )G (t) + 216 E' (1))
—c15€(t) Ha(E(t)) + c168€(t) (9 0 Vu) (t) + 2c16e E' (1)
—c15€(t) H2(E(t)) — cree (9" 0 V) (t) + 2166 E'(¢)
—c15e§ (1) Ha(E(1)).

Exploiting the fact that Hs is increasing, using (3.41) and noting 0 < € < l by (3.42), we obtain

INIAIA

Fi() < —cusse(Otz (- (€061 (1) + 201 (0)
< —cie€(t) Ha (¢ (E() G (t) + 216 E(1)))
= —c15e€(1) Ha (F35(1)) -
Given that H{(t) = #(t) by (3.28), we have

Fy(t)H](F3(t) = ca5e8(t), t > to.
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Integrating this over (to,¢) and noting that H; ' is decreasing on (0,1], we deduce that

Fg(t) < Hl_l Hl(Fg(to)) + 0156/5(8)(15 — 015€/£(S)d5
0 0

t
< Hl_1 cl5s/§(s)ds ,
0

where we require € > 0 sufficiently small so that Hy(Fs(to)) — ci5¢ fgo &(s)ds > 0. Consequently, the
equivalent relation between of F3 and FE yields

t
B(t) < koH[? kl/g(s)ds .t > to,
0

where k1 and ko are positive constants. Hence, we complete the proof. O
Remark 3.6. From the definition of Hy by (3.29), we deduce that PII(IJ Hy(t) = oo. Thus, if [;°&(t)dt = oo,
we have the strong stability of (3.1): that is,

lim E(t) =0.

t—o0

4. Blow-up

In this section, we investigate the blow-up properties for problem (1.1). To state our results, we make
extra assumptions on g and h:

(A3) h is monotone, continuous and satisfies

mg |s|"Tt < h(s)s < M, |s|"T", for all s € R, (4.1)
where mg and M, are positive constants with ¢ > Tfk and r = 2(77:21).
(B3)
T 1
/g(s)ds < T , (4.2)
14 5
0 (0(1—a)?+2a(1—a))(0—2)

where 0 < o < 1 is a fixed number and 6 is a positive constant given in (4.11).

To prove our result, the following lemma is needed.

Lemma 4.1. Suppose that (A1) and (1.2) hold and assume further that | ||Vu0H§ > A2 and E(0) < ad,
then there exists Ao > Ao such that, for allt € [0,T),

LIVu(®)|f3 + (g 0 Va)(t) > A3 (4.3)
and
1 BP+1 Bk+1
p+1 k+1 Q +1 r k+1
lelly s + el e, 2 o <p+ T T (4.4)

/- 1 1
where ¢y = max (317, 137)-
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Proof. Considering that E(t) is nonincreasing by (2.64), we get
E(t) < E(0) < ad,

for all ¢ > 0. Applying arguments similar to those used in deriving (2.22), we can obtain (4.3). Indeed, from
the properties of F' given in Remark 2.2 (i), there exist A;, < Ao < A2 such that F' (M) = F (A2) = E (0).

Then, as F(0) =0, [ HVuOHZ > A2 and the continuity in time of F (\/l ||Vu||g +(go Vu)(t)) we deduce
that

LIVu()ll; + (g0 Vu)(t) = A3, Vi € [0,T).

In addition, from the definition of E(t) by (2.6), using (2.3), (4.3) and the definition of F' by (2.8), we
see that

k 1
wﬁhmmﬁﬁzd<(wvoW+@wmw)zmQ

0
1

> (e g

1

_ l Bg+ )\P+1_|_ Bk 1)\k+1

ch \p+172 k+1
Hence, we complete the proof. O

Following the approach developed by Cavalcanti et al. in [3], we are ready to state and prove the
blow-up result.

Theorem 4.2. Let (A1), (A3), (A4) and (1.2) hold and k > q. For any fized number 0 < a < 1, suppose

that u® € Hy (Q),u' € L? () with | HVUOHE > A3, E(0) < ad. Assume that either one of the following
conditions holds:

(i) E(0)<0
(i) E(0) >0, B(0) < 285D 4 <k or B0) < 200D i
Z Y 2(k+T) p 201 p; .
(i) E(0) >0, E(0) > a;&(il)l) if p> k and the difference p — k is small enough or E(0) > a;‘(op(f_z)l) if
k > p and the difference k — p is small enough.
Then, the solution u of (1.1) blows up in finite time, i.c., there exists T* < oo such that
. 1 k+1
tim (25 + Jullffir, ) = oo (4.5)
T—T*
Proof. By contradiction, we suppose that the solution of problem (1.1) is global. Set
H(t) = B> — E(1), (4.6)
where
E(O) < Ey < ad. (4.7)
By (2.64), we see that H'(t) > 0. Thus, we obtain
H(t) > H(0) = E> — E(0) > 0. (4.8)
Define
Z(t) = H'"7(t) + s/utudx, (4.9)

Q



98 S.-T. Wu ZAMP

where 0 < £ < 1 to be determined later and

NPT O 1 1 1
min — - — .
K g+l k+1'2 p+l

Next, we prove that there exist positive constants ¢;, i = 1 — 5 such that the following inequality holds:

Z'(t) > (1 — ) H T ()H' (1) + cre / wldz + coe (z IVl + (g0 Vu)(t))
Q

tese ullZHh + cae ull 5L 1, + eseHE) — ¢ / h (u2) udT. (4.10)

Iy

Taking the derivative of (4.9) and using equation (1.1), we obtain
Z't)= (1 —~y)H "(t)H'(t) + s/qux + 5/uttudx

Q
=(1-~yH" +€/u dac—£||Vu||2
Q

/h ug) udl
t

+E/Vu(t)/g(t—s)Vu(s)dsdm.

Q 0

+1 k+1
e (ullZ2 + allf

Exploiting Holder’s inequality and Young’s inequality, for n > 0,

t

/Vu(t)/g(t—s)Vu(s)dsdx
Q

0

L

/g (t —s)Vu(t) - (Vu(s) — Vu(t)) dsdz + /g(t —s)ds HVu(t)H;
0 0

t

“itgo v+ (1- 1) [aeasivas,

0

I \/

Thus,

Z'(t) > (1 — ) H () H' (1) +5/ut2dx tel-1- ( - 1> /g V2
0

Q

1 k
~enlgo Va)(®) + e (Julf i+l ) — & [ B udr
'
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Adding the term 0 (H(t) — E2 + E(t)) and using the definition of E(t) by (2.6), we deduce that

Z'(t)> (1 —y)H Y(t)H (t) + ¢ <1 + g) /ufdx
Q

t
0 0 1 2
+e (2 -1- <2 + i 1) /g(s)ds) | Vull3
0
0
+2(5-0) o Va0 +e (1- L) gt
0
+e (1 - k+1) H“”Zﬁrl +e0H —0E; — E/h(ut)udl",

Iy

where 6 is considered as follows

Ifp>k, take0=p+1—¢1, withO<p—Fk<e <p-—1; (4.11)
ifk>p, take 0 =k+1—¢;, withO<k—-p<e <k-1 '

To obtain (4.10), we take n to satisfy

1-1 (1 — )
21— )6 —2) *

which is possible because of (4.2). Then, using the fact that [ ||Vu(t)||§ + (go Vu)(t) > A3 by (4.3) to get

t
0 6 1 2
1 (=4+—-1
s-1- (371 / o(s)ds | [V
0
+< ) (go Vu)(t) — 0E,

< - 1> 1||vu||2 (go VU)(t)) —0E;

()%
+a <Z - 1) AQ (z IVl + (g0 Vu)(t)) — 0B,

> ¢ (1 Vull3 + (g0 Vu)(®)) + K (9),

S (11vul + (90 V) (0)

where

0 A2 — )2
c6:a<2—1> 2)\% Y0

via (4.11) and

K(0) =« (9 - 1) A2 — 0F,. (4.12)



100 S.-T. Wu ZAMP

Similar to the situation with [3], we would like to obtain K (6) is also positive. In fact, in the case p > k,
we have

K@®) =a (Z — 1) N2 — 0B,

—a)2 —1))2
:< 2 0+E2)€1+a(p)0—(p+1)E2,

2 2
because § = p + 1 — &1. Further, from Es < ad and the definition of d by (2.10), we observe that

a2 a2
O;O—&-E2<a<20+d>

+1 k
= ;/\(2)+)‘7%_B€2 )\P+1_BF+1/\I€+1 <0
2 2 p+17Y k4170

and
alp — 1)A2
(p 5 ) 0 ( 1) Eg

>« ((p 721»\% —(p+ 1)d>

1
—a (= 1X5 _ (p+1) A Be” AP B{EH,\’“+1
2 2 p4+17° k+17°

> o (7/\3 + BEFPHL 4 B{E“A’g“)
= and (=14 BTN 4+ BEFOETY) =0,

where we used the identity (2.13). Similarly, if k& > p, we get

0
K@) =a <2 — 1) N — 0B,
—a\? k— 1))\
_ ( 0; 0 +E2)51+a(2)0—(k:+1)E2,
with
kE— 1))\
%f(kﬂ)& > 0.
Hence, from above arguments, we note that for p > k,
K(0) > 0if and only if 0 < &1 < H,, (4.13)
and in case k > p,
K(0) > 0if and only if 0 < 1 < Hy, (4.14)
where
N — oz(p—l))\g k VB — oz(k—l))\g
H]D:(p—i—)2 )\22 ande:<+)2 )\22
By — %0 B, — 220

2 2

To derive the inequality (4.10), we choose £1 small enough such that

p+l—g .
- >0, if k
T 0 ifp>k
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and

E+1—
1_u

o1l >0, if k > p.

This implies that e; > p — k, if p > k (respectively €1 > k — p, if £ > p). However, as we have already

considered e; < p — 1, if p > k (respectively 1 < k — 1, if & > p) in (4.11). Thus, we consider
p—k<e <p—1, if p> k (respectively k —p <e; <k —1, if k > p).

Using this fact and (4.13)—(4.14), we require €1 such that

p—k<e<min{p—1H,}, if p>k (4.15)
(respectively k —p < &1 <min{k — 1, Hy}, if & > p).
Now, we consider the following cases to obtain desired inequality (4.10).
(1) If E(0) < 0, then, we can choose E5 such that E(0) < Es < 0 < ad. However, in this case, we note
for p > k that
Ey; <Oifandonly if p—1< H),
and in case k > p,

FEy < 0if and only if k — 1 < Hy.

Hence, when E(0) < 0, we take €1 > 0 small enough satisfying p —k <e1 <p—1< Hp, if p > k
(respectively k —p < &1 < k —1 < Hy, if k > p) to obtain inequality (4.10).

(2) When 0 < E(0) < ad and p > k, we note that if p — k < Hp, then Ey < aXg (k1)

ST
possibilities: () £(0) < %8571 (i) £(0) > 28071

, SO0 we have two

2
In the first case, it is sufficient to show that ’\20((;_:11)) < d. However, this is already proved in [3]. Thus,

add(k—1)
2(k+1)

we conclude that when 0 < F(0) < we can choose Fs such that

a3k —1)

FE E
0< E(0) < By < 36+ 1)

< ad.

Moreover, using above inequality and taking (4.15) into account, we can choose €1 such that

122
(p + 1)E2 - O‘(p 21)>\0 }

a)?
By — =3¢

p—k<e <min{p—1, H, = =H,. (4.16)

Finally, when E(0) > %7

Hence, in this case we are forced to obtain the difference p — k sufficiently small. Now, returning to (4.11)
and (4.12), we note that

it does not seem possible to find e; verifying the inequality (4.16).

lim 6 = 0%,

e1—0
where

0 =p+1,ifp>kor 0" =k+1, if k>p.
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Letting €1 — 0 in (4.12), using Fs < ad by (4.7) and the definition of d by (2.10), we deduce that

lim K(A) = « (92 - 1> M\ — 0",y

61—>0

9*
>a<2—1> Ao — af*d

0* 0*
—_ )\2 1 7Bp+1/\p 1 7Bk+1/\k 1
@ ( Tl TrEra
For the case p > k, substituting 6* = p 4+ 1 and using the identity (2.13), we see that
0* 0*
2 p+1 k+1yk—1
811121 K(9)>a)\0( 1+ +1BQ )\0 +7kz+1B Ao )
> axd (<14 BRI+ BETATT) =0,
which proves the desired inequality (4.10). The analysis is analogous, for the case k > p, so we omit the
detailed proof.

Under the above arguments, we have the desired inequality (4.10): that is, there exist positive constants
¢;, © =1 — 5, such that

Z'(t) > (1 —y)H Y (t)H'(t) + ec; [ uida
/

+ecz (LIVull3 + (g w><t>) +ecs |lullh ]

+ecy ||u||’,:i}F +ecsH — E/h (ug) udT. (4.17)
Iy

Using (A3), Holder’s inequality, & > ¢ and Young’s inequality, the last term on the right-hand side of
(4.17) can be estimated as, for §; > 0,

/ h (ue) wdl < My ey [0l ey
'y
< ¢ HWHZH,FI ||u||k+1,F1

k41 +1 k41 +1\ "
< colluelur, (Fell2h ry + 1) ™ (el + el

1 k41 +1 E+1 +1\ ™™
< (e @) el , + 00 (Ml e, + 1280) ) (Rl e, + 12)) s (218)

where ¢g = Myvol (T'1) D T = qul lc+1 > 0 and ¢7 (1) > 0 is a constant. Moreover, from (4.6),
the definition of E(t) by (2.6), (4.3), (4.7) and the definition of d by (2.10), we have

H(t) = B> — B(t)
1 1 +1 1 kt1
< By~ JIVUOI ~ (00 Va0 + g Il + g T,

1 k1

k+ 1 ||u||k‘+1,F1

1
d—*>\2 - p+1
< 22+p—|—1H ||+1+

+1 k1
_ a/\(2) — )\% - OéB(pZ p+1 aBF >\k+1 1 || ||P+1 4 1 ||u||k+1
92 p+ 1 2 k + 1 2 p+1 k+ 1 k4+1,I"y
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1 1
p+1 k+1
< m ||U||p+1 + F+1 ||U||k_|.1,1“1

+1 k+1
< o (Il s + lullffir, ) - (4.19)
which together with (4.18) implies that
+1 k41 +1 _
[ et < e (50 v, + 00 (allEd e, + 1l 23)] O™ (4.20)
Iy

where ¢{, = max ( i) In addition, from (2.94) and (4.1), we have

_1
P10 E+1
H(1) > / B () wedT > g o572 1
Ty

Substituting the above inequality into (4.20), noting that H is increasing by (4.8) and letting 0 < v < 71,
we obtain

[ htuudr < i [es @0 8©) + 60 (lull3r, + lulli)] HO™
Iy
< [CS (50) H'(£)H (t)~7 H(0)"~™
+ 01 (Il , + ullZ3 + LIVl + (g0 V) @) HO) ™
where cg (1) = %‘?). Thus,
Z'(t) > (1 =y —ecgeg(81) H(0)™7) H () H'(t) + eca [[ue3
e (e = 0 H(0) ™) (LI Vull} + (g 0 Vu)(¥))
+e (es — 6L H(0) ™) JullP] + & (ca — L H(0) ™) [Jully 1, + ecs H(2).
At this point, choosing d; > 0 small enough and ¢ > 0 small enough such that
Coy — 51H(0),71 > O,
c3 — 51[’[(0)_71 > 0,

Cq — (51[’[(0)_fyl > 0,
1= —ecges(61)H(0)"™" >0,

and
Hli’y(O) —+ €/UOU1dI’ > 0.
Q
Thus,
k
2(t) > zeo (Juel2 + 1IVull3 + (g0 Vu)(5) + [ull253 + Jullihy, + ) (421)
and

Z(0) = H'™77(0) + €/u0u1dx >0,
Q

where cg is a positive constant. Consequently,

Z(t) > Z(0) > 0, Vt > 0.
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Now set 01 = ﬁ As v <y <1, it is evident that 1 < 61 < ﬁ Applying Young’s inequality and
Hélder’s inequality in (4.9), we see that
01
Z)" <291 | H(t) + e/utudx . (4.22)
Q

Further, using Holder’s inequality and Young’s inequality, for p > 1, we have
01

6 2
s | < cun el < enn (Il + ued§)
Q

01 (p—1)
where 010 = (vol(Q2)) D) , ﬁl + [312 = 1, and ¢11 = c11(c10,51,02) > 0. Taking 6162 = 2 to get
0101 = —=— - <p+l Then, taking (4.19) into consideration, we deduce that

181

% 79+1
61 k+1 P Co P
lullzfs < g (it + 1 )| ()

+1 k1
< ci2 (Hulliﬂ + ||u||k+1,F1) )

1-98
where c12 = (HC("O) " Hence, (4.22) becomes

20" < evy [H @)+l + Jull i, + il (4.23)
here, ¢13 is some positive constant. Combining (4.21) and (4.23) together, we obtain
Z'(t) > e Z (1), t >0, (4.24)
here, c14 = £22. An integration of (4.24) over (0,1) yields

1
6,1

Z(t) > (Z 0% — 14 (6) — 1)t)
As Z (0) > 0, (4.24) shows that Z becomes infinite in a finite time
Z(O)lfel
C14 (91 — 1) '
Moreover, in view of the inequality induced by (2.6) and (2.64), we have

5 @2 + (Va3 + (g0 Vu) (1)

1 pil 1 k+1
< E(0) + 1 ullyry + 1 lulliiar, -

T<T*=

which together with (4.23) and (4.19) implies that
. 1 k+1
tim ([l 3+l T, ) = oo

Thus, we obtain (4.5). Hence, the proof is completed. O
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