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Abstract. Vekua operators map harmonic functions defined on domain in R? to solutions of elliptic partial differential equa-
tions on the same domain and vice versa. In this paper, following the original work of I. Vekua (Ilja Vekua (1907-1977),
Soviet-Georgian mathematician), we define Vekua operators in the case of the Helmholtz equation in a completely explicit
fashion, in any space dimension N > 2. We prove (i) that they actually transform harmonic functions and Helmholtz
solutions into each other; (ii) that they are inverse to each other; and (iii) that they are continuous in any Sobolev norm in
star-shaped Lipschitz domains. Finally, we define and compute the generalized harmonic polynomials as the Vekua trans-
forms of harmonic polynomials. These results are instrumental in proving approximation estimates for solutions of the
Helmholtz equation in spaces of circular, spherical, and plane waves.

Mathematics Subject Classification (2000). 35C15 - 35J05.

Keywords. Vekua transform - Helmholtz equation - Generalized harmonic polynomials - Sobolev continuity.

1. Introduction and motivation

Vekua’s theory (see [20,36]) is a tool for linking properties of harmonic functions (solutions of the Laplace
equation Au = 0) to solutions of general second-order elliptic PDEs Lu = 0: the so-called Vekua operators
(inverses of each other) map harmonic functions to solutions of Lu = 0 and vice versa.

The original formulation targets elliptic PDEs with analytic coefficients in two space dimensions. Some
generalizations to higher space dimensions have been attempted, see [10-12,18,23,24] and the references
therein, but the Vekua operators in these general cases are not completely explicit.

Here, the PDE we are interested in is the homogeneous Helmholtz equation Lu := Au + w?u = 0. In
this particular case, simple explicit integral operators have been defined in the original work of Vekua in
any space dimension N > 2 (see [34,35], [36, p. 59], and Fig. 1), but no proofs of their properties are
provided, and to the best of our knowledge, these results have been used later on only in very few cases
[9,25].

Vekua’s theory has surprising relevance to numerical analysis. Several finite element methods used in
the numerical discretization of the Helmholtz equation Awu 4+ w?u = 0 are based on incorporating a priori
knowledge about the differential equation into the local approximation spaces by using Trefftz-type basis
functions, namely functions that belong to the kernel of the Helmholtz operator.

Examples of methods using local approximating spaces spanned by plane wave functions =+ e
d € SN=1 are the Plane Wave Partition of Unit Method (see [4]), the Ultra Weak Variational Formu-
lation (see [8]), the Plane Wave Least Squares Method (see [32]), the Discontinuous Enrichment Method
(see [16]), and the Plane Wave Discontinuous Galerkin Method (see [19,22]). Other methods are based on
generalized harmonic polynomials (Fourier—Bessel functions), like the Partition of Unit Method of [29],
the version of the Least Squares Method presented again in [32], and the method of [6], or on Hankel
functions, like the Method of Fundamental Solutions of [5].
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3. Notice that formula (13.9) may be generalized to the case of.a space
of any number of dimensions. In fact, the formula

UKy ooy Xy) = UG (X1, 00, %)
1

fu 1(n-2) 2
-J U@yt .. ipgt) ¢ s7Io0I=D dt,  (13.14)

The formula (13.14) also can be inverted, in fact,
Ug(Xq5. ey %y) =ulxq,...,%,)

1

1 é(n-z) d¢
+ 3 [ ueqd, ... x,t) ¢t I1 (VET - D) 13.17)
z { 1 n 1 e (

Fi1G. 1. Two paragraphs of Vekua’s book [36] addressing the theory for the Helmholtz equation

The convergence analysis of each of these techniques requires best approzimation estimates: the finite
element space must contain a function that approximates the analytic solution of the problem with an
error that tends to zero when the mesh size h is reduced (h-convergence) or when the dimension p of the
local approximating space is raised (p-convergence). This error is usually measured in Sobolev norms, and
an explicit estimation of the convergence rate with respect to the parameters h and p is very desirable.

In the case of plane waves, only few approximation estimates are available in the literature. A first
one is contained in Theorem 3.7 of [8]: the proof was based on Taylor expansion, and only h-convergence
for two-dimensional domains was proved; moreover, the obtained order of convergence is not sharp. A
more sophisticated result is Proposition 8.4.14 of [27]: in this case, p-estimates were obtained in the two-
dimensional case by using complex analysis techniques and Vekua’s theory. A similar approach was used
in [30] to prove sharp estimates in h for the PWDG method in 2D; there, the dependence on the wave
number was made explicit. In order to generalize and make precise the results of [27,30], it is necessary
to study in more details the basic tool used: Vekua’s theory. This paper is devoted to this purpose:
the results developed here will be the main ingredients in the proof of best approximation estimates by
circular, spherical, and plane waves. This has been done in [21] and greatly improved in [31].

We proceed as follows: in Sect. 2, we will start by defining the Vekua operators for the Helmholtz
equation with N > 2 and prove their basic properties, namely, that they are inverse to each other and map
harmonic functions to solutions of the homogeneous Helmholtz equation and vice versa (see Theorem 2.5).
Next, in Sect. 3, we establish their continuity properties in (weighted) Sobolev norms, like in [27], but
with continuity constants explicit in the domain shape parameter, in the Sobolev regularity exponent
and in the product of the wavenumber times the diameter of the domain (see Theorem 3.1). The main
difficulty in proving these continuity estimates consists in establishing precise interior estimates. Finally,
in Sect. 4, we introduce the generalized harmonic polynomials, which are the mapping through the direct
Vekua operator of the harmonic polynomials, and derive their explicit expression. They correspond to
circular and spherical waves in two and three dimensions, respectively.

All the proofs are self-contained and do not need the use of other results connected with Vekua’s
theory. Theorem 2.5 was already stated in [36], but the proof given in this paper is new; all the other
results presented in this paper are new, although many ideas come from the work of M. Melenk (see
[27,28]).

We conclude this introduction by fixing some notation used throughout this paper.
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1.1. Notation

In order to prove inequalities with constants that are explicit and sharp with respect to the indices, we
need precise definitions of Sobolev norms and seminorms, because equivalent norms give different bounds.
We denote by N the set of natural numbers, including 0. We set

B.(zo) ={z e RN, |z —x0| <}, B,=B.0), SY1=0B, cR".
We introduce the standard multi-index notation
Hled

D= ———
= oa oagy

N
|a|=2aj Va=(ai,...,ay) € NV, (1)
j=1

and define the Sobolev seminorms and norms
1

iyere = [ 3 / Du(@)rdz |
aeNN |a|=k g

1 1

k
lullwes o) = |ul3yi0 0 = [D%u(z)|Pdz |
(@) (@)
Jj=1 OCENN,lalng

|u|k,Q = |U|Wk,2(9) ol EQ Hu”Wk-,z(Q) )

[ulyr.e(y = sup  esssup|D%u(z)],
a€eNN |a|=k z€Q

Wk (Q) = Wi (Q)
[[ull Q) sup |uf Q)
j=0,....k

s

and the w-weighted Sobolev norms
1

k 2
lullpwo = | D« llg]  Yw>o. (2)
j=0
We denote the space of harmonic functions and of solutions to the homogeneous Helmholtz equation,
respectively, by
H (D):={¢pe H(D): A¢g =0} VjeN,
HI,(D):={ue H/(D): Au+w’u=0} VjeN, weC.
Finally, we denote the number of the independent spherical harmonics of degree [ in RY (see [33, eq. (11)]
and [3, Proposition 5.8]) by
1 if =0,
. _ — 3
n(N,l):=¢ 2L+ N —=2)(Il+ N —3)! 1> 1. (3)
(N -2)!

2. N-dimensional Vekua theory for the Helmholtz operator

Throughout domains satisfy the following assumption.

Assumption 2.1. The domain D C RN, N > 2, is a bounded Lipschitz open set such that

e D is star shaped with respect to the origin,
o and there exists p € (0,1/2] such that By, C D, where h := diamD.

For an example of domain that satisfies Assumption 2.1, see Fig. 2.
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Fic. 2. A domain that satisfies Assumption 2.1

Not all these assumptions are necessary in order to establish the results of this section (see Remark 2.7
below).

Remark 2.2. If D is a domain as in Assumption 2.1, then
Bph CDC B(l—p)h'
The maximum 1/2 for the parameter p is achieved when the domain is a sphere: D = B B

Definition 2.3. Given a positive number w, we define two continuous functions My, My : D x [0,1) — R
as follows
N—2
wlz| Vit

M (z,t) :== o T Ji(wlz|vV1 —1t),

iw|x| \/iN_3 )
Ms(z,t) == — > VT i Jr(iw|z|/t(1 = t)), (4)

where J; is the first-order Bessel function of the first kind, see Appendix A.

Using the expression (60), we can write

1y (wlxl)%ﬂ Y
Mz, Z: (k+1)! ’

‘ |)2k+2

+5-1

(<4 — by tht
Ma(e,t) =3 ERCESY]

k>0

Note that M; and Ms are radially symmetric in = and belong to C*°(D x (0, 1]); if N is even, they have
a C*-extension to RV x R.

Definition 2.4. We define the Vekua operator Vi : C(D) — C(D) and the inverse Vekua operator
V2 : C(D) — C(D) for the Helmholtz equation according to

Vlle) = ol) + [ My(mt)ota)dt Vo e D, j=1.2 (5)

where C(D) is the space of the complex-valued continuous functions on D. Vi[¢] is called the Vekua
transform of ¢.
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Notice that ¢ — M;(z,t)¢(tx),j = 1,2, belong to L'([0,1]) for every x € D; consequently, V; and V5
are well defined. The operators V; and V5 can also be defined with the same formulas from the space
of the essentially bounded functions L>°(D) to itself or from LP(D) to L?(D), with p sufficiently large,
depending on the spatial dimension N. In the following theorem, we summarize general results about the
Vekua operators, while their continuity will be proved in Theorem 3.1 below.

Theorem 2.5. Let D be a domain as in Assumption 2.1; the Vekua operators satisfy:
(i) Va is the inverse of Vi:
Vi[Va[¢ll =Va[Vil¢ll = ¢ V¢ € C(D). (6)
(ii) If ¢ is harmonic in D, i.e.,
Ap=0 in D, (7)
then
AVy[p] +w?Vi[p] =0 in D.
(iii)  If u is a solution of the homogeneous Helmholtz equation with wavenumber w > 0 in D, i.e.,
Au+w?u=0 inD, (8)
then
AVslu] =0 in D.

Theorem 2.5 states that the operators V; and V5 are inverse to each other and map harmonic functions
to solutions of the homogeneous Helmholtz equation and vice versa.

The results of this theorem were stated in [36, Chap. 1, § 13.2-3]. In two space dimensions, the
definition of the operator Vi followed from the general Vekua theory for elliptic PDEs; this implies that
V1 is a bijection between the space of complex harmonic function and the space of solutions of the homo-
geneous Helmholtz equation.’ The fact that the inverse of V; can be written as the operator Vs (part (i)
of Theorem 2.5) was stated in [35], and the proof was skipped as an “easy calculation”, after reducing
the problem to a one-dimensional Volterra integral equation. Here, we give a completely self-contained
and general proof of Theorem 2.5 merely using elementary calculus.

Asin Theorem 2.5, in the following, we will usually denote the solutions of the homogeneous Helmholtz
equation with the letter u, and harmonic functions, as well as generic functions defined on D, with the
letter ¢.

Remark 2.6. Theorem 2.5 holds with the same proof also for every w € C, i.e., for the Helmholtz equation
in lossy materials.

Remark 2.7. Theorem 2.5 holds also for an unbounded or irregular domain: the only necessary hypotheses
are that D has to be open and star shaped with respect to the origin. In fact, the proof only relies on
the local properties of the functions on the segment [0, x]. For the same reason, the singularities of ¢ and
u on the boundary of D do not affect the results of the theorem.

Theorem 2.5 can be proved by using elementary mathematical analysis results. We proceed by proving
the parts (i) and (ii) separately.

Proof of Theorem 2.5, part (i). We define a function
g9:[0,00) x [0,00) — R,

g(r,t) = ;:/\:Ltt Ji(wyrvr —t).

IThe proof in higher space dimensions might be contained in the Georgian language article [34] that is hard to obtain.
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Note that if r < ¢ the argument of the Bessel function .J; is imaginary on the standard branch cut but
the function g is always real valued.

Using the change of variable s = t|z|, for every ¢ € C(D) and for every x € D, we can compute

||

ilolte) = ote) + s (5 ) o (s ) o
/

||

:‘““’"/w‘xl o] \ﬁr oy 1 (oVIVET=S) ¢ ( )
\xl

/|x|N2 oliel- o) (II)
Valol(z) = 6(z) + / M, (as ||) 6 (;) Las

/ ﬁ (i BT) o ()

sill) o (s5) as

because s < |z|, and we have fixed the sign \/s — [z| = i\/|z[ — s. Note that in the expressions for the
two operators, the arguments of the functions g are swapped. Now, we apply the first operator after the
second one, switch the order of the integration in the resulting double integral and get

||

Vi [Vl (a) /Wzg slel)o () as
|| N_s R N
*0 ;‘@ g(|zl, s) ( )+O/S = <z|x|) dz| ds
|| N1 )
= oto)+ [ s Gole) ~allal- )6 (s ) a

||

i (o) [ o alel.s) ase
0 z

The exchange of the order of integration is possible because ¢ is continuous and in the domain of inte-
gration [s~'z"tg(|z|,5)g(z, )| < % s |z| e¥l*! thanks to (63), so Fubini theorem can be applied.
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Notice that Vi [Va[¢]] = V2 [V1[@]], so we only have to show that V5 is right inverse of V;. In order to
prove that V; [Va[¢]] = ¢, it is enough to show that
t
g(t,r)—g(r,t)=/wds Vr>t>0, (9)

S
t

so that all the integrals in the previous expression vanish, and we are done. Using (60), we expand g in
power series (recall that, for k£ > 0 integer, I'(k + 1) = k!):

2t (1) w2 ot (7 — t)!
= 10
9t === 2"y T (10)
1>0
from which we get
w2rt (=Dt w? (r —t)! ((_t)l _ rl)
t,r) — t) = . 11
1>0
We compute the following integral using the change of variables z = 2=% and the expression of the beta
1!
integral [ (1—2)P29dz = B +1,qg+1 __ T .
el o ) (v ¢+ 1) (p+q+1)

T

1
/S(T—S)j(t—5>kds = (=1)F(r—t)itk+L /(1—2)72']C (zr+ (1—2)t) dz
t 0
jlE!
(j+k+2)
Thus, expanding the product of g(t,s) g(r,s) in a double power series, integrating term by term, and
using the previous identity give

[ g(t,s) g(r,s) (10)  w?rt (— 1)j+k 20 +kA1) g ¢k f s2(r—s)(t—s)k
/7 ds = > o i / d

) 7l
/ s ek DG+ DK (B+1 s

= (=D)F -yt (r(k+1) +t(+1)). (12)

S

(1_2) wrt Z (—=1)7 W20+k+1) g 4k (r— t)J+k+1
— 4 22(j+k+1) GHO (k+ 1) (G+k+2)!

(r(k+1) +t(j +1))

J:k=0
(1=j+k+1) wW?rt Wir—t) 1 ¢ Jpd gl=i—t . .
= — l— t 1
4 ;2%(“!12} ]+1 Grora—j ru=N+H+)

I
&
Ll
.y
[\)
E
_A'_ﬁ
—| |
__@F
MT
—
l_|
/\
<.
+
—_
\_/
\_/
<
+
=
Mx\..
o
—
+
VS
N~
—
N~—
.
<
| I

B w2rtzw2l(r—t)l

T A

1>1

Wyt — gm0,

thanks to the binomial theorem and (11), where the term corresponding to { = 0 is zero. This proves (9),
and the proof is complete. O

Proof of Theorem 2.5, parts (ii) and (iii). Let ¢ be a harmonic function, then ¢ € C°°(D), thanks
to the regularity theorem for harmonic functions (see, e.g., [17, Corollary 8.11]). We prove that
(A + w?)Vi[p](z) = 0. In order to do that, we establish some useful identities.
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We set r := |z| and compute

0
li(l’,t) —(.d\/]. —t

0 — \/ENJ wrvl—1t Ji(wrv1—1)
AwrvT—t) | 2(1-1) !
N-2
,M Jo((.«JT’* /1 — t),
N-1 a 9?

" li(x i) + WMl(l’,t)

N
2

(65)
(13)
AMl (JC, t) =

(N Jo(wrv1—1t) —wrv1 —t Jy(wrv1 —1)),

where the Laplacian acts on the x variable.
Since M; depends on x only through r, we can compute

A (My(z,t)p(tx)) = AM;(x,t) ¢(tx) + 2V My (x,t) - Vo(tz) + M (x, t) Ad(tz)

= AM, (z,1) ¢(tz) + 2=— 0 M, (z, t) tVe| +0

al | tx
0 0
=AM (z,t) ¢(tx) + 2 — M (z,t) = o(tx),
r O|z| ot
because %cf)(tm) =x- V(/ﬂm.
Finally, we define an auxiliary function f; : [0, h] x [0,1] — R by
N
filrt) =Vt Jo(wrv1—1).
This function verifies
N-2
N
—fl( t) = \[ Jo(wrv1—1t) + \/ il Ji(wrv1 —1t),

2¢/1 —
fl(r70):03 fl(r71):1'
At this point, we can use all these identities to prove that V;[¢] is a solution of the homogeneous
Helmholtz equation:

(A + Vi) (x) = Ad(z) + w?p(z) + /A (M (z,t)¢(tx)) dt + /w2M1(x,t)q§(t:L') dt
0 0

= wip(z) —w /\f Jo(wrv1—t )%(i)( x) dt

9 N\/£N72 wry/t N=2 1—1¢
—w / <2 Jo(wrv1—t) — 5 Vi Ji(wrv1—1t)

wri/N 2
+——— i Ji(wrv1 — t)) o(tx) dt
= ol) — 2 [ (firn)gotn) + 5 Aot ) dr

0

= (8(2) = [Ai(r Do) =) ) = 0.
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We have used the values assumed by ¢ only in the segment [0, 2] that lies inside D, because D is star
shaped with respect to 0. Thus, the values of the function ¢ and of its derivative are well defined and the
fundamental theorem of calculus applies, thanks to the regularity theorem for harmonic functions.

Now, let u be a solution of the homogeneous Helmholtz equation. Since interior regularity results also
hold for solutions of the homogeneous Helmholtz equation, we infer v € C*°(D). In order to prove that
AVh[u] = 0, we proceed as before and compute

2, N2
JLMx%o:”fﬁ(thu—w)
5 AN-2
AN&@J):EL%;—f@V%(wmﬁﬂl—ﬂ)—wWMﬂl—ﬂjiﬁwwﬁﬂ—t»),
A (Ma(z, ultz)) = AMa(z, t)u ww+2%%Mﬂaﬂ%mﬁﬁ—ﬁﬂMﬂ@ﬂwmx

and we define the function
N
b@ﬂz¢¥ﬁ%wmﬁﬂ—ﬂy

which verifies

N—2 N
N\f ] Vit iwr(1 — 2t) .
f2( ) J() (zwr\/ t(l — t)) — mjl (’LUJT t(l — t)) y
fg(’f', 0) = O7 fg(r, 1) =1.
We conclude by computing the Laplacian of Va[u):

AVau](x) —|—/A My (z, t)u(tz)) dt
0

= —w?u(z) +w /\/i Jo (z’wr\/t(l — t)) %u(tw) dt
0

w2/1 Vi (N Jo (iwr t(1— t))
0
—iwr\/f%Jl (iwr\/t(l — t)) + % J1 (iwh/t(l - t))) u(tx) dt

1
= —w?u(z +w20/<f2 (r,t)— tx)+ fg(r tu (m)) dt = 0.

O

Remark 2.8. With a slight modification in the proof, it is possible to show that V} transforms the solutions
of the homogeneous Helmholtz equation

A +wid=0
into solutions of
A+ (wh +wh)p =0

for every w and that wy € C, and that V5 does the converse.
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3. Continuity of the Vekua operators

In the following theorem, we establish the continuity of V; and V5 in Sobolev norms with continuity
constants as explicit as possible.
Theorem 3.1. Let D be a domain as in the Assumption 2.1; the Vekua operators

Vi:H/(D) — HL(D), Va:HML(D)— H/(D),
with H/ (D) and HZ, (D) both endowed with the norm Ill; . p defined in (2), are continuous. More pre-
cisely, for all space dimensions N > 2, for all ¢ and v in H?(D),j > 0, solutions to (7) and (8),

respectively, the following continuity estimates hold:
1-N NES 1
Vi[6lll;p < CLN) p = (14 7)2NF2 & (14 (wh)?) (16l - (14)
NBN_L
Valu]ll; .0 < Co(N,wh,p) (1+5)2772 & lull;, p, (15)

where the constant C; > 0 depends only on the space dimension N, and Cy > 0 also depends on the
product wh and the shape parameter p. Moreover, we can establish the following continuity estimates for
Vo with constants depending only on N :

IValulllo,p < Cn "2 (L4 (wh)*) 202" (Jully 1, + hlul, ) (16)
if N=2,...,5 uec HY(D),
1-N NON—1 j 3(1—p)w
Valullljp < On o2 (L4270 (14 (wh)?) X290 |, (17)

if N=23,5>1, uec H (D),

and the following continuity estimates in L°°-norm.:

VA1l e oy < (1 " “1‘51)“’”) 16l ) (18)

(L= k)’ 30
SO A0t ) full (19)

[Valulll oo (p) < (1 +

if N >2, ¢, ue L®(D).

Theorem 3.1 states that the operators V; and V5 preserve the Sobolev regularity when applied to har-
monic functions and to solutions of the homogeneous Helmholtz equation, respectively (see Theorem 2.5).
For such functions, these operators are continuous from H7(D) to itself with continuity constants that
depend on the wavenumber w only through the product wh. In two and three space dimensions, we
can make explicit the dependence of the bounds on wh. The only exception is the L2?-continuity of V5
(see (16)), where a weighted H'-norm appears on the right-hand side; this is due to the poor explicit
interior estimates available for the solutions of the homogeneous Helmholtz equation.

All the continuity constants are explicit with respect to the order of the Sobolev norm and depend on
D only through its shape parameter p and its diameter h, the latter only appearing within the product wh.

In the literature, there exist many proofs of the continuity of V; and Vs in L*°-norm (in two space
dimensions); see, for example, [7,15]. To our knowledge, the only continuity result in Sobolev norms is
the one given in [27, Sect. 4.2]: this holds for general PDEs and for norms with non-integer indices, but
is restricted to the two-dimensional case, and the constants in the bounds are not explicit in the various
parameters.

Since the proof of Theorem 3.1 is quite lengthy and requires several preliminary results, we give here
a short outline. In Lemma 3.2, a direct attempt to compute the Sobolev norms of Ve[¢] shows that two
types of intermediate estimates are required. The first ones consist in bounds of the kernel functions
M, and M, in W7 *°-norms; these are proved in Lemma 3.3. The second ones are interior estimates for



Vol. 62 (2011) Vekua theory for the Helmholtz operator 789

harmonic functions and for Helmholtz solutions: the former are well known and recalled in Lemma 3.8,
while the latter are proved in Lemma 3.11. Since we want explicit dependence of the bounding constants
on the wave number, this step turns out to be the hardest one. Finally, we combine all these ingredients
and prove Theorem 3.1.

From here on, if £ is a multi-index in NV, we will denote by D? the corresponding differential operator
with respect to the space variable z € RY; see (1).

Lemma 3.2. For £ =1,2,5 >0 and ¢ € H’(D), we have

Velgll: p < 2105 p +2(j + 1)* 2 %Z sup |Me(-, )55 booD) " D //|D% (tz)] > dzdt. (20)
k=0 t€[01] B1=k0 D
Proof. From Definition 2.4, we have
2

1
Veldllp < 2105 +2 3 [ | [ D Oetwtpotea)) ] da
0

|al= =JD
2

<2\¢|jD+2 > // ( )Da P Mg (x,t)DPp(tz)| dtdx
0 |s<

o =Jip
2

<2\¢|JD+2// Z > |DPg(tx) | ( ) | DY P M (z,1)|| dtda,

k=0 || =k
a>ﬁ

where in the second inequality, we have applied the Jensen inequality and the product (Leibniz) rule for
multi-indices (see [1, Sect. 1.1]); here, the binomial coefficient for multi-indices is (g) = Hivzl <ai).

Bi
N]—\'f_ EI 1> of the multi-indices 3 of length %k in NV, in order to move the

square inside the sum, and we obtain

We multiply by the number (

1

Vel <2WLD+2//J+1 (N;kll)

0
2

N D g(ta)|” Z(;) | D Me(z,1)|| dtda

|Bl=k ler|=3
a>f
Nt+i—1\< /
. + 97— 2
§2|¢|§,D+2(J+1)( Nil )ZZ//\D%(tx)] dt dz
k=0 8=k 7

0
2

(6%
- sup [ Me(8)l3ys ke (py SUP | Y <ﬁ> ;

te[0,1] |B|=k



790 A. Moiola, R. Hiptmair and I. Perugia ZAMP

the last factor can be bounded as

N N Bi
% % DAREY
s 3 T(5) =5 3 T[5 = X e
1BI=k o= i=1 1B1=k |o|=j =1 "¢ la|=7
a>f az>f

J . N I R + k-
<e #{aGN , o j} € ( N_—1 )

Finally, we note that, for every 7 € N, N > 2, we have

N+j-1 N+j—1N+j;—-2 1+ AN_1
= < (1 21
< N-1 > N-1 N-2 <@+ 21)
from which the assertion follows. O

Now, we need to bound the terms present in (20). The next lemma provides W7°°(D)-estimates for
My and Ms uniformly in ¢. The proof relies on some properties of Bessel functions.

Lemma 3.3. The functions My and My satisfy the following bounds:

((L=p)wh)®
M1l oo (Dxfo,1)) < R (22)
1—p)w?h
sup [ M1 (-, t)|yp1(py < 1=pw ; (23)
te(o,1] 2
W ‘
S MOl (py < 5 G+ (L =p)wh) Vi=2, (24)
€10,
(L=pwh)® 10
1Mzl oo (Do, < 1 ez(1mP)h, (25)
1— 2
sup [ Mo (-, )y o ) < % B (1=p)wh. (26)
tel0,1]
w’ A =p)whY sa_pen -
t:ﬁ)pl] ‘M2(-7t)|wj‘oo(D) < 571 (j + > ei=Pwh > 9 (27)

Proof. Thanks to Remark 2.2, we have that sup,cp [z| < (1 — p) h. Now, the L*-inequalities (22) and
(25) follow directly from (63).
Since M; and M; depend on x only through |z|, we obtain the W° bounds (23) and (26):

0
sup ‘Ml(‘yt”Wlm(D) = sup aiMl(%t)
te[0,1] t€[0,1], z€D |z
(65) 2z|vE ° 62) (1—p)w?h
< sup %Jo(w|x|1/1,t> < ﬁ,
t€[0,1], 2 2
|z|€[0,(1=p)h]
(65) W2l \/gN—Q
sup [Ma(, )|y (py < sup % Jo(iw|x|\/t(1 —t))
t€[0,1] t€[0,1],
|z|€[0,(1=p)h]

(g)) (1 B p) w2 h e%(lfp)wh.
- 2
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In order to prove (24) and (27), we define the auxiliary complex-valued function f(s) = s Ji(s). It is
easy to verify by induction that its derivative of order k is

ak akfl ak
S f(8) = k5o hi(s) + 5 5 (s).

We can bound this derivative using (66) and the binomial theorem:

0] - ‘ - 12 ( o) Fanciale) s g k 1 () Jamern (9

m=0

<(k+ls) _ max |75 (28)

yeensl

The functions M; and M are related to f by

N—2
My 1) =~ ol VT,

\/iNfél
My, 1) = — g fliwlel AT —1),

so we can bound their derivatives of order j > 2:
o7

s <x,t>\

\/%N2
2(1-1)

sup |Mi|yje(py < sup
te[0,1] te(0,1], zeD

A

sup
te[0,1], z€D
(28), (62) i

< G+ (- ),

N (i)

21— 1)

(w\/l — t)j P

fliwlz[\/t(1 1))

IN

tsup |Ma vy (p)
€[0,1] tel0,1], zeD

Py
A(iwl|z|\/t(1 —t))I
(28),§(63) Wl (j N (1—2p)wh> od(1=p)wh.

27—1
0
Remark 3.4. With less detail, the bounds of Lemma 3.3 for every j > 0 can be summarized as:
t:ﬁf’ﬂ My () ywsoe (py S &7 (54 (Wh)?) (29)
t:hl)pl] | Ma(,t) |y (py < w! (14 wh) ei(l=p)wh, (30)

We ignore the algebraic dependence on p because it will be absorbed in a generic bounding constant.
In a shape regular domain, a precise lower bound for p € (0, %} can be used to reduce the exponential
dependence on wh.

Remark 3.5. By performing some small changes in the proof of Lemma 3.3, we can extend Theorem 3.1
to every w € C, similarly to Theorem 2.5 (see Remark 2.6). In fact, the case w = 0 is trivial, since V7 and
V5 reduce to the identity, while in general, Theorem 3.1 holds by substituting w with |w| in the estimates
and in the definition of the weighted norm (2), and multiplying the right-hand side of (14) by eslwlh (see
Remark 1.2.5 in [21]).
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Lemma 3.6. Let ¢ € H¥(D),3 € NV be a multi-index of length |3| = k and D” be the corresponding
differential operator in the variable x. Then

1

1
//|Dﬁ¢(tx)]2 dzdt < %_];”21 )
b b K D%l + (5

D%, , if 2k — N >0,

)2k+1 ‘D|

s 1D°6]} ) i 2k =N <0,

2
N—1
where K = log% if2k—N=-1,K = (%) if 2k — N < —1,|D| denotes the measure of D and p is
given in Assumption 2.1.

Proof. In the first case, we can simply compute the integral with respect to ¢t with the change of variables
y = tax:

1 1
d
//yp%(ta;)f dxdt://tgw |D%(y)\2t—Nydt
0 D 0 tD
1 8.2 .
= Tanl L L

the set tD is included in D because D is star shaped with respect to 0.
In the case 2k — N < 0, the integral in ¢ is not bounded so we need to split it in two parts, treating
the second part as before:

)

1 bl 1

//|D%(m)|2 dxdt://|Dﬁ¢(tx)]2 dxdt+//|D%(m)|2 dz dt
0 D 0 D 2 D
5 1
< [manpl [0l ¢ [#N D5,
J ;

2
1

1 p 2kt 2 . 2
—mr1(5) PP, +/t% YDl e
2

L
2

and the assertion comes from the expression

2
| log = it 2k — N = -1,
2%k—N 1, _ P 3
/t dt = 1_ (g)Qk N+1 o\N-1

0

Remark 3.7. We can improve the bounds of Lemma 3.6 for every value of the multi-index length k with
the estimate
1

2 2\ V! 2 p\2k+1 |D| 2
//yp%(m>| dedt < (p) 1%, + () el L (31)
0 D

From Lemma 3.6, it is clear that, in order to prove the continuity of Vi and V5 in the L?-norm and in
high-order Sobolev norms, we need interior estimates that bound the L*°-norm of ¢ and its derivatives
in a small ball contained in D with its L?-norm and H’-norms in D. It is easy to find such estimates for
harmonic functions, thanks to the mean value theorem (see, e.g., Theorem 2.1 of [17]).
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Notice that it is not possible to avoid the use of interior estimates for the continuity in H7(D)
when j > %, as the assertion of Lemma 3.6 might suggest: in fact, Lemma 3.2 requires to estimate
fol In ’D5¢(tm)|2 dz dt for all the multi-index lengths |G| = k& < j, so we inevitably confront the cases

2k — N = —1 and 2k — N < —1.

Lemma 3.8. (Interior estimates for harmonic functions) Let ¢ be a harmonic function in Br(x), R > 0,
then

1
@) < Zrig 191850 (32)

vz

s

YT is the volume of the unit ball in RN . If ¢ € H*(D) and 3 € NV, |3| <k, then

where |By| =

2 1 2\ " 2
1076l ,,) < 157} (ph) D%, 1 (33)
2

Proof. By the mean value property of harmonic functions (see Theorem 2.1 of [17]) and the Jensen
inequality, we get the first estimate:

6@F =| G / o(y) dy

1 2 1 2
— dy = ——— .
T [ 10007 v = g 100
BR(I)
The second bound follows by applying the first one to the derivatives of ¢, which are harmonic in the
ball B%h,(a:) C By, C D. O

Remark 3.9. The interior estimates for harmonic functions are related to Cauchy’s estimates for their
derivatives. Theorem 2.10 in [17] states that, given two domains Q1 C Qs C RY such that d(Q1,952) = d,
if ¢ is harmonic in s, then for every multi-index « it holds

o Naf )™
D0l < (Pa) Tollsmie- (3)

In order to find analogous estimates for the Sobolev norms, we can combine (34) and (32) using the
intermediate domain {z € RN : d(z,€;) < 4} and obtain
« — || — 2
ID*¢llg.q, < Cnal|™ a7 =" g5 .

but the order of the power of d is not satisfactory. In order to improve it, we represent the derivatives of
a harmonic function % in By C RN using the Poisson kernel P:

Do) = [ () DiP2)do(z) e Br VaeNY,
SN-—-1
where the derivatives of P are taken with respect to the first variable (see (1.22) in [3]). Rewriting this

formula in y = 0 and then translating in a point , if ¢ is harmonic in B;(x), we have

DO(a) = / W(@ + 2) DOP(0, 2)do(z) ¥ a €NV,

SN-—1
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Given two domains 3 C Qs such that d(Ql, 8@2) =1,if (;AS is harmonic in Qs, it holds
2

HD%@H = /|Da¢3(x)|2dx:/ /ng(Hz)D?P(o,z)da(z) d

0,921
a, G, lsn-1

ERTART / / B@)P dy | 1DSPO,2)P do(z) < Cna

SN—] QZ

¥,

where we have used the Jensen inequality and the Fubini theorem. By summing over all the multi-indices
of the same length and scaling the domains such that ; C Qo C RY and d(Q4,09) = d, we finally
obtain

|¢|j+k,Ql < CN,j,k d_k |¢‘J’Q2 ’ j’ ke N. (35)

We can use the bicontinuity of the Vekua operator to prove an analogous result for the solutions of
the Helmholtz equations; see Lemma 3.2.1 of [21].

The main tool used to prove the interior estimates for harmonic functions is the mean value theorem.
For the solutions of the homogeneous Helmholtz equation, we have an analogous mean value formula [14,
p. 289] but it does not provide good estimates.

Another way to prove interior estimates for the solutions of the homogeneous Helmholtz equation is
to use the Green formula for the Laplacian in a ball, but this gives estimates that either involve the
H'-norm of v on the right-hand side of the bound or give bad orders in the domain diameter R.

A third way is to use the technique presented in Lemma 4.2.7 of [27] for the two-dimensional case.
This method can be generalized only to three space dimensions and does not provide estimates with only
the L?-norm of v on the right-hand side. On the other hand, it is possible to make the dependence of the
bounding constants on wR explicit. We will prove these interior estimates in Lemma 3.11.

A more general way is to use Theorem 8.17 of [17]. This holds in every space dimension with the
desired norms and the desired order in R. The only shortcoming of this result is that the bounding
constant still depends on the product wR but this dependence is not explicit. We report this result in
Theorem 3.10.

Summarizing: we are able to prove interior estimates for homogeneous Helmholtz solutions with sharp
order in R in two fashions. Theorem 3.10 works in any space dimension and with only the L?-norm on
the right-hand side. Lemma 3.11 works only in low space dimensions and with different norms but the
constant in front of the estimates is explicit in wR. Both techniques, however, allow to prove the final
best approximation results we are looking for with the same order and in the same norms.

Theorem 3.10. (Interior estimates for Helmholtz solutions, version 1%) For every N > 2, let u €
HY(Br(x0)) be a solution of the homogeneous Helmholtz equation. Then, there exists a constant C > 0
depending only on the product wR and the dimension N, such that

N
||U||Loo(B§(x0)) < C(wR,N)R™> ||U||0,BR(zU)- (36)

Lemma 3.11. (Interior estimates for Helmholtz solutions, version 2) Let u € H*(Br(xg)) be a solution of
the inhomogeneous Helmholtz equation

—Au — wu = f,

2 This is exactly Theorem 8.17 of [17]; with that notation, for the homogeneous Helmholtz equation we have k(R)=0,
A=1,A=+VN,v=wand p=2 (q is not relevant for the homogeneous problem); see also [17], p. 178.
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with f € HY(Bgr(xo)). Then, there exists a constant C > 0 depending only on the space dimension N
such that

el gty < © B (1492 B) gy + R 10,0
R lo.nien))  Jor N =2, (37)
2ot g oy < € BF (14 0B (el ) + B IVl 50
B2 lo saten) + BV flopagan))  for N =3,4,5, (39)
||VUHLoo(B§(IO)) <CR % (WQR lullo, B (ag) + (1 +W’R?) IVullo, 5 (o)
FRIf o o) + B2 IV Fllo puany)  Jor N =2,3. (39)

Remark 3.12. In the homogeneous case, Lemma 3.11 reads as follows. Let u € H'(Bg(z0)) be a solution
of the homogeneous Helmholtz equation. Then, there exists a constant C' > 0 depending only on the
space dimension N such that for

N =23,4,5:
_N
”uHLW(B%(zO)) <C R Z(1+wR?) ([ull gy + B IVUllo 5 pae))s (40)
N=223:
[Vl g gy < C B (&R lllg, (o) + (1 +w2R?) HVUHO,BWO)) ‘ (41)

Proof of Lemma 3.11. Tt is enough to bound |u(zg)| and |Vu(zg)|, because for all 2 € Br (z0), we can
repeat the proof using B (x) instead of Bg(z¢) with the same constants. We can also fix zo = 0.
Let ¢ : Rt — [0,1] be a smooth cutoff function such that

1 || <t
w(r)={ e

3

and ¢ : RY — [0,1], or(z) —gp(l I) Then

/ |1‘| € 1 " |$‘ N -1 / |1'|
Vor(z)=¢ (R> Rl ¢r(2) frohd (R + r ¢ \ R

We define the average of u and two auxiliary functions on Bg:

) dy,
\BR| / Y

9(x) = u(x )‘PR( ); g(x) = (u(z) —u) pr(w);

f@): = 1) + ola) + Jo@) = ~2(@)
- [Riso ( )+ o (';‘)}u(m—w'(%)% vu(e) + o (1) @) + 1)
T@) =Tl ~a3(e)
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The fundamental solution formula for Poisson equation states that, if —Aa = b in RY, then

—5 loglz| N =2,

a(x) = /<I>(a: —y) b(y)dy, with &(z)= a2 (42)
R v N 23
The identity (42) holds for all b € L?(Bg), thanks to Theorem 9.9 of [17]. We notice that
1 1
vo(a) - | s AN YN

TN Y| T NB |

We start by bounding |u(0)| for N = 2. In this case, it is easy to see that, for all R > 0, we have

/ (log|z| —log R)* dz = gRQ. (43)
Br

We note that from the divergence theorem

/f(y)dyz—/Ag(y)dyz— / Vy(s) -nds =0,
Br Br

OBRr

because g = 0 in R? \ B%R and since f = 0 outside B%R, then f has zero mean value in the whole R2.

We apply (42) with a = g and b = f; using the Cauchy-Schwarz inequality, the identity (43) and the
fact that f has zero mean value in R?, we obtain:

01 = 1900) = |~ 5= [ oglol ~ 108 7) Fw) dy| < o= 1[5 Ry,

2 27
]RZ

1 1
< CnR (RQ HUHO,BR + R ”VUHQ,BR +w? HUJHQ,BR + Hf”O,BR) )

where the constant Cl,, depends only on IV and ¢; in the last step, we have used the definition of f and
the fact that @’(%) = 0in Br. The estimate (37) easily follows.

Proving all the other bounds (on |«(0)| for N > 2 and on |Vu(0)| for N > 2) is more involved. We fix
p, p' > 1 such that % + 1% = 1. For a > 0, we calculate

n e
M1l 2o 2y = / /Tap rNoldrds
SN-1 0
1
|SN71| p’ a_,’_ﬂ Ot-‘rN—E
"\ + N v =CNyta v 44
<ap’+N R OnpaR (44)
that holds if ap’ + N # 0, which is equivalent to (« + N)p # N for every N > 2. We compute also
in :
H©||LP(B§R\BlR) = CN,p |SN—1| /r(2—N)p PN=1 g,
4 1
iR

(/3 \ @ NN 1\ C-NpN »
== CN,p |SN_1|E <4R> — (4R)

=Cy, RZ V% (45)
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for every p # %, N > 3, and the analog

iR P
HV@||LP(B§R\BLR) = CN,p |SN71| / T(lfN)P erl dr
4 1
IR
= CN,p Rl_N_‘—%’ (46)

that holds for every p # 25, N > 2.

Then, for all v € H}(Bg), using scaling arguments, the continuity of the Sobolev embeddings

H{(B1) — LP(By) which hold provided that 2 < p < - if N > 3, and 2 < p < oo, if N = 2

(see [1, Theorem 5.4,1,A-B]), and the Poincaré inequality, we obtain

N oA N oo
1l o = RY 10llomy) < Cnp R? [19ll1.5,
< Onp R7 |[V4llo,5, < Onp RZHF |V 5. - (47)

Now, we can estimate u in the case N > 3. From the Holder inequality for the pair of spaces Lp,,
LP p > 2 (thus, p’ < 2), and the fact that f; = fo =0 in B%R (see the definition of f), we can write

u(0)] = [g(0)] = / B(x) f(x) da

N

< ”(I)”LP(B;R\BlR) ||f1 + -fQHLP/(BQR\BLR) + ”(I)HLP/(BR) ||f3||Lp(BR)'
4 4 4 4

Using (45) to bound the LP-norm of ®, the continuity of the embedding of L’ (Bzp\B1g) into LQ(B%R\
Bip) (recall that 1 < p’ < 2) with constant [Bag \ B%R|§7% for the norm of fi + fa, the definition (42)

of ® and (44) with o = 2 — N, which requires p > &, to bound the L' -norm of ®, and finally, (47) which
requires 2 < p < 2% to bound the norm of f3 (recall that fs € H}(Bgr)), we have

1
L

u(0)] < O R N*5 |Baplor

f1 +f2HO

B B
§n\Pin

N N, N
+Cn,R*™ % R T2

¥, 0

0,Br
Finally, using the definitions of the f;’s, |Vor| < %CW and % + % =1 we obtain

N 1

NN .~ (1
O < Covg o R (Ll 5, + 3 Il 5,

_N 1 1
+Ox B (2 1Vl g, + 19, + 3562 Wil + 5 1)

_N
S COnpyp R ((1 +W2R2) HUHO,BR +R(1+ WQRQ) ”Vu”O,BR + R? ”fHO,BR + R’ vaHO,BR) :
The previous argument for bounding |u(0)| requires that there exists p such that % <p< %, which is
possible only if N < 6; this is the reason of the upper bound on the space dimension in the statement.
In order to conclude this proof, we have to estimate |[Vu(0)]. We use the same technique as before, after
differentiating the relation (42) with @ =g and b = f. For every N > 2, thanks to (46), the embedding
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we

of Lp/(B%R \ B1p) into L2(B%R \ B1g), (44) with o =1 — N and (47), which require N < p <
have

N27

[Vu(0)] = [Vg(0) Vo(z)f(x

< ”Vq)”LP(B%R\B%R) ||f1 + f2||LP’(B%R\BiR) + ||V‘I’||Lr’(BR) ||f3||Lp(BR)

— N [ — _N N, 1N 7
SCvaRl N+p |B%R|p’ 2||f1+f2||ovB%R\B%R+CN7PR1 P Rp+1 2 va3||0,BR'

By using the Poincaré-Wirtinger inequality, whose constant scales with R, to bound [u — 1, g, We
obtain

[Vu(O)| < Cnpop B7F (B2 Ju =Tl g, + B [ Vully 5, )

N

+Cn e B (B [wPu+ flly g, + V@2t Dl )

_N
< Cnpyp R™2 (WZR H“HO,BR + (1 +W2R2) HVUHO,BR +R ||f||o,BR + R? vaHO,BR) :

The requirement that there exists p such that N < p < % can be satisfied only if N < 4. g

Lemma 3.11 is the only result in this section which we are not able to generalize to all the space
dimensions N > 2. This is because in its proof we make use of a pair of conjugate exponents p and p’
such that the fundamental solution ® of the Laplace equation (together with its gradient) belongs to
L” (Bg), and at the same time, H'(Bg) is continuously embedded in LP(Bg). This requirement yields
the upper bounds on the space dimension we have required in the statement of Lemma 3.11.

Combining the results of the previous lemmas, we can now prove Theorem 3.1.

Proof of Theorem 3.1. We start by proving the continuity bound (14) for V;. For every j € NN > 2,¢ €
H7(D), inserting (29) and (31) into (20) with £ = 1, we have

Valell; p [2|¢|JD+2<1+9>3N 2 QJZw IR (j— k o+ (wh)?)?

k=0
(2>N—1
p

Then, using the interior estimates (33), we get

p\2k+1 |D| 5112
(5) 2k+1|ﬁZkHD ‘b”LwB%h)

[

D
Viloll; p < On (1 g)ENL (14 (wh)? [Zw% k) ( Ny pPhtt ()) )| )

<Cyvp 7 (142N e (14 wh)?) [1¢ll;0p

by the definition of weighted Sobolev norms (2), and because |D| < h"¥ and p < 1. The constant Cy
depends only on the dimension N of the space. Passing from the seminorms to the complete Sobolev
norms gives an extra coefficient (1 + 7)'/? and the bound (14) follows.
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In order to prove the continuity bound (15) for Va2, we proceed similarly. For every j € NN.N > 2 u €
HI (D), inserting (30) and (31) into (20) with £ = 2, we have

J
Valull; p < [2u|§,D+2<1+j>3N—2e2ﬂ‘Zw2<ﬂ'—k><1+wh>2e%<l—P>wh
k=0

[N

o\ V-1 p\2k+1 | D 2

(36)

j 2
. ) ) D
< C(N,wh,wph) (14 )21 el [Z w20k (pl‘N +p2’“+1([|)h)tv> Iuli,D]
k=0

< C(N.wh,p) (1+5)2V el |lu

|j7w,D :
Again, passing from the seminorms to the complete Sobolev norms gives an extra coefficient (1 4 j)*/2

and the bound (15) follows.

Now, we proceed by proving the bounds (16), (17) and (19) for V5 with constants depending only
on N.

For the continuity bound (16) for the Va operator from H'(D) to L?(D), we repeat the same reasoning
as above. If u € HL(D), N = 2,...,5, using the definition of V3, (25), (31) and (40), we have

1
2

IN

1
2 2 2
Vallllo.p < |20l 5 + 2 1Ma 2 pxo / / fute)? dedt
0 D

2 N—-1
@ s [ (2
2luld p +2 (et ) (2)

IN

1
2

+ 2101 (C o)~ % (14 wph)?) (Ilully,p +ph||w||o,D))2H

1—

<Cnp e

(14 (wh)*) 22 (fjuly  + ph [ Vull p )

which immediately gives (16).
Let us now prove (17). To this end, given a multi-index 3 € NV, we need to bound ||DﬁuHLOO(B

oh)’
If |B] =0, for N =2,3,4,5, we simply use (40) and get
HDﬁ“HLw(BM) = Hu”L“’(BM)
5 2
_N
< Onlph)™ % (1 +2p%2) (lull o + o [Vl ) - (48)

If |3| = j > 1, we note that there exists another multi-index o € NV of length |a| = j — 1 such that, for
N =2,3 and u € H/,(D), it holds

HDBU’HLOO(B%,L) = HV‘DQUHLW(B%h)

< Onlph)™ (w2ph 1Dl p + (1+ (wph)?) [VDully p) (49)



800 A. Moiola, R. Hiptmair and I. Perugia ZAMP

thanks to (41). Notice that the restriction to N = 2,3 in this proof is due to the use of (41). Again
inserting (30) and (31) into (20) with £ = 2 gives

[Valu ”JD <Cn |“| D+(1+])3N 2 e Zw2(J k)(l-i-wh) e2(1=p)wh
k=0

P N|U|kD+P2k+1|D| Z HD u||L°°(B
|Bl=k

<Cy (1 ~t—j)%N*1 e/ (14 wh) ei(l=p)wh

3w N 2 o DL ST D]

(Bon) ’
|Bl=Fk 2

and thus, as a consequence of (48) and (49), we obtain
|Valu H]D <Cy (1+7j)2 N1 e/ (14 wh) ei(l=p)wh

- |D| ?
~[w2jp (|| 5.0+ g (1+ w2020 (Il p + ol [Vl )
J
. N4+k—1\|D
_|_§ OJQ(J k)pl N (Mi,[) +p2k( )||

N -1 hN
k=1

1
S NE
: (wgph lulp—1p+ 1+ w?p*h?) |u|k,D) )]

<Ox (147871 "3 e (14 wh) efm0)h

. 2
W (14 w2 12)? (lully,p + IVl p)

j , ak
+Zw2(1—k)(1 + k)Nt <w2h |U|k71,D + (1+w?h?) |u|k,D) ]
k=1

<Cy (1+5)2N73 p 2 & (14 wh) eil-P)wh

(1+ (@h))* ¥ [[ull} p + (Wh)? + (wh)) w20~

Jj—1) |U|?,D

l

j
h)QZwQ(j7k+1) |u| 1D—|— (1+ (wh)? ZwQ(] k) |u\ D]
k=1

< Oy (14878 p 70 e (1 (wh)) X0 ul
where the binomial coefficient comes from the number of the multi-indices |3| = k and is bounded by
(21). i

). As before, passing from the seminorms to the complete Sobolev norms gives an extra coefficient
(1 +7)"/? and the bound (17) follows.

Finally, we prove the continuity of Vi and V5 in the L*°-norm stated in (18), (19). Thanks to the
definition of V7 and V2, and the bounds (22) and (25), we have
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Vil ey < (1 + 1M1l e oo, ) 1l =)
(1 = p)wh)®
(1 Q22 ), .

(1= pJoh)® 31
<1+4e2(1 p)wh Hu”LOO(D)v

IN

IN

IValulll g  py

that holds for every ¢, u € L°(D) and for every N > 2. This proves (18) and (19), the proof of Theorem
3.1 is complete. O

4. Generalized harmonic polynomials

Vekua’s theory can be used to derive approximation estimates for the solutions of the homogeneous
Helmholtz equation by using finite dimensional spaces of particular functions, the generalized harmonic
polynomials, for instance.

Definition 4.1. A function u € C(D) is called a generalized harmonic polynomial of degree L if its inverse
Vekua transform V3[u] is a harmonic polynomial of degree L.

Thanks to the results of the previous sections, the generalized harmonic polynomials are solutions of
the homogeneous Helmholtz equation with wavenumber w and belong to H*(D) for every k € N, so they
are also in C*°(D).

Let u be a solution to the homogeneous Helmholtz equation in D, and let Pr, be an approxi-
mation of the harmonic function V3[u] in the space of harmonic polynomials of degree at most L
in a suitable Sobolev norm, for which an estimate of the approximation error is available. Then,
using the continuity of Vi and V5 given by (14) and (17), respectively, one can derive an approxima-
tion estimate for u — V4[Pr] (V41[PL] is a generalized harmonic polynomial) in a suitable w-weighted
Sobolev norm (see Chapt. 2 of [21]). This also implies that, if D is such that the harmonic poly-
nomials are dense in H*(D) for some k, then the generalized harmonic polynomials are dense in
HE (D).

In the next section, we show that the generalized harmonic polynomials in 2D and 3D are circular
and spherical waves, respectively.

4.1. Generalized harmonic polynomials in 2D and 3D

In order to explicitly write the generalized harmonic polynomials, we prove the following lemma.

Lemma 4.2. If ¢ € C(D) is an l-homogeneous function withl € R,1 > —& i e., there exists g € L*(SN~1)
such that

X

o) =g (Z) ket vaeD,

||

then its Vekua transform is

Wil =1 (1+ 5 ) (Q)Hg_l 9(5) o' ¥ Jy s(elel) vaeD. (50)

w
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Proof. Using the Beta integral fol t4(1 —t)odt = %,a, b > —1, we can directly compute the

Vekua transform from the definition of V;:

Vi[o](x)

|
@
T
~
8
Jr
\H
O
1/
8
=
\_/
A
\?%
=
=
-

1
||t 1+/th1(x,t)dt

I
S

0

§ (wlal o
lz [ 1 - /t”?_l Z , dt
) =0 j+1).
) 2542
_ wlz| .

() ree ) G

)
)
;)w 1= T+ Y+5+1)
)
)

I
=

2k+1+4 -1
) () (2) T ()
2 ) 9\ |z w KT (1+ X+ k)

k>0

N 2 a1 T 1N
r(i+5) (2) 7 o () el sy,

The condition { > —% is necessary to ensure a finite value of the integral fol =11 — t)d dt. O

As a consequence, the general (non-homogeneous) harmonic polynomial of degree L and its Vekua
transform can be written, in terms of spherical harmonics Y} ,,, (see [2,33]) and hyperspherical Bessel
functions j{¥ (see the Appendix), by

L n(N,l)
9=3 3 aum ol Vi (;') (51)
Vi[P](z) = |2|'~ > in%) arm T (1+5 (fj)HN_lYZ (;) Jipy o (wlzl)
=0 m=1
z@llzo"%j)almr(zw;) (2) Yo (&) i ele, N even
= - (52)
232; in%l)almf(l+%) (%)l Yim (ﬁ) iV (wlz]), N odd ”
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If N = 2, identifying R? = C and using the complex variable z = re¥ using directly (50), we have

L
= Z a; it e, (53)

I=—L
L o\
VilP)(z) = I_ZL a 1! (w) e Ty (wr). (54)
If N =3, we use the definition of spherical Bessel function (67) to get
L
=3 % (). )
1=0 m=—1

P)() Z S an ( 3) (j)l Yim (| |) Jiwla)

l 0m=-—1

é; o (21)[ Yigm <| |) aiwlel), (56)

where {Y} , }m=—i,...1 are a basis of spherical harmonics of order [, and we have used I'(I+ %) = %{f)!,

which follows from I'(s + 1) = sI'(s) and I'(3) = /7. This means that the generalized harmonic polyno-
mials in 2D and 3D are the well-known circular and spherical waves, respectively.

4.2. Generalized harmonic polynomials as Herglotz functions

In this section, we define an important family of solutions of the homogeneous Helmholtz equation,
the Herglotz functions (see [13, Definition 3.14]), and prove that the generalized harmonic polynomials
belong to this class. This result can be used to prove approximation properties of homogeneous Helmholtz
solutions by plane waves, as in [27, Proposition 8.4.14].

Definition 4.3. Given a function g € L?(SV~1), we define the Herglotz function w, with Herglotz kernel
g and wavenumber w as the function in C>°(R") defined by

wy(x) = / g(d) e“=ddo(d) = eRN. (57)
SN-—-1

The Herglotz functions are entire solutions of the homogeneous Helmholtz equation; it is known that
they are dense in H¥ (D) with respect to the H*(D)-norm or the C°°(D) topology, whenever D is a
Ck=11 domain; the proof is given in Theorem 2 of [38]. As already mentioned, if D is such that the har-
monic polynomials are dense in H*(D), then the generalized harmonic polynomials, which are Herglotz
functions, are dense in H” (D). This means that, for k& > 2, we generalize the result of [38] to weaker

assumptions on the domain D (see Sect. 1.3.1 and Theorem 2.2.1 of [21] for details).

Lemma 4.4. Let P be a harmonic polynomial of degree L € N in R? or RN | N > 3, defined as in (53) or in
(51), respectively. Then, the corresponding generalized harmonic polynomial Vi[P] is a Herglotz function
wg with Herglotz kernel

_ (2" o _
g(0) = Zal or \in) © N =2,

l=—L

0-3'3 ries) (ii)ln,m(d) N23

=0 m=1
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Proof. We write the Jacobi-Anger expansions combined with the addition theorem for (orthonormal)
spherical harmonics, in two and N dimensions, see [2,13,33]:

zt cos 6 ZZ Jl il9 v 07 t € R, (58)
lEZ
n(N,l)
M = (N =2 [SNTH Y () Y Yim(€)Yim () (59)
>0 m=1

Ve neSNTL >0, N> 3.

These series converge absolutely and uniformly on compact subsets of RY. Now, we only have to use
these formulas to verify that the Herglotz functions with the kernels written above correspond to (54)
and (52), respectively.

In two space dimensions with the polar coordinates z = r e*¥, we have

il (L o "
wg(z) = / Z H ( ) ellQ ezwr(cosw,smw)-(CObG,mnG) d6

l=—L

L 1| 27
Z a ﬂ 3 | /eue eiwrcos(w—e) de
= 2 \4

0
58) <~ ! U e v
by U ot (¢p—0)
= Z a; o (zw) / Zz Ji (wr) do
=L ez
L 1] 27
1! 2 / ) I
Z Zal 1t <) i Ty (wr) emp/ez(zfz )0 40
2 \w
I=LlcE 0
(61) & 2\" s (59)
= Z ap [I! » Jyj(wr) e = Vi[P](z),
=L
where in the second last step, we have used the identity fOQW ei(1=19% 49 = 27 5, ;. In the previous chain of

equalities, we could exchange the order of summation and integration because the series in I’ converges
uniformly and absolutely in [0, 27], thanks to (63).

In higher space dimensions, we use the orthonormality of the spherical harmonics f sv—1 YimYi
= 5[ l’57n m':

wy(z) = SN/I 2; mﬁ: am (HN) <Z})le,m(d) e 4 (d)
i i) (1Y, 0

m=1

L
SN-—1 =0

n(N,l

U'>0

N =28V i G lal) Vi () Vo (@ do(@

]

m’=1
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L n(N.D) l
(N —2)! N 2 T\ N
= = WD (145) () Yim (=
ry 2 2 an T (15 ) (5) Vi () e

=0 m=1

52), (68

(52), ( )Vl[P](x),

where in the second last step, we have used the formula |S¥ 1| = 272 /T (5). O

Lemma 4.4 also gives an easy formula to compute the Vekua transform of any Herglotz function wy,
given the expansion of its kernel g in harmonics.

Appendix A: Bessel functions

We denote the usual Bessel functions of the first kind by J,,(z) and the spherical Bessel functions of the
first kind by j,(z). The first ones are defined, for every v,z € C, as

s (1)t 2\ 2t+v
M= () (60)

t=0
where I" is the gamma function. When v ¢ Z and z belongs to the segment [—o0, 0], J,(z) is not single
valued. When v € 7Z, J,, is an entire function.
We list some properties of these functions (references can be found in [26,37]):

J x(z) = (=DFJu(z) VEk €Z, (61)
Im (Ji(t)) =0, Re(Ji(it))=0 Yk €Z, t R,
[T ()| <1 VEk€eZ, t eR, (62)
el Imz| 12 \"” 1
|, (2)] < T+l (2) Vv > —g e C, (63)
Jo(0) =1, J,(0)=0 VkeZ\{0},
SH0E) = 5 Ui (2) = T (2)), (64
% (szk(z)) = 2FJ_1(2),
B B
&Jo(z) = —J1(2), 2 (2zJ1(2)) = 2Jo(2), (65)
o' 1 !
—Jr(2) = = (=)™ Jom—1+k(2)- (66
gk = g S () Fom )

The last equality can be easily proved by induction from (64).
The spherical Bessel functions are defined as

3D = | 2 g @) (7

These functions are a particular case of the so-called hyperspherical Bessel functions (see [2] p. 52):
RO =Y i s
4§ S (20! (N + 2t + 2k — 2)!!

P Jeyr 1(2), N even,
VB F ey 1(2), Nodd,
Te(2) = Gi(2),  (2) = Gi(2).
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The above equality is proved using (60) and

r 3) om+l
@m)ll = 2Mml,  (2m + 1)l = L(m+3) 2!
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