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On the integrable rational Abel differential equations

Jaume Giné and Jaume Llibre

Abstract. In Cheb-Terrab and Roche (Comput Phys Commun 130(1-2):204-231, 2000) a classification of the Abel equations
known as solvable in the literature was presented. In this paper, we show that all the integrable rational Abel differential
equations that appear in Cheb-Terrab and Roche (Comput Phys Commun 130(1-2):204-231, 2000) and consequently in
Cheb-Terrab and Roche (Eur J Appl Math 14(2):217-229, 2003) can be reduced to a Riccati differential equation or to a
first-order linear differential equation through a change with a rational map. The change is given explicitly for each class.
Moreover, we have found a unified way to find the rational map from the knowledge of the explicitly first integral.
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1. Introduction and statement of the results

In this work, we study the class of integrable rational Abel differential equations of the form

= folw) + @y + o)y + fala)y’ 1)
where f;(z) are rational functions of x. Here integrable means that the Abel differential equation has an
explicit first integral H(x,y) defined in all R? except in a Lebesgue set of zero measure.

Abel equations appear in the reduction of order of many second- and high-order families, and hence
are frequently found in the modelling of real problems in varied areas. In [5] it is given a classification
according to invariant theory of the integrable Abel differential equations, i.e. of the Abel equations
known as solvable in the literature.

The classification of the known integrable cases is derived from the analysis of the works of Abel
[1], Apell [2], Liouville [14-16], and Kamke’s textbook [13]. During these last 130 years all the integrable
rational Abel differential equations that have been found have been reduced by Cheb-Terrab and Roche
[5] to four classes depending on one parameter and seven classes formed by a unique equation. All these
classes are summarized in Appendix. We remark that the Class 1 of Appendix can be written into the
form (1) doing the change {X =y, Y = 1/(—x — 3y + 3y°)}.

Our main result is the following.

Theorem 1. Any integrable rational Abel differential equation given in Appendiz can be transformed to a
Riccati differential equation or to a first-order linear differential equation doing a change with a rational
map.
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The proof will be given in Sect. 2 by providing for each known integrable rational Abel differential
equation the explicit rational change to a first-order linear differential equation or to a Riccati equation.

Open problem 1. Show that any integrable rational Abel differential equation can be transformed to a
Riccati differential equation or to a first-order linear differential equation doing a change with a rational
or algebraic map.

Note that Theorem 1 proves the Open Problem 1 restricted to all the known integrable rational Abel
differential equations up to now.

It is well known that several different classes of polynomial differential systems can be transformed
into Abel differential equations of the form (1) where, in general, the functions f;(x) are trigonometric
instead of rational, see for instance [7-10]. It is also known that many of these classes of Abel differential
equations are integrable, for instance the ones coming from quadratic polynomial differential equations
having a center, see [17].

Open problem 2. [t is unknown if there exists a non-rational Abel differential equation (1) having an
explicit first integral which cannot be transformed into a Riccati differential equation or a first-order
differential linear equation.

2. Proof of Theorem 1

The proof of Theorem 1 is inspired from the explicit expression of the first integral. We consider the
2-dimensional system associated to the Abel equation (1) given by

i=1, y=folx)+ fi(x)y + f2(x)y® + fs(z)y®, (2)

and its associated vector field

X = 5+ (ole) + A+ )y + o) 5

In [6], generalizing all the integrable classes collected in [5], it was presented a single multi-parameter
non-constant invariant class of Abel ordinary differential equations denoted by Abel Inverse—Abel (ATA)
type in the notation of [6]. In addition the class AIA contains a new subclass of Abel Inverse-Riccati
(AIR) type depending on six parameters all of whose members can be systematically transformed into
Riccati-type equations. Moreover, this AIR class includes a four-parameter Liouvillian integrable subclass
denoted by Abel Inverse—Linear (AIL) subclass all of whose members can be mapped into first-order linear
equations. Additionally this family (ATA) includes new integrable cases constructed from the previously
known ones in [5]. Moreover, in [6] it is shown that the integrable equations belonging to family (AIA)
constructed from the previously known ones in [5] can all be transformed through an algebraic change
to the (AIL) or (AIR) class. These changes are not given explicitly, and they should be found by a com-
position of several algebraic changes. For instance, for Class 1, it is clear that by this composition an
algebraic change exists, but it is not possible to give explicitly the change from the sequence of changes
proposed.

All the integrable classes collected in [5], four depending on one parameter, labelled A, B, C' and D,
and another seven independent of parameters, labelled 1-7 are particular members of the AIL, AIR and
ATA. More precisely, the classes A, C, 4 and 5 are subclasses of AIL, the classes B, D, and 2 are subclasses
of AIR, and the classes 1, 3, 6, and 7 are subclasses of ATA. It is clear, by the previous paragraph, that
all these classes 1-7, and A—D map to a first-order linear equation or to a Riccati equation through an
algebraic change. Here, we will prove that it is possible to find explicitly a change with a rational map
for each class and in almost all the cases such a map is birational, and consequently Theorem 1 will be
proved.
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It is important to note that we have found a unified way to find the rational map from the explicit
expression of the first integral. It is necessary to separate the transcendental dependence in one variable
and the non-transcendental dependence in the other. This unified method to find the map is very impor-
tant for future works since, up to now, it was not understood how to find such a map when it exists. This
observation can allow to detect the integrability of an equation by a perturbative method of construction
of its first integral.

The first case of the table given in Appendix is the unique that has a rational first integral and conse-
quently in the expression of the first integral does not appear any transcendental function. In this case,
for finding the rational map we shall use Theorem 2 which provides a result of local orbitally linearization
with a map in a neighbourhood of a singular point. Theorem 2 is a straightforward generalization of a
result given in [11]. We need some previous definitions in order to state Theorem 2.

Let FF = F(x,y) and K = K(x,y) be smooth functions. If they satisfy XY F = KF, then F is called a
Darbouz factor and K its cofactor, see for more details [3,4].

We say that system (2) is orbitally linearizable with a map in a neighbourhood U of a singular point
if there exist Darboux factors F; : U — R with cofactors K; : U — R for ¢ = 1,...,m, and numbers
a;, B; € C, such that " Yo Ki(z,y) = Mi(z,y) and Yo, BiKi(x,y) = ph(z,y).

Theorem 2. Suppose that system (2) is orbitally linearizable with a map in a neighbourhood of a singular
point. Then, using the notation of the definition of orbitally linearizable, the change (x,y) — (u,v) =
(I, ! FrOTTE, Fﬁ7) brings the system into its orbitally linearizable normal form.

Class 1 in [5], discovered by Halphen [12] in connection with elliptic functions, is given by dy/dx =
(By(1+y) — 4z)/(x(8y — 1)). This equation can be transformed to

dy _3yly—1) -z
dz z(8y —9)
by the change {# = X/4,y =Y — 1} and renaming {X — 2,Y — y}. The rational map
272 + 42 — 362y + Sxy? — 4> + 4y*
(22 — 6y + 2xy? + y*)?
transforms system (3) into the linear equation dY/dX = —Y/X. This change can be obtained using the
invariant algebraic curves that appear in the first integral given in the appendix and their respective

cofactors and applying Theorem 2 at the singular point (0,0).
Class 2 in [5], given first by Liouville [15], is given by

(3)

X=zY =

)

dy 3 2
— =y’ — 2zy”. 4
oY T (4)
The birational map
1
X=2"--, Y=nu,

transforms system (4) into the Riccati equation dY/dX = Y? — X. In this case the Abel equation has a
non-Liouvillian first integral, where the transcendental functions in the first integral are in the variable
22 — 1/y. The change has been obtained by taking 22 — 1/y as a new variable.

Class 3 in [5], was also found by Liouville [16], and is given by

dy _y* o
dy_ vy 5
do 422 Y (5)
Doing first the change {z = x — 1/y, x = x} and later the change {u = 22 —1/(2x), z = z} we obtain
a Riccati equation du/dz = —u + 22. In short the birational map
X — 2x74x2y7y2+2x3y2, v — zy — 1

)

2232 y
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transforms system (5) into the Riccati equation dY/dX = Y2 — X. In this case the Abel equation has
also a non-Liouvillian first integral and the change has been obtained in such a way that transcendental
dependence in the first integral will be only in one variable and the non-transcendental dependence in
the other.

Class 4 in [5] is given by

dy 3 (z+1)y?

e (6)

The change z = x — 1/y transforms system (6) into the Riccati equation dz/dz = z(x — z)/z which has a

Liouville first integral because it has the algebraic particular solution 2 = 0. Hence, there exists a change

that transforms system (6) into a linear equation. In fact the birational map

1-2y—uzy 2+

2(=1+ay)’ oz

transforms system (6) into the linear equation dY/dX = 4(X +Y)/(1 + 2X)%
Class 5 in [5], is given by

X =

)

dy _(2m+3)(m+1)y3 N (5z + 8) y? 7
dz 225 203
The change z = (x4 1)/(xV/A), where A = 4/y —10/x — 6/2% — 4 transforms system (7) into the Riccati

equation

dz (1 + 2 + 622 + 422?)

dz 2(1 + 422) ’

which has a Liouville first integral because it has the algebraic particular solution x = 0. Hence there
exists a change that transforms system (7) into a linear equation. More specifically the birational map

- 222 —xy —y 1

222 4 xy + a2y’

transforms system (7) into the linear equation dY/dX = (X +Y)/(2X (X — 1)(3X —2)).
Class 6 in [5] is given by

>
T

3 o — 222
dy y (1 )y ()

do 302(33—1)2+ x?(x —1)2

The change z = (y + 22 — 2)/(ay(x — 1)) transforms system (8) into the Riccati equation dz/dz =
—x+a?—1/z, which has a Liouville first integral because it has the algebraic particular solution x = —1/2.
Hence, there exists a change that transforms system (8) into a linear equation. More specifically, the
birational map

x— 2% —y+ 22y — 22%y  —l+z—y+2zy
2(—x+ 22 +y) ' 2(=1+a+y)
transforms system (8) into the linear equation dY/dX = 4(X +Y)/(1+2X)%
Class 7 in [5] is given by

X =

dy (4t +52° + 1)y 5, (1-4a)y

dr 213 Ty 2x(x?2 4+ 1)

(9)

The change z = (z — 2yz* — 3y2? — y)/(z(z + ya? + y)) transforms system (9) into the Riccati equation
dx 1+ 2z + 22

dz 24222 7
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which has a Liouville first integral because it has the algebraic particular solution = —1/z. Hence there
exists a change that transforms system (9) into a linear equation. More specifically, the birational map
2(x* + xy + 2°y) _y—x+aty
oy —x + 322y + 2y’  (r4ad)y

transforms system (9) into the linear equation dY/dX = —2(X +Y)/(X (4 + X?).
Class A in [5] is given by

dy 1 1 3 9
=7 — I . 10
L (aw+x+z3)y +y (10)
The rational map {z = 2%/(y + x), u = —y2?/(y + z)} transforms system (10) into the linear equation

dz  u—u®+ aud +22

du u—u?+aud
This map has been obtained, as in the Class 3, in such a way that the transcendental dependence in the
first integral will be only in one variable and the non-transcendental dependence in the other. Following
the sequence of transformations indicated in [6] we can also construct the rational map
x=T oy Ty
2 2(x +y)
which transforms system (10) into the linear equation dY/dX = 2(X +Y)/(X (1 — 2X + 4aX?)). Both
maps are not birational maps and it seems it does not exist a birational one for this Class A.
Class B in [5], discovered first by Liouville [16], is given by

% =2(z% — a?)y® + 2(x + 1)y% (11)

The birational map {z = 22 + 1/y, @ = x} transforms system (11) into the Riccati equation dz/dz =
(22 — 2)/(2(z — @?)). In this case the Abel equation has a non-Liouvillian first integral, where the tran-
scendental functions are in the variable 2% 4 1/y. The change has been obtained taking 2%+ 1/y as a new
variable. Following the sequence of transformations indicated in [6] we can also construct the birational

map
1
X = G Y ==z
ety
which transforms system (11) into the Riccati equation dY/dX = (X +Y?)/(2(a? + X)).
Class C' in [5] is given by

7

dy _ o(l—2?)y’ 2
I L a—1)2 - 2 12
dx 2z =1y 2z (12)
The birational map {z = (1 — zy)/y, * = z} transforms system (12) into the Riccati equation dz/dz =
2z(x + z)/(a(2? — 1)). This Riccati equation has a Liouville first integral because it has the algebraic
particular solution « = 0. Hence there exists a change that transforms system (12) into a linear equation.
In fact, the birational map
x - Vay oy = Va
zy —1 T
transforms system (12) into the linear equation dY/dX = —2(X +Y)/(X(X? — a)).
Class D in [5], related with Appell’s work [2], is given by

)

dy Y (a+a2?)y?
e (13)
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The change {z = © — a/z — 1/y, © = z} transforms system (13) into the Riccati equation dz/dz =
a+ xz + 22, In this case the Abel equation has a non-Liouvillian first integral, where the transcendental
functions are in the variable  — a/x — 1/y. The change has been obtained taking  — a/x — 1/y as a new
variable. Following the sequence of transformations indicated in [6] we arrive to the same birational map
T+ oy — xzy

Ty ’
which transforms system (13) into the Riccati equation dY/dX = —a + XY + Y2

X = Y ==z,

3. Appendix

Class Integrable rational Abel differential equations with a first integral
_ 3y%-3y—= _ x3(4x2+(8y2736y+27)x+4y474y3)
1 dy/dz — x2(8y—9) ° H(:c,y) - (12+2z(y273y)+y4)3 :
2 dy/dz = —2 2 3 H ), IAi(z27%)+Ai(1’z27%)
y/de = —2yz + 37, (z,y 71Bi(127%)+Bi 1‘I27%)-
. 2 ) 2
s G o (G B o Gk
3 dy/dz = %5 —y*, H(z,y) = :
4z 1 1)2_ 1 1\2_ 1
(Z*E)Bl((“a) 75)“31(1,(17) *H)
E 1_
4 dy/de = y* — *Hy2, H(z,y) = yev " —Ei(l,z — ).
2243)(@+1)y® | (5z+8)y> a 2 242 —5/4
5 dy/de = — GRS 4 CEF, Hzy) = Ao — 4 [aVa (2 41) " dz =0,
4 Tl
A—i_10_ 6 4
y oz 2
6 du/de — 3 (1—z—22)y? " — (1 ytele (z_l),ﬁ%
y/ T = 7124 r—1)2 + 312(1_1)2( ’ 2()I,y) - 1( ) zy(zfl)) + z—1+y .
_ (424522 41)y 2, (1-4a2)y _ x4 A Al 2 —5/4
7 dy/dz = *—F 5" +y +m H(%y)—Qm+f (2 +1) dz,
A x—2yz* —3yx? —y
T @ity ) )
3 —yz= —ya?
A dy/dz = (aﬂs +14 x%) v} +y?, H(z,y) = 5 exp <f vte %) — [ vFT exp (f%) dz.
] (ata)K(a,— /a2 4§ —a? )+ /a2 4+ —a? K(1+a,—/22+ ] —a?)
B dy/dx=2(wzfaQ)derQ(:rJrl)yz, H(z,y) = a+x) (a \/502 71! a2) \/x2 Z a2 ( a 9: ly o; .
(a+:c)1(o¢,—\/ac +§—1(/1 )—\/ac :—_gja I(1+a,—\/:c +y—a )
a(1—2?)y? 2 * ym? 1-a
C dy/dx:%+(a71)y27%, H(z,y):%<17<%f:p)> -2 (1-22) « da.
a _ 311 a_1)\? z_ 2 a1 11 a_1)2
x ? ’ @ o 2 x «© (3 2 :
’ (o2+0)W (-5 1,33 (-2 -1)")+2(5 o) W(-3+1 1.3 (- 2-1)7)
Integrable rational Abel differential equations presented in [5].
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