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Abstract. The stress field inside a two-dimensional arbitrary-shape elastic inclusion bonded through an interphase layer to
an infinite elastic matrix subjected to uniform stresses at infinity is analytically studied using the complex variable method
in elasticity. Both in-plane and anti-plane shear loading cases are considered. It is shown that the stress field within the
inclusion can be uniform and hydrostatic under remote constant in-plane stresses and can be uniform under remote constant
anti-plane shear stresses. Both of these uniform stress states can be achieved when the shape of the inclusion, the elastic
properties of each phase, and the thickness of the interphase layer are properly designed. Possible non-elliptical shapes of
inclusions with uniform hydrostatic stresses induced by in-plane loading are identified and divided into three groups. For
each group, two conditions that ensure a uniform hydrostatic stress state are obtained. One condition relates the thickness of
the interphase layer to elastic properties of the composite phases, while the other links the remote stresses to geometrical and
material parameters of the three-phase composite. Similar conditions are analytically obtained for enabling a uniform stress
state inside an arbitrary-shape inclusion in a three-phase composite loaded by remote uniform anti-plane shear stresses.
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1. Introduction

It is known that constant stresses at infinity will induce a uniform stress state inside an elastic inclusion
perfectly bonded to an infinite elastic matrix when the inclusion has an elliptical or ellipsoidal shape
and classical elasticity is used (e.g., [5,12,13,15,28]). However, the stress field inside an inclusion of non-
elliptical or non-ellipsoidal shape is generally non-uniform. The Faber polynomials and Laurent series
can be employed to determine the non-uniform stress field within a two-dimensional (2-D) inclusion of
irregular shape (e.g., [7,14,23,28]).

Can the stress field in a non-elliptical or non-ellipsoidal inclusion be uniform when the inclusion/matrix
interface is imperfect or when an interphase layer of finite thickness exists between the inclusion and the
matrix? Antipov and Schiavone [1] have shown that the stress field within a non-elliptical inclusion imper-
fectly bonded to an infinite matrix with a spring—layer-type interface can still be uniform when the matrix
is subjected to remote constant anti-plane shear stresses and when the imperfect interface is judiciously
designed.

Ru [17] has demonstrated that a uniform hydrostatic stress state can be achieved inside an elliptical
inclusion that is perfectly bonded to an infinite elastic matrix (loaded by uniform far-field stresses)
through an interphase layer of finite thickness. Such uniform hydrostatic stress states are important for
designing harmonic shapes, which is an inverse elasticity problem (e.g., [2,4,17,24,27]).

However, no work has been reported on how to achieve uniform hydrostatic stresses inside a mon-
elliptical inclusion when the matrix is subjected to remote in-plane stresses. This motivated the current
study.

) Birkhauser
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Fic. 1. Three-phase composite with an inclusion of arbitrary shape

In the present paper, the existence of a uniform hydrostatic stress state inside an arbitrary-shape (non-
elliptical) inclusion bonded through an interphase layer to an infinite elastic matrix subjected to remote
uniform in-plane stresses is shown. Possible non-elliptical inclusion shapes that enable such uniform
hydrostatic stress states are identified and divided into three groups. For each group, two conditions are
analytically obtained. One links the thickness of the interphase layer to elastic constants of the composite,
while the other establishes a relation among the remote applied stresses, geometrical parameters and elas-
tic properties of the three-phase composite. By following similar procedures, possible inclusion shapes and
the related conditions for generating uniform stress fields inside inclusions under remote anti-plane shear
stresses are also identified.

2. Formulation

Consider an arbitrary-shape elastic inclusion bonded to an infinite elastic matrix through an interphase
layer, as shown in Fig. 1. Let S1,S5, and S5 denote, respectively, the inclusion, the interphase layer,
and the matrix. These three phases are perfectly bonded to each other at two interfaces L; and L.
The matrix S3 is subjected to uniform (constant) in-plane stresses 025, 0p0 and ogg at infinity. Note
that the subscript j or the superscript () will be used to indicate relevant quantltles in region (phase)
S; in the sequel.

For plane deformations of an isotropic, linearly elastic material, the in-plane displacements v and v,
stresses 0y, 0yy and o4y, and resultant forces f, and f, of the tractions acting on an arbitrary boundary
segment AB can be expressed in terms of two analytic functions ¢(z) and ¥(z) of the complex variable

z=ux+1iy as (e.g., [8,10,11,16,20])
2u(u + iv) = Ko(2) — 29/ (2) — ¥(2),
fotify = =i[d(2) + 2¢/'(2) + $(2)]4,
)
P

(1)

Oxx + O'yy = [¢/(z) + ¢/(Z ]’
2),

Oyy — Oua + 2004, = 2[2¢"(2) +



Vol. 62 (2011) On the uniform stress state inside an inclusion of arbitrary 1103

where k = (3 — v)/(1 + v) for plane stress deformations or k = 3 — 4v for plane strain deformations
(with the latter assumed in the current study), p and v (with 4 > 0 and 0 < v < 0.5) are, respectively,
the shear modulus and Poisson’s ratio, and i is the usual imaginary number with i = —1. Also, the
overhead bar represents the conjugate, and the prime denotes the derivative with respect to z (e.g.,
¢ (2) = dp/dz,¢"(z) = d*¢p/d=?) here and throughout the paper.

2.1. Uniform hydrostatic stress state under in-plane loading

Consider the conformal mapping function (e.g., [6,21]):

N
Z:w(g):R<€+Zan> ’ é‘:wil(z)’ (3)

n=1 é‘”
where w is the transformation (or mapping) function from a complex variable £ in the &-plane to the
complex variable z = x + iy in the physical z-plane, R is a real scaling constant, and a,(n =1,2,...,N)

are complex constants. This mapping function can conformally map the domain Ss U S3 in the z-plane
onto the domain |¢] > 1 in the ¢-plane. That is, the exterior of the inner interface curve L; in the z-plane
is mapped onto the exterior of the unit circle |{] = 1 in the {-plane (see Fig. 2), with L; mapped to
|¢] = 1. Because the mapping function w(§) in Eq. (3) is conformal (and thus one-to-one) for || > 1, one
can design the thickness of the interphase layer So enclosed by L; and Ly in the z-plane such that the
outer interface curve Lo is mapped to €| = p’%, where p (with 0 < p < 1) is a parameter measuring the
relative thickness of S in the physical plane. Clearly, |£| = p’% (corresponding to Ls) is a circle co-axial
with the smaller unit circle || = 1 (corresponding to L;) in the {-plane (see Fig. 2). Several variants of the
mapping function given in Eq. (3) have been used to study three-phase inclusion problems. For example,
Ru and his co-workers [17,19] have investigated three-phase elliptical inclusion problems through using
the mapping function z = w(§) = R(§ + %), which is a special case of Eq. (3) with only the first two terms
included, to map two confocal elliptical interfaces in the z-plane onto two co-axial circles in the &-plane.
Very recently, Lu and Gao [14] have analyzed a three-phase coated inclusion problem by employing the
mapping function of the same form as that given in Eq. (3) to map two closed, arbitrary-shape contours
(as two surfaces of a coating of an inclusion) in the z-plane onto two concentric circles in the ¢-plane.
Their analysis is based on the use of the Faber series.

With the use of Eq. (3), the physical regions Ss and S3 are mapped onto the circular regions 1 < |£] <

1 1. . S .
p~ 2 and [£] > p~ 2 in the &-plane, respectively. To ensure conformal mapping, it is required that w’(§) # 0
for any £ in the domain |£] > 1. For simplicity, the following notation will be used interchangeably:

¢i(z) = ¢i(§), i(z) =¢i(§) (1=1,2,3). (4)
In the &-plane, the traction and displacement continuities on the two interfaces of the three-phase
composite can be expressed as

92() + <£>¢%§§)+w2<s>:¢1<s>+ (&) S + (9,

—|

Py 7 1 |€ =1, (5)
raa(€) — w(€) L8 — $2(6) = £61(6) - ﬁ wOLD - 15 [ |
93(6) + w(§) L + w?,(g) = 02(6) +w(O) LS + (9, R o

aa(€) — w(§) G — Pa(€) = Tamada(€) — Taw(€) L& — Tya(€)

where 'y = p1/p2 and T's = ps/pa, as defined, are the shear modulus ratios. In addition, the boundary
conditions of uniform applied stresses at infinity dictate that

¢3(§) = AR+ O(1), ¢3(§) = BRE+O(1) as [¢] — oo, (7a,b)
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FiG. 2. Three-phase composite in the £-plane

where the constants A and B are determined from the remote constant stresses as
Opz T gy Opy — Ozg + 2i07, ()

_ ‘uy
o Be 2
assuming that there is no remote rigid-body rotation associated with the applied stresses.

Note that in reaching Eqs. (5) and (6) use has been made of Egs. (1) and (4), and in obtaining Egs.
(7) and (8) use has been made of Egs. (2) and (4). Also, “O(1)” in Eq. (7) is the usual big-Oh notation
in asymptotic analysis, representing a constant.

For the stresses inside the inclusion S; to be uniform and hydrostatic, it follows from Eq. (2) that the
two analytic functions ¢1(z) and 11 (2) can be taken to be

61(2) = %5 Diz) =0, o)

A:

where X is a real constant to be determined.
According to the analytic continuation method in the complex variable theory (e.g., [22]), Eq. (5)

indicates that the two analytic functions ¢2(§) and 12(€) in the region 1 < €| < p~2can be expressed as

0l = SO+ i | Sog O+ R/ (1<), )
(@ = 22570 - 2 s gg - L) (1<1<p72). (1)

Using Egs. (10) and (11) in Eq. (6) results in the following two conditions on the interface |¢| = p~2:

o Fgﬁg +1 (1 - F3)(F1K’,2 + 1)
= m%(f)  (1-Ty)(ks+1) $2(p€)
(1 —-T3)(k1 + 1)¢1(,0£) n 1 -T3w() —w(ps) 3, (;g) onl¢| = p3,

(1-T4)(k3+1) kg +1 @/(,Tlg)

$3(¢)

_|_
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5 () 0 + 0w = T3, (L) ot Tl il 5, (1)
el () 2 () ()0

1

on |e| = p*. (13)
It can be shown that ¢5(£) and 13(€) to be obtained from Eqs. (12) and (13) will be analytic in the
region |£| > p_% and satisfy the asymptotic conditions in Egs. (7a,b) when

62(6) = (&) (1<lgl<pt), (14)

where A is a complex constant.

It should be mentioned that Eqs. (9) and (14) hold for the general case with I'; # 1 and I's # 1. The
special cases with I'; = 1 and/or I's = 1 are separately discussed below.

Using Egs. (9) and (3) in Egs. (10) and (11) then yields

N
$2(€) = X(ifz/; fl (5 + Z ) 7 RS [Fl(;f(;ll;l — ) (2 +) an§”> (15)

for 1 < |¢| < p~2. Substituting Eqs. (9) and (15) into Egs. (12) and (13) and then using the analytic
continuation method will lead to, with the help of Eq. (3),

- X(2F1+K)1—1)[F (FJQ—]. +2
¢3(¢) = P T D 1 D (s Z gn>

2X(1-T3) [Mi(ke —1) +1— Ky
* Fl(/ﬂ2+1)(ﬁ3+1) < €+Z "f”) )

po(e) = 2XCLLE K1 = D[C5(1 = ra) 5 — 1 (/}15 iy anp%”)
n=1

1—‘1(%&2 + 1)(53 + 1)

42X (s 4 m5) [Da(mz = 1) +1 = 4] (2 + ﬁ: an§">
n=1

].—‘1(:‘{2 + 1)(:%3 + 1)

_QX(I —TI'3)[[1(ke — 1) + 1 — k4] (,%g + 25:1 anP"fn) (Pf Zn 1 ,:lnag’l) (16)

I'y(ke +1)(k3 +1) (g Zn ) 720;31)

1

for |&] > p~ 2.

Clearly, ¢3(¢) given in Eq. (16) satisfies the asymptotic conditions in Eq. (7a). For ¥5(¢) in Eq. (16)
to satisfy Eq. (7b), it has been found that the conformal mapping function w(¢) listed in Eq. (3) can take
one of the following forms:

(a) N =2

z=w() = <£+§+§2) (17)

which was suggested in [24] for the design of harmonic shapes under non-uniform loading. As an
example of this mapping function, Fig. 1 is drawn by taking a; = 0.2,a2 = 0.1¢ and p = 1/1.69.
(b) N =3 with az =0:

mw© =R+ L4 0). (18)
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which can be employed to approximate a rectangle (centered at origin with its sides parallel to the
coordinate axes) (e.g., [18,25]) by taking a; = (P + P)/2 and a3 = (P — P)?/24, with P = e**~
where k is the aspect ratio of the rectangle.

(¢) N>4withay=ay=---=any_1=0:

an
mw©=rc+ i) Wz (19)
which can be adopted to describe a hypotrochoid by taking 0 < ay < 1/N (e.g., [6,16]).

These three cases will be discussed in detail next.
Case(a) : N =2
Using Egs. (16) and (7a,b), along with Eqgs. (17) and (3) for the conformal mapping function z = w(§),
gives, after comparing the coefficients of & and &2,
_ X {(2F1 + K1 — ].) [1“3(/{2 — ].) + 2] + 2/)(]. — Fg) [Fl(/ig - ].) +1-— Hl]}
Iy(ke +1)(ks+1)
. 2(_11X { [Fg + K3 + p2(F3 - 1)} [Fl(lig - 1) +1-— Iil} - p(2F1 + K1 — ].) [Fg(FLQ - 1) +1-— /433]}
Fl(ﬂg + 1)(%3 + 1)

AR

)

BR

)

(20a—)
p2(2F1 —|—l€1—1) [F3(/€2 — 1) +1-— H3]— [F3+/€3—|—p3(F3—1)] [Fl(lﬁg—l)-i-l—,‘{l] =0.
Solving Eq. (20c¢), which is a cubic equation in p, yields the values of p for given material properties.

With p determined, Egs. (20a,b) can then be solved to obtain

Ry (ke + 1) (k3 + 1)(02 + 0732)
4(2F1 + K1 — 1) [Fg(lﬁlg — 1) + 2] + Sp(l — Fg) [Fl(ﬁz - 1) +1-— H1]7

(21a,b)

ooy — o050+ 2i03,
C_llf(p): w 00 00 ya
Oz T 05y
where
T 2(Ts — 1] [T —1)+1—rk1]—p2 =0 —1)+1-
f(p)E[3+fis+p(3 N T1(ke — 1)+ k1] —p(2T1 + k1 — 1) [Ta(ke — 1) + Hs]. (22)

(2F1 + K1 — 1) [Fg(lﬂ?g — 1) + 2] + 2/)(1 — Fg) [Fl(Hz - 1) +1-— Kl}

The other parameter as involved in the conformal mapping function given in Eq. (17) can be chosen
arbitrarily provided that it satisfies the conformal mapping requirement of w’(£) # 0 (i.e., £ —a € —2ay #
0 from Eq. (17)) for || > 1. The case with a; being real and as being imaginary was discussed in [24].
It should also be mentioned that for the three-phase elliptical inclusion problem the parameter p can be
chosen arbitrarily [17], while for the current three-phase arbitrary-shape inclusion problem p has to be
determined from Eq. (20c).

Case (b) : N =3 with az =0

Using Egs. (16) and (7a,b), along with Eqgs. (18) and (3) for the conformal mapping function z = w(§),

gives, after comparing the coefficients of & and &3,

AR — X{(?Fl + K1 — 1) [].—‘3(/{2 — ].) + 2] —+ 2p(1 — Fg) [Fl(liz - 1) +1-— lﬁ)l]}
o Fl(lig + 1)(/{3 —|— 1)
92X ({al(Fg + lig) -|—,02(F3 - ].) [dl - aldg(l — p2)]} [Fl(lig - 1) +1-— Hl])
BR — —alp(2l"1 + R1 — 1) [Fg(KJQ - 1) + 1-— Kg] 234
- T (k2 + 1) (k3 + 1) (@0

p* (201 +k1—1) [Ts(kg — 1)+1—rks]— [Ts+rs+p*(Ts —1)] [T1(k2 — 1)+1—r1] = 0.

bl
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S

Fic. 3. Two interfaces L; and Lo described by the conformal mapping function z = R (5 + ag—l + g—g) with a1 = 0.2,
a3 =—1/3 and p=1/1.69

Solving Eq. (23c), a quartic equation in p, yields the values of p for given material properties. With p
determined, Eqgs. (23a,b) then give

RU (ko + 1) (k3 + 1) (005 + ogy)

X = 24

42T + Ry — 1) [Ts(rz — 1) + 2] +8p(1 —T3) [Ta(rz — 1) +1— 1]’ (242)

o2 — o2 + 2i02°
_ _ _ Tyy T Iy’ 24b
a1 f(p) + arasg(p) o=t o (24b)

where f(p) is given in Eq. (22), and g(p) is defined by
2(1—p)(1=T3)[Ti(ke — 1) +1—&

g(p) = ( P ( P°)( 3) [['1 (k2 ) 1) (25)

2F1 + K1 — 1) [Fg(KJQ — ].) + 2] + 2p(1 — Fg) [Fl(HQ - 1) +1-— Iﬁll] '

For given remote stresses and material constants, Eq. (24b) provides a relation between the two geo-
metrical parameters a; and as. In addition, a; and a3 must satisfy the conformal mapping requirement
of (&) # 0 (ie., €* —a16% — 3az # 0 from Eq. (18)) for [£| > 1. This is equivalent to requiring that
lar & y/a? + 12a3| < 2, which follows from evaluating the roots of the equation £* — a;£2? — 3a3 = 0(qua-
dratic in £2) and requiring each root not to be outside the circle |¢] = 1.

Figure 3 shows the shapes of the two interfaces L; and Lo given by Eq. (18) with a; = 0.2,a3 = —1/3,
and p = 1/1.69. Note that the chosen values of a; and as satisfy |a; £ /a? + 12a3| = 2 (rather than
the inequality), giving w’(£) = 0 or £* — a1£% — 3a3 = 0. This explains the appearance of the four sharp
corners on L; in Fig. 3, which correspond to the four roots of £* — a1£% — 3a3 = 0 that are located on
the unit circle |£] = 1 on the &-plane.

Case(c): N >4 withay =as=--=any-1 =0

Using Egs. (16) and (7a,b), along with Eqgs. (19) and (3) for the conformal mapping function z = w(§),
gives, after comparing the coefficients of ¢ and &V,

0o 0o 2X{(2F1 + K1 — 1) [Fg(,‘ig - 1) + 2] + 2p(1 - Fg) [Fl(ﬁg - 1) + 1-— Iil]}

Opr = Uyy er(FLQ n 1)(/63 T 1) )

pN (2T1 +r1—1) [[3(ka—1)+1—rg]—[[3+rs+p" TH(T5—1)] [[1(k2—1)+1—k1] = 0. (26)

Equation (26) shows that in this case the remote uniform stresses can only be hydrostatic.

S S
Ory =0,
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TABLE 1. Values of p when vi = vy =v3 =1/3

N =2 N =3 N =14 N=5 N =10 N =20
'yt =0.9,I's =0.1 0.2805 0.4277 0.5283 0.5999 0.7740 0.8796
't =08,I's =04 0.5386 0.6598 0.7310 0.7777 0.8811 0.9384
I'h=2TI3=5 0.6436 0.7523 0.8108 0.8472 0.9222 0.9608
't =12,I's =10 0.2936 0.4432 0.5441 0.6151 0.7852 0.8864
10
9
p1oe p$0.6 p#0.8 p£0.9 0.96
8}
7 L
6
> 5
4 L
3}
2 L
1t
0

F1G. 4. Permissible I'1 and I'z for given values of p with v;1 =vp =v3 =1/3 and N =2

Note that in all of the three cases discussed above, p cannot be arbitrarily chosen for given mate-
rial parameters 'y, '3, k1, k2, and k3. This means that the “thickness” of the interphase layer has to be
properly designed. In fact, p (with 0 < p < 1) has to be determined from the following equation:

pN(2F1 + K1 — 1) [Fg(lig - 1) + 1-— Kg] - [Fg + K3 + pN+1(F3 - 1)] [Fl(,‘ﬁg - 1) + 1-— Kil] =0 (27)

for N > 2. Equation (27) represents Eqgs. (20¢), (23c), and (26) when N = 2,3, and > 4, respectively.

Let the left-hand side of Eq. (27) be denoted by h(p). Then, it can be readily shown that when
e <y < B or 2y s> e s B8 there is h(0)R(1) < 0, thereby ensuring the existence of
one value of p on the interval 0 < p < 1 as the root of Eq. (27). For a range of material properties satis-
fying the conditions identified above, the numerical analysis further shows that Eq. (27) gives a unique
value of p on 0 < p < 1. For example, when v; = v = v3 = 1/3, the values of p obtained from solving
Eq. (27) for four different combinations of 'y and I's are listed in Table 1. From this table, it is seen
that p is an increasing function of N for fixed values of I'; and I's. This implies that the interphase layer
becomes thinner as N increases (see Fig. 2).

Figure 4 illustrates the permissible I'; and I's satisfying Eq. (27) for given values of p when vy = vy =
v3 =1/3 and N = 2. Tt is clearly observed from Fig. 4 that for the given material parameters, the value
of p determined from Eq. (27) is unique for both I's > Ty > 1 and I's <T'; < 1.

For a properly designed interphase, the uniform hydrostatic stresses inside the inclusion can be readily
obtained from Egs. (9) and (2), along with Egs. (3) and (17), (18) or (19), as

og(c;) = oé? = %, O':(cb) =0; ¢1(2) = %z, P1(z) =0 (2 € S1), (28)
where X is given in Eq. (21a) for N = 2, in Eq. (24a) for N = 3, or in Eq. (26) for N > 4.
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In addition, it follows from Egs. (2) and (15) that the mean stress is uniformly distributed in the
interphase layer as
(2) _ 4X(2F1 + K1 — ].)
vy er(lig + 1)

og) +0o (z € S7). (29)

Also, from Egs. (28) and (29) and the relation ol + 03%) =)+ Ut(f )(i.e., the first stress invariant in
plane deformations, with o, and o4 being the radial and tangential stresses, respectively), the tangential
(hoop) stress is constant along the entire interface L; (on the interphase layer side) and is given by

0(2) _ 2X [F1(3 — KJQ) —+ 2(/11 — ].)]
i RT (kg + 1)

Note that having a constant hoop stress on an interface or a hole boundary is very desirable in a stress
minimization design (e.g., [2,4,17,24,26,27]). For instance, the hoop stress along the inner interface L in
Fig. 3 can be designed to be constant even though there are four sharp corners on L; (noting that sharp
corners are usually locations of stress concentration or even stress singularity). In fact, an arbitrary-shape
inclusion, which is directly bonded to a surrounding matrix (in the absence of an interphase layer), can
be designed to be harmonic (see Appendix A for a brief discussion).

The specific expressions of ¢3(§) and 13(§) for the three cases can be obtained from Egs. (16)—(19)
and (3) once p, X, and ay are determined or identified. These are presented in Appendix B.

It should be pointed out that when the three phases are all incompressible with 11 = vy = v5 = 1/2
(and thus k1 = ko = k3 = 1 for plane strain deformations considered here) or whenT'y = (k1 — 1)/(k2 — 1)
and I's = (k3 —1)/(k2 — 1) with vy # 1/2, Eq. (27) is identically satisfied for any possible value of
p on the interval 0 < p < 1, and f(p) = g(p) = 0 according to Egs. (22) and (25). As a result,
for all of the three cases discussed above, the remote uniform stresses can only be hydrostatic with
055 = 0g0 =2X/R, 0% =0, which follows from Egs. (21b), (24b), (2)—(4), and (16).

It can be shown that the forms of the two analytic functions in the inclusion given in Eq. (9), which
are obtained for the general case with I'y # 1 and I's # 1 and ensure a uniform hydrostatic stress state
inside the arbitrary-shape (non-elliptical) inclusion in the three-phase composite, are also valid for the
two special cases with I'y = 1,I'3 #1 and I'y #1,T'3 = 1.

It follows from Eq. (27) that when I'y = 1,T'3 # 1, the thickness parameter of the interphase layer, p,
is defined by

PN (14 k1) [Da(k2 — 1) + 1 — k3] — [T+ kg + pV (T3 = 1)] (k2 — k1) = 0 (31)
and when I'; # 1,T's = 1 the thickness parameter p is explicitly given by

(ks + 1) [Ti(ke —1) + 1 — k4 v
= (kg — K3)(2T'1 + K1 — 1) (N 22). (32)

However, for the special case with I'y = I'3 = 1, the two analytic functions in the inclusion S no longer
have the same forms as those given in Eq. (9), where ¢1(£) = 0. Consequently, the analytic functions in
the interphase layer So and in the matrix Ss will also be different, as shown next.

2.1.1. Three phases with the same shear modulus: A special case. When the three phases have the same
value of shear modulus, I'y = I'3 = 1 and the two analytic functions in the inclusion can be expressed as

X Y

61(2) = 7z i) = 5 (33)

where X is a real constant, and Y is a complex constant to be determined. After enforcing the continuity
conditions of tractions and displacements across |£] = 1 and |£] = p’%and using the analytic continuation
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method, the analytic functions in the interphase and in the matrix can be obtained as
X(ri+1
00 = 2 (64 £ ).

i, (1<lel<pt), (34)
dﬂ@ﬁﬂ“<g+2mﬁﬁ+yg+ )

ﬁMz

1
rk1+1 an
() = X3 (g4 5 ),
K K3—K — nen 1
(€)= Zlatlinrs) (pE S are) (1el> 57%). (35)
Ly 2X(mar) (1 i\f: o v N
K2+1 £ = aﬂ{ + §+n§1 &n

In order to satisfy the remote asymptotic conditions in Eq.(7), the conformal mapping function w(§)
defined in Eq. (3) needs to have the following form:

w(é)zR(§+“§1+§j§) (N >2). (36)

By following a procedure similar to that used earlier for the general case with I'y # 1 and I's # 1, the
thickness parameter p for the current case can be determined to be

C[(ra+ Dk —R2) ™
‘[(mwg—m)] =2 0

To ensure that p determined from Eq. (37) satisfies the condition of 0 < p < 1, it is required that
Ko < k1 < K3 Or Ko > K1 > K3, (38)

which places a constraint on k1, k2, and k3 (and thus on Poisson’s ratios vy, 12, and v3).
Along with Eqs. (37) and (38), the two constants X and Y can be determined from Egs. (35),
(Ta,b), (8), (3), and (36) as

R(k3 +1)(095 +075)

4(%1 + 1) ’
. _ -N
v _ R(ogy — 025 + 2i05;) N a1 R(035 +005) (k1 — ko) (ks +1)(1 = p! ) (39)
2 2(%1 + 1)(%&2 + 1)

This indicates that the uniform stresses within the inclusion are now unconditional (i.e., there is no
restriction on the remote constant stresses to be applied).

In the physical z-plane, the analytic functions presented in Eqs. (34) and (35) for the special case with
'y =T'3 =1 can be expressed as, with the help of Eq. (4),

02(2) = Rty
ol ] ] (= € S). (40)
Uo(s) = 2o fdo b a,6(2) +an [6() | + %2
¢3(2) = i) %
Us(2) = PR [y tant(2)] b (e sy). (41)

2X (k2—K _
2 [ )] + 5

Note that in reaching Eq. (41) use has been made of Eq. (37).
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2.2. Uniform stress state in anti-plane shear deformations

The anti-plane shear problem discussed here is similar to that addressed in Sect. 2.1 except that the
three-phase composite is now loaded by remote uniform anti-plane shear stresses o2, and oZ;.
In anti-plane shear deformations with u = v = 0,w = w(x,y), the non-vanishing shear stresses o,

and o,, displacement w, and traction ¢, on a lateral boundary surface can be expressed in terms of a
single analytic function f(z) = f(w(&)) = f(§) as (e.g., [9,22])

1 , [ d
w = ;Im[f(f)L Ozy +1020 = w,(f)v t, = _gR [f(g)] (42)
where s is the arc length parameter along the boundary curve on a cross-section.

In order to achieve a uniform stress state within the inclusion S, f1(z) needs to have the following

form:

fi(z) = %z, (43)

where II is a complex constant to be determined.

By enforcing the continuity conditions of tractions and displacements across the two perfectly bonded
interfaces L1 and Ly and using the analytic continuation method, the analytic function in the interphase
layer and in the matrix can be determined to be

N
fae) = <5+Z )— m“( Zdé“") (1<l <p?), (1)

N
f3(§):n(1+r41131(1+r3 (“Z ) 17r4112f1+r3 ( Z& £n>

n=1

1:[(1+F1)(1—F3) 1 o TI(1—T1)(1—T4) L
+ 4Ty <p§+nz_:1%p 13 >_ 4T, <§ Z n§n> <\§| >p ),

(45)

where I'y = 1 /e and I's = ps/ps, which are the same as those used in Sect. 2.1 for the in-plane loading
case. Note that in reaching Eqs. (44) and (45) use has been made of Egs. (42), (43), and (3).
In order to satisfy the remote asymptotic condition of

f3(&) = R (02 +i0%) €+ 0(1) as [ — oo, (46)

the conformal mapping function w(¢) also has the form given in Eq. (36). This identified inclusion shape
(as characterized by Eq. (36)) with uniform stresses in the inclusion is in agreement with that provided
in [1] for generating a uniform stress state inside an inclusion bonded to a surrounding matrix through a
‘spring-layer type’ imperfect interface with vanishing thickness.

Also, it follows from Egs. (36), (45), and (46) that the thickness parameter p is given by

(1-T1)(1+T3)
(1+T1)(1-T3)

N (N >2) (47)

and the constant II satisfies
T[(1+T)(1+T3) — p(1 — Ty)(1 = T)] + Tay [p(1 +Ty)(1 = Tg) — (1= Ty)(1 +Ty)]
= 4Rl (03, +i03,). (48)
For p determined from Eq. (47) to satisfy the condition of 0 < p < 1, it is required that
P2 < p1 < ph3 OT fig > [41 > 143, (49)

which places a constraint on the shear moduli pq, o, and ps.
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Clearly, Eq. (48) shows that the constant II can always be obtained for given material parameters
I'; and I'y and remote uniform shear stresses o25 and 02y thereby indicating that in anti-plane shear
deformations the stresses inside the inclusion are unconditionally uniform.

From Eqgs. (43)—(45), (3), and (36), the analytic functions in the physical z-plane for the current

anti-plane shear problem can be expressed as, with the help of Eq. (4),

) =g (€5, (50)
= TG0, HOZD s ) vavlel)) e s )
folz) = 24 +Ll%)r(11 tly), _I0- 211251 1) L(lz) + alé(z)}
R [ )]
SR {Pﬁ(z) b o } (- € 50). 52)

Note that in reaching Eq. (52) use has been made of Eq. (47).

3. Conclusions

In this study, the existence of a uniform hydrostatic stress state inside a 2-D elastic inclusion bonded to a
uniformly loaded infinite elastic matrix through an interphase layer is demonstrated for in-plane loading.
It is shown that such a uniform hydrostatic stress field within the inclusion in the three-phase composite
can be achieved by properly designing the inclusion shape, the elastic constants of the composite phases,
and the thickness of the interphase layer. Three types of possible (non-elliptical) shapes of such inclusions
are found, and two conditions that ensure a uniform hydrostatic stress state are derived for each type. The
first condition links the interphase layer thickness to elastic properties of the composite phases, and the
second relates the remote stresses to geometrical and material parameters of the three-phase composite.

Possible inclusion shapes and related conditions for generating a uniform stress field inside an elastic
inclusion in a three-phase composite loaded by remote constant anti-plane shear stresses are also identified
by following similar procedures.

Solutions of elementary forms are derived for several cases—both general and specific—which satisfy
these conditions and involve either in-plane or anti-plane shear loading.
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Appendix A: Harmonic elastic inclusions of arbitrary shape

Consider an arbitrary-shape elastic inclusion 57 bonded to an infinite elastic matrix Sy through a perfect
interface L. The inclusion Sy is called harmonic if the uniformity of the mean stress in the matrix Ss
remains unperturbed after S is embedded.

In order to make the inclusion harmonic, the stress field within the inclusion needs to be uniform and
hydrostatic. By enforcing the traction and displacement continuity conditions on the interface L, it can
be shown that the two analytic functions ¢1(2),11(2) in the inclusion (with the shear modulus p;) and
the two analytic functions ¢2(2), 12(z) in the matrix (with the shear modulus p2) will have the following
forms:

. AF(FLQ + 1)

912 = op e o1

1[)1(2) =0 (Z S 51)7 (A].)
2A [F(Iig — 1) — K1+ 1]
24+ k1 — 1

where I' = 1 /s, A is a real constant, and D(z) = z for z € L and is analytic outside L except at infinity,
where it exhibits the following asymptotic behavior:

D(z) —» P(z)+O(1) as |z| — oo, (A3)

D2(2) = Az, o(2) = D(z) (z€S9), (A2a,b)

with P(z) being a polynomial in z [18]. Combining Eqs. (A2b) and (A3) gives
~ 2A[T(ke — 1) — k1 + 1]

valz) = o + 1y — 1
From Eqgs. (2) and (A1) it follows that

2AT (ko + 1)
1) 1) _ 1) _
7 =00 = i 1w =0 (€8, (45)

which show that the stress field inside the inclusion S is indeed uniform and hydrostatic.
Using Egs. (2), (A2a), and (A4) yields

Jgﬁ) + Ug(ﬁ,) =4A (z€95,), (46)

P(z)+0O(1) as |z| — oc. (A4)

which says that the mean stress does remain uniform (constant) anywhere in the matrix S5 in the presence
of the inclusion Sj.
Furthermore, it can be shown from Eqs. (A5), (A6) and the relations Ui?—!—a?%) =0 —|—at(t2 ) 082 = ol

on L that the hoop stress is constant along the entire interface L (on the matrix side) and is given by
0_(2) _ 2A [F(g — /{2) —|— 2(&1 — 1)]
" 2l + kg — 1

As an example, when the interface L is described by the conformal mapping function:

(z € L). (A7)

a 2
mw@=r(e+ 2+ Z) (=1, (49)
where a; and A are two real constants, the polynomial P(z) can be determined as
P(2) = a1z — iA\2*/R. (A9)
From Egs. (A2a), (A4), and (A9), it then follows that the remote stresses have the following forms:
Ope = N1 — Ky, o, =N+ Ky, o7, =—-Kuz, (A10)
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where Ny, Ny, and K are three real constants given by

F(Kg—l)—i-l—ﬁll F(K2—1)+1—/€1

Ny =2A|1— Ny =2A|1
! o +ry — 1 ‘”]’ 2 [+ Mtr -1 ] (ALD)
K:4A)\[P(I$2—1)+1—l€1]

- R(2F+K]1—1) ’

with A, a; and A being three real constants to be determined from the inclusion shape. Clearly, Eq. (A10)
shows that the remote stresses needed for making the inclusion harmonic have to be linearly distributed
(rather than uniform).

Conversely, for given remote (non-uniform) stresses (with the restriction that the mean stress is con-
stant), the polynomial P(z) can be determined from the far-field boundary conditions using Egs. (2),
(A2a), and (A4). The shape of the harmonic inclusion described by z = w(§)(|¢] = 1) can then be
obtained from P(z) using Eq. (A3). It should be pointed out that the non-uniform loading discussed here
is different from that considered in [3].

Appendix B: Expressions of ¢3(£) and ¢3(&)

When N = 2, ¢3(£) and 13() can be obtained from Egs. (16), (17) and (3) as
. X(2F1 + K1 — 1) Fg(lig — 1) + 2] aq ao
P = T e Dl + 1) G+<f+8>
2X(1—F3)[F1(/€2—1)+1—:‘$1](f ﬂ_’_ CLQ)
Ty (ke + 1) (k3 + 1) p§  p*E2 )7
_ QC_LlX {(Fg + I*ig) [Fl(ﬁg — 1) + 1-— Hl] + p(2F1 + K1 — 1) [(Hg — 1) — Fg(lig — 1)]}

vsl&) i(ke +1)(k3 4+ 1) ¢
+2X{(2F1 + K1 — 1) [(FLS — ].) — F3(l€2 — 1)] + p(l“d + I<63) [Fl(/ig — ].) +1-— Hl]} i
[y(k + 1)(ks + 1) I3
XA -To) M2 —1) 41— ] {@ +a206) (a1 = P2+ 22) 1+ 8 + 25} -
Ti(kz +1) (s +1) (€ - % — 22)
for [£] > p~2.

When N = 3, ¢3(£) and 13(€) can be determined from Egs. (16), (18) and (3) as
_ X(2F1 + K1 — 1) [Fg(lﬁg — 1) + 2] a1 as
e = H T (e )
2X(1—=T3)[T(k2 — 1)+ 1 — k] ay as
T (4 e i)
92X (al(r3+1€3)[1—‘1(l€2—1)+1—l€1] >
+d1p(2F1 + R1 — 1) [I{3 —-1- Fg(,‘ig - 1)] é’
Fl(ﬂg —+ 1)(/13 —+ 1)
+2X{(2F1 + K1 — 1) [K}3 -1 Fg(ﬁg — 1)] + p(Fg + K‘,g) [Fl(/ﬁjg — 1) + 1— Kll]} i
[y(k2 + 1) (ks + 1) 123
2X(1—T3)[Ti(ke — 1) +1— k4] (;iiiﬁ(ﬁ igmg ot ) a3p4§4>

3as
p2E2 pied

¥3(§) =

+

(k2 + 1) (kg +1) (5_ o 35%)
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for [£] > p~2.

When N > 4, ¢3(€) and ¥3(§) can be obtained from Egs. (16), (19) and (3) as

o X(2F1+/€1—1) [Fg(ﬁ}g—l)—f—Q] an
e = e (¢4 &)
2X(].—F3) [].—‘1(&2—1)-'-1—/{,1] an
[y(kg + 1) (k3 + 1) < £+PN§N>7
w (f) o 2X {(2F1 + K1 — 1) [(Hg — 1) — Fg(Hg — 1)] +p(F3 + I"u'g) [Fl(ﬂg - 1) +1-— 1431]} i
T [i(k2 +1)(k3 + 1) 123
@N(2F1 + K1 — 1) [(Iig - 1) - Fg(,‘ig - 1)] pN
+2X{—|—CLN(F3+KZ3) [F1(/€2—1)+1—/€1] }gN
Fl(ﬁg + 1)(#&3 —+ ].)
2X(1 — Fg) [1—‘1(;‘{2 — 1) +1-— Kjl] |:—1 + Nanyany — deN+1§N+1 + %}
+ ~ (B3)
Ty (2 + 1) (3 + 1) (¢ — 2% )
for [¢] > p~2.
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