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Inviscid limit for axisymmetric flows without swirl in a critical Besov space
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Abstract. In this paper, we study the inviscid limit for the 3-D axisymmetric incompressible fluid flows without swirl
and prove the convergence rate. We will also prove the uniform persistence of the initial regularity for 3-D axisymmetric
Navier—Stokes equations in a critical Besov space.
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1. Introduction

In this paper, we consider the 3-D Navier—Stokes equations for the viscous incompressible fluid,

ov+v-Vo—vAv+Vr =0
diveo =0 (NS)
V[t=0 = vo.

Here, the vector field v(z,t) = (vt v?,v3)(z,t) stands for the velocity of the fluid, the scalar function 7

denotes the pressure and the parameter v > 0 is the kinematic viscosity.
We will also consider the 3-D Euler equations which are the inviscid case of the system (NS),

0o +v-Vo+Vr=0
dive = 0 (E)
’l_}|t:0 = 0.

The Navier—Stokes equations and Euler equations have been intensively studied by many authors, and
some local results have been obtained, we do not enumerate them here. But the question of global smooth
existence is still open and continues to be one of the most outstanding problem in mathematical fluid
mechanics. For the convergence for functions spaces of classical solutions of the Navier—Stokes equations

to the Euler equations, see for example [9].
Recall that the vorticities w = V x v and w = V X v satisfies the following equations:

Ow+v:-Vw—vAw=w- Vv (1.1)
and
0w +7-Vo=u- V7. (1.2)

The main difficulty for establishing global regularity is to understand how the vortex stretching terms
w - Vv and @ - Vv affect the dynamics of the fluid.

While global existence is not proved for arbitrary initial smooth data, there are partial results in the
case of the so-called axisymmetric flows without swirl.
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Definition 1.1. We say that a vector field v is axisymmetric if it has the form:
v(x, t) = UT(Tv 2, t)er + Uz(ra 2, t)eza

where (e,,eg,e,) is the cylindrical basis of R? and the components v" and v* do not depend on the
angular variable.

The main feature of axisymmetric flows arises in the vorticity which takes the form
w= (00" — 0,v%)ey.

In this situation, (1.1) and (1.2) become

1 T
Ow + 0" Orw + v70,w — v <8§w + 82w + ;arw - ;;) = v?w (1.3)

and
T

0o + 0" 0r0 + 070,00 = 7@. (1.4)

For the axisymmetric flows, there are several important works, see for example [3,8,11,12,14]. In partic-
ular, for the 3-D axisymmetric Euler equations, Ukhovskii and Yudovich [14] proved the global existence
for axisymmetric initial data with finite energy and satisfying in addition wy € L2NL> and “ e L2NL>.
In terms of Sobolev regularity these assumptions are satisfied if the velocity vg belongs to H*® with s > %
This is far from the critical regularity of local existence theory s = % The optimal result in Sobolev
spaces is done by Shirota and Yanagisawa [12] who proved global existence in H® with s > % Recently,

in [1] the global well-posedness for the 3-D axisymmetric Euler equations with the initial data lying in

143
the critical Besov spaces Bpj” with p € [1,00] and satisfying “¢ € L>! (Lorentz space) is proved using
the geometric properties of axisymmetric vorticity equations skillfully (1.4) and a special decomposition.
Making use of completely similar arguments as in [1], we can prove the global well-posedness for the 3-D

-1+ .
b1 ¢ with p € [1,00].

In this paper, we prove the convergence rate of the inviscid limit of the axisymmetric Navier—Stokes
equations (NS) for vanishing viscosity. We prove also the global well-posedness in a critical Besov spaces

axisymmetric Navier—Stokes equations in the critical Besov spaces B

BQ% 1(R3) and get uniform bounds of the solution on the viscosity. To obtain these results, with the help
of similar arguments as in [5], we first make use of twice Fourier localization technique together with
Lagrangian coordinates to prove a regularization effect of the vorticity equation (1.3) which allows us to
bound the Lipschitz norm of the viscous velocity uniformly on the viscosity v.

Our main result is the following theorem:

Theorem 1.1. Let vy be an axisymmetric divergence free vector field belonging to BEI(R3). Then, the sys-
5

tem (NS) has a unique global solution in C(R*; B3 ), and the solution v satisfies the following uniform

estimate:

< Coeexp(exp(exp Cot)).

[o(@)]l

Moreover, v converges to the Euler solution ¥ as the viscosity v — 0. More precisely, for all v € (0,1],
we have

5
2
B2,1

lo(t) = o(t)l|z2 < Coe™PEP D (1),
where Cy is a constant depending only on the initial data but not on the viscosity.
Remark 1.1. In fact, when p, vy satisfy one of the following conditions:
1. pe(1,3) and vy € B;:%(R?’);
2. p=3anduvy € B3, (R®) satisfying || 132 < oo,
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we can obtaln the same results. Note that for p < 3, the condltlon <2 gs.1 < oo holds automatically

from vy € B ? (cf. [1]). In addition, for p € (3,00], vg € B (R?’) satisfying [|“2|[s1 < 0o, we can
obtain snmlar results by similar arguments as in [1,7] where the method used is different from this paper.

The rest of this paper is arranged as follows:

In Sect. 2, we recall the definition and some properties of Besov spaces, and list some useful lemmas.
In Sect. 3, we prove a regularization effect of the vorticity equation (1.3). In Sect. 4, we give the proof of
Theorem 1.1.
Notation: Throughout the paper, C stands for a constant which may be different in each occurrence. We
shall sometimes use the notation A < B instead of A < CB and A ~ B means that A < B and B < A.

2. Preliminaries

First we recall the Littlewood-Paley Theory. Let (x,¢) be a couple of smooth radial functions with
values in [0, 1] such that x is supported in the ball {f € RN’|§| < %}, @ is supported in the shell
{¢eRN|§ <[¢] < §} and

O+ 279 =1, VEeRY;
qeN

D w279 =1, VEe RM\{o}.

qEL

Denoting ¢4(&) = ¢(279€) and hy = F~1p,, we define the homogeneous dyadic blocks as

Agu = (2 ID)u = / he(y)u(z —y)dy, VqeZ.
RN
We shall also use the following low-frequency cut-off:
S'qu = Z A]'LL
Jj<q—1

Definition 2.1. Let S;, be the space of tempered distributions w such that
lim S,u=0, inS"

g——00
The formal equality
=3 Agu
qEZ

holds in §j, and is called the homogeneous Littlewood—Paley decomposition.
Let us now recall the definition of the homogeneous Besov spaces:

Definition 2.2. For s € R, (p,r) € [1,00]? and u € S}, we set

r

lull gy = { D277 |Aqullpe if r < o0
qEZL

and

. = sup 29| Agul| e
sy =S 2 Al
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Now we define the homogeneous Besov spaces as
> /
B, ={ues; ‘||u||B;W <oo}.

The above definition does not depend on the choice of the couple (x,¢). Remark that if s < % or

s = % and r = 1, then B; is a Banach space.

\T

We now recall some basic properties of the homogeneous Besov spaces.

Proposition 2.1. The following properties hold true (cf. [10,13]):

. . 7N’J;,g,
1. Sobolev embedding: if p1 < p2 and r1 < rg, then B, , — B;Z’Tz(m Pz)'
2. Let o € R, then the operator (—A\)°/? is an isomorphism from B;T to B;:"
3. Let B € (0,1), s1,82 € R such that s1 < $a, then we have the sharp interpolation result:

1—
B Nl ez -

||u||B§jl+“—mS2 S lul

Let T > 0 and p € [1, 0], we denote by L%B;’T the set of all tempered distribution u satisfying

T

lull g ge = |[{ D27 1Al < cc.
qEZ
L

Now we briefly state the definition of the nonhomogeneous Besov spaces. The nonhomogeneous
Littlewood—Paley decomposition (A,),>_1 is given by
A, :=A,=¢(279D) if ¢>0, and A_;:=x(D).

And the low-frequency cut-off is defined as S, :=  >.  Aj.
—1<j<q-1

Definition 2.3. For s € R, (p,r) € [1,00]? and u € §’, we set

lullsg, = [ 3 27 1Agul. | if r<oo
g=—1

and

lullBs . == sup 29°(|Aqul|L».
g2—1

Then the nonhomogeneous Besov spaces are defined as
R !/
By, = {u €S ’”“HB;T < oo} .
Similar to the homogeneous case, we can also define the time—space Besov spaces L%BISM.
Now we give some useful lemmas.

Lemma 2.2. (cf. [6]) Let ¢ be a smooth function supported in the shell{¢ € RY |R1 < €] € Ry,0< Ry <Rs}.
There exist two positive constants k and C' depending only on ¢ such that for all1 <p < oo, 7> 0 and
A >0, we have

[ D)e 2 ullzs < Ce™ ™[ 6(A D)l e
Lemma 2.3. (cf. [4]) Let v be a vector field belonging to L, (RT; Lip(RN)). For q € Z we set ug := Ayu

loc

and denote by 1, the flow of the regularized vector field Sq_lv. Then Vp € [1, 00], we have
[(Aug) 0 g — Alug o ¥g)|Lr < Cecv(t)v(t)22qHuq||L”7
where V(t) = fot IVu(T)||Lee d7 and C = C(p) > 0 is a constant.
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Lemma 2.4. (cf. [5]) Let v be a divergence free vector field belonging to Lip(RY) and u € LP, p € [1,00].
Then there exists a constant C depending only on N such that, for all ¢ > —1,

I[Ag, v+ V]ullLr < C[|Vvl| Lo [[ull e

Lemma 2.5. (cf. [6,15]) Assume N > 2. Let f be a function in Schwartz class and v a diffeomorphism
of RN preserving Lebesgue measure, then we have for all p € [1,00] and for all j,q € Z,

14;(Agf o )llr < C2710-4 |V 0D Lo | Ay £l o,
with n(j,q) = sign(j — q).

3. Regularization effect

In this section, let us prove a regularization effect of the vorticity equation (1.3) which allows us to bound
the Lipschitz norm of the velocity uniformly on the viscosity. We will prove it by using twice Fourier
localization technique together with Lagrangian coordinates and commutator estimates.

Proposition 3.1. Let p € [1,00]. Let v be an axisymmetric Lipschitz solution of the system (NS) and
w =V xv be a solution to (1.3) with initial vorticity wy € LP and =* € L3, Then for all ¢ € N, we have

t t
v2* / 18gw (7| e d7 < Cllwolls | 1+ / IVo(7) || poe d 7 | €Ot lsn,
0 0

Proof. Let wq := Aqw. Applying A, to (1.1) instead of (1.3), we get
Owq + Sq—1v - Vwg — vhw, = f4

with fg := Ag(w - Vv) + (Sg—1v —v) - Vwy — [Ag, v - V]w. B
Let 14 be the flow of the regularized vector field S,_1v. Denote Wy := wq 0 g, fq := fy01q. Then we
have

Oy —vAD, = f, + VG, (3.1)
with G, 1= (Awy) 0 g — A(wg 0 Pg).
Applying the homogeneous operator A; to (3.1) and using Lemma 2.2 lead to

. 25 .
125 (Olle S e | AjwogllLe

t
+/e_ﬁy(t_7—)22j (HAij”Lp + V”AquHLT’) dT. (32)
0
Now from Lemma 2.3 we have
1A;Gq(t)]| e < CeV OV (£)2%|wg | Lo (3.3)

Since ||Ay(w- V)|, S Vo]l pee||wl zr, using the incompressibility of the flow and Lemma 2.4, we deduce
that

1A Fe@®)llzr < Cllfo®)lze = Cllfa®) e < CIV]| Lo |0]| - (34)
Plugging (3.3) and (3.4) into (3.2), taking the L' norm over [0,t] yields
180l 320 S V275 Ajwogllr + vV ()27 ] Lo Lo

+e VOV ()29 lwg |l 1 Lo
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Applying the maximum principle to (1.1), we have for all p € [1, 0]

t
Jo(®ller < looler + [ IV0(0) o~ (Dl d 7
0

Gronwall lemma ensures that
lw(®)llze < ol zoels 172 @l 47,
Thus the above estimate becomes
v 1272 Ajwo gl e + v eV OV ()27 wpl| e

+eCV Dy (1)22(=D) lwgll Lz e

||Aj@q||Lng S
Multiplying both sides by 1229, we get
V22| A0l 1 e < C22 DA wo gl e + CeCY OV ()220 ||wol| Lo
+CeV OV ()220 122 | wg | 11 1
Let My € N to be fixed hereafter. The incompressibility of the flow shows that
v2%|wg |y v = 22|04l Ly 1o

< Z 1/22q||Aj@q||L}Lp+ Z V22q||Aj@q||L,}Lp~
li—q|<M, l7—ql>Mo

As Ajwoq =0 for [j — q| > 1, by (3.6) we get

> w22 A@yllzy e < Cllwollze + CeV OV ()220 lwo| o
[§—ql<Mo

+CeCV OV (1)22M012%lwg | 11 10
On the other hand, Lemma 2.5 implies that

Z V22| A;@gl Ly < C Z 271V D122 6| 1 1
l—ql>Mo l7—al>Mo

< Cecv(t)2_M°1/22q||wq||L}Lp.
Plugging (3.8) and (3.9) into (3.7), we have
v2%|wgll i Lo < Cllwollze + CeV OV ()22M0wo]| o
+ (CeCVOV (1)22M0 4 0V O27M0 ) 22 ||y
Choose My and t such that
CeCV OV (1)22Mo 4 eV (Dg~Mo < % and V(1) < Cy,
where C is a small absolute constant. Thus the above estimate becomes

V2 lwyll s s < Cllwolle.

ZAMP

(3.5)

(3.6)

(3.7)

(3.10)

Now for arbitrary time T, we split [0, 7] into m subintervals like as [0,77], [11,72] and so on, such that

Tiq1

/ ||Vv(t)||Loe dt ~ Cl.

(3.11)
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Similar arguments as in deriving (3.10) lead to
V2% |wgll 21 (7, 1iga52m) < Cllw(T)| e (3.12)

Now we prove a new maximum principle for the axisymmetric equation (1.3). By (1.3), we have for
all p € [1, ]

2 )

[lw(T)|| e d 7.
LOO

t
lo(®)llr < wollz + /
0

It has been shown in [1] that

,U’I’

r

=7l

(3.13)

Leo e

On the other hand, the following estimate holds (see [14])

Hw‘
r

Thus by interpolation, the inequality (3.13) reduces to

wo

r

<
L

, Vp>1.
Lr

,UT

r

<cf2

L L34
This together with Gronwall lemma ensures that
lw@®lzs < llwollzoe Il
Plugging this into (3.12) yields
V22quqHL1(Ti,Ti+1;LP) < C\|wo||LpeCT”ﬂrlHL3«1.
Noting that mC; ~ 1+ V(T'), we end up with
V22 |wqll gy 1o < Cmllwol| e I s < Ollug o (1 4+ V(1)) TN o,
Thus the proof is completed. O

Remark 3.1. Note that the vorticity equation (1.3) is different from the 2-D case and our proof is sub-
stantially different from the one in [5].

Remark 3.2. The method used in the proof of Proposition 3.1 is necessary only for p = co. The proof
can be done in an easier way for p < oo by using the refined Bernstein estimate in [2].

4. Proof of Theorem 1.1

In this section we prove Theorem 1.1. We will divide the proof into three parts.

4.1. Convergence rate

In this subsection, we give the estimate of the convergence rate.
The following global estimates for 3-D axisymmetric Euler equations have been obtained in [1]:

[o(t) < Coe®P@PCol) |1 7p(t)|| oo < Coe™P 0t (4.1)

with Cy a constant depending only on the initial data. We set

[
2
B3

v=v—v, T=T-—T.
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Then (0, 7) satisfies the following
00 +v-Vo—vAO+ VT =vAv—0- V0,
Bli—o = 0.

Taking the L? inner product and using the incompressibility of the flow, we deduce that
1d

5 71017 +vIVollZe < vlAv]ea (o]l + Vo] L lIBl1Z:

Thus we have
d, _ _ 5
EHUHH < v[|[AD]| L2 + VO Lo |0]| L2

By Gronwall lemma, we get
t
o]l < veld HWf)HLwdT/||A@(T)|\L2d7.
0

Using (4.1), we can obtain

[9llze < v PP [ 5(r)] 5, d7
0
t
< PP ol [p(r)|| 5 dr
- 322,1

0
t
< Veexp(exp Cot) / Ooeexp(exp CoT) dr
0
< CesxP(exp Cob) (1) (4.2)
This yields the desired result.
Remark 4.1. Similar arguments show that the same result holds true for L3:

v — 3|15 < CoePExPCob) (1),

4.2. Uniform Lipschitz estimate of the velocity

In this subsection, we prove the uniform Lipschitz estimate of the velocity.
Let M; be a positive integer which will be fixed later. By the triangle inequality we have

t t t
JI9e@ a7 < [ 183, Vor) a7+ [ 183,90 = o)) = dr
0 0 0

t

+/||(Id—S’M1)VU(T)||Loo dr. (4.3)
0

By (4.1), we have

¢ t
/||SM1V17(7')HLOO dr < C/ V3 (7) || pee d T < Coe®*P ot (4.4)
0 0
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On the other hand, it is easy to show that by Bernstein lemma (noticing Remark 4.1),

J153.50 = o)z~ dr < 02 [0 - o)l d7

< C()Vt22M1 eexp(exp Cot) .

For the last term in (4.3), we make use of Proposition 3.1 to get

/H (Id =S, )Vou(T)||pe dT < C Z /||A w||pedT

q=>M; 0

122M;

< cllolli= 1+/||W(T)|\LoodT Oz,
0

Plugging (4.4), (4.5) and (4.6) into (4.3), we obtain that

[ 190Gl ar < € (14 w22y @t can

t
+C||w202||1\3 1+/||VU(T)||Lood7— R Ea R

Choosing M; such that

clwoll= crjpeoy,,, L
v22M: 2’

which leads to
t

/ Vo(7)| e d T < Co(1 + tflwo| poeeCHIT a1 ygexplexp Cot) < oy eexplexp Cot)

4.3. Uniform persistence of the initial regularity

By similar arguments as in Proposition A.2 in [1], we can obtain

O] 5 S lwoll g +/||VU(7’)||L°°Q_CV(T)HW(T)”B% dr.
3,1 2

2,1 11

Applying Gronwall lemma to the above inequality, we get

: 2 oCJe IVu()|lLee d
Hw(t)HBz%l < ”wOHB% e o zoedr,

Now for the velocity, we obtain that by (4.8) and the maximum principle,

IIW(t)HB, < A (@)llze + D 23 Agu(t)]| 12

qeN

< Cllv(@®)llzz + lw @)l 3

< C|lvol| 2 + Coe€ Jo IVe(lizee dr
< CHUOH 3 + CQQCJO [IVo(r)|lzee dT

21

71
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Plugging (4.7) into the above inequality, we can get

[[o(?)

” 5 < Coeexp(exp(exp Cot)).
B3,

Therefore, the proof is completed.
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