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Fully developed laminar slip and no-slip flow in rough microtubes

F. Talay Akyildiz and Dennis A. Siginer

Abstract. The effect of surface roughness on developed laminar flow in microtubes is investigated. The tube boundary is
defined by r = R [1 + ε sin (λθ)], with R representing the reference radius and ε and λ the roughness parameters. The
momentum equation is solved using Fourier–Galerkin–Tau method with slip at the boundary. A novel semi-analytical
method is developed to predict friction factor and pressure drop in corrugated rough microtubes for continuum flow and
slip flow that are not restricted to small values of ελ. The analytical solution collapses onto the perturbation solution of
Duan and Muzychka (J. Fluids Eng., 130:031102, 2008) for small enough values of ελ.
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1. Introduction

Advances in microfabrication made it possible to build microchannels with dimensions in the micrometer
range. Hence, the mechanics of fluid flow in microchannels emerged as an important research area in view
of the many emerging novel industrial applications in biomedical industry, computer chip manufacturing,
and separation processes in chemical industry operations among others. A sound understanding of the
fluid mechanics and heat transfer issues in microchannels is important for better design of various micro-
fluidic devices. Microchannels are defined as channels whose characteristic dimensions are from 1 μm to
1 mm. Above 1 mm, flow exhibits the same behavior as continuum flows.

In recent years, a large number of papers have reported pressure drop data for laminar fully devel-
oped flow of liquids in microchannels with various cross-sections [2]. Rectangular cross-sections have been
extensively studied as they are employed in many applications [3]. However, published results are often
inconsistent. Some authors report a large deviation from the conventional theories and attribute it to
an early onset of laminar to turbulent flow transition or surface phenomena such as surface roughness,
electrokinetic forces, viscous heating effects, and microcirculation near the wall [4]. Several theories and
models have been proposed to explain the observed deviations, but an indisputable conclusion has not
yet been reached.

Because of difficulties involved in current micromachining technology, microchannel walls typically
exhibit some degree of roughness, which plays an important role in microchannel flows. But, it is difficult
to characterize it analytically or numerically. It can be characterized using stylus-type surface profilom-
eter, optical measurements, scanning electron microscopy (SEM), atomic force microscopy (ATM), and
scanning tunneling microscopy (STM). Obviously, there is a need for a better understanding of the effects
of wall roughness on fluid characteristics in microchannels.

The method of conformal mapping can be used for the fully developed flow through corrugated tubes
(see for example [5]). But, this approach is limited to the shape of the geometry. A model to predict
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the pressure drop of the fully developed laminar continuum flows in rough microtubes has been formu-
lated assuming that the wall roughness can be described by an istropic Gaussian distribution, Bahrami
et al. [6]. More recently, the effect of corrugated roughness on fully developed laminar flow in microtubes
with slip at the boundary has been investigated by Duan and Muzychka [1]. They used a perturbation
method to obtain the approximate solution with the wall corrugation as the perturbation parameter, thus
restricting the solution to small values of ελ.

In this work, the corrugated domain is transformed first into a computational domain followed by the
use of the Fourier–Galerkin–Tau method to solve the transformed momentum equation for unrestricted
large values of ελ. The result of the perturbation analysis of Duan and Muzychka [1] is obtained as a
special case of this study for small values of ελ.

2. Formulation of the problem

The steady axial flow of a Newtonian fluid through a straight microtube of a uniform cross-section having
a circumference in the form of a slightly distorted circle with a radius given by R [1 + εf (θ)] is considered.
ε and R represent the roughness and the mean radius of the rough microtube. The function f (θ)of the
polar angle θ can be chosen to vary the shape of the boundary. To simplify the roughness problem, a
sinusoidal corrugation f (θ) = sin (λθ) is adopted where λ = 2πR/l with λ and l representing the wave
number and the wavelength of the rough corrugated walls, respectively. The dimensionless momentum
balance for the axial velocity w reads as,

1
r

∂

∂r

(
r
∂w

∂r

)
+

1
r2

∂2w

∂θ2
= −1. (2.1)

The no-slip boundary conditions are given by

wr = wθ = 0 at r = 0

w = 0 at r = 1 + ε sin (λθ)
(2.2)

All variables in these equations are dimensionless; the scale factors
[
R2 (−dp/dz) /μ

]
and R are used

to non-dimensionalize w and r, respectively. Note that Spectral Fourier–Galerkin method can be used to
solve the above problem, but this method cannot be used for the slip flow that is the subject of the next
section.

2.1. Slip flow

In the past two decades, the rapid development of microelectromechanic systems (MEMS) and micro-
chemical systems has brought up great interest in studying flow and heat transfer in micro-scale [7].
A sound understanding of the characteristics of slip flow in microchannels in particular in the context
of gas flows is becoming increasingly important. The Knudsen number Kn is used to classify gas flow
in microchannels in four distinct flow regimes: continuum flow regime (Kn < 0.001), slip flow regime
(0.001 < Kn < 0.1), transition flow regime (0.1 < Kn < 10), and free molecular flow regime (Kn > 10) .
The boundary conditions in this case are given by

wr = wθ = 0 at r = 0,

w = −2Kn
2 − σ

σ

∂w

∂n
r = 1 + ε sin (λθ) , Kn =

λf

2R

(2.3)

where λf is the molecular mean free path and σ denotes the tangential momentum accommodation
coefficient usually assumed to be between 0.87 and 1 [7] with n representing the normal vector to the
boundary.
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2.2. Coordinate transformation

The independent variables in the physical plane (r, θ) are expressed in terms of a new set of indepen-
dent variables in the computational plane (ζ, t) to map the corrugated microtube domain into a circular
cross-section,

r = ζ (1 + sin (t)) , θ =
t

λ
(2.4)

With this transformation, governing Eq. (2.1) in the computational domain takes the following form,
(
g (t)2 + (λ∂tg (t))2

)
ζ2 ∂2w

∂ζ2
− 2g (t) ∂tg (t) ζλ2 ∂2w

∂ζ∂t
+
(

g (t)2 + 2 (∂tg (t))2− g (t) ∂2
t g (t)

)

×λ2ζ
∂w
∂ζ

+ g (t)2 λ2 ∂2w

∂t2
= −g (t)4 ζ2 (2.5)

The local normal gradient at the wall in the transformed computational domain is expressed as

∂w

∂n
=

⎛
⎝−1 +

ζ∂tg (t)√
1
λ2 + ζ2 (∂tg (t))2

⎞
⎠λ

∂w

∂t
+

λ

g (t)

⎛
⎝ ζ∂tg (t)

−
√

1
λ2 + ζ2 (∂tg (t))2

⎞
⎠ ∂w

∂ζ

g(t) = 1 + ε sin(t).

(2.6)

As the Fourier–Galerkin method cannot be used to solve the slip flow, a Fourier–Galerkin–Tau method
is developed below to solve the problem.

3. Fourier–Galerkin spectral and Tau method

{ek (t) , k ∈ N} =
{

1√
2π

eikt, k ∈ N

}
is chosen to be an orthonormal basis of the Hilbert spaces L

2
0 [0, 2π].

The subspaces of these Hilbert spaces are spanned by SN =
{

1√
2π

eikt, 0 ≤ k ≤ N
}

. Then, Fourier–
Galerkin approximation of (2.5) requires finding functions wN from [0, 2π] ∈ SN that satisfy((

g(t)2 + (λ∂tg(t))2
)

ζ2∂2
ζwN − 2g(t)∂tg(t)ζλ2∂2

ζtwN +
(
g(t)2 + 2 (∂tg(t))2 − g(t)∂2

t g(t)
)

λ2ζ∂ζwN

+ g(t)2λ2∂2
t wN + g(t)4ζ2, ϕ

)
= 0 (3.1)

with ϕ ∈ SN . For each ζ, wN (ζ, .) have the following form with superscripts c and s indicating coefficients
of the cos and sin terms, respectively.

wN (ζ, t) =
ŵc

N (ζ, 0)
2

+
N∑

k=1

ŵs
N (ζ, k) sin(kt) + ŵc

N (ζ, k) cos(kt) (3.2)

with ϕ = sin (kt) , 1 ≤ k ≤ N − l and cos (kt) , 0 ≤ k ≤ N − l, the following system of equations for the
coefficients of ŵs

N and ŵc
N are obtained (first few terms):

For ŵc
N (0, t):

∂2
ζ ŵc

N (ζ, 0)
(−4 − 2ε2 − 2ε2λ2

)− 8ε∂2
ζ ŵs

N (ζ, 1) +
(
2ε2 − 2ε2λ2

)
ζ∂2

ζwc
N (ζ, 1) + · · · = 0 (3.3)

For ŵc
N (ζ, 1):

− ∂2
ζ ŵc

N (ζ, 1)
(
4 + ε2 + 3ε2λ2

)− 4ε∂2
ζ ŵs

N (ζ, 2)+ε2ε∂2
ζ ŵc

N (ζ, 3) + 3ε2λ2∂ζŵ
c
N (ζ, 1) + · · ·=0 (3.4)

For ŵs
N (ζ, 1):

∂2
ζws

N (ζ, 1)
(
4+ε2λ2 + 3ε2

)− 4ε∂2
ζwc

N (ζ, 2) +
(
ε2λ2 − ε2

)
∂2

ζws
N (ζ, 1)+ε2λ2∂2

ζws
N (ζ, 3) + · · ·=0 (3.5)
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In this work, polynomial approximations are used for wc
N (ζ, 0), ws

N (ζ, k), 1 ≤ k ≤ N , and wc
N (ζ, k),

1 ≤ k ≤ N . The selection of trial functions and the solution method used are different for no-slip flow
and slip flow because of the boundary conditions.
(i) No-slip flow
Trial functions are constructed in the following way to satisfy boundary conditions,∧

i

(ζ) =
(
1 − ζ2

)
ζ2i, i = 0, 1, . . . , n (3.6)

Hence, in terms of trial functions, wc
N (ζ, 0), ws

N (ζ, k), and wc
N (ζ, k), 1 ≤ k ≤ N can be rewritten as

wc
N (ζ, 0) =

N∑
j=0

a[0, j](1 − ζ2)ζ2j , wc
N (ζ, k) =

N∑
j=0

a[i, j](1 − ζ2)ζ2j

ws
N (ζ, k) =

N∑
j=0

b [i, j]
(
1 − ζ2

)
ζ2j , i = 1, . . . , N

a [0, j] , a [i, j] , b [i, j] are unknown coefficients to be determined. Substituting these expressions into (3.2),
we derive

wN (ζ, t) =
N∑

j=0

a [0, j]
(
1 − ζ2

)
ζ2j +

N∑
i, j=1

(a [i, j] cos (it) + b [i, j] sin (it))
(
1 − ζ2

)
ζ2j (3.7)

Galerkin spectral method can now be used to find the unknown parameters. Note that the following
boundary conditions are automatically satisfied

wζ = wt = 0 at ζ = 0
w = 0 at ζ = 1

(3.8)

(ii) Slip flow
Trial functions are chosen as ∧

i

(ζ) = ζ2i, i = 0, 1, . . . , n (3.9)

First boundary conditions in (2.3) for slip flow are automatically satisfied, and wN (ζ, t) together with
boundary conditions can be written in terms of the trial functions as

wN (ζ, t) =
N∑

j=0

a [0, j] ζ2j +
N−1∑
i, j=1

(a [i, j] cos (it) + b [i, j] sin (it)) ζ2j+2

+ a [N − 1, N ] cos ((N − 1) t) ζ2N+2 + a [N,N − 1] cos (Nt) ζ2N

+ b [N − 1, N ] sin ((N − 1) t) ζ2N+2 + a [N,N − 1] sin (Nt) ζ2N (3.10)
∂ζwN = ∂twN = 0 at ζ = 0 (3.11)

2Kn
2 − σ

σ

⎛
⎝
⎛
⎝−1 +

∂tg(t)√
1
λ2 + (∂tg(t))2

⎞
⎠λ∂twN (1, t)

+
λ

g(t)

((
∂tg(t) −

√
1
λ2

+ (∂tg (t))2
)

ζwN (1, t)

))
+ wN (1, t) = 0 (3.12)

Note that the trial function (3.9) does not satisfy boundary condition (3.12) for slip flow. Thus, it is neces-
sary to have weighted residual conditions for both the PDE and second boundary condition. Substituting
this into (3.10) and using the method of spectral Tau, we obtain N2 − l equations with N2 unknowns; the
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remaining l equations comes from the application of weighted residual method to the second boundary
condition (3.12),

2π∫
0

⎛
⎝
⎛
⎝
⎛
⎝−1 +

∂tg (t)√
1
λ2 + (∂tg (t))2

⎞
⎠λ∂twN (1, t) +

λ

g (t)

(
∂tg (t) −

√
1
λ2

+ (∂tg (t))2
)

∂ζwN (1, t)

⎞
⎠

× 2Kn
2 − σ

σ
+ wN (1, t)

)
ϕdt = 0 (3.13)

ϕ = sin kt,N − l ≤ k ≤ N − l

2
and cos kt,N − l/2 ≤ k ≤ N − l.

As (3.13) cannot be integrated exactly, the quadrature method is used to evaluate the integral numeri-
cally. Thus, a system of N2 equations with N2 unknowns is obtained. This is the essence of the spectral
Tau approximation. The resulting matrix is checked carefully for each run of the program for different
values of the parameters involved in the non-singular flow problem. It is well known that the solution is
unique. Convergence of the solution and the results are discussed in the following section in detail.

The total flow rate is given by

Q =

2π∫
0

1∫
0

w (ζ, t) g (t)2 dζdt. (3.14)

The ratio Q∗ = Q/Qsm can be readily computed. Qsm is the flow rate for smooth microtubes. Similarly,
the effect of wall roughness on the pressure drop Δp∗ = Δp/Δpsm is computed and used in the plots of
Figs. 1 and 2. Δpsm is the pressure drop for the smooth microtube and Δp is given by

Δp =
8Q

π
(3.15)
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Fig. 1. Effect of relative roughness ε and wave number λ on the pressure drop in microtubes for continuum flow. a Galerkin
method (λ = 10), b perturbation method (λ = 10), c Galerkin method (λ = 30), d perturbation method (λ = 30)
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Fig. 2. Effect of relative roughness ε and wave number λ on pressure drop in microtubes for continuum flow for Kn∗ = 0.03
flow. a Galerkin method (λ = 10), b perturbation method (λ = 10), c Galerkin method (λ = 30), d perturbation method
(λ = 30)

The friction factor times Reynolds number fRe can be obtained simply by substituting (3.14) into the
definition of fRe with Dh representing the hydraulic radius,

fRe =
2
(

A
P

)
DhA

Q
(3.16)

4. Discussion and conclusion

Both methods give the exact solution for ε = λ = 0. The convergence of the methods is checked by
increasing the number of terms in (3.7) and (3.10) until the difference between successive solutions is less
than 10−6 for ε = 0.1 and λ = 3 for both no-slip and slip flow with K∗

n = Kn (2 − σ) /σ = 0.03. The
results are compared with the perturbation solution of Duan and Muzychka [1] in Table 1 in terms of
friction factor times Reynolds number fRe.

The perturbation solution agrees with the results of the semi-analytical Fourier–Galerkin–Tau method
developed in this paper for small enough ελ. In fact, if ελ ≤ 1, the difference between perturbation solution
and the semi-analytical Fourier–Galerkin–Tau solution is negligible. Perturbation solution is no longer
valid if ελ > 1 as the difference clearly is unacceptable.

Table 1. fRe for developed laminar flow in corrugated microtubes with no-slip for λ = 50

ε fRe(perturbation) fRe(Galerkin method)

0.01 1.00979 1.00972
0.02 1.03069 1.04036
0.03 1.05822 1.09565
0.04 1.10152 1.18371
0.05 1.1708 1.32013



Vol. 62 (2011) Fully developed laminar slip and no-slip flow in rough microtubes 747

Table 2. fRe for developed laminar flow in corrugated microtubes with slip for λ = 50

ε fRe(perturbation) fRe(Tau method)

0.01 1.010831 1.0398
0.02 1.033376 1.1808
0.03 1.056105 1.52569
0.04 1.0756 2.58
0.05 1.0920 23.319

Slip flow results are tabulated in Table 2 for a specific value of λ and several values of ε. The con-
clusions reached for the no-slip flow on the basis of Table 1 are valid for slip flow as well, that is the
perturbation solution of Duan and Muzychka [1] agrees fairly well with the results of the semi-analytical
Fourier–Galerkin–Tau method for small enough ελ, and there is an increasingly large discrepancy for
ελ > 1. It should be noted that for slip flow the discrepancy between the perturbation and the Galerkin–
Tau method results is much larger than the discrepancy for the no-slip flow for the same value of ελ
between the perturbation and the Galerkin methods. In fact for ελ = 2.5, it is an order of magnitude
larger. The discrepancy between the perturbation and the Galerkin method in the case of no-slip flow
and the Galerkin–Tau method in the case of slip flow grows rapidly with growing ελ, but it grows at a
much faster rate in the case of slip flow.

Figure 1 summarizes the comparison for the pressure drop results for two values of λ and several values
of ε covering a wide range of these parameters for continuum no-slip flow. In all cases for a given λ and
ε, the perturbation solution estimates a pressure drop larger than that predicted by the Fourier–Galerkin
solution, even for relatively small values of λ and ε. The discrepancy grows with increasing ε for fixed λ.
The larger the λ, the larger becomes the gap between the perturbation and the Fourier–Galerkin solution
for the same ε. The gap between the perturbation and the Fourier–Galerkin solution starts opening up
earlier that is at smaller and smaller ε with growing λ.

Figure 2 summarizes pressure drop results for slip flow for Kn = 0.03 and for the same range of values
of λ and ε as in Fig. 1. The qualitative conclusions drawn from Fig. 1 for the case of continuum no-slip
flow hold for the slip flow data of Fig. 2 as well with the proviso that agreement between the perturbation
solution and the Fourier–Galerkin–Tau method is relatively better for smaller λ and ε. However, for larger
values of λ, there is no agreement at all even for very small ε.
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