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Existence and asymptotic stability of a viscoelastic wave equation with a delay
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Abstract. In this paper, we consider the viscoelastic wave equation with a delay term in internal feedbacks; namely, we
investigate the following problem

uge(x,t) — Au(z,t) + /g(t — s)Au(z, s)ds + prug(x, t) + poue(x,t —7) =0

together with initial conditions and boundary conditions of Dirichlet type. Here (z,t) € Q X (0,00),g is a positive real
valued decreasing function and p1, p2 are positive constants. Under an hypothesis between the weight of the delay term
in the feedback and the weight of the term without delay, using the Faedo—Galerkin approximations together with some
energy estimates, we prove the global existence of the solutions. Under the same assumptions, general decay results of the
energy are established via suitable Lyapunov functionals.

Mathematics Subject Classification (2000). 35105 - 35L15 - 35L70 - 93D15.

Keywords. Global existence - General decay - Relaxation function - Delay feedbacks.

1. Introduction

In this paper, we consider the following linear viscoelastic wave equation with a linear damping and a
delay term
t

we(z,t) — Au(z,t) + [ gt — s)Au(z, s)ds + prug(x, t) + powy(z,t —7) =0, z€Q,t>0
0

u(z,t) =0, zedt>0 (1)
(SL' 0) Ug (x),ut(:c,O) = U1(.I'), xzeN
ut(xt_ ) fo(l‘,t—T), JJGQ,tG(O,T)

where v = u(z,t), t > 0, z € Q, A denotes the Laplacian operator with respect to the z variable, Q is
a regular and bounded domain of RY | (N > 1), 1, po are positive constants, 7 > 0 represents the time
delay and ug , uy, fo are given functions belonging to suitable spaces.

The purpose of this paper is to study the existence and the asymptotic stability of problem (1), with
a delay term appearing in the control term in the first equation.

Introducing the delay term poui(z,t — 7) makes the problem different from those considered in the
literature.

In recent years, PDEs with time delay effects have become an active area of research; see for example
[2,23] and references therein. In [9], the authors showed that a small delay in a boundary control is
a source of instability. To stabilize a hyperbolic system involving input delay terms, additional control
terms will be necessary; see for instance [17,18,25] and references therein. In [17], the authors examined
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a system of wave equation with a linear boundary damping term with a delay. Namely, they considered
the following system

ugy — Au = 0, re, t>0,

u(z,t) =0, x €Ty, t >0,

9u(z,t) = pue(x,t) + poug(z,t —7) x€Tq, t >0, (2)
u(z,0) = up(x), ut(x,0) = ui(x) T €,

u(x, t — 1) = go(x,t — 7) xzeQte(0,7),

and proved under the assumption

po < 1 (3)

that the energy is exponentially stable. On the contrary, if (3) does not hold, they found a sequence
of delays for which the corresponding solution of (2) is unstable. The main approach used in [17] is an
observability inequality combined with a Carleman estimate. The same results were showed if both the
damping and the delay act inside the domain. Let us also mention the result by Xu et al. [25], where they
proved the same result as in [17] for the one space dimension by adopting the spectral analysis approach.
According to the previous results, the decay rate of solutions depends on the delay, and as it was shown
in [19], the decay rate decreases whenever the delay increases. In other words, the decay is slower when
T becomes larger.

The case of time-varying delay in the wave equation has been studied recently by Nicaise et al. [20]
in one space dimension. In that work, an exponential stability result was given under the condition

pe < V1 —duy (4)

where d is a constant such that
T(t)<d<1, Vt>0. (5)

In the absence of the delay term, that is for us = 0, problems similar to (1) in bounded domains or in
the whole N-dimensional space have been extensively studied and results concerning existence, blow up
and asymptotic behavior of smooth, as well as weak solutions, have been established by several authors
over the past three decades. See in this regard [3,4,6,13-15,22] and references therein.

Here, we recall some results regarding the viscoelastic wave equation.

The single viscoelastic wave equation of the form

t
wn = Bt [ gt =) Ao, ds +hlur) = f(u), (6)
0

in © x (0, 00), subjected to initial conditions and boundary conditions of Dirichlet type has been consid-
ered by Cavalcanti et al. [6] in the case where f = 0 and h(u:) = a(x)us. More precisely, they studied the

following problem

t
uy — Au + /g (t—s)Au(z,s)ds+ a(z)us =0 (7)
0

in Q% (0,00), where a :  — R* is a function, which may be null on a part of the domain Q. By assuming
a(x) > ag on w C Q and

—Cig(t) < g'(t) < —Cog(t), VE>0

the authors showed an exponential decay result under some geometric restrictions on the subset w. The
result in [6] has been improved by Berrimi and Messaoudi [4], who showed the same result as in [6], under
weaker conditions on both a and g. In [3], more general abstract version of Eq. (6) has been considered
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and an uniform stability result has been obtained. In fact, the decay rates obtained in [3] are in line with
the ones obtained in [4] for Eq. (6).

Using the piecewise multipliers method, Cavalcanti and Oquendo [8] showed some stability results for
a more general problem than the one considered in [6]. More precisely, they investigated the following
problem

ue — koAu + /div[a(m)g (t —s)Au(z,s)]ds + b(z)h(u) + f(u) =0, (8)
0

and proved that, under the same conditions on the function g and for a(z)+b(z) > p > 0, an exponential
stability result if g decays exponentially and & is linear, and a polynomial stability result for g decaying
polynomially and h nonlinear.

Fabrizio and Polidoro [10] treated the problem (7) with a(x) = a¢ and showed that the solution of the
problem (7) decays exponentially only if the relaxation kernel g does. That is to say the presence of the
memory term may prevent the exponential decay due to the linear frictional damping term. We mention
also the paper of Messaoudi [14] in which the author considered a problem related to (6) and proved a
general decay result. In fact, his result allows a large class of relaxation functions and improves earlier
results in which only the exponential and polynomial rates were established.

Cavalcanti et al. [5] investigated the following problem

¢
|ue|Puse — Au — Augy + /g (t —s) Au(z,s)ds — yAu, =0, p >0, 9)
0

in 2x (0, 00). For v > 0, they showed a global existence result. Furthermore, they obtained an exponential
decay result for v > 0 provided that the function g decays exponentially. Using the potential well theory,
Tatar and Messaoudi [15] extended the result in [5] to a situation where a source term of the form |ul’~ > u
is present in Eq. (9).

Recently, Messaoudi and Tatar [16] have studied (9) with (v = 0) and showed that the viscoelastic
damping term is strong enough to stabilize the system. We mention also the paper [7], in which the
authors investigated a problem similar to (6) with a nonlinear feedback acting on the boundary of the
domain ) and showed uniform decay rates of the energy without imposing any restrictive growth assump-
tion on the damping term. We refer also to [1,11] for some results on the asymptotic stability and global
nonexistence results of the wave equation with boundary dissipation of the memory type. A wave equation
with acoustic and memory boundary conditions on a part of the boundary of the domain €2 has been also
investigated recently in [24], where the existence and uniqueness of global solution have been proved.

In the present work, we are concerned with problem (1). Our goal here is twofold:

First, using the Faedo—Galerkin approximations together with some energy estimates, and under some
restriction on the parameters pu; and po, the system is showed to be well-posed.

Second, under the hypothesis uo < p3 between the weight of the delay term in the feedback and
the weight of the term without delay, we prove a general decay of the total energy of our problem. Our
method of proof uses some ideas developed in [17] for the wave equation with delay and some estimates
of the viscoelastic wave equation, enabling us to obtain suitable Lyapunov functionals, from which are
derived the desired results. We recall that for p; = po, Nicaise and Pignotti showed in [17] that some
instabilities may occur. Here, due to the presence of the viscoelastic damping, we prove that our solution
is still asymptotically stable even if u; = uo.

The paper is organized as follows: in the next section, we fix notations and, for the convenience of
the reader, we recall without proofs some useful lemmas. In Sect. 3, we will prove the well-posedness of
the solution. In the section 4, we will show a general decay of the energy defined by (30) provided that
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the weight of the delay is less than the weight of the damping. We will also prove the same decay result
even if the weight of the delay is equal to the weight of the damping.

2. Preliminaries

In this section, we present some material that shall be used in order to prove our main result.
Let us first introduce the following notations:

<¢w><t>:=/¢<t—r>w<r>dr
0
<¢<>¢)<t>:=/¢<t—7>\w<t>—¢<r>|df
0
(o) (1) - =/¢<t—f>/|w<t>—wT)FdxdT.
0 Q

The following lemma was introduced in [21]; it will be used later in order to define the new modified
functional energy of problem (1).

Lemma 2.1. For any function ¢ € C* (R) and any 1 € H* (0,T), we have

(620) (060 ) = ~56 ()0 (O + 3 (6 o) (1)
3 @en - [omar | por
0

Lemma 2.2. For u € H} (), we have

¢ 2

[ [ot=s9@n-uenas) <a-ncgevuo. (10)
Q \0
where Cy is the Poincaré constant and 1 is given in (G1).
For the proof of Lemma 2.2, we refer to [14].
For the relaxation function g, we assume
(G1) g: Ry — R, is a C! function satisfying
oo
g(0) >0, 1—/g(s)ds:l>0
0

(G2) There exists a positive nonincreasing differentiable function ¢ (¢) such that

gt <—Ct)ygt)y, Vt=>0, (11)

and

+oo
/Q@&=+m
0
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3. Well-posedness of the problem

In this section, we will prove the global existence and the uniqueness of the solution of problem (1). We
will first transform the problem (1) into the problem (14) below, by adding a new unknown, and then,
we use the Faedo—Galerkin approximations together with some energy estimates, to prove the existence
of the unique solution of problem (14).

In order to prove the existence of a unique solution of problem (1), we introduce as in [18], the new
variable

z2(z,pyt) =wy (m,t —7p), z€Q, pe(0,1), t>0. (12)
Then, we have
Tzt (%Pa t) +2p (x,P, t) =0, in Qx (Oa 1) x (Oa +OO) : (13)
Therefore, problem (1) is equivalent to:
¢
uge(z,t) — Au(x, t) f (t — s)Au(z, s)ds + pyug(x,t) + poz(x,1,6) =0, 2€Q,t>0
0
Tz (x, p,t) + 2p(x, p,t) = x€eQpe(0,1),t>0
u(z,t) =0, r€IN, t>0 (14)
2(x,0,t) = ug(x,t) x€eQ, t>0
u(z,0) = uo(x), ug(2,0) = up () zeN
z(x, p,0) = folz, t — 1) zeQ, te(0,7)

The first natural question is the existence of solutions of the problem (14). In this section, we will give a
sufficient condition that guarantees that this problem is well-posed.
First, let £ be a positive constant such that
Tpe <& <7 (201 — p2). (15)

The existence result reads as follows:
Theorem 3.1. Assume that p1 < pz. Then given ug € H(Q), u1 € L*(Q), fo € L?* (2 x (0,1)) and
T > 0, there exists a unique weak solution (u,z) of the problem (14) on (0,T) such that

u € C([0,T], Hy()) 1 C ([0, 7], L*(9)

up € L (0,75 HY(Q)) N L*((0,T) x Q).
Proof. We divide the proof of Theorem 3.1 in two steps: the construction of approximations and then
thanks to certain energy estimates, we pass to the limit.
Step 1 : Faedo—Galerkin approximation.

We construct approximations of the solution (u, z) by the Faedo—Galerkin method as follows. For every
n > 1, let W,, = span{w, ..., w,}, be a Hilbertian basis of the space HJ ().
Now, we define for 1 < j < n the sequence ¢;(p,x) as follows:

@j(x,0) = w;j ().
Then, we may extend ¢;(z,0) by ¢;(z, p) over L? (2 x [0,1]) and denote V,, = span{ep1,..., o5},
We choose two sequences (ug,) and (u1,) in W, and a sequence (zp,) in V, such that up, — ug
strongly in Hg (), u1, — u; strongly in L?(Q) and zp, — fo strongly in L?(2 x (0,1)).
We define now the approximations:

=Y ginw; (@),  and  z(t@,p) =D hin(t)ps(,p) (16)
- j=1
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where (uy,(t), z,(t)) are solutions to the finite dimensional Cauchy problem (written in normal form):

futm wj dz + fVuanJ fg (t—s fVun s)Vw; dzds

+f Uit (t, ) —‘r/J,QZn({E 1 t)) wjde = 0 (17)
Zn (x 0,t) = un (z,1)

(un (0)7 Utn (O)) = (UOna uln)

and

J (720t (2, p,t) + 2np (2, p,t) @j) dz = 0

Q (18)
2n(p,0) = zop.

According to the standard theory of ordinary differential equations, the finite dimensional problem (17),

(18) has solution (g, (t), hjn(t))j=1,, defined on [0,%,). The a priori estimates that follow imply that in
fact t,, = T.

Step 2 : Energy estimates.

Multiplying Eq. (17) by g7, (t) integrating over (0,%), using integration by parts and Lemma 2.1 we get,
for every n > 1,

t

5 [[1- [96as | 1900 01 + s O + (90 Tu) 0] + 1 [ Jen (93

t

0
/ 1 / 1
+M2//zn(x717s)um(s,w) dxds—l—i/g(s)HVun (s)||§ds— 5/(g’oVun) (s)ds
0 O 0

0

= 5 [Ivuol3 + ua 3] (19)

l\J\)—‘

Let £ > 0 to be chosen later. Multiplying Eq. (18) by (§/7)h),(t) integrating over (0,¢) x (0,1),

we obtain:
1 t 1
£ £
(z,p,t)dpda + Znpzn(T, p, s) dpda ds
0 0 0

2
5 HZOnHLQ(QX(O,l)) ’ (20)

Rl

l\.’) I

Now, to handle the last term in the left-hand side of (20), we remark that we have:

1

¢ t 1
1
///znpzn(xm,s)dpdxds:5///% (z,p,s)dpdads

0 000

Q0

DN | =

// 2(z,1,8) — z2(2,0,5)) dads. (21)
0
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Summing up the identities (19) and (20) and taking into account (21), we get:

éEn(t) + (ul —;;_)/tﬂum (s)||2ds—|—f// (0,1,5)dods
0

¢
—|—,u2//zn(x,1,s)um(s,x) dzds

0 Q
+5 [0 1Vun @3ds = 5 [ (0 Vu) (s)ds
0 0
= éon(o) ) (22)

t

1 2 2
&0 =5 | (1= [9)ds | IVun (013 + luen O + g T (1
0
At this point, we have to distinguish the following two cases:

3 2
+t3 lznllz2@x 01y - (23)

Case 1: We suppose that ps < pq. Let us choose then £ that satisfies inequality (15). Using Young’s
inequality, (22) leads to:

gn<)+(u1——)/|| i ||2ds+<—>// (2,1, 5) dads

/g ) [V, (s szs— 1/(g oVuy,) (s)ds < &, (0).
0

0

+

N

Consequently, using (15), we can find two positive constants ¢; and ¢z such that:

t)—l—cl/Hum(s)Hg ds—i—cz//zi (z,1,s) deds
0 0 Q

t t
1 1
+5 [ 16 1Vun Gl - 5 [ (670 Tun) (s)ds < 6,00). (24)
0 0
Case 2: We suppose that pe = g1 = p and choose then € = 7. Whereupon, inequality (24) takes the

form
t t

1 1
éEn(t) + 5 /g (5) [V (s)]|5 ds — 5 / (¢' o Vuy,) (s)ds < &,(0). (25)
0 0
Now, in both cases and since the sequences (un0),cy s (Un1),ey and (2on), ey converge, and using (G1)
and (G2), we can find a positive constant C' independent of n such that
En(t) <C. (26)

Therefore, using the fact that 1 — fo s)ds > I, the last estimate (26) together with (23) give us, for all
n €N, t, =T; we deduce

(Un) ey is bounded in L>(0,T; H} (), (27)
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(ttn) e is bounded in L>°(0,T; L*(9)), (28)
and
(2n)pen is bounded in L>°(0,T; L (2 x (0,1))) . (29)
Consequently, we may conclude that:
Up, — u weak™ in L>°(0,T; Hy (Q)),
Uy, — ug weak” in L>°(0,T; L*(9)),
Zn — 2z weak” in L>=(0,T; L* (2 x (0,1))) .
From (27), (28) and (29), we have (u,,),,cy is bounded in L* (0, T; H§ (€2)). Then, (uy),,cy is bounded in
L?(0,T; H} (). Since (un),,cy is bounded in L (0, T; L2(R2)) , (wn), e is bounded in L2 (0, T; L?(Q)).
Consequently (uy,),,cy is bounded in H' (0,T; H' ().
Since the embedding H' (0,73 H'(Q)) — L? (0,T; L?(Q)) is compact, using Aubin-Lions theorem [12],
we can extract a subsequence (uu)ueN of (un), e such that
u,, — u strongly in L? (O,T; LQ(Q)) )
Therefore,

u,, — u strongly and a.e on (0,T) x €.

The proof now can be completed arguing as in [12, Théoréme 3.1] g

4. Asymptotic behavior

In this section, we show, using the energy method and suitable Lyapunov functionals that under the
hypothesis o < pq, the energy of the solution of problem (1) decreases exponentially as ¢ tends to
infinity. We will discuss two case, the case where us < pp and the case us = pp. We will separate the two
cases since the proofs are slightly different.

4.1. Exponential stability for pus < pq

In this subsection, we will show that under the assumption ps < pi, the solution of problem (1) decays
to the trivial steady state. To achieve our goal, we will use the energy method combined with the choice
of a suitable Lyapunov functional.
For a positive constant ¢ satisfying the inequality (15), we define the functional energy of problem
(14) as
t

B0 = Btz = 3 @3+ 5 (1= [9()ds | [7uo)3

/ /1 (3, p. ) dpda. (30)
Q0

Our goal now is to prove that the above energy E (¢) is a decreasing function along the trajectories.
More precisely, we have the following result:

+% (goVu)(t) +

I
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Lemma 4.1. Suppose that (G1) and (G2) hold and let (u,z) be a solution of the problem (14). Then, the
energy functional defined by (30) is a nonincreasing function, that is there exists a positive constant C
such that

dE (t)
at

1 1
< -C /uf (z,t)dx —|—/z2 (z,1,t)dx | + 3 (¢' o Vu) (t) — ig (t) HV’U,H;
Q Q
<0, Vt>0 (31)

Proof. Multiplying the first equation in (14) by u;, integrating over 2 and using integration by parts, we
get

d1
&5 (ol + 19al2) + g el + oz [ =G0 1,0yt )
Q

_ / g(t—s) / Vs (8) - Vu (7) dadr. (32)
0 Q

Now, using Lemma 2.1, the term in the right-hand side of (32) can be rewritten as follows
/ 1
/g (t— 8)/Vut (t) - Vu (1) dadr + 39 (t) HVqu
0 Q
t
1d 2 1,
=5q | [ 9D IVulzdr = (goVu) ()| + 5 (970 Vu) (B). (33)
0
Consequently, equality (32) becomes

t

G5 M@+ (1= [aas | IVul3 + (6o 70 (0
0
=< el — i [ 2o 1, e ) = 59 () [Vall3 + 5 (570 Vu) 1) (34)

Q

We multiply the second equation in (14) by £z and integrate the result over Q x (0,1), to obtain:

1 1
§//ztz(as,p,t) dpdx = _& /gzz(x,p,t)dpdm
T 2T

Q0 0

From (34), (35), using the equation (12) and Young’s inequality, we obtain

dFE (t
e = (-2 ls - (-2 [P
Q

~ 590 Vel + 5 (5" 0 Vu) (1)

Then, using (15) our conclusion holds. O
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Our stability result reads as follows:

Theorem 4.2. Let u be the solution of (1). Assume that ps < py and g satisfies (G1) and (G2). Then,
there exist two positive constants K and \ such that the energy of problem (1) satisfies

—)\tCsds
B < ke O wiso (36)

The proof of Theorem 4.2 will be done through several Lemmas. We construct a functional Z(t),
equivalent to the energy E(t), satisfying

dZ(t)
dt
where A is a positive constant. In order to construct such functional, let us first define the following

U (t) := /utudx. (37)

Q

< —AZ(1), vt >0,

Then, we have the following estimate.

Lemma 4.3. Let (u,z) be the solution of (14), then for any 61 > 0, we have

10 l
v ( +45) el — (2 502 (u1+u2)> 19

+E/zz(x,1,t)dx+ %(govm (t). (38)

Q
Proof. Using the first equation in (14), a direct computation leads to the following identity
¢
V' (t) = Hut||§ - ||Vu||§ + /Vu (t) ./g (t—s)Vu(s)dsde — /utudx — 2 / z(z, 1, t)udz.  (39)
Q 0 Q Q

Now, the third term in the right-hand side of (39) can be estimated as follows:
. 2

/Vu(t)./tg(t—s)Vu(s)dsdxg;/Vu(t)2dx—|—;/ /g(t—S)Vu(s)ds dz
) 0 o)

a \o
: 2
1 1
§§/|Vu(t)|2dx+§/ /g(t—s)|Vu(5)—Vu(t)|—|—|Vu(t)|ds dz.
Q Q \0
Using the estimate (10) in Lemma 2.2, Young’s inequality and the fact that f(f g(s)ds < fo s)ds = 1—1,
We get for any n > 0, (see relation (20) in [14])
‘ 2
/ /g(t—s)|Vu(s)—Vu(t)|+|Vu(t)\ds dz
Q@ \o
t 2 t 2
g(l—l—n)/ /g(t—s)Wu(t)\ds dx—i—( )/ /g (t—3)|Vu(s) — Vu(t)|ds | dz
a \o 0

1 2 2
< <1+77> (I=0D(goVu)(@t)+(1+n)(1-1) Q/|Vu(t)| dz. (40)
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Consequently, we arrive at

/ 1 : :
Vu(t). (t—s)Vu(s)dsde < = (14+(1+4n) (1-1) |Vu ()" do

Q
1 1
+ (Hn> (1=1) (g o Vu) (). (41)
Next, Young’s inequality and Poincaré’s inequality imply that, for any d; > 0
1
/utudx < 6103/\Vu( )P de 4+ — 5 uldzr, (42)
Q Q Q
and
/ (z,1,t)udz < §;C? / |V (8)]* de + — 15 /zg(x, 1,t)dx. (43)

Q Q

By inserting the estimates (41), (42) and (43) into (39) and choosing n =1/ (1 — 1), then (38) holds. O

Now, let us introduce the following functional

1

://e_QT”zQ(x,p,t)dpdx. (44)

Q 0
Differentiating (44) with respect to ¢ and using the second equation in (14), we have

1

1
d 1
— //eiQszz(:c,p,t)dpdx = 7// e 2Pz, (z, p, t)dpdz
dt T
Q 0 Q 0
1 1
= //pe 27022z, p,t)dpda — i//g 2% (2, p t)) dpdx
’ 27 8,0 ’ '
0 Q 0
Then, using an integration by parts, the above formula leads to
d 1
dtI( ) < —pI(t)+ T/Ut (z,t)dx — —/ x,1,t)dz (45)

Q

where c is a positive constant.

Proof of Theorem 4.2. Let us define the Lyapunov functional
Z@t):=E(@)+eU(t)+el(t),

where ¢ is a positive real number which will be chosen later. It is straightforward to see that for ¢ > 0,.2(t)
and E(t) are equivalent in the sense that there exist two positive constants (1 and (2 depending on &
such that for all t > 0

PLE() < Z(t) < fE() . (46)



1076 M. Kirane and B. Said-Houari ZAMP

Using the estimates (31), (38) and (45), we may write
d M1 € 2 ! 2 2
el < (oc—e(1+2L)_ = A
dtg(t) < (C € ( + 451> 27_> ||ut||2 € (2 01C; (,u1 +M2) ||VUH2

(1;0 (g0 V) (1) <C+5: _ 6) /ZQ(x,l,t)dx
Q

_|_

2 (g 0 Vu) (t) — 29 () [IVull2 — <pI (1)

2 2
By choosing §; and € small enough, we can find two positive constants v; and 7, such that
L' (t) < —nE ) +y2(goVu)(t),  Vt>0. (47)

By multiplying (47) by ¢ (¢), we arrive at
COL (1) <—nCOE®R)+720#) (goVu) (1),  VE=0.
Recalling (G2) and using (31), we get

C(t)Z'(t) < —m(t) E(t) —v2 (g o Vu) (t)

—NCH) E(t) —27:E"(t),  Vt=0.
That is
COZLM)+20EW) - ®)ZL ) <-—nC®E®W), V>0
Using the fact that ¢’ (t) <0,V ¢ > 0 and letting
F () =C(t) L (t) +202E(t) ~ E (1) (48)

we obtain

F' (1) < —nCOE @) < —uCt)F (1), V=0 (49)
A simple integration of (49) over (0,t) leads to

—3tCsds
FW <z Y wso (50)

A combination of (48) and (50) leads to (36). The proof of Theorem 4.2 is thus completed. O

4.2. Exponential stability for p; = po

In this subsection, we assume that u; = ps = p. As we will see, we cannot directly perform the same proof
as for the case where us < pp. We point out here that in the absence of the viscoelastic damping, that is
for g = 0, Nicaise and Pignotti have proved recently in [17] that for g1 = uo some instabilities may occur.
Here and due to the presence of the viscoelastic term, we show that the solution is still exponentially
stable even for u; = po.

Theorem 4.4. Let u be the solution of (1). Assume that py = po and g satisfies (G1) and (G2). Then for
any to > 0, there exist two positive constants K and A such that the solution of problem (1) satisfies

R - } ((s)ds
E(t) < Ke ‘o . V>t (51)

If 41 = pe = p, then we can choose € = 7 in (15) and Lemma 4.1 takes the form
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Lemma 4.5. Suppose that (G1) and (G2) hold and let (u,z) be a solution of the problem (14). Then, the

energy functional defined by (30) is a nonincreasing function and it satisfies

dE (t 1 1
O oy - emIvali<o,  vizo

The proof of Lemma 4.5 is an immediate consequence of Lemma 4.1, by choosing £ = Tu.
Now, let us introduce the functional:

We start with

Lemma 4.6. Let (u,z) be the solution of (14), then we have the estimate

dxiiﬂg(ﬂgau_z)?) IVull3 + 62(1+u>—/g(s>ds e
0

d
1-1 pC?  pC?
+<25—|—25(1—l)+ 15, + 10, (goVu)(t)
+ 1404 / ZQ(.%‘, 1,t)dx — %Cﬁ (g' o Vu) (t),
2

Q

where €o, 0, 0o and d4 are arbitrary positive constants.

Proof. Differentiate (53) with respect to ¢, to get using the first equation in (14)

t

X’(t):/Vu(t). /g(t—s)(Vu(t)—Vu(s))ds dx
O 0

t t

—/ /g(t—s)Vu(s)ds . /g(t—s)(Vu(t)—Vu(s))ds dx
0

Q 0
- / u / g (t=s) (u(t) —u(s)) dsdz — / 9(s)ds | lludl;
Q 0

0
t

[ / 9t =) ((®) ~u(s)) dsdo — 2 [ 2(w1,8) [ gt~ 5) (ult) =~ u(s) dsc,
Q 0

Q 0

Similarly as in (38), we estimate the right-hand side terms of (55) as follows:
First, using Young’s inequality and (10), we obtain for any ¢ > 0,

t

/Vu(t). /g(th)(Vu(t)fVu(T))dT dz
Q 0

1-1
<8IV ull3 + 5= (g0 Vu) ().

(55)
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Also, the second term can be estimated as follows (see [14])

t t

/ /g(th)Vu(’r)d’r . /g(tf'r)(Vu(t)fVu(T))dT da

Q \0 0
1
< (25+45) (1=1)(goVu) (t) + 26 (1 —1)* |Vul3. (57)
Concerning the third term, we have for §o > 0
t
/ut /g’ (t—7)(u(t) —u(r))drde < do ||ut||2 — %02 (g' o Vu) (t). (58)
Q 0
The fifth term can be estimated as follows:

p 2
[ [att=5) )= us)) dsce < 02l + 7 (90 Vo) 0. (59)
Q 0

For the sixth term, we have

t

CQ
/ (x,1,%) /g (t—s) u(s))dsdx§(54/z2(:13,1,t)dx+46* (goVu) (), ds > 0. (60)
0 Q !
Inserting the above estimates (56)—(60) into (55), the assertion of the Lemma 4.6 is established. O

Proof of Theorem 4.4. As in the proof of Theorem 4.2, we define the following Lyapunov function & as:
ZL(t) == NE(t) + e;U(t) 4+ x(t) + esI (1) (61)

where N, €1 and €3 are positive real numbers which will be chosen later.
Since the function g is positive, continuous and g (0) > 0, then for any ¢ > tg > 0, we have

¢ to
Jowas= [o(s)ds =g
0 0
Now, using (38), (52) and (54), we get

di(t) <{ <1+45> +(J2 (L4 p) — go0) + 2}||“t|2 esl (1)

+ {6 (1 +2(1— 1)2) —e <é - 2u5103) } IVull3
+(Z— 455)02) (¢’ o Vu) (t) + <45+ 64—630> /z2 r,1,t)dx
Q

+{61(1;1)—|—<125l+26(1—l) ‘jli ZZ‘)}(QOVU)@). (62)

Now, we have to choose our constants in (62) very carefully.
First, let us take §; small enough such that

l
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Then, we select d small enough so that

Sy (14 p) < %0.
After that, we pick e3 so small that
s _ 90
2r — 8
Once €3 is fixed, then we choose §4 small so that
€3C
0y < —.
ek 4T

Further, we take e; small such that

) i\ go Oi€sc
1 (14 2) % .
€1<mm</<+461>8’ 27’)

Also, let us take § small so that

el

5(1+2(1—1)2) <5
Finally, we choose N large enough such that
N _g(0)

— > 202
17 4,
Consequently, there exist two positive constants 47 and 45 such that
RAC
dt( ) < - E(t) + 52 (g o Vu) (t), Vit > to. (63)

The remaining part of the proof of inequality (51) can be finished, following the same steps as in the
proof of Theorem 4.2; we omit the details.

The last step in the proof of Theorem 4.4 is to show that .2 (t) and E(t) are equivalent. So, we have
the following lemma.

Lemma 4.7. There exist two positive constants 31 and BQ depending on N, €1 and €3, such that
BE(t) < L)< BE(),  Vt>0. (64)
Proof. We consider the functional
H(t) = exU(t) + x(t) + esl (1)
and show that
|H (t)| < CE(), C>0. (65)

Using Young’s inequality, Poincaré’s inequality and Lemma 2.2, we obtain

Ix () = /ut/g(t_s) (u(t) — u(s)) dsdz
Q 0
t 2

5 [utdess [ [at-9 e -ue)as) a

Q Q \o
1 2
5 uydx +

Q

IN

IN

(1—=1)C?(goVu)(t). (66)

[N
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Similarly, we have

1
ler W (t) + esl(t)| = el/utudx + 63//6_2”’2 (z, p, t)dpdz
Q Q0

1

Q

Q0

\ /\

Using 1 — fg g(s)ds > 1, (30), (66) and (67), we get (65) for some positive constant C'. Now, it is obvious
that from (61), (65) and choosing N large enough, our result is proved. O

5. Examples and concluding remarks

In this section, we give some examples to illustrate our results and we conclude with few remarks, pointing
out some open problems and future directions worth pursuing.

Example 5.1. Let
g(t) = are 0" with a, b, v > 0,

It is then clear that (11) holds for ¢(t) = bu(1 4 t)™»O»=1 " Consequently, applying (36), we obtain the
following exponential decay

E(t) < Ke A0+,
Example 5.2. If

g(t) = ae D" with a, b >0, v > 1.
Then for
b (In (14 )"

@) = 1+t

the inequality (36) gives
E(t) S Kef)\b(h’l(lth))u.
Example 5.3. If

a
g(t) = - 5
2+t)" (In(2+1))
where
v>1 and beR
a >0 and or
v=1 and b>1
Then for
C(t) = v(In(2+1t)+b
(241) (In (2 + )"
we obtain from (36)
K
E(t) < 5

(@46 (m@+1)']
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Remark 5.4. The above examples clearly illustrate the effect of the behavior of the function g on the decay
rate of the total energy of our problem. For example, the exponential decay of the relaxation function g is
a sufficient condition to the exponential decay of the solution, whereas for g = 0 and py > po, the solution
of problem (1) decays exponentially. See [17] for more details.

5.1

. Open problems

There are many interesting questions to be investigated in connection with the problem we have addressed
here. We mention here some of them.

It is clear that the presence of the linear damping term pju in the first equation of problem (1)
plays a decisive role in our proofs. Thus, the problem of whether the stability properties we have
proved here are preserved when py = 0 is open.

As we have mentioned above, for the wave equation, some instability results have been shown in
[17] in the case po > pi. It would be interesting to study the case po > 1 in our problem (1).

It would be interesting to investigate the viscoelastic wave equation with a time delay in the bound-
ary condition and a velocity term in the equation. Concerning the wave equation, Datko et al [9]
treated the one-dimensional problem

Uge (@, 1) — U (2, 1) + 2aus (2, t) + a®u(z,t) =0, 0<z <1, t>0,
u(0,t) =0, t>0, (68)
ug(1,t) = —ku(1,t — 1), t>0,
and show that if the positive constants a and k satisfy
62a +1
e —1
then the delayed feedback system (68) is stable for all sufficiently small delays.

We have considered here general decay of the relaxation function g, but the best decay rate that we
obtained is exponential. What happens when the function g decays faster than exponentially?

k <1,

References

10.

. Aassila, M., Cavalcanti, M.M., Soriano, J.A: Asymptotic stability and energy decay rates for solutions of the wave

equation with memory in a star-shaped domain. SIAM J. Control Optim. 38(5), 1581-1602 (2000)

. Abdallah, C., Dorato, P., Benitez-Read, J., Byrne, R.: Delayed positive feedback can stabilize oscillatory system. ACC.

San Francisco, pp. 3106-3107 (1993)

. Alabau-Boussouira, F., Cannarsa, P., Sforza, D.: Decay estimates for second order evolution equations with memory.

J. Funct. Anal. 254(5), 1342-1372 (2008)

. Berrimi, S., Messaoudi, S.A.: Existence and decay of solutions of a viscoelastic equation with a nonlinear source. Nonl.

Anal. 64, 2314-2331 (2006)

. Cavalcanti, M.M., Domingos Cavalcanti, V.N., Ferreira, J.: Existence and uniform decay for nonlinear viscoelastic

equation with strong damping. Math. Meth. Appl. Sci. 24, 1043-1053 (2001)

. Cavalcanti, M.M., Domingos Cavalcanti, V.N., Soriano, J.A.: Exponential decay for the solution of semilinear viscoelastic

wave equations with localized damping. E. J. Differ. Equ. 44, 1-14 (2002)

. Cavalcanti, M.M., Domingos Cavalcanti, V.N., Martinez, P.: Existence and decay rate estimates for the wave equation

with nonlinear boundary damping and source term. J. Differ. Equ. 203(1), 119-158 (2004)

. Cavalcanti, M.M., Oquendo, H.P.: Frictional versus viscoelastic damping in a semilinear wave equation. SIAM

J. Control Optim. 42(4), 1310-1324 (2003)

. Datko, R., Lagnese, J., Polis, M.P.: An example on the effect of time delays in boundary feedback stabilization of wave

equations. STAM J. Control Optim. 24(1), 152-156 (1986)
Fabrizio, M., Polidoro, S.: Asymptotic decay for some differential systems with fading memory. Appl. Anal. 81(6),
1245-1264 (2002)



1082 M. Kirane and B. Said-Houari ZAMP

11.

12.
13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.
25.

Kirane, M., Tatar, N.e.: Non-existence results for a semilinear hyperbolic problem with boundary condition of memory
type. Zeit. Anal. Anw. (J. Anal. Appl.), 19(2), 453-468 (2000)

Lions,J.-L.: Quelques méthodes de résolution des problémes aux limites non linéaires. Dunod (1969)

Messaoudi, S.A.: Blow up of solutions with positive initial energy in a nonlinear viscoelastic wave equations. J. Math.
Anal. Appl. 320, 902-915 (2006)

Messaoudi, S.A.: General decay of solution energy in a viscoelastic equation with a nonlinear source. Nonl. Anal. 69, 2589—
2598 (2008)

Messaoudi, S.A., Tatar, N.-E.: Global existence asymptotic behavior for a nonlinear viscoelastic problem. Math. Meth.
Sci. Res. J. 7(4), 136-149 (2003)

Messaoudi, S.A., Tatar, N.-E.: Exponential and polynomial decay for a quasilinear viscoelastic equation. Nonl.
Anal. 68, 785-793 (2008)

Nicaise, S., Pignotti, C.: Stability and instability results of the wave equation with a delay term in the boundary or
internal feedbacks. SIAM J. Control Optim. 45(5), 1561-1585 (2006)

Nicaise, S., Pignotti, C.: Stabilization of the wave equation with boundary or internal distributed delay. Diff. Int.
Equs. 21(9-10), 935-958 (2008)

Nicaise, S., Valein, J.: Stabilization of the wave equation on 1-d networks with a delay term in the nodal feedbacks. Netw.
Heterog. Media. 2(3), 425-479 (2007)

Nicaise, S., Valein, J., Fridman, E.: Stabilization of the heat and the wave equations with boundary time-varying
delays. DCDS-S. S2(3), 559-581 (2009)

Munoz Rivera, J.E., Naso, M., Vuk, E.: Asymptotic behavior of the energy for electromagnetic system with memory.
Math. Meth. Appl. Sci. 25(7), 819-841 (2004)

Munoz Rivera, J.E., Peres Salvatierra, A.: Asymptotic behavior of the energy in partially viscoelastic materials. Quart.
Appl. Math. 59(3), 557-578 (2001)

Suh, I.H., Bien, Z.: Use of time delay action in the controller design. IEEE Trans. Automat. Control. 25, 600-603 (1980)
Vicente, A.: Wave equation with acoustic/memory boundary conditions. Bol. Soc. Parana. Mat. (3) 27(1):29-39 (2009)
Xu, C.Q., Yung, S.P., Li, L.K.: Stabilization of the wave system with input delay in the boundary control. ESAIM:
Control Optim. Calc. Var. 12, 770-785 (2006)

Mokhtar Kirane

Mathématiques

Image et Applications Pole Sciences et Technologie
Université de la Rochelle

La Rochelle

France

e-mail: mokhtar.kirane@Quniv-Ir.fr

Belkacem Said-Houari

Department of Mathematics and Statistics
University of Konstanz

78457 Konstanz

Germany

e-mail: saidhouarib@yahoo.fr

Belkacem Said-Houari (Current address)

Division of Mathematical and Computer Sciences and Engineering
4700 King Abdullah University of Science and Technology (KAUST)
Thuwal 23955-6900

Saudi Arabia

e-mail: saidhouarib@yahoo.fr

(Received: June 16, 2010; revised: March 23, 2011)



	Existence and asymptotic stability of a viscoelastic wave equation with a delay
	Abstract
	1. Introduction
	2. Preliminaries
	3. Well-posedness of the problem
	4. Asymptotic behavior
	4.1. Exponential stability for μ2<μ1
	4.2. Exponential stability for μ1=μ2

	5. Examples and concluding remarks
	5.1. Open problems

	References


