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1. Introduction and statement of the main results

Nonlinear ordinary differential equations appear in many branches of applied mathematics and physics.
For a 3-dimensional system, the existence of two first integrals whose gradients are linearly independent
in R3 except perhaps in a zero Lebesgue measure set determines completely its phase portrait because the
intersections of the invariant levels of these two first integrals determine the trajectories of the system.
The knowledge of a unique first integral reduces the study of the dynamics of the system from dimension
3 to dimension 2. So, the study of the existence of first integrals is an important subject in the qualitative
theory of differential equations. Many different methods have been used for studying the existence of
first integrals of non-linear differential systems based on Noether symmetries [6], the Darboux theory of
integrability [8,17], the Lie symmetries [1,23], the Painlevé analysis [3], the use of Lax pairs [12], the
direct method [9,10], the linear compatibility analysis method [24], the Carlemann embedding procedure
[7,2], the quasimonomial formalism [4], etc.

In this paper, we use the Darboux theory of integrability to study the existence of first integrals for
the model used by May and Leonard [18] for studying the competition among three species. This model
is

X=X(1-X—aY —b2),
Y =Y(1-bX —Y —aZ), (1)
Z=27(1-aX —bY — 2),
where a,b € R and the dot denotes derivative with respect to the time t. Note that we are interested in
the integrability of system (1) for all real values of its parameters, and not only for their positive values

which are the ones with biological meaning.
Doing the change of variables

r=Xe ', y=Ye !, z=7Zet s=¢€,
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system (1) becomes

¥ = —x(x + ay + bz),
y' = —y(bx +y+az), (2)
2= —z(ax + by + 2),

where a,b € R and here the prime denotes derivative with respect to the new time s.

Leach and Miritzis in [13] proved that system (2) has a first integral when either a +b = 2 or a = b,
but in [13], it is unknown whether for other values of the parameters a and b, system (2) has or not other
first integrals. As we shall show for the case a + b = —1, system (2) has also a first integral. Additionally
we also prove that when a = b = —1, the system has two independent first integrals. We note that
the existence of first integrals for system (2) implies the existence of invariants for system (1). Here, an
imwvariant is a first integral depending on the time.

We have computed the first integrals Hy = Hy(z,y, z) when either a +b =2 or a = b, and they are

xyz

H = —= ifa+b=2,
(2 4y +27

Hy = (ry2)* (2 = y)(w = 2)(y = 2)" "V ifa=b#1,

Hy=—, Hy=— ifa=b=1,
Yy z

H,, Hs=2%2—2%yz —ay’z+ 2222 —xyz?2 + 9222 ifa=b=—1.

Let U C R? be an open subset. We say that the non-constant function H: U — R is a first integral of
the polynomial vector field

X:—x(x—l—ay—&—bz)aaz —y(bx—&—y—i—az)%—z(ax—i—by—l—z)%, (3)
on U associated to system (2), if H(z(t),y(t), 2(t)) = constant for all values of ¢ for which the solution
(x(t),y(t), z(t)) of X is defined on U. Clearly, H is a first integral of X on U if and only if YH = 0 on U.

When H is a polynomial, we say that H is a polynomial first integral. When H is a rational function
which is not a polynomial, we say that H is a proper rational first integral. Finally, when H is an analytic
function, we say that H is an analytic first integral.

Our main results on the integrability of system (2) are the following ones.

Theorem 1. The following statements hold.

(a) The unique polynomial first integrals of system (2) are:
(a.1) Ho when a = b and either —(2 4 a)/(2a + 1) or —(2a 4+ 1)/(2 + a) is a nonnegative integer,
and all the polynomial functions in the variable Ho.
(a.2) Hy and Hs when a = b= —1, and all the polynomial functions in the variables Hy and Hs.
(a.3) Hg = zyz if a+b = —1, and all the polynomial functions in the variable Hg. Note that Hg = Ho
when a=b=—1/2.
(b) The unique proper rational first integrals of system (2) are:
(b.1) Hs and Hy when a = b =1, and all proper rational functions in the variable Hs and Hy.
(b.2) Hy when a+b=2 and (a,b) # (1,1), and all proper rational functions in the variable H;.
(b.3) Hy when a =0 and either (2+a)/(2a+1) € Q or (2a+1)/(2+ a) € Q and a does not satisfy
the conditions of statement (a.1), and all proper rational functions in the variable Hs.
(¢) All the analytic first integrals are analytic functions in the variable Hy for the values of a = b and
a satisfying the conditions of statement (a.1); all the analytic functions in the variables Hy and Hs
when a =b = —1, and all the analytic functions in the variable Hg when a + b= —1.

We remark that since the polynomial differential system (2) is homogeneous, knowing the homoge-
neous polynomial first integrals of the system, we can determine easily all the polynomial and analytic
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first integrals of system (2). For more details, see Proposition 6. So, statement (c¢) of Theorem 1 follows
from statement (a) of the same theorem.

For proving Theorem 1, we shall use the invariant algebraic surfaces of system (2). This is the basis
of the Darboux theory of integrability. In 1878, Darboux [8] showed how can be constructed the first
integrals of planar polynomial differential systems possessing sufficient invariant algebraic curves. The
Darboux theory of integrability works for real or complex polynomial ordinary differential equations.
As it is explained for instance in [14], the study of complex invariant algebraic curves is necessary for
obtaining all the real first integrals of a real polynomial differential equation.

The vector field X associated to system (2) is defined in (3). We say that h = h(z,y,z) = 0 with
h € Clz,y, 2] \ C is an invariant algebraic curve of the vector field X if it satisfies XYh = Kh for some
polynomial K = K(x,y,z) € C[z,y, 2], called the cofactor of h = 0. Note that K has degree at most 1.
The polynomial h is called a Darboux polynomial, and we also say that K is the cofactor of the Darboux
polynomial h.

In the next result, we characterize all the irreducible Darboux polynomials of system (2) with non-zero
cofactor. Note that the Darboux polynomials with zero cofactor are the polynomial first integrals, which
have been characterized in Theorem 1. See Proposition 3 for obtaining all the Darboux polynomials of
system (2).

Theorem 2. The unique irreducible Darboux polynomials with non-zero cofactor of system (2) are:
(a) x,y,z with cofactors —(x+ay+bz), —(bx+y+az), and —(ax+by+ 2), respectively, for all a,b € R.
(b) x4y + z with cofactor —(x +y+2) if a+b=2.
(¢) x —z,y — z and z — x with cofactors —(z + ay + z), —(ax +y + z), and —(z + y + az), respectively,

ifb=a#1.
(d) All homogeneous polynomials of degree 1 if a =b=1.

The integrability of other 3-dimensional Lotka-Volterra systems different to system (2) has already
been studied. See for instance [5,11,15,19-21].

In Sect. 2, we state and prove preliminary results for our homogeneous polynomial differential sys-
tem (2). In Sect. 3, we prove some results of system (2) restricted to either z = 0 or y = 0, or 2 = 0
that are important for proving Theorem 1. In Sect. 4, we start to compute the homogeneous Darboux
polynomials with non-zero cofactor. In Sect. 5, we start the study of the polynomial first integrals. Finally,
in Sect. 6, we prove Theorems 1 and 2.

2. Preliminaries
Here, we provide some general results on the Darboux theory of integrability that we shall use and provide
some first elementary results on system (2).

Proposition 3. Let f be a polynomial and f = H;:1 fjaj its decomposition into irreducible factors in
Clz,y, z]. Then, f is a Darbouz polynomial of system (2) if and only if all the f; are Darboux polynomials
of system (2). Moreover, if K and K; are the cofactors of f and f;, respectively, then K = Z;Zl a; K.

Proof. See [14]. O
The following result is well known, and it is proved easily using the Darboux theory of integrability.

Proposition 4. System (2) has a proper rational first integral if and only if it has two Darbouz polynomials
with the same non-zero cofactor.

Lemma 5. Any Darbouzx polynomial f # 0 of system (2) has a cofactor of the form
K = a1z + azy + azz. (4)
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Proof. See [22] where the authors prove Lemma 5 in a more general context of arbitrary homogeneous
polynomial systems. O

The following result is well known, see for instance Proposition 1 in [16].

Proposition 6. The following statements hold as follows:

(a) Let f be a polynomial. We write f in sum of its homogeneous parts as f = f1 + -+ fn. Then, f
is a Darboux polynomial of system (2) with cofactor K if and only if f; is a Darboux polynomial of
system (2) with cofactor K for all j =1,...,n.

(b) Let f be a formal power series. We write [ in sum of its homogeneous parts as f = ijl fj, with
[; being homogeneous polynomials of degree j. Then, f is a formal first integral of system (2) if and
only if f; is a polynomial first integral of system (2) for all j > 1.

Proposition 7. The unique irreducible Darbouz polynomials of degree 1 with non-zero cofactor of system
(2) are as follows:

(a) z,y,z with cofactors —(x+ay+bz), —(bx+y+az), and —(ax + by + z) respectively, for all a,b € R.

(b) x4y + z with cofactor —(z +y+2) ifa+b=2.

(¢) —z,y — z and z — x with cofactors —(x + ay + z), —(ax + y + 2), and —(x + y + az), respectively,
ifb=a#1.

(d) All homogeneous polynomials of degree 1 if a =b=1.

Proof. 1t follows easily from the definition of Darboux polynomial. O

From statement (b.1) of Theorem 1 system (2) with b =a =1, or b = a = —1 are completely integrable
(i.e., they have two first integrals whose gradients are linearly independent in R? except perhaps in a zero
Lebesgue measure set), in what follows we do not consider these particular systems.

Let o: Clx,y, 2] — Clz,y, z] be the automorphism

o(x)=y, o(y)=z2 o(z)=uz

Proposition 8. If g is an irreducible homogeneous Darbouz polynomial of degree > 1 for system (2) with
cofactor K given by (4), then f = g-o(g) - 0%(g) is a homogeneous Darbouz polynomial of system (2)
invariant by o with cofactor a(x 4+ y + z), where a« = a1 + as + as.

Proof. Since (2) is invariant under o and o2, so by Proposition 3, f = g-og - 0%g is also a Darboux
polynomial of system (2) with cofactor K + o(K) + 0%(K) = a(x + y + z), where a = a; + az +az. U

3. System (2) restricted to x = 0, or y = 0, or z = 0.

We will consider in this section system (2) restricted to either # = 0 or y = 0 or z = 0. Due to the
invariance of system (2) with respect to o and o2, it is sufficient to study system (2) restricted to z = 0,
and after applying o and o2 to the results obtained for z = 0, we get the results for system (2) restricted
to x = 0 and y = 0, respectively.
Let N be the set of positive integers. For n € N, we define
Ch={a,beR:a=1—ny, b=1—ng, nins =n, n; +ns <n, ny,ng € N}, (5)

Theorem 9. For system (2) restricted to z = 0, the following statements hold.
(a) the unique homogeneous polynomial first integrals are
H=z"""y" (b -+ (1-a)y) (6)
if (a,b) € Cyp, (see (5)), and all homogeneous polynomials in the variable H.

(b) All the irreducible Darbouz polynomials with non-zero cofactor are x and y for all a and b; and
additionally (b — 1)z + (1 — a)y when a # 1 and b # 1.
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Proof. We consider system (2) restricted to z =0, i.e.,
i=-z(z+ay), y=-ylbr+y). (7)

It follows by direct computations that H as in (6) is a first integral of system (7). Furthermore, it is a
homogeneous polynomial of degree n > 1 if and only if

l—a=ny, 1—-b=ng, ab—1=n—-ny—n9, ni+ns<n, niy,ng €N,
that is if and only if
l—a=mny, 1—b=ng, nino=n, ni+ne<n, niy,ng €N,

which clearly implies that (a,b) € Cp,,n > 1,n1 # 1 and ny # 1. Hence, statement (a) is proved.

It also follows by direct computations that the unique irreducible Darboux polynomials of system (7)
of degree one are x and y for all a,b. Moreover, if a # 1 and b # 1, the polynomial (b — 1)z + (1 — a)y is
also an irreducible Darboux polynomial of sytem (7).

Let f be an irreducible homogeneous Darboux polynomial of system (7) of degree n > 2. We will
reach a contradiction, and this will conclude the proof of the theorem. Since f is a Darboux polynomial
of system (7), it satisfies

7x(x+ay)% fy(bx+y)% = (a1 +a2y)f, a1,as €C. (8)
We assume that either a; # 0 or ay # 0. If we restrict (23) to z = 0 and denote by f the
restriction of f to z = 0, we get that f = f(y) # 0 (otherwise f would be reducible) is a homoge-
neous polynomial of degree n, that is f = agy™ with ap € C. On the other hand, f is a homogeneous
Darboux polynomial of degree n of system (7) restricted to x = 0, that is it satisfies

df _ _
—yz—f =ayf ie. f=agy *, a«a€cC.
dy
Therefore, equating the two expressions for f, we get as = —n. In a similar way, restricting to y = 0, we
get that a; = —n. Thus, K = —n(z + y) and (23) becomes
0 0
~ale )3~ yo + )5 = —nat s 9)

Now, we consider three different cases.
Case 1: b # 1 and a # 1. In this case, we introduce the change of variables (X,Y) = ((b — 1)z +
(1 —a)y,y). In these new variables, system (7) becomes

X = X (X4 (atb-2)Y), V= %b(wu (ab—1)Y).

1-0
We denote f = f(X,Y) = f(z,y). We have that f satisfies
— (X +(a+b- 2)Y)6—f + L(bX—I— (ab— 1)Y)a—f = L(X—i— (b+a—-2)Y)f (10)
1-b 0X 1-1b ay 1-b '

Now, we denote by f the restriction of f to X = 0. Since f is an irreducible polynomial, we get that

f # 0 and it satisfies (10) restricted to X = 0, that is
(ab—1)Y? d7f _on

1-b dY 1-b

Solving this linear differential equation, we deduce that f = apy"(2—a0)/(1-ab) with o € C. Since f

has degree n, we must impose 2 —a — b = 1 — ab, or equivalently (¢ —1)(b— 1) = 0. That isa = 1 or
b =1, a contradiction.

(b+a—2)YF.
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Case 2: a = 1. In this case, we have b # 1. Then, (9) becomes

—z(z + y)% —y(bx + y)% =-n(z+y)f

Solving this partial differential equation in f, we get that

f(z,y) =a"g (z — log (Zl))) :

where g is a function in the variable y/x — log(x®/y). Since f must be a homogeneous polynomial of
degree n, we must have that g = ¢, with ¢, € C. Then, f(z,y) = ¢,z", a contradiction with the fact
that f is irreducible and n > 1.

Case 3: b = 1. In this case, we have a # 1. Then, (9) becomes

- w(x+ay)% —y(z +y)% =-n

From this equation, we get that x + y must divide df/0x, and since f is a homogeneous polynomial of
degree n, we obtain that f = fo(y) + (z +y)%g, where fy(y) is a homogeneous polynomial in the variable
y of degree n, i.e., fo(y) = apy™ with ap € C and g is a homogeneous polynomial in x,y of degree n — 2.
We will show that g = 0, and we will reach a contradiction with the fact that f is irreducible of degree
n > 2. We consider two subcases.

Subcase 3.1 : g is not divisible by (x + y). Substituting f in (11), we obtain

(z+y)f (11)

9 a
—2(z +y)(2* + (1 + a)zy + y*)g — z(z + ay)(z + yﬁ;i —y(z + y)SgZ
= —n(z +y)°g.

Now simplifying by x + y, the above equation becomes

9g 9g
—x(z+ay)(z+y) 5 —yle+ y)Qafy = [22(x + ay) + 2y(z +y) — n(z +v)*] g-
Since 2z (x + ay) + 2y(x + y) — n(x + y)? is not divisible by x + y, we have that g must be divisible by
T + y, a contradiction.

Subcase 3.2 : ¢ is divisible by x+y. In this case, we have that f = agy™+(x+y)™g where m > 3,09 € C
and g is a homogeneous polynomial in z and y of degree n — m. Furthermore, g is not divisible by = + y.
Then, g satisfies, after simplifying by (z + y)™ !

ag 2 6§ _ 27 = 12

—a(@+ay)(e+y)5 —y@+y) By~ [ma(z + ay) +my(z +y) — n(z +y)*] . (12)
If m = n, then g is a constant, and thus, it follows from (12) that it must be the constant zero. Otherwise
if m < n, then since mz(z + ay) + my(x +y) — n(x + y)? is not divisible by x + y, it follows again from
(12) that g must be divisible by = + y, a contradiction. O

4. Homogeneous Darboux polynomials with non-zero cofactor invariant by o

In this section, we study the homogeneous Darboux polynomials of system (2) invariants by o and with
non-zero cofactor.

Theorem 10. System (2) has no homogeneous Darboux polynomials invariant by o with cofactor K =
alz+y+z),a € C\ {0} that are irreducible and of degree n > 2.
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Proof. If we denote by f = f(:lc7 y), the restriction of f to z = 0, then f # 0 because f is irreducible and
it is a homogeneous Darboux polynomial of degree n of system (7) with cofactor a(x + y). Then, from
Theorem 9, we obtain that f = cz™1y™2((b — 1)z + (1 — a)y)™ "™ ™2 for some integers 0 < my,my < n
and ¢ € C\ {0}. Then, the cofactor of f is ((1 — b)ng — n)z + ((1 — a)ny — n)y. This implies that
a=-n+(1—a)m; and (1 —a)my; = (1 — b)msy. We consider different cases.

Case 1: a = 1,b # 1. Now, it follows from (1 — a)m; = (1 — b)mgy that my = 0 and « = —n. Then,
f=cam"ce C\ {0}. Since f is invariant by o and o2, applying o and o2 to f, we get that f can be
written in the following three forms

f ="+ 29 =y +wo(g) = " + yo>(g).

Evaluating ca™ + zg = c2" +yo?(g) on z = y = 0, we get ¢ = 0, in contradiction with the fact that ¢ # 0.
This concludes the proof of the theorem in this case.

Case 2: b=1,a # 1. It follows from (1 —a)m; = (1 —b)mg and o = —n+ (1 —a)my that m; = 0 and
o= —n. Then, f =cy™,ceC \ {0}. Since f is invariant by o and o2, we obtain

f =y +2g = ez +wo(g) = x4+ yo(g).

Evaluating it on z = y = 0, we get ¢ = 0, in contradiction with the fact that ¢ # 0.

Case 3: a +b = 2 with (a,b) # (1,1). In this case, it follows from (1 —a)mi = (1 — b)m2 that
my = mg = 0. Then, @« = —n and f = ¢(z+y)", c € C\ {0}. On the other hand, the Darboux polynomial
f satisfies the equation

—z(x+ay+ (2 - a)z)g—i —y((2-a)x +y+az)g—£ —z(ax + (2 — a)erz)% =-n(z+y+2)f.
We introduce the change of variables (X,Y, Z) = (z,y,z+x +y). In these new variables, system (2) with
a + b = 2 becomes

X' =-X{(a—1DX+2a-1)Y +(2—a)2),

Y =Y(2(a—1)X + (a—1)Y —aZ), (13)
7' = -7
We denote f* = f*(X,Y,Z) = f(z,y, z). We have that f* satisfies
ofr of  ,0f" _ .
—X((a—1)X+2(a-1)Y +(2-a)2) X +Y2a—-1)X+(a—1)Y —a2) 5y Z 57 — —nZf*.
Now, we denote by f the restriction of f* to Z = 0. We obtain that f satisfies
of of _

Since XY (X +Y) is a first integral of system (23) restricted to Z = 0, we have that f = f(XY (X+Y)) and
it must be a homogeneous polynomial of degree n. Then, f = ao(XY (X +Y))™ for some og € C\ {0}, m
a positive integer and n = 3m. We note that ag # 0 since otherwise we get a contradiction with the fact
that f is irreducible. Therefore,

f=aX™Y™X +Y)"? + Zg

for some polynomial g = g(X,Y, Z) of degree n— 1. Imposing that f is a Darboux polynomial of equation
(23) with cofactor —nZ we obtain, after simplifying by Z that

XY™ X +Y)" ! (((a —4)m+n)X — ((a+2)m —n)Y) + (n—1)Zg
:X«anX+2mflﬂW%2—@@§%fY@meX#%a—UYfa@g%+Z%%.
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Setting g(X,Y) = g(X,Y,0), we obtain that g satisfies

XY™ X +Y)" ! (((a —4H)m +n)X — ((a +2)m —n)Y)

g 99

=X((a—1D)X+2a—-1)Y)=—= -Y(2(e—-1)X —-1)Y . 14
(a=1)X +2(a-1)Y)5x -Y(2a-1)X +(a-1Y)z0 (14)
We note that g cannot be zero since otherwise oy = 0, a contradiction. We now show that

Gg=G""h, G=XY(X+Y), h=bX?+0 XY +b3Y? bg,by,by €C. (15)

To prove (15), we assume that either g is not divisible by G' or G divides g, but G™~! does not divide g,
and we shall arrive to contradiction.

Subcase 3.1: g is not divisible by G. We first denote by ¢; the restriction of g to X = 0. Then, g; is
either 0 or a homogeneous polynomial of degree 3m — 1 that satisfies (14) restricted to X = 0. In this
last case, we have

(a — 1)Y2% =0, thatis ¢ =0.
Then, g = Xh; for some homogeneous polynomial hy = hy(X,Y") of degree 3m — 2.

Now, we denote by go the restriction of g to Y = 0. Proceeding as for g;, we obtain that go = 0 and
hence g = Y hy for some homogeneous polynomial hs = ho(X,Y) of degree 3m — 2.

Finally, if we denote by g3, the restriction of g to Y = —X. Then, g3 is a homogeneous polynomial of
degree 3m — 1 that satisfies (14) restricted to Y = — X, i.e.,

d .
(1-— a)de—ig =0 thatis g3=0,
and g = (X 4+ Y')hs for some homogeneous polynomial hsz = h3(X,Y’) of degree 3m — 2. Therefore,
g= XY(X + Y)h4 = Ghy

for some homogeneous polynomial hy = hy(X,Y, Z) of degree 3m — 4, a contradiction with the fact that
g is not divisible by G.

Subcase 3.2: g is divisible by G but not by G™~!. We have g = G'h with 1 <! <m—2and h = h(X,Y)
is a homogenous polynomial of degree 3(m — 1) not divisible by G. We note that since G is a first integral
of system (23) restricted to Z = 0, then h satisfies after simplifying by G,

XY™ U X +Y) (0 — 4)m+n)X — ((a+2)m —n)Y)
oh oh
=(a—-1DX(X4+2Y)——=—-(a—1)Y2X +Y)—. 1
(a= DX(X +2¥) 20 — (a - DY(2X +Y) 52 (16)
Now proceeding for h as in Case 1, we get that h must be divisible by G, a contradiction.
Thus, § = G™ 'h for some homogeneous polynomial h = h(X,Y) of degree two that we write as
h =boX?%+b XY +byY?. This proves (15). From (15) and (16) (with [ = m — 1) we get, after simplifying
by G™! that

XY ((a—4)m+n)X — ((a+2)m —n)Y)
=(a—1)X(X +2Y)(200X +01Y) — (a—1)Y(2X +Y) (b1 X + 2b3Y").

The unique solution of this equality is by = by = bs = 0 and g = 0, in contradiction with aq # 0.

Case 4: b = a # £1. In this case, it follows from (1 — a)m; = (1 — b)mz that m; = mg = m. Then,
a=-n+(1—-a)mand f=ca™y"(z —y)" >, cec C\{0}. We first show that a = —n. Indeed, if we
denote by f* = f*(z), the restriction of f to x = y = 0 we get that either f* = 0 or f* is a homogeneous
polynomial of degree n.
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In the first case, we can write f as f = 2 f; + yf2 for some homogeneous polynomials f; = fi(z,y, 2)
and fo of degree n — 1. Without loss of generality, we can assume that fo does not depend on z. Since f
is invariant by o, we get that it can be written as

f=afi+yfs=yo(f1) +z0(f2) = 20°(f1) + 20> (f2),

where fo = faoly, 2),0(f2) = o(f2)(2,7) and 02(f2) = 0%(f2)(w,y). Doing 2 =y = 0 in xf; + yfa(y, 2) =
yo(f1)+ zo(f2)(z, ), we get o(f2)(z,0) = 0. Consequently o(f2)(z,z) = zh(z,z). So fa(y, z) = zh(y, 2).
Now, we have f = zf1 + yzh(y, z). Since f= flx,9,0) = 2 fi(2,y,0) = ca™y™(x — y)" 2™, we get that
if m # 0 then f = ca™y™(z — y)" 2™ + yzh(y, 2), a contradiction with the fact that f is irreducible.
Then, m = 0 and from the definition of a, we get that a = —n.

Now, we assume f* # 0. Then, f* is a homogeneous polynomial of degree n, i.e., f* = qpz", with
ag € C\ {0}. Moreover, f* is also a Darboux polynomial of system (2) restricted to x = y = 0, and we
get

d *
—2? C‘lf =azf* thatis f*=aoz™ ", «a9eC,
2
which obviously implies that « = —n. 3
In short, we have proved that &« = —n. Then, f = c¢(z — y)" and f = c¢(z — y)™ + zg for some

homogeneous polynomial g of degree n — 1 and satisfies

0 13} d
—ac(x—l—ay—l—az)a—i —y(am—i—y—l—az)a—z - z(ax—l—ay—&—z)a—i =-n(z+y+2)f

We note that in this case x — y is an invariant of system (2). We introduce the change of variables
(X,Y,Z) = (z,x — y, 2). In these new variables, system (2) with b = a # 1 becomes

X' =-X((1+a)X —aY +aZ2),
Y =-Y(2X -Y +a2), (17)
7' = —Z(2aX —aY + 2).

We denote f = f(X,Y,Z) = f(x,y,z). We have that f satisfies

of of <
- X((1 X+aZ)=—= —-Z2aX +72)—— =-n(2X +2)f. 1
(1+a)X +a >8X (2aX + )8Z n(2X +2)f (18)
We note that since f is irreducible we have that f # 0. Furthermore, from the discussion above, we have

that it is divisible by Z. We write it as
n—m
f=2"g, g¢g= Z g;(X)Z’, g; is a homogeneous polynomial of degree n —m — j.
7=0

Then, go # 0 is a homogeneous polynomial of degree n —m, and it follows from (18) after simplifying by
z™ and then restricting to z = 0, that it satisfies

P
—(1+ a)X2d—£)7? = 2(am —n)X7g,, thatis g, = apX2em=/@+) o cC.

Therefore, since a # 1 to have that g, is a polynomial of degree n —m, we must have m = —n, which is
not possible. Then, g, = 0, a contradiction.

Case 5. a # 1,b # 1,a+ b # 2 and b # a. In this case, we have that a = —n + (1 — a)my with
(1 —a)my = (1 —b)my. Then, f = ca™ y™((b— 1)z + (1 —a)y)” ™ ™2, ¢ e C\ {0}. We first show that
a = —n. Indeed, if we denote by f* = f*(z) the restriction of f to x = y = 0, we get that either f* =0
or f* is a homogeneous polynomial of degree n.

Assume f* # 0. Proceeding as in the first paragraph of Case 4, we get that f can be written as
f = afi + yzfa(y, z) for some homogeneous polynomials f; = fi(x,y,2) and fo = fa(y,2) of degrees
n —1 and n — 2, respectively. Since f = f(z,y,0) = xf1, we get that if mo # 0, then f = ca™y™2(x —
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y)" ™M™ 4 yzh(y, 2), a contradiction with the fact that f is irreducible. Then, ms = 0 and since a # 1,
we have m; = 0 and o = —n.
Assume that f* # 0. Proceeding as in the first paragraph of the proof of Case 4, we get that a« = —n.
In short, f satisfies

—z(x+ ay + bz)% —ylbr+y+ az)g—;; — z(ax + by + z)g—ﬁ =-n(z+y+2)f
We denote by f = f(amy) the restriction of f to z = 0. Since @ = —n, it follows from the discussion

above that f = ¢((b— 1)z + (1 —a)y)” and f = ¢((b— 1)z + (1 — a)y)" + zg, where g = g(z,y,2) is a
homogenous polynomial of degree n — 1. Since f is invariant by o and o2, we obtain

f=a((b=1z+ (1 -a)y)" +z9=ao((b—1y+ (1 -a)2)" +za(g),
=ao((b—1)z+ (1 —a)z)" +yo°(g).

Evaluating it on z = 2 = 0, we get
ap(l —a)"y" =ap(b—1)"y", thatis (1—a)" =(b—1)",
in contradiction with the fact that a + b # 2 and b # a. This concludes the proof of the theorem. O

5. Polynomial first integrals

The main result in this section is as follows:

Theorem 11. System (2) has no homogeneous polynomial first integrals invariant by o that are not divis-
ible by a Darbouz polynomial of degree one with non-zero cofactor.

Before proving Theorem 11, we show the following preliminary result.

Proposition 12. Let ny,ne € Z with ny # ng,ny,ne > 2 and let g = g(x,y) be a homogeneous polynomial
of degree nino — 1 satisfying

0 0
—a(a+ (L=n)y) 57— y((1=n2)a+ )5 — (L—m)e+ (1= n2)y)g
T Y
+ ningagx™ Y™ (—ngx 4+ nyy)™ 2T T2 R (2 y) = 0, (19)
for some ay € C with
F(x,y) = (2n2 —n3 —n1)z + (=201 + nf + na)y. (20)

Then, ag = 0.

Proof. We can assume that ag # 0 (otherwise there is nothing to prove), and we will arrive to a contra-
diction. We first show that

g = (—nox + nyy)™n2TmT2 2 (21)

with nyng —ny —ny — 2 > 0 and where hg = ho(x,y) is a homogeneous polynomial of degree ny + ngy — 1.
To do it, we assume that either g is not divisible by —nsx 4+ nqy, or —nsz + nyy divides g but (—ngx +
nyy)™ 2= =m2=2 does not divide g and we shall arrive to contradiction

We introduce the change of variables

(X,Y) = (z, —noz + m1y). (22)
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In these new variables, system (2) restricted to z = 0 becomes

X
X' =——((n1 +n2 —nn2) X + (1 —m)Y),

" (23)
, Y
1
We denote g* = ¢*(X,Y) = g(z,y). We have that g* satisfies
—;1<(n1 + ng — nlng)X + (1 — n1>Y)aiX — a((nl + ng)X + Y)aiy
X+Y
- ((1 — )X+ (- n2>”2) ¢
n
X+Y\™
+ningan X" (”2 ha ) yrmnzmmom sl (X Y) = 0, (24)
1

where
Y +noX

ny

Case 1: g* is not divisible by Y. Now, let § = g(X) be the restriction of g* to Y = 0. We have that
g # 0. Then, § is a homogeneous polynomial of degree nins — 1 and satisfies

F*(X,Y)=(2ne — n% —n1)X + (—2n1 + n% + ng)

_Mn;—lnm)@ﬁ —%(m 024y —nd)j=0
that is § = X (nitns—nmi—n2)/(nitn2—min2) with ay € C\ {0}. Since § is a polynomial and n2 + n2 —
ny —ng > 0 and ny + ny —ning < 0 we get g = 0, a contradiction.
Case 2: g* is divisible by Y, but not by Y™ m2—m1—m2=2.j o g* = Y™g; with 1 < m < nino—ni;—ng—2
and ¢1 = ¢1(X,Y) a homogeneous polynomial of degree njns — 2 — m which is not divisible by Y. It
follows from (24) that after simplifying by Y™, g1 satisfies

X 891 Y 891
- - X+(1-m)Y)22 - = X +v)22

nl((nl +n2 —ning) X + (1 —ny) )8X nl((m +n2)X + )aY

X+Y
((1n1+m)X+(1n2+m)n2n >91
1
X+Y\™
+ninga X" (W) yrne—m—nammelpE (YY) — ), (25)
1

Let g1 be the restriction of g; = ¢1(X) to Y = 0, we have that g; # 0. Then, g§; is a homogeneous

polynomial of degree nine — 2 — m and satisfies
X2 dg X N
— n—l(nl + ng — nlng)% + n—l(nl(nl —1—=m)+na(ne—1-—m))g =0. (26)

Hence, §; = agx(1(mi—1=m)tn2(na—1-m))/(ni+n2—nin2) with ay € C \ {0}. Since ¢; is a polynomial of
degree nins — 1 — m, we must have

(ni(ny —1—=m) +ngo(ne — 1 —m)) = (n; +ne —ning)(nine — m — 2).
That is
Ton, = nf +n; —ning — mning — nfng + ng + ng — nlng + n%ng =0.

Using that m < ning —n; —ng —2, we get that 0 =T}, ,, > n%+n§ +n1+ns+nine > 0, a contradiction.
Hence, (21) is proved.
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It follows from (19) and (21) after simplifying by (—ngx + nyy)™1"2~"1-"2-2 we get that ho satisfies

—afe+ (1= m)) 52 = (1= na)o + )

+((L+2n1 + ng —ning)z + (1 + 2n9 + n1 — nina)y) ho

+ningaoxr?y™ (—nex + nyy) F(x,y) = 0. (27)
We can rewrite (27) in the following way

dh
Do (4 2+ = mama)e (14 205 4y — mama)y)

+ ninaapz™y™ (—nax + nyy) F(z,y) =0, (28)

where the derivatives are evaluated along a solution of system

/! /

= —x(x+(1-n)y), ¥ =-y((1-n2)z+y). (29)

We denote (Zn, ny(t); Unyne (t)) the solution of system (29) where nq,ne are parameters. Then, since
(29) is invariant by the change 7(z,y,n1,n2) = (y, x,n2,n1), we have that if we denote by hg ny n,(t) =
ho(Zny ns(t), Yny ms () the solution of (28), then 7(ho n, n, (t)) defined as ho(Yn,ny (1), Tny 0y (t)) also sat-
isfies (28). Therefore, hg n, n,(t) and 7(hon, n,(t)) are solutions of the same differential equation.

We shall prove that every solution hg n, n, (f) of system (28) is divisible by z™2(t) (respectively y™ (t)).
Hence, since system (28) is invariant under 7, we get that every solution hg ,, n,(t) will be also divisible
by y™ (t) (respectively x™2(t)). The strategy will be the following. We will first show that any solution
ho,my ns (t) of (28) must be divisible by —ngxz+nqy. Then, we will consider two cases: n; > ng and ny < ng
(recall that ny # ng). In the first case, we will show that hg y, n,(t) must be divisible by ™ and thus by
the explanation above also by 4™, and in the second case, we will show that it must be divisible by y™
and consequently by x™2. In short, we will have proved that any solution hg n, n,(t) of (27) must be of
the form

honyns (t) = cx™y™ (—ngx + n1y), c€C,
and thus
g = cx"?y™ (—ngx + nyy)mn2 M2l e C
Then, it follows from (19) after simplifying by 2"2y™ (—ngz + nyy)™ ™2~ "1-"2=1 that
0 = c(nix + nay) + ninaao F(x, y)

= c(nix + nay) + ningao((2n2 — 3 — n1)z + (=201 + ni + na)y).

The unique solutions of this equation are
c=n1=0; ¢c=no=0; ni=n,=0;, c=ayg=0;

c=n2(2+ (ng — 3)n2), Ny =2 — no;

2
= ”220‘0 (2n2—3:F\/§i), nlz%(liF\/gi).

Note that all these solutions are in contradiction with the fact that ay # 0 and n,ne > 2 are integers.
So, the proposition is proved.

To complete the proof, we are left with showing first that g, n, (t) is divisible by —noz 4+ n1y and
™2 y™ by considering the two cases mentioned above.

Now, we assume that hg n, n,(t) is not divisible by —nsx +n1y. Introducing the variables (X,Y") given
in (22) and proceeding as in Case 2 with m = nyng — ny — ny — 2 and setting h§ = hi(X,Y) = ho(z,y)
and ho = ho(X) = h#(X,0), we get that ho # 0 and satisfies

X2 dho X

_?(nl +ng — nlng)% + - (Qn% + Qng + 3ning — n%ng — nlng +ny + n2) ﬁo =0,
1 1
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i.e., the equation (26) with the corresponding value of m. Hence,

BO — a2x(2nf+2ng+3n1n27nfn27n1n§+n1+n2)/(n1+n27n1n2)’

with ay € C\ {0}. Since hg is a homogeneous polynomial of degree ny + 1 + 1, we must have
2n§ + 2n% + 3ning — ’I’L%ﬂg — nlng +n1+ne = (n1 +n2 —nin2)(ng + ng + 1).

That is 0 > T, n, = (n1 + n2)? = 0, a contradiction. Hence, hg n,.n, (t) is divisible by —nsx + nqy.

Now, we assume that ny > ng, and we will prove that hg ,, n,(t) is divisible by z™2. The case nq < no
can be studied interchanging x by y and n; by nas.

Assume nq; > no and we consider two cases.

Case a: ho n, n,(t) is not divisible by =. Now let hq = hi(y) be the restriction of hg ,, n,(t) to z = 0.
We have that hy # 0. Then, hy is a homogeneous polynomial of degree n; +ng + 1 and from (27), we get

dh
—yzd—yl + (14209 +ny —nna)yhy =0 e, hy = agy?"2tmtizmn - q, ¢ C\ {0}.
Therefore, 2ns +n1 + 1 — ning = ny + no + 1, a contradiction with the fact that ny,ny > 2.

Case b: hon, n,(t) is divisible by x, but not by ™2, i.e., ho pn, n,(t) = 2™hy with 1 < m < ny and
h1 = hi(z,y) a homogeneous polynomial of degree n; + na + 1 — m that is not divisible by z. It follows
from (27) that after simplifying by =™, hy satisfies

8h1 ahl
_ 1— (1 = 2
o+ (1 —n)y) 5= —y((1 —n2)z+y) a9
+ (14211 +ng —ning —m)x + (14 2ny +ny — nyng —m(l —ny))y) hy

ng—m, ni

+n1ngapz”™ "y (—nox + niy) F(z,y) = 0.
Let hq be the restriction of h; to = 0. Then, h; satisfies

dh _
—y2d—y1 + (14 2n2+n1 —ning —m(l —nq))yhy =0
that is
El _ a2y2n2+n17n1n2+17m(17n1), = C \ {0}

Since h; is a homogeneous polynomial of degree n; + ng + 1 — m, we must have
n
2ng+ny+1—ning —m(l—ny) =ny +ng+1—m thatis m:ng——z,
niy
a contradiction with the fact that m is an integer and ns < ni. This completes the proof of the proposi-
tion. g

Proof of Theorem 11. We proceed by contradiction. Let f be a homogeneous polynomial first integral
of system (2) invariant by o and that it is not divisible by a Darboux polynomial of degree one with
non-zero cofactor of system (2). We consider three cases.

Case 1: (a,b) € C,, where C,, is defined in (5). Let f be the restriction of f to z = 0. Then, f is a
homogeneous polynomial, and in view of Theorem 9 (see (6)), we have that f = 0 and thus f = zf; for
some homogeneous polynomial f; = fi(x,y, z), a contradiction because z is a Darboux polynomial with
non-zero cofactor.

Case 2: (a,b) € C,, and b # a. We have that a = 1 — ny,b = 1 — ny with n; # ng,n = ning and
ni,ny > 2. By means of Proposition 7 and Theorem 10, we have that the unique irreducible Darboux
polynomials of system (2) in this case are z,y and z.

We denote by f the restriction of f to z = 0. In view of Theorem 9, we have that

f = apr™y"™ (—nox + nyy)™™ M2 o4 € C.
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Note that if f = 0, then since f is invariant by o, f is divisible by 2yz and we are done. So, we can assume
that ag € C\ {0}. Then,

f=apx™y™ (—ngx + nyy)"t"2 T2 4 29,

where g = g(z, vy, z) is a homogeneous polynomial of degree ning — 1. Then, g satisfies

—z(z+ (1 —n))y+ (1 - ng)z)% —y(l—n2)z+y+(1— nl)z)g—z
a1 m)e+ (1= ma)y+2) 5L — (=)t (L= may + 2)g

+n1noapr™ Y™ (—ngx 4+ nyy)™ M TR T (2, y) = 0,
with F(z,y) as in (20). If we set § = g(x,y,0), taking z = 0 in the equation above, we have
g g
—a(@+ (1= n)y) 52 —y((1 = m)a + )52 — (1= m)a+ (1 —n2)y)g
ox y
Fningaoz ™y (—ngw 4 nyy) T R (2, y) = 0.
By Proposition 12, we get that ag = 0, a contradiction.
Case 3: (a,b) € C,, and b = a # £1. Then ny = n; and b = a = 1 — n;. We introduce the change of
variables (XY, Z) = (z,y,z — x). In these variables, system (2) becomes
X' =-X((2-n)X+1-n)Y +(1—-nq1)2),
Y =-Y2(1 —n)X +Y + (1 —-nq1)2),
Z'=-Z(2X+ (1 -m)Y + 2).
We denote f*(X,Y,Z) = f(x,y,2) and f = f(X,Y) = f*(X,Y,0). Then, f satisfies
of
“X(2-n)X+(1-—m)Y)== —Y(2(1 —n)X + Y)a—y =0.
Solving it, we get that f = f(G) where

Yn172(Y _ X)372n1
X .

Since G (or the inverse of G) must be a polynomial of degree n > 1, we must have

G:

3
ny <2, n1>§ that is n; = 2.

Therefore, ny = 2 and b = a = —1, and this case is not considered. This completes the proof of the
theorem. g

6. Proof of Theorems 1 and 2

In this section, we prove the two main results of this paper, Theorems 1 and 2.

Proof of Theorem 1. When a = b = %1, direct computations prove statements (a.2) and (b.1).

Let f be a first integral. Now taking into account that we can always assume that the first integrals are
invariant by o (otherwise we consider f-o(f)-o2(f)), that we can restrict the polynomial first integrals to
homogeneous polynomials, and that by Proposition 3, any Darboux polynomial factorizes in irreducible
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Darboux polynomials, by Propositions 4 and 7 and Theorem 11, any first integral (either a polynomial
or a proper rational function) must be of the form

My (1 4y 4 2)™ ifa+b=2,
f=qamym2zms (g —y)™(z—2)™5(y — 2)™  if a=0b# 1, (30)
xMiym2 2 for any other (a,b) # +(1,1),

where mq,mo, m3, my, ms5, mg are integers. We consider three different cases.
Case 1: a + b = 2. In this case, we have that f is as in (30), i.e., f = a™y™22™3(z + y + 2)™* for some
integers m1, mo, mg and my with my + mo + mg + my4 # 0. Since f is invariant by o, we have that f is
equal to
anl ymgznlg (x + y + z)7n4 — ymlzmgxmg (:E + y + Z)’H’L4 — Z7n1xm2y7n3 (.T + y + Z)’m4'
Therefore, equating the three relations, we get
my = mg = Mg = m. (31)
Thus, f must be of the form f = (xyz)™(x 4+ y + 2)™4. Imposing that f is a first integral, we get
0 = —(maq + 3m)(zyz)™(x + y + )™ 1. Then, my = —3m, and thus
TYz
I
@ry+2)
This completes the proof of statement (b.2).
Case 2: a = b # +1. In this case, we have that f is a polynomial or a proper rational first integral if and
only if f = a™y™22M3(x —y)™4 (x — 2)"™* (2 — y)™s, for some integers mq,ms, ms3, Mg, ms and mg. Since
f is invariant by o, we have that
f=amymeme (e —y)™ (@ = 2)"0 (2 - y)™
=y (y — 2

= 2"y (z — )™ (2 — )" (y — )™,

~
—~
<
|
E
3
o
&
|
N
~—
3
o

that is
mi=mMmo =m3=m, Mmy=ms=mg=1L (32)
Thus, f must be of the form f = (zyz)™ ((z — y)(z — 2)(y — 2))". Imposing that f is a first integral, we
get
0=((2a+1m+ 2+ a)) (wy)" ((z —y)(@ = =)y~ 2) (@ +y+2).

Then, (2a+1)m+ 2+a)l=0.1f (2a+1)/(2+a) €Qor (24 a)/(2a + 1) € Q, then system (2) has no
first integrals that are either a polynomial or a proper rational function. Otherwise, it has a first integral
of the form

—(2a+1
H(x,y,2) = (ay2)"* (¢ = y)(z = 2)(y = 2)) @7,
Note that H is a polynomial if and only if either —(2+a)/(2a+1), or —(2a+1)/(2+ a) is a nonnegative
integer. Otherwise, it is a proper rational function. So, statements (a.1) and (b.3) are proved.
Case 3: a+ b # 2,a # b. In this case, we have that f = z™y™22™3_for some integers my, ms and mg.
Since f is invariant by o, we have that

f=aMyMm2zMs = M M2gMs = M pM2yms
that is
mip = Mo = M3 = M. (33)
Without loss of generality, we can take m = 1. Imposing that f is a first integral, we get
0=(14a+baryz(zr+y+=z), thatis a+b=—1.
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Therefore, if a+b # —1, system (2) has no first integrals that are either a polynomial or a proper rational
function. If @ + b = —1, then it has the first integral

H(z,y,2) = zyz
that is a polynomial. This shows statement (a.3) and concludes the proof of the theorem. g

Proof of Theorem 2. If g is an irreducible homogeneous Darboux polynomial of degree 1 with non-zero
cofactor, then Theorem 2 follows from Proposition 7.

Now, we assume that g is an irreducible homogeneous Darboux polynomial of degree n > 1 for system
(2) with non-zero cofactor K of the form (4). We consider two cases.

Case 1: g is invariant by o. In this case, it has cofactor K = a(x + y + z) with a € C\ {0}. By
Theorem 10, this is not possible.

Case 2: g is not invariant by o. Then, from Proposition 8, we can assume that f = g- o (g) - 02(g) is
a homogeneous Darboux polynomial invariant by o, with degree 3n and cofactor K = a(x +y + z) with
a € C\ {0}. By Proposition 7 and Theorem 10, f has the form as in (30). We consider different subcases.

Subcase 2.1: a + b = 2. In this case, using that f is invariant by o, we get the relations of (31).
Furthermore, since the degree of f is 3n, we get that 3m+1 = 3n, i.e., I = 3(n—m). Hence, proceeding as
in the case 1 of the proof of Theorem 1, f = (zyz)™(z +y + 2)>*~™). Therefore, g = ™ (z +y +2)"~ ™,
org=y"(x+y+2z)""™ org=z"(x+y+2z)" ™, a contradiction with the fact that g is irreducible of
degree greater than or equal to 2.

Subcase 2.2: a = b # +1. Using that f is invariant by o, we get the relations of (32). Furthermore,
since the degree of f is 3n, we get that | = n—m. Hence, f = (zyz)™ ((x — y)(x — 2)(y — 2))"" . There-
fore, proceeding as in subcase 2.1, we get a contradiction with the fact that g is irreducible of degree
greater than or equal to 2.

Subcase 2.3: a +b # 2,a # b. Now, using that f is invariant by o, we get the relations of (33).
Furthermore, since the degree of f is 3n, we get that m = n. Hence, f = (xyz)™. Therefore, proceeding
as in subcase 2.1, we get a contradiction with the fact that g is irreducible of degree greater than or equal
to 2. g
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