
Z. angew. Math. Phys. 59 (2008) 1002–1028
0044-2275/08/061002-27
DOI 10.1007/s00033-007-7008-8
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Abstract. We study the initial value problem for the cubic nonlinear Klein–Gordon equation
{

utt + u − uxx = µu3, (t, x) ∈ R × R,

u (0) = u0, ut (0) = u1, x ∈ R,
(0.1)

where µ ∈ R and the initial data are real-valued functions. We obtain a sharp asymptotic
behavior of small solutions without the condition of a compact support on the initial data which

was assumed in the previous works.
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1. Introduction

We study the initial value problem for the cubic nonlinear Klein–Gordon equation
{

vtt + v − vxx = µv3, (t, x) ∈ R × R,

v (0) = v0, vt (0) = v1, x ∈ R,
(1.1)

where µ ∈ R and the initial data v0, v1 are real-valued.
Our purpose is to obtain the large time asymptotic profile of small solutions

to the Cauchy problem (1.1) without the restriction of a compact support on the
initial data which was assumed in the previous works [3], [15]. Their method is
based on the transformation of the equation by virtue of the hyperbolic polar co-
ordinates following [14]. Then the new equation have two nonlinear terms, one of
them is the cubic nonlinearity with a critical decay rate and the other one having
a better time decay rate however leads to a derivative loss. The application of the
hyperbolic polar coordinates implies restricting to the interior of the light cone
and so requiring the compactness condition. When µ < 0, the global existence
of solutions to (1.1) can be easily proved in the energy space, which is however
insufficient for determining the large time asymptotic behavior of solutions. The
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sharp L∞-time decay estimates of solutions and non existence of the usual scat-
tering states for equation (1.1) were shown in [8] under the conditions that the
initial data are regular and have a compact support.

The initial value problem for the nonlinear Klein–Gordon equation with cubic
nonlinearities depending on v, vt, vx, vxx, vtx and having a suitable non resonance
structure was studied by [13], [18], [19], where small solutions were found in the
neighborhood of the free solutions if the initial data are small, regular and decay
fast at infinity. Hence the cubic nonlinearities are not necessarily critical, however
the resonant nonlinear term v3 was excluded in these works. In paper [13], the
nonlinearities were classified into two types, one of them can be treated by the
method of normal forms [24] and the other reveals an additional time decay rate
via the operator x∂t+t∂x [14]. This method was extended to a system of nonlinear
Klein–Gordon equations by [26]. Some sufficient conditions on cubic nonlineari-
ties were given in [3], which allow us to prove global existence and to find sharp
asymptotics of small solutions to the Cauchy problem (1.1) with small and regular
initial data having a compact support. The case of the cubic nonlinearity v3 was
included in [3] as an example, moreover it was proved that the asymptotic pro-
file differs from that of the linear Klein–Gordon equation. Global existence and
L∞-time decay estimates of small solutions to the Klein–Gordon equation with cu-
bic nonlinearity |v|2 v were obtained in paper [27] if the initial data are complex,
smooth and have a compact support. However the large time asymptotics was not
found for this case. There are few results concerning the final state problem for
the nonlinear Klein–Gordon equation. The modified wave operator which maps
the neighborhood of H3,2 into H1,0 was constructed in paper [11] (see also [16] for
the case of regular final data with a compact support).

In paper [20] it was proved the completeness of the scattering operator in the
energy space for equation (1.1) with cubic nonlinearity µv3 replaced by a higher

order nonlinear term − |v|p−1
v, p > 5 (see also [1], [2], [9] for higher space dimen-

sions). The scattering problem and time decay rates for small solutions of (1.1)

with super-critical nonlinearities |v|p−1
v, or |v|p were studied in papers [7], [12],

[22], [23], [25]. Quadratic nonlinearities in two space dimensions seem to be critical
with respect to the large time asymptotic behavior, like cubic nonlinearities in one
space dimension. However it was proved in [21] that every quadratic nonlinearity
is nonresonance, namely it has super-critical time decay property. Indeed global
existence, time decay of small solutions and stability of solutions in the neighbor-
hood of the free solutions were established in [21] by combining the method of
normal forms of [24] and the vector field by [14] (see also papers [6], [7], [8] for
further developments). In [4], the sharp asymptotic behavior of small solutions to
quadratic Klein–Gordon equations in two space dimensions was also obtained via
the vector field and hyperbolic polar coordinates implying the compact support
condition for the initial data.

We define a new dependent variable u = 1
2

(
v + i 〈i∂x〉−1

vt

)
and initial data
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u0 = 1
2

(
v0 + i 〈i∂x〉−1

v1

)
, where 〈z〉 =

√
1 + z2. In the case of the real-valued

function v the nonlinear Klein–Gordon equation (1.1) can be rewritten as
{

(∂t + i 〈i∂x〉)u = 4iµ 〈i∂x〉−1
(Reu)

3
, (t, x) ∈ R × R,

u(0) = u0, x ∈ R,
(1.2)

where Reu = 1
2 (u + u) , u is a complex conjugate of u. Then the solution v of

(1.1) is represented by v = 2Reu.

We denote the Lebesgue space Lp = {φ ∈ S ′; ‖φ‖
Lp < ∞}, with the norm

‖φ‖
Lp =

(∫
R
|φ (x)|p dx

)1/p
if 1 ≤ p < ∞ and ‖φ‖

L∞ = supx∈R |φ (x)| if p = ∞.

The weighted Sobolev space Hm,s
p = {φ ∈ Lp; ‖〈x〉s 〈i∂x〉m φ‖

Lp < ∞}, for m, s ∈
R, 1 ≤ p ≤ ∞. For simplicity we write Hm,s = H

m,s
2 . The index 0 we usually

omit if it does not cause a confusion. The direct Fourier transform φ̂ (ξ) of the
function φ (x) is defined by

Fφ = φ̂ =
1√
2π

∫

R

e−ixξφ (x) dx,

then the inverse Fourier transformation is given by

F−1φ =
1√
2π

∫

R

eixξφ(ξ)dξ.

Our main result is

Theorem 1.1. Let u0 ∈ H4,1 and the norm ‖u0‖H4,1 = ε. Then there exists
ε0 > 0 such that for all 0 < ε < ε0 the Cauchy problem (1.2) has a unique global
solution

u (t) ∈ C
(
[0,∞) ;H4,1

)

satisfying the time decay estimate

‖u (t)‖
H1

∞
≤ Cε (1 + t)

− 1
2 .

Furthermore there exists a unique final state Ŵ+ ∈ H0,1
∞ ∩ H0,1 such that

∥∥∥u (t) − e−i〈i∂x〉tF−1Ŵ+e
3iµ
2

〈ξ〉2|Ŵ+|2 log t
∥∥∥
H1,0

≤ Cε
3
2 tγ−

1
4

and ∥∥∥Fei〈i∂x〉tu (t) − Ŵ+e
3iµ
2

〈ξ〉2|Ŵ+|2 log t
∥∥∥
H

0,1
∞

≤ Cε
3
2 tγ−

1
4 ,

where γ ∈
(
0, 1

4

)
.

From this result it follows that there exists the inverse modified wave operator
(MW+)

−1
such that

(MW+)
−1

: u0 ∈ H4,1 → W+ ∈ H1,0.

As a consequence of Theorem 1.1 we find the corresponding result concerning
the initial value problem (1.1).
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Corollary 1.2. Let v0 ∈ H4,1, v1 ∈ H3,1 be real valued functions and the norm
‖v0‖H4,1 + ‖v1‖H3,1 = ǫ. Then there exists ǫ0 > 0 such that for all 0 < ǫ < ǫ0 the
initial value problem (1.1) has a unique global solution

v (t) ∈ C
(
[0,∞) ;H4,1

)
∩ C1

(
[0,∞) ;H3,1

)

satisfying the time decay estimate

‖v (t)‖
H1

∞
≤ Cε (1 + t)

− 1
2 .

Furthermore there exists a unique final state Ŵ+ ∈ H0,1
∞ ∩ H0,1 such that

∥∥∥v (t) − 2Ree−i〈i∂x〉tF−1Ŵ+e
3iµ
2

〈ξ〉2|Ŵ+|2 log t
∥∥∥
H1,0

≤ Cε
3
2 tγ−

1
4 ,

where γ ∈
(
0, 1

4

)
.

Remark 1.1. By Corollary 1.2, the second and the third estimates of Lemma 3.1
below, along with the representation (1.5) for the free evolution group we have for
t > 0

e−i〈i∂x〉tF−1Ŵ+e
3iµ
2

〈ξ〉2|Ŵ+|2 log t

=
1√
t
θ
(x

t

) 〈
i
x

t

〉− 3
2

Ŵ+

(
x√

t2 − x2

)

×e
−i

√
t2−x2−i π

4
+ 3iµ

2
t2

(t2−x2)

∣∣∣∣Ŵ+

(
x√

t2−x2

)∣∣∣∣
2

log t

+O
(∥∥∥Ŵ+e

3iµ
2

〈ξ〉2|Ŵ+|2 log t
∥∥∥
H1,3

t−
3
4

)
,

where the function θ (x) = 1 for |x| < 1 and θ (x) = 0 for |x| ≥ 1. Therefore we

need a regularity of Ŵ+ to obtain a sharp asymptotics of solutions to (1.2) in L∞

sense. However we only have Ŵ+ ∈ H0,1
∞ ∩ H0,1. Hence we can not find a sharp

asymptotic formula for solutions u (t) in L∞ sense.

An important tool for obtaining the time decay estimates of solutions to the
nonlinear Klein–Gordon equation is implementation of the operator

J = 〈i∂x〉 e−i〈i∂x〉txei〈i∂x〉t = F−1 〈ξ〉 e−i〈ξ〉ti∂ξe
i〈ξ〉tF = 〈i∂x〉x + it∂x,

which is analogous to the operator x + it∂x = e−
it
2

∂2
xxe

it
2

∂2
x in the case of the

nonlinear Schrödinger equations. The operator J was used previously in paper
[12] for constructing the scattering operator for nonlinear Klein–Gordon equations

with a super critical nonlinearity. We have [x, 〈i∂x〉α] = α 〈i∂x〉α−2
∂x, therefore

the commutator [L,J ] = LJ − JL = 0 holds, where L = ∂t + i 〈i∂x〉 is a linear
part of equation (1.2). Since J is not a purely differential operator it is apparently
difficult to calculate the action of J on the nonlinearity in equation (1.2). So,
instead we use the first order differential operator

P = t∂x + x∂t
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which is closely related to J by the identity P = Lx − iJ and acts easily on the
nonlinearity. Moreover, it almost commutes with L, since [L,P] = −i 〈i∂x〉−1

∂xL.
For the convenience of the reader we briefly explain our strategy. Since the

nonlinear Klein–Gordon equation (1.1) is a relativistic version of the nonlinear
Schrödinger equation

{
ivt + 1

2vxx = µ |v|2 v, (t, x) ∈ R × R,

v (0) = v0, x ∈ R.
(1.3)

we can expect that the methods developed for (1.3) could be also useful for the
nonlinear Klein–Gordon equations. The inverse modified wave operator for (1.3)
was constructed in [10], where the main idea was to translate equation (1.3) into

another one multiplying both sides of (1.3) by the operator Fe
i
2
t∂2

x . Also we used
the factorization of the free Schrödinger evolution group

e−
i
2
t∂2

xφ =
1√
2πit

∫
e

ix2

2t
− ixy

t
+ iy2

2t φ (y) dy

= e
ix2

2t
1√
it
F

(
e

iy2

2t φ

)(x

t

)
= MDFMφ,

where M = e
ix2

2t ,Dφ (y) = 1√
it

φ
(

x
t

)
. Then we obtained from (1.3)

i
(
Fe

i
2
t∂2

xv
)

t
= µFMF−1D−1M|v|2 v

= µt−1FMF−1
∣∣∣FMe

i
2
t∂2

xv
∣∣∣
2

FMe
i
2
t∂2

xv

= µt−1
∣∣∣Fe

i
2
t∂2

xv
∣∣∣
2

Fe
i
2
t∂2

xv + R,

where the nonlinearity is decomposed into the resonant term µt−1
∣∣∣Fe

i
2
t∂2

xv
∣∣∣
2

F
e

i
2
t∂2

xv and the remainder R. The resonant term can be canceled by the change of
the dependent variable Fe

i
2
t∂2

xv with a new variable
(
Fe

i
2
t∂2

xv
)

e
i
∫

t
1

µτ−1
∣∣∣Fe

i
2

t∂2
x v

∣∣∣
2

dτ
.

In this way the L∞ - estimate of Fe
i
2 (∂2

x)tv follows. We also follow this idea
in the present. We multiply both sides of (1.2) by 〈i∂x〉 Feit〈i∂x〉 and put ϕ =
〈ξ〉 Fei〈i∂x〉tu to get

ϕt = 4iµFei〈i∂x〉t (Reu)
3

=
3iµ

2t
|ϕ|2 ϕ +

iµ

2
Fei〈i∂x〉t

(
u3 + u3 + 3 |u|2 u

)
(1.4)

+O
(
t−

5
4 ‖u‖3

H4,1

)
.

Thus we see that the nonlinearity in the right-hand side of (1.4) is decomposed into

the resonant term 3iµ
2t |ϕ|2 ϕ, nonresonance cubic nonlinearities and the remainder
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O
(
t−

5
4 ‖u‖3

H4,1

)
. This fact is exploited in Lemma 3.3 and Lemma 3.1 below. Then

in Lemma 3.4 we will show that the nonresonance terms have a better time decay
property through the integration by parts. Furthermore the first resonant term
of the right-hand side of (1.4) can be removed when we multiply both sides by

e−
∫

t
1

i 3µ
2
|ϕ|2τ−1dτ . Then the L∞-estimate of 〈ξ〉 Fei〈i∂x〉tu follows and the energy

method yields a-priori estimate of ‖u‖
H4,1 .

We now decompose the free evolution group e−i〈i∂x〉t = F−1e−it〈ξ〉F of (1.2)
into the main and remainder terms similarly to the factorization of the free Schrödin-
ger evolution group. We denote the dilation operator by

Dωφ = |ω|− 1
2 φ

(
xω−1

)
, (Dω)

−1
= D 1

ω
.

Define the multiplication factor

M (t) = e−it〈ix〉θ(x),

where θ (x) = 1 for |x| < 1 and θ (x) = 0 for |x| ≥ 1. We introduce the operator

Bφ = e−i π
4 〈ix〉− 3

2 θ (x)φ
(
x 〈ix〉−1

)
.

Thus DtM (t)Bφ is a well-known leading term of the large time asymptotics of
solutions of the linear Klein–Gordon equation (∂t + i 〈i∂x〉)u = 0 with initial data
φ. The inverse operator B−1 acts on the functions φ (x) defined on (−1, 1) as
follows

B−1φ = ei π
4 〈ξ〉− 3

2 φ
(
ξ 〈ξ〉−1

)

for all ξ ∈ R. We now introduce the operators

V (t) = B−1M (t)D−1
t F−1e−it〈ξ〉

and
W (t) = (1 − θ)D−1

t F−1e−it〈ξ〉

so that we have the representation for the free Klein–Gordon evolution group

e−i〈i∂x〉tF−1 ≡ F−1e−it〈ξ〉 = DtM (t)BV (t) + DtW (t)

= DtM (t)B + DtM (t)B (V (t) − 1) + DtW (t) . (1.5)

The first term of the right-hand side of (1.5) describes the leading term of the large
time asymptotics inside of the light cone. The second term is a remainder inside
of the light cone and the last term represents the large time asymptotics outside
of the light cone. We also have

Fei〈i∂x〉t ≡ eit〈ξ〉F = V−1 (t)B−1M (t)D−1
t + W−1 (t)D−1

t

= B−1M (t)D−1
t +

(
V−1 (t) − 1

)
B−1M (t)D−1

t + W−1 (t)D−1
t ,

where the right-inverse operators

V−1 (t) = eit〈ξ〉FDtM (t)B
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and
W−1 (t) = eit〈ξ〉FDt (1 − θ) .

We prove our main result in the next section. In Section 3 we prove several lemmas
involved in the proof of the main result.

2. Proof of Theorem 1.1

We introduce the function space

XT =
{
φ ∈ C

(
[0, T ] ;L2

)
; ‖φ‖

XT
< ∞

}
,

where

‖φ‖
XT

= sup
t∈[0,T ]

(
〈t〉−γ ‖φ (t)‖

H4 + 〈t〉−γ ‖J φ (t)‖
H2

+ 〈t〉−3γ ‖J φ (t)‖
H3 + 〈t〉 1

2 ‖φ (t)‖
H1

∞

)
,

and γ > 0 is small.
The local existence in the function space XT can be proved by a standard

contraction mapping principle. We state it without a proof.

Theorem 2.1. Let u0 ∈ H4,1 and the norm ‖u0‖H4,1 = ε. Then there exist ε0 > 0
and T > 1 such that for all 0 < ε < ε0 the initial value problem (1.2) has a unique
local solution u ∈ C

(
[0, T ] ;H4,1

)
with the estimate ‖u‖

XT
<

√
ε.

Let us prove that the existence time T can be extended to infinity which then
yields the result of Theorem 1.1. By contradiction, we assume that there exists a
minimal time T > 0 such that the a-priori estimate ‖u‖

XT
<

√
ε does not hold,

namely, we have ‖u‖
XT

≤ √
ε. We apply the energy method to (1.2) to obtain

d

dt
‖u‖

H4 ≤ C ‖u‖2
H1

∞
‖u‖

H3 ≤ Cε 〈t〉−1 ‖u‖
H4 .

Hence by Theorem 2.1
‖u‖

H4 ≤ Cε 〈t〉γ . (2.1)

Next we use the commutator relations

LP =
(
P − i 〈i∂x〉−1

∂x

)
L,

[x, 〈i∂x〉α] = α 〈i∂x〉α−2
∂x, [P, 〈i∂x〉α] = α 〈i∂x〉α−2

∂x∂t,

∂tu = 4iµ 〈i∂x〉−1
(Reu)

3 − i 〈i∂x〉u

to get

LPu = 12iµ 〈i∂x〉−1
(Reu)

2
RePu + 4µ 〈i∂x〉−2

∂x (Reu)
3

−12iµ 〈i∂x〉−3
∂x

(
(Reu)

2
Re

(
4iµ 〈i∂x〉−1

(Reu)
3 − i 〈i∂x〉u

))
.
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Then by the energy method (i.e., multiplying both sides of the above equation by

〈i∂x〉4 Pu, taking the real part and integrating over the space) we obtain

d

dt
‖Pu‖

H2 ≤ C ‖u‖2
H1

∞
‖Pu‖

H1 + C ‖u‖2
H1

∞
‖u‖

H1 + C ‖u‖4
L∞ ‖u‖

L2

≤ Cε 〈t〉−1 ‖Pu‖
H2 + Cε2 〈t〉γ−1

.

Therefore by Theorem 2.1 it follows

‖Pu‖
H2 ≤ Cε 〈t〉γ . (2.2)

The energy estimate and the identity Lx = xL − i 〈i∂x〉−1
∂x imply

d

dt
‖xu‖

H2 ≤ C ‖u‖2
H1

∞
‖xu‖

H1 + ‖u‖
H2

≤ Cε 〈t〉−1 ‖xu‖
H2 + Cε2 〈t〉γ

which yields
‖xu‖

H2 ≤ Cε 〈t〉γ+1
. (2.3)

Then by the identity
J = iP − ixL − 〈i∂x〉−1

∂x (2.4)

and (2.1) we obtain
‖J u‖

H2 ≤ Cε 〈t〉γ . (2.5)

By Lemma 3.2, (2.1), (2.3) and the relation (2.4) we find that

‖u‖
H2

∞
≤ C 〈t〉− 1

2 ‖u‖
1
2

H4

(
‖u‖

1
2

H4 + ‖J u‖
1
2

H3

)

≤ Cε 〈t〉2γ− 1
2 + Cε

1
2 〈t〉

γ
2
− 1

2 ‖Pu‖
1
2

H3 .

Then by the energy method, Theorem 2.1 and (2.2) we obtain

d

dt
‖Pu‖

H3 ≤ C ‖u‖2
H1

∞
‖Pu‖

H2 + C ‖u‖
H1

∞
‖u‖

H2
∞
‖Pu‖

H1

+C ‖u‖2
H1

∞
‖u‖

H2 + C ‖u‖4
H1

∞
‖u‖

H1

≤ Cε 〈t〉−1 ‖Pu‖
H3 + Cε2 〈t〉2γ−1 ‖Pu‖

H1

+Cε
3
2 〈t〉

γ
2
−1 ‖Pu‖

1
2

H3 ‖Pu‖
H1

≤ Cε 〈t〉−1 ‖Pu‖
H3 + Cε2 〈t〉3γ−1

+ Cε
5
2 〈t〉 3

2
γ−1 ‖Pu‖

1
2

H3

≤ Cε 〈t〉−1 ‖Pu‖
H3 + Cε2 〈t〉3γ−1

.

Therefore
‖Pu‖

H3 ≤ Cε 〈t〉3γ
. (2.6)

By identity (2.4) and (2.6) we see that

‖J u‖
H3 ≤ Cε 〈t〉3γ

. (2.7)
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We use Lemma 3.3 to obtain for the new variable ϕ (t) = 〈ξ〉 Fei〈i∂x〉tu (t)

∂tϕ = it−1eit〈ξ〉
4∑

j=1

λjDωj
e−itωj〈ξ〉ϕ3−αj ϕαj + O

(
t−

5
4 ‖ϕ‖3

H1,3

)
(2.8)

in Lr, 2 ≤ r ≤ ∞. Then we apply Lemma 3.4 to show that the first term of the
right hand side of (2.8) is decomposed into the resonant and nonresonance terms,
and then we obtain

sup
t≥1

‖ϕ (t)‖
L∞ ≤ Cε. (2.9)

By the decomposition of the free evolutions group we have the identity

〈i∂x〉u (t) = (DtM (t)BV (t) + DtW (t)) 〈ξ〉 Fei〈i∂x〉tu (t)

= DtM (t)B 〈ξ〉 Fei〈i∂x〉tu (t) (2.10)

+
(
DtM (t)B 〈ξ〉− 3

2 〈ξ〉 3
2 (V (t) − 1) + DtW (t)

)
〈ξ〉 Fei〈i∂x〉tu (t) .

By the second and the third estimates of Lemma 3.1 we find that the last term of
the right-hand side of (2.10) is a remainder term. Indeed we have the estimate

‖u (t)‖
H1

∞
≤ C

∥∥∥DtM (t)B 〈ξ〉 Fei〈i∂x〉tu (t)
∥∥∥
L∞

+Cε 〈t〉− 5
4

∥∥∥〈ξ〉 Fei〈i∂x〉tu (t)
∥∥∥
H1,3

≤ C 〈t〉− 1
2 sup

t≥1
‖ϕ (t)‖

L∞ + C 〈t〉− 5
4 ‖J u (t)‖

H3 ,

which along with the estimates (2.7) and (2.9) yields

sup
t≥1

〈t〉 1
2 ‖u (t)‖

H1
∞

≤ Cε. (2.11)

From (2.1), (2.5), (2.7) and (2.11) it follows that

‖u‖
XT

≤ Cε <
√

ε

which implies the desired contradiction. Thus there exists a unique global solution
u ∈ C

(
[0,∞) ;H4,1

)
of (1.2) with the time decay estimate.

We now prove the asymptotics of solutions. By equation (2.8) as in the proof
of Lemma 3.4 we have

‖ψ (t) − ψ (s)‖
L∞ + ‖ψ (t) − ψ (s)‖

L2 ≤ Cε
3
2

∫ t

s

τγ− 5
4 dτ ≤ Cε

3
2 sγ− 1

4

with γ ∈
(
0, 1

4

)
, where

ψ (t) = ϕe−iλ1|ϕ|2 log t

= 〈ξ〉 Fei〈i∂x〉tu (t) e
3iµ
2

〈ξ〉2|Fei〈i∂x〉tu(t)|2 log t.

Thus we see that there exists a unique final state ψ+ ∈ H0,1
∞ ∩ H0,1 such that

‖ψ (t) − ψ+‖H0,1
∞

+ ‖ψ (t) − ψ+‖H0,1 ≤ Cε
3
2 tγ−

1
4 .



Vol. 59 (2008) Nonlinear Klein–Gordon equation 1011

We consider the asymptotics of the phase function

Φ (t) =
3iµ

2

∫ t

1

(
|ϕ (τ)|2 − |ϕ (t)|2

) dτ

τ

=
3iµ

2

∫ t

1

(
|ψ (τ)|2 − |ψ (t)|2

) dτ

τ
.

By a direct calculation we have

Φ (t) − Φ(s)

=
3iµ

2

(∫ t

s

(
|ψ (τ)|2 − |ψ (t)|2

) dτ

τ
+

(
|ψ (t)|2 − |ψ (s)|2

)
log s

)
,

where 1 < s < τ < t. Hence

‖Φ(t) − Φ(s)‖
L∞

≤ C

∫ t

s

‖ψ (τ) − ψ (t)‖
L∞ (‖ψ (τ)‖

L∞ + ‖ψ (t)‖
L∞)

dτ

τ

+C ‖ψ (s) − ψ (t)‖
L∞ (‖ψ (s)‖

L∞ + ‖ψ (t)‖
L∞) log s

≤ Cε
5
2

∫ t

s

τγ− 5
4 dτ + Cε

5
2 sγ− 1

4 log s

from which it follows that there exists a unique real valued function Φ+ such that

‖Φ(t) − iΦ+‖L∞ ≤ Cε
3
2 tγ−

1
4 .

Similarly,
‖Φ(t) − iΦ+‖L2 ≤ Cε

3
2 tγ−

1
4 .

Therefore we have the asymptotics of the phase function

3iµ

2

∫ t

1

|ψ (τ)|2 dτ

τ
=

3iµ

2
〈ξ〉2

∫ t

1

∣∣∣Fei〈i∂x〉tu (τ)
∣∣∣
2 dτ

τ

= iΦ+ +
3iµ

2
|ψ+|2 log t

+ (Φ (t) − iΦ+) +
3iµ

2

(
〈ξ〉2

∣∣∣Fei〈i∂x〉tu (t)
∣∣∣
2

− |ψ+|2
)

log t.

We also have

〈ξ〉 Fei〈i∂x〉tu (t) − ψ+e(iΦ++ 3iµ
2

|ψ+|2 log t)

=
(
〈ξ〉 Fei〈i∂x〉tu (t) − ψ+e

3iµ
2

∫
t
1
|ψ(τ)|2 dτ

τ

)

+ψ+

(
e

3iµ
2

∫
t
1
|ψ(τ)|2 dτ

τ − e(iΦ++ 3iµ
2

|ψ+|2 log t)
)

=
(
ψ (t) e

3iµ
2

〈ξ〉2
∫

t
1
|ψ(t)|2 dτ

τ − ψ+e
3iµ
2

∫
t
1
|ψ(τ)|2 dτ

τ

)

+ψ+

(
e

3iµ
2

∫
t
1
|ψ(τ)|2 dτ

τ − e(iΦ++ 3iµ
2

|ψ+|2 log t)
)

.
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Collecting these estimates we find
∥∥∥〈ξ〉 Fei〈i∂x〉tu (t) − ψ+e(iΦ++ 3iµ

2
|ψ+|2 log t)

∥∥∥
L2

≤ C ‖ψ (t) − ψ+‖L2 + ‖ψ+‖L∞ ‖Φ(t) − iΦ+‖L2

+ ‖ψ+‖L∞ ‖ψ (t) − ψ+‖L∞ (‖ψ+‖L2 + ‖ψ (t)‖
L2) log t

≤ Cε
3
2 tγ−

1
4

and similarly,
∥∥∥〈ξ〉 Fei〈i∂x〉tu (t) − ψ+e(iΦ++ 3iµ

2
|ψ+|2 log t)

∥∥∥
L∞

≤ Cε
3
2 tγ−

1
4 .

Therefore we have
∥∥∥Fei〈i∂x〉tu (t) − Ŵ+e

3iµ
2

〈ξ〉2|Ŵ+|2 log t
∥∥∥
H0,1

≤ Cε
3
2 tγ−

1
4 (2.12)

and ∥∥∥Fei〈i∂x〉tu (t) − Ŵ+e
3iµ
2

〈ξ〉2|Ŵ+|2 log t
∥∥∥
H

0,1
∞

≤ Cε
3
2 tγ−

1
4 ,

where Ŵ+ = 〈ξ〉−1
ψ+ exp (iΦ+) . Estimate (2.12) means that

∥∥∥u (t) − e−i〈i∂x〉tF−1Ŵ+e
3iµ
2

〈ξ〉2|Ŵ+|2 log t
∥∥∥
H1,0

≤ Cε
3
2 tγ−

1
4 .

Theorem 1.1 is now proved.

3. Lemmas

In the next lemma we obtain the large time asymptotics for the free Klein–Gordon
evolution group.

Lemma 3.1. The estimates

‖V (t)φ‖
H1,1−γ ≤ C ‖φ‖

H1,4

∥∥∥〈ξ〉
3
2 (V (t) − 1) φ

∥∥∥
L∞

≤ C ‖φ‖
H1,3 t−

1
4

‖W (t)φ‖
Lr ≤ C ‖φ‖

H1,3 t−
1
2

and ∥∥(
V−1 (t) − 1

)
φ
∥∥
L∞ ≤ Ct−

1
4 ‖φ‖

H
1, 3

4
+γ

hold for 2 ≤ r ≤ ∞, 0 < γ < 1 provided the right hand sides are finite.

Remark 3.1. The first and the last estimates of Lemma 3.1 will be used to
estimate the remainder in equation (2.8). The second and the third estimates of
Lemma 3.1 imply that the last term of the right-hand side of (2.10) is a remainder
in our functional space.
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Proof. Changing the variable of integration x = ξ 〈ξ〉−1
we see that

∥∥B−1φ
∥∥2

L2(R)
=

∫

R

∣∣∣φ
(
ξ 〈ξ〉−1

)∣∣∣
2

〈ξ〉−3
dξ =

∫ 1

−1

|φ (x)|2 dx = ‖φ‖2
L2(−1,1) .

By a direct computation

∂ξB−1φ (x) = ei π
4 ∂ξ 〈ξ〉−

3
2 φ

(
ξ 〈ξ〉−1

)

= −3

2
ei π

4 ξ 〈ξ〉− 5
2 φ

(
ξ 〈ξ〉−1

)
+ ei π

4 〈ξ〉− 3
2 〈ξ〉−3

φ′
(
ξ 〈ξ〉−1

)

and

B−1 〈ix〉 3
2 ∂x 〈ix〉

3
2 φ (x) =

3

2
B−1

(
−〈ix〉xφ (x) + 〈ix〉3 φ′ (x)

)

= −3

2
ei π

4 〈ξ〉− 3
2

〈
iξ 〈ξ〉−1

〉
ξ 〈ξ〉−1

φ
(
ξ 〈ξ〉−1

)

+
3

2
ei π

4 〈ξ〉− 3
2

〈
iξ 〈ξ〉−1

〉3

φ′
(
ξ 〈ξ〉−1

)

= −3

2
ei π

4 ξ 〈ξ〉− 5
2 φ

(
ξ 〈ξ〉−1

)
+ ei π

4 〈ξ〉− 3
2 〈ξ〉−3

φ′
(
ξ 〈ξ〉−1

)
.

Therefore

∂ξB−1 = B−1 〈ix〉 3
2 ∂x 〈ix〉

3
2

and similarly,

〈ξ〉1−γ B−1 = B−1 〈ix〉−1+γ
.

We also have

∂xB = B 〈ξ〉 3
2 ∂ξ 〈ξ〉

3
2 .

Thus the identity

〈ξ〉1−γ
∂ξV (t) = 〈ξ〉1−γ

∂ξB−1BV (t)B−1B
= B−1 〈ix〉 1

2
+γ

∂x 〈ix〉
3
2 BV (t)B−1B

holds. In order to prove the first estimate of the lemma we consider the operator
BV (t)B−1. Changing the variable of integration y = ξ 〈ξ〉−1

we obtain

BV (t)B−1φ = M (t)D−1
t F−1e−it〈ξ〉B−1φ

= C |t| 12
∫

R

eit(〈ix〉+xξ−〈ξ〉)φ
(
ξ 〈ξ〉−1

)
〈ξ〉− 3

2 dξ

= C |t| 12
∫ 1

−1

e
−it( 1−xy

〈iy〉
−〈ix〉)φ (y) 〈iy〉− 3

2 dy

since dy = 〈ξ〉−3
dξ = 〈ξ〉−3/2 〈iy〉3/2

dξ. Then changing the variable of integration

(1 − xy) 〈iy〉−1 − 〈ix〉 = η2, 2ηdη = (y − x) 〈iy〉−3
dy
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we find

BV (t)B−1φ = C |t| 12
∫ 1

−1

e
−it( 1−xy

〈iy〉
−〈ix〉)φ (y) 〈iy〉− 3

2 dy

= C |t| 12
∫

R

e−itη2

ψ (y)
ηdη

y − x

for all x ∈ (−1, 1) , t > 0, where ψ (y) = φ (y) 〈iy〉 3
2 . Now we differentiate the last

identity with respect to x

∂xBV (t)B−1φ = C |t| 12
∫

R

e−itη2

(
ψ′ (y) yx + ψ (y)

yx − 1

x − y

)
ηdη

y − x

= C |t| 12
∫ 1

−1

e
−it( 1−xy

〈iy〉
−〈ix〉) (ψ′ (y) g1 (x, y) + ψ (y) g2 (x, y)) dy,

where

g1 (x, y) ≡ yx 〈iy〉−3
=

(
x 〈ix〉−1 − y 〈iy〉−1

)
(x − y)

−1

and

g2 (x, y) ≡ yx − 1

x − y
〈iy〉−3

=
g1 (x, y) − g1 (y, y)

x − y
.

Then we have
∥∥∥〈ix〉2+γ

∂xBV (t)B−1φ
∥∥∥

2

L2

≤ C |t|
∫ 1

−1

∫ 1

−1

eit(〈iz〉−1−〈iy〉−1)ψ′ (y)ψ′ (z)G1 (t, y, z) dydz

+C |t|
∫ 1

−1

∫ 1

−1

eit(〈iz〉−1−〈iy〉−1)ψ (y)ψ (z)G2 (t, y, z) dydz

with kernels

Gj (t, y, z) =

∫ 1

−1

e
itx( z

〈iz〉
− y

〈iy〉 )gj (x, y) gj (x, z) 〈ix〉4+2γ
dx.

By virtue of the mean value theorem we have

f (x) − f (y) =

∫ 1

0

f (1) (xθ + y (1 − θ)) dθ (x − y) .

Therefore

dk

dxk

(
f (x) − f (y)

x − y

)
=

∫ 1

0

f (k+1) (xθ + y (1 − θ)) θkdθ.
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Taking f (x) = x 〈ix〉−1
, we find

∣∣f (k+1) (x)
∣∣ ≤ C 〈ix〉−3−2k

and

∣∣∣∣
dk

dxk
g1 (x, y)

∣∣∣∣ ≤ C

∫ 1

0

θkdθ

〈i (xθ + y (1 − θ))〉3+2k

≤ C

∫ 1

0

θkdθ
(
θ 〈ix〉2 + (1 − θ) 〈iy〉2

) 3
2
+k

≤ C 〈ix〉−1−γ−2k 〈iy〉γ−2
∫ 1

0

dθ

(1 − θ)
1− γ

2 θ
1+γ
2

≤ C 〈ix〉−1−γ−2k 〈iy〉γ−2

for all x, y ∈ (−1, 1) , where γ ∈ (0, 1) . In the same manner

∣∣∣∣
dk

dxk
g2 (x, y)

∣∣∣∣ ≤ C 〈iy〉
γ
2
−2

∫ 1

0

θkdθ

〈i (xθ + y (1 − θ))〉3+
γ
2
+2k

≤ C 〈iy〉
γ
2
−2

∫ 1

0

θkdθ
(
θ 〈ix〉2 + (1 − θ) 〈iy〉2

) 3
2
+ γ

4
+k

≤ 〈ix〉−1−γ−2k 〈iy〉γ−4
∫ 1

0

dθ

(1 − θ)
1− γ

4 θ
1+γ
2

≤ C 〈ix〉−1−γ−2k 〈iy〉γ−4

for all x, y ∈ (−1, 1) , where γ ∈ (0, 1) . Applying the identity

eitx(z〈iz〉−1−y〈iy〉−1)

=

(
1 + t2

(
y 〈iy〉−1 − z 〈iz〉−1

)2
)−1 (

1 − ∂2
x

)
eitx(z〈iz〉−1−y〈iy〉−1)

we integrate two times by parts

|G1 (t, y, z)| ≤ C

(
1 + t2

(
y 〈iy〉−1 − z 〈iz〉−1

)2
)−1

×
∫ 1

−1

∣∣∣
(
1 − ∂2

x

) (
g1 (x, y) g1 (x, z) 〈ix〉4+2γ

)∣∣∣ dx

≤ C 〈iy〉
γ
2
−2 〈iz〉

γ
2
−2

1 + t2
(
y 〈iy〉−1 − z 〈iz〉−1

)2

∫ 1

−1

〈ix〉γ−2
dx ≤ C 〈iy〉

γ
2
−2 〈iz〉

γ
2
−2

1 + t2 (y − z)
2

and similarly

|G2 (t, y, z)| ≤ C 〈iy〉
γ
2
−4 〈iz〉

γ
2
−4

1 + t2 (y − z)
2 .
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Then

∥∥∥〈ix〉2+γ
∂xBV (t)B−1φ

∥∥∥
2

L2
≤ C |t|

∫ 1

−1

∫ 1

−1

(∣∣∣〈iy〉
γ
2
−2

ψ′ (y)
∣∣∣
∣∣∣〈iz〉

γ
2
−2

ψ′ (z)
∣∣∣

+
∣∣∣〈iy〉

γ
2
−4

ψ (y)
∣∣∣
∣∣∣〈iz〉

γ
2
−4

ψ (z)
∣∣∣
) dydz

1 + t2 (y − z)
2

= C

∫

R

|t| dy

1 + t2y2

∫

|z|<1,|y+z|<1

(∣∣∣〈i (y + z)〉
γ
2
−2

ψ′ (y + z)
∣∣∣
∣∣∣〈iz〉

γ
2
−2

ψ′ (z)
∣∣∣

+
∣∣∣〈i (y + z)〉

γ
2
−4

ψ (y + z)
∣∣∣
∣∣∣〈iz〉

γ
2
−4

ψ (z)
∣∣∣
)

dz

≤ C
∥∥∥〈ix〉

γ
2
−2

∂x

(
〈ix〉 3

2 φ (x)
)∥∥∥

2

L2
+ C

∥∥∥〈ix〉
γ−5

2 φ (x)
∥∥∥

2

L2
≤ C

∥∥B−1φ
∥∥2

H1,4 .

Since

〈ξ〉1−γ
∂ξV (t) = B−1 〈ix〉 1

2
+γ

∂x 〈ix〉
3
2 BV (t)B−1B

we have the first estimate of the lemma. To prove the second estimate of the lemma
(that is the estimate of the remainder in the asymptotics of the free evolution group
inside of the light cone) we represent

〈ξ〉 3
2 (V (t) − 1) 〈ξ〉−2

φ =

√
it√
2π

∫

R

e
it(〈ξ〉−1+ ξ

〈ξ〉
η−〈η〉)φ (η) 〈η〉−2

dη

−〈ξ〉− 1
2 φ (ξ) .

In view of the asymptotics (see [5])

√
it√
2π

∫

R

e
it(〈ξ〉−1+ ξ

〈ξ〉
η−〈η〉) 〈η〉−2

dη = 〈ξ〉− 1
2 + O

(
t−

1
2

)

changing the variable of integration η = y 〈iy〉−1
and putting χ = ξ 〈ξ〉−1

we have

〈ξ〉 3
2 (V (t) − 1) 〈ξ〉−2

φ + O
(
t−

1
2

)

=

√
it√
2π

∫

R

e
it(〈ξ〉−1+ ξ

〈ξ〉
η−〈η〉) (φ (η) − φ (ξ)) 〈η〉−2

dη

=

√
it√
2π

∫ 1

−1

e
it(〈iχ〉+ χy−1

〈iy〉 )
(
φ

(
y 〈iy〉−1

)
− φ

(
χ 〈iχ〉−1

))
〈iy〉−1

dy.

Then via the identity

e
it χy−1

〈iy〉 = A 〈iy〉3 ∂y

(
(y − χ) e

it χy−1

〈iy〉

)
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with A =
(
〈iy〉3 − it (y − χ)

2
)−1

we integrate by parts with respect to y

〈ξ〉 3
2 (V (t) − 1) 〈ξ〉−2

φ + O
(
t−

1
2

)

= −
√

it√
2π

∫ 1

−1

e
it χy−1

〈iy〉

(
A2

(
3y (y − χ) 〈iy〉 + 2it (y − χ)

2
)

−2y (y − χ)A)
(
φ

(
y 〈iy〉−1

)
− φ

(
χ 〈iχ〉−1

))
〈iy〉2 dy

−
√

it√
2π

∫ 1

−1

e
it χy−1

〈iy〉 (y − χ)Aφ′
(
y 〈iy〉−1

)
〈iy〉−1

dy.

We have

∥∥∥〈iy〉−3
φ′

(
y 〈iy〉−1

)∥∥∥
L2

y(−1,1)
=

(∫ 1

−1

〈iy〉−6
∣∣∣φ′

(
y 〈iy〉−1

)∣∣∣
2

dy

) 1
2

=

(∫

R

〈ξ〉3 |φ′ (ξ)|2 dξ

) 1
2

= ‖φ′‖
H

0, 3
2

.

Furthermore by the inequality
∣∣∣φ

(
y 〈iy〉−1

)
− φ

(
χ 〈iχ〉−1

)∣∣∣ ≤ C ‖φ′‖
H

0, 3
2
|y − χ| 12

for all χ, y ∈ (−1, 1) we have
∣∣∣〈ξ〉

3
2 (V (t) − 1) 〈ξ〉−2

φ
∣∣∣ + O

(
t−

1
2

)

≤ Ct
1
2 ‖φ‖

L∞

∫ 1

−1

|y − χ|
〈iy〉3 + t (y − χ)

2 dy

+Ct
1
2 ‖φ′‖

H
0, 3

2

∫ 1

−1

〈iy〉2 |y − χ| 12
〈iy〉3 + t (y − χ)

2 dy

+Ct
1
2 ‖φ′‖

H
0, 3

2




∫ 1

−1

(
〈iy〉2 |y − χ|

〈iy〉3 + t (y − χ)
2

)2

dy





1
2

.

We find

∫ 1

−1

|y − χ| + 〈iy〉2 |y − χ| 12
〈iy〉3 + t (y − χ)

2 dy +




∫ 1

−1

〈iy〉4 (y − χ)
2

(
〈iy〉3 + t (y − χ)

2
)2 dy




1
2

≤ Ct−
3
4 .

This yields the second estimate of the lemma.
To prove the third estimate (i.e., estimates of the free evolution group outside
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of the light cone) we write for all |x| > 1 changing ξ = y 〈iy〉−1

W (t)φ =

√
t√

2π

∫

R

eit(xξ−〈ξ〉)φ (ξ) dξ

=

√
t√

2π

∫

R

e
it xy−1

〈iy〉 φ
(
y 〈iy〉−1

)
〈iy〉−3

dy.

Employing the identity

e
it xy−1

〈iy〉 =
〈iy〉3

it (x − y)
∂η

(
e
it xy−1

〈iy〉

)

we integrate by parts with respect to y

W (t)φ

=
1

i
√

2tπ

∫ 1

−1

e
it xy−1

〈iy〉

(
1

(y − x)
2 φ

(
y 〈iy〉−1

)
+

〈iy〉−3

y − x
φ′

(
y 〈iy〉−1

))
dy.

Since

(y − x)
−2 ≤ ||y| − 1|− 1

2 〈x〉−1 〈iy〉−3

and

|y − x|−1 ≤ ||y| − 1|− 1
4 〈x〉−1 〈iy〉− 3

2 ,

then

|W (t)φ| ≤ Ct−
1
2 ‖φ‖

H
0,3
∞

〈x〉−1
∫ 1

−1

||y| − 1|− 1
2 dy

+Ct−
1
2 ‖φ‖

H1,3 〈x〉−1

(∫ 1

−1

||y| − 1|− 1
2 dy

) 1
2

.

Therefore

‖W (t)φ‖
Lr ≤ Ct−

1
2 ‖φ‖

H1,3 ,

where 2 ≤ r ≤ ∞. This yields the third estimate of the lemma.
We now prove the last estimate. Changing y = η 〈η〉−1

we have

V−1 (t) 〈ξ〉− 3
4
−γ

φ =

√
t√

2iπ

∫ 1

−1

eit(〈ξ〉−ξy−〈iy〉)φ
(
y 〈iy〉−1

)
〈iy〉− 3

4
+γ

dy

=

√
t√

2iπ

∫

R

e
it(〈ξ〉− ξη+1

〈η〉 )φ (η) 〈η〉− 9
4
−γ

dη.

In view of the asymptotics (see [5])
√

t√
2iπ

∫

R

e
it(〈ξ〉− ξη+1

〈η〉 ) 〈η〉− 9
4
−γ

dη = 〈ξ〉− 3
4
−γ

+ O
(
t−

1
2

)
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we get
(
V−1 (t) − 1

)
〈ξ〉− 3

4
−γ

φ + O
(
t−

1
2

)

=

√
t√

2iπ

∫

R

e
it(〈ξ〉− ξη+1

〈η〉 ) (φ (η) − φ (ξ)) 〈η〉− 9
4
−γ

dη.

Then via the identity

e
−it ξη+1

〈η〉 = B 〈η〉3 ∂η

(
(η − ξ) e

−it ξη+1

〈η〉

)

with B =
(
〈η〉3 + it (η − ξ)

2
)−1

we integrate by parts with respect to η

(
V−1 (t) − 1

)
〈ξ〉− 3

4
−γ

φ + O
(
t−

1
2

)

= −
√

t√
2iπ

∫

R

e
it(〈ξ〉− ξη+1

〈η〉 )
(
B2

(
3η (η − ξ) 〈η〉 7

4
−γ

+ 2it (η − ξ)
2 〈η〉 3

4
−γ

)

+
3 − 4γ

8
η 〈η〉− 5

4
−γ

(η − ξ) B

)
(φ (η) − φ (ξ)) dη

−
√

t√
2iπ

∫

R

e
it(〈ξ〉− ξη+1

〈η〉 ) (η − ξ)Bφ′ (η) 〈η〉 3
4
−γ

dη.

Furthermore by the inequality

|(φ (η) − φ (ξ))| ≤ C ‖φ‖
H1 |η − ξ| 12

we find ∣∣∣
(
V−1 (t) − 1

)
〈ξ〉− 3

4
−γ

φ
∣∣∣ + O

(
t−

1
2

)

≤ Ct
1
2 ‖φ‖

L∞

∫

R

|η − ξ| 〈η〉− 1
4
−γ

dη

〈η〉3 + t (η − ξ)
2 + Ct

1
2 ‖φ‖

H1

∫

R

〈η〉 3
4
−γ |η − ξ| 12 dη

〈η〉3 + t (η − ξ)
2

+Ct
1
2 ‖φ‖

H1




∫

R

〈η〉 3
2
−2γ

(η − ξ)
2
dη

(
〈η〉3 + t (η − ξ)

2
)2




1
2

.

We have

∫

R

|η − ξ| 〈η〉− 1
4
−γ

+ |η − ξ| 12 〈η〉 3
4
−γ

〈η〉3 + t (η − ξ)
2 dη +




∫

R

〈η〉 3
2
−2γ

(η − ξ)
2
dη

(
〈η〉3 + t (η − ξ)

2
)2




1
2

≤ Ct−
3
4 .

This yields the forth estimate of the lemma. Lemma 3.1 is proved.

We next prove the time decay estimate in terms of the operator J .
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Lemma 3.2. The estimate is valid

‖ϕ‖
L∞ ≤ C 〈t〉− 1

2 ‖ϕ‖
1
2

H
3
2

(
‖ϕ‖

1
2

H
3
2

+ ‖Jϕ‖
1
2

H
1
2

)

for all t ≥ 0, provided that the right-hand side is finite.

Proof. Since ‖ϕ‖
L1 ≤ C ‖xϕ‖

1
2

L2 ‖ϕ‖
1
2

L2 , by applying the L∞ − L1 time decay esti-

mate of the free evolution group e−i〈i∂x〉t (see Lemma 1 in [17]) we get

‖ϕ‖
L∞ =

∥∥∥e−i〈i∂x〉tei〈i∂x〉tϕ
∥∥∥
L∞

≤ Ct−
1
2

∥∥∥〈i∂x〉
3
2 ei〈i∂x〉tϕ

∥∥∥
L1

≤ Ct−
1
2

∥∥∥x 〈i∂x〉
3
2 ei〈i∂x〉tϕ

∥∥∥
1
2

L2

∥∥∥〈i∂x〉
3
2 ei〈i∂x〉tϕ

∥∥∥
1
2

L2

≤ Ct−
1
2 ‖Jϕ‖

1
2

H
1
2

‖ϕ‖
1
2

H
3
2

for all t > 0. Then by the Sobolev inequality we have ‖ϕ‖
L∞ ≤ C ‖ϕ‖

H1 . Thus
the desired estimate follows. Lemma 3.2 is proved.

In the next lemma we obtain the asymptotics for the nonlinear term. Denote
λ1 = 3µ

2 , λ2 = µ
2i , λ3 = 3iµ

2 , λ4 = −µ
2 , ωj = 2αj − 3, α1 = 2, α2 = 3, α3 = 1,

α4 = 0.

Lemma 3.3. Let φ ∈ H4,1. Then the asymptotic formula for large time t holds

Fei〈i∂x〉t 〈i∂x〉N
(
e−i〈i∂x〉tφ

)

= it−1eit〈ξ〉
4∑

j=1

λjDωj
e−itωj〈ξ〉 〈ξ〉3 φ̂

3−αj

(ξ) φ̂αj (ξ) + O
(
t−

5
4 ‖φ‖3

H4,1

)

uniformly with respect to ξ ∈ R.

Proof. First we prove the following representation

Fei〈i∂x〉t (
u3−α (t)uα (t)

)
= −e−

iπα
2 t−1eit〈ξ〉Dωe−itω〈ξ〉 〈ξ〉3 ϕ3−αϕα + R, (3.1)

where ϕ = Fei〈i∂x〉tu (t) , ω = 2α − 3, α ∈ [0, 3], α 6= 3
2 , and

‖R‖
L∞ ≤ Ct−

5
4 ‖ϕ‖3

H1,4 .

We introduce the operators

Q (t) = BV (t) + W (t) = MD−1
t F−1e−it〈ξ〉

so that we have the representation for the free evolution group

e−i〈i∂x〉tF−1 = DtMQ (t) .

We also have

Fei〈i∂x〉t = Q−1 (t) MD−1
t ,
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where the inverse operator

Q−1 (t) = V−1 (t)B−1 + W−1 (t) = eit〈ξ〉FDtM.

Since Dωt = DωDt, D−1
ω = D 1

ω
and FD 1

ω
= DωF we find

Q−1 (t)Mω−1 = eit〈ξ〉FDtM
ω = eit〈ξ〉DωFDωtM

ω

= eit〈ξ〉Dωe−itω〈ξ〉Q−1 (ωt)

with ω 6= 0. Therefore putting

u (t) = U (t)F−1ϕ = DtMQ (t)ϕ

and taking ω = 2α − 3 we get

FU (−t)
(
u3−α (t)uα (t)

)

= Q−1 (t)MD−1
t

(
DtMQ (t)ϕ

)3−α

(DtMQ (t)ϕ)
α

= t−1Q−1 (t)M2α−4
(
Q (t)ϕ

)3−α

(Q (t)ϕ)
α

= t−1eit〈ξ〉Dωe−itω〈ξ〉Q−1 (ωt)
(
Q (t)ϕ

)3−α

(Q (t)ϕ)
α

.

Since Q (t) = BV (t) for |x| ≤ 1 and Q (t) = W (t) for |x| ≥ 1 we then have
(
Q (t)ϕ

)3−α

(Q (t)ϕ)
α

=
(
BV (t)ϕ

)3−α

(BV (t)ϕ)
α

+
(
W (t)ϕ

)3−α

(W (t)ϕ)
α

for all x ∈ R. In the same manner we obtain

Q−1 (ωt)
(
Q (t)ϕ

)3−α

(Q (t)ϕ)
α

= V−1 (ωt)B−1
(
BV (t)ϕ

)3−α

(BV (t)ϕ)
α

+W−1 (ωt)
(
W (t)ϕ

)3−α

(W (t)ϕ)
α

.

Applying the identity

B−1
(
Bϕ

)3−α
(Bϕ)

α
= −e−i π

2
α 〈ξ〉3

(
ϕ (ξ)

)3−α

ϕα (ξ)

we get

FU (−t)
(
u3−α (t)uα (t)

)

= −e−i π
2

αt−1eit〈ξ〉Dωe−itω〈ξ〉V−1 (ωt) 〈ξ〉3
(
V (t)ϕ

)3−α

(V (t)ϕ)
α

+t−1eit〈ξ〉Dωe−itω〈ξ〉W−1 (ωt)
(
W (t)ϕ

)3−α

(W (t)ϕ)
α

= −e−i π
2

αt−1eit〈ξ〉Dωe−itω〈ξ〉 〈ξ〉3 ϕ3−αϕα + R,
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where the remainder

R = −e−i π
2

αt−1eit〈ξ〉Dωe−itω〈ξ〉

×
(
V−1 (ωt) 〈ξ〉3

(
V (t)ϕ

)3−α

(V (t)ϕ)
α − 〈ξ〉3 ϕ3−αϕα

)

+t−1eit〈ξ〉Dωe−itω〈ξ〉W−1 (ωt)
(
W (t)ϕ

)3−α

(W (t)ϕ)
α

.

By Lemma 3.1 we obtain

∥∥∥∥
(
V−1 (ωt) − 1

)
〈ξ〉3

(
V (t)ϕ

)3−α

(V (t)ϕ)
α

∥∥∥∥
L∞

≤ Ct−
1
4

∥∥∥∥〈ξ〉
15
4

+γ
(
V (t)ϕ

)3−α

(V (t)ϕ)
α

∥∥∥∥
H1

≤ Ct−
1
4

∥∥∥〈ξ〉
11
8

+γ V (t)ϕ
∥∥∥

2

L∞
‖V (t)ϕ‖

H1,1−γ ≤ Ct−
1
4 ‖ϕ‖3

H1,4

if 0 < γ < 1
8 . Then

∥∥∥∥〈ξ〉
3

((
V (t)ϕ

)3−α

(V (t)ϕ)
α − ϕ3−αϕα

)∥∥∥∥
L∞

≤ C

(∥∥∥〈ξ〉
3
2 (V (t) − 1) ϕ

∥∥∥
2

L∞
+

∥∥∥〈ξ〉
3
2 ϕ

∥∥∥
2

L∞

)
‖(V (t) − 1) ϕ‖

L∞

≤ Ct−
1
4 ‖ϕ‖3

H1,4

and

∥∥∥∥W−1 (ωt)
(
W (t)ϕ

)3−α

(W (t)ϕ)
α

∥∥∥∥
L∞

≤ C
√

t ‖W (t)ϕ‖3
L3 ≤ Ct−1 ‖ϕ‖3

H1,4 .

Thus we find the estimate for the remainder R (t)

‖R (t)‖
L∞ ≤ Ct−1

∥∥∥∥
(
V−1 (ωt) − 1

)
〈ξ〉3

(
V (t)ϕ

)3−α

(V (t)ϕ)
α

∥∥∥∥
L∞

+Ct−1

∥∥∥∥〈ξ〉
3

((
V (t)ϕ

)3−α

(V (t)ϕ)
α − ϕ3−αϕα

)∥∥∥∥
L∞

+Ct−1

∥∥∥∥W−1 (ωt)
(
W (t)ϕ

)3−α

(W (t)ϕ)
α

∥∥∥∥
L∞

≤ Ct−
5
4 ‖ϕ‖3

H1,4 .

Therefore representation (3.1) is true. We now take u (t) = e−i〈i∂x〉tφ in (3.1) to
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find

Fei〈i∂x〉t 〈i∂x〉N (u (t)) = −i

4∑

j=1

λje
iπαj

2 Fei〈i∂x〉t (
u3−αj (t)uαj (t)

)

= it−1eit〈ξ〉
4∑

j=1

λjDωj
e−itωj〈ξ〉 〈ξ〉3 φ̂

3−αj

(ξ) φ̂αj (ξ) + O
(
t−

5
4 ‖φ‖3

H4,1

)
.

Lemma 3.3 is proved.

In order to prove that the second term 1
2 iµFei〈i∂x〉t

(
u3 + u3 + 3 |u|2 u

)
of the

right-hand side of (1.4) is a remainder we now consider the following ordinary
differential equations for t ≥ 1 depending on a parameter ξ ∈ R

{
dφ
dt = iλ1t

−1 |φ|2 φ + i
te

it〈ξ〉 ∑4
j=2 λjDωj

e−itωj〈ξ〉φαj φ
3−αj

+ h (t) ,

φ (1, ξ) = φ0,
(3.2)

where λ1 ∈ R, λ2, λ3, λ4 ∈ C, ωj = 2αj − 3, α1 = 2, α2 = 3, α3 = 1, α4 = 0, and

h (t) = O
(
ε3t−

5
4

)
in L∞. Note that the first term in the right-hand side of (3.2)

is divergent when integrating over an unbounded time interval.

Lemma 3.4. Let the initial data φ0 ∈ L∞ with a norm
∥∥φ0

∥∥
L∞ = ε. Then there

exists ε0 > 0 such that for all 0 < ε < ε0 the initial value problem (3.2) has a
unique solution φ ∈ C ([1,∞) ;L∞) satisfying the a-priori estimate

sup
t≥1

‖φ (t)‖
L∞ ≤ C

∥∥φ0
∥∥
L∞ .

Proof. We consider the linearized version of (3.2)
{

dφn

dt = iλ1t
−1 |φn−1|2 φn + i

te
it〈ξ〉 ∑4

j=2 λjDωj
e−itωj〈ξ〉φ

αj

n−1φ
3−αj

n−1 + h (t) ,

φn (1, ξ) = φ0 (ξ) ,

(3.3)
where n ∈ {0} ∪ N and

φ0 (t, ξ) = φ0 (ξ) .

We apply the contraction mapping principle to (3.3) in the set

Yε =

{
g ∈ C ([1,∞) ;L∞) : ‖g‖

Y
= sup

t≥1
‖g (t)‖

L∞ + sup
t≥1

t ‖∂tg (t)‖
L∞ ≤ 4ε

}
,

where ε = ‖φ0‖L∞ . Multiplying both sides of (3.3) by e−iλ1|φn−1|2 log t we obtain

d

dt
φne−iλ1|φn−1|2 log t

=
i

t
e−iλ1|φn−1|2 log teit〈ξ〉

4∑

j=2

λjDωj
e−itωj〈ξ〉φ

αj

n−1φ
3−αj

n−1 + e−iλ1|φn−1|2 log th (t)
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We assume that φn−1 ∈ Yε. Denote

νj (ξ) ≡ 〈ξ〉 − ωj

〈
ξω−1

j

〉
= 〈ξ〉 −

√
ω2

j + ξ2signωj ,

then we get eit〈ξ〉Dωj
e−itωj〈ξ〉 = eitνj(ξ)Dωj

and using the identity

eitνj(ξ) = Bj∂t

(
teitνj(ξ)

)

with Bj (t, ξ) = (1 + itνj (ξ))
−1

we represent

d

dt



φne−iλ1|φn−1|2 log t − ite−iλ1|φn−1|2 log t
4∑

j=2

λjBje
itνj(ξ)Dωj

φ
αj

n−1φ
3−αj

n−1





= −i

4∑

j=2

tλje
itνj(ξ)∂t

(
t−1e−iλ1|φn−1|2 log tBjDωj

φ
αj

n−1φ
3−αj

n−1

)

+e−iλ1|φn−1|2 log th (t) . (3.4)

We have

|Bj (t, ξ)| ≤ 1

1 + t |νj (ξ)| ≤ Ct−1 |νj (ξ)|−1 t |νj (ξ)|
1 + t |νj (ξ)|

≤ Ct−1 |νj (ξ)|−1 ≤ Ct−1

and

|∂tBj (t, ξ)| ≤ C
|νj (ξ)|

1 + t2 |νj (ξ)|2
≤ Ct−2 |νj (ξ)|−1 ≤ Ct−2.

Then integrating (3.4) with respect to time we find

‖φn (t)‖
L∞ ≤ ε + Cε3

and by (3.3)

t ‖∂tφn (t)‖
L∞ ≤ C

(
‖φn−1 (t)‖2

L∞ ‖φn (t)‖
L∞ + ‖φn−1 (t)‖3

L∞

)
+ Cε3t−

1
4

≤ Cε3.

Therefore

sup
t≥1

‖φn‖L∞ + sup
t≥1

t ‖∂tφn‖L∞ ≤ ε + Cε3 ≤ 2ε

since ε > 0 is sufficiently small. Therefore φn ∈ Yε for any n. In the same manner
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by (3.4)

∣∣∣φn+1 (t) e−iλ1|φn|2 log t − φn (t) e−iλ1|φn−1|2 log t
∣∣∣

≤

∣∣∣∣∣∣
ite−iλ1|φn|2 log t

4∑

j=2

λjBje
itνj(ξ)Dωj

φαj
n φ

3−αj

n

−ite−iλ1|φn−1|2 log t
4∑

j=2

λjBje
itνj(ξ)Dωj

φ
αj

n−1φ
3−αj

n−1

∣∣∣∣∣∣

+C

∫ t

1

∣∣∣∣∣∣

4∑

j=2

tλje
itνj(ξ)∂t

(
t−1e−iλ1|φn|2 log tBjDωj

φαj
n φ

3−αj

n

−t−1e−iλ1|φn−1|2 log tBjDωj
φ

αj

n−1φ
3−αj

n−1

)∣∣∣

+
∣∣∣
(
e−iλ1|φn|2 log t − e−iλ1|φn−1|2 log t

)
h (t)

∣∣∣ dt

≤ Cε2

(
sup
t≥1

‖φn − φn−1‖L∞ + sup
t≥1

t ‖∂t (φn − φn−1)‖L∞

)

from which it follows that

|φn+1 (t, ξ) − φn (t, ξ)| =
∣∣∣(φn+1 (t) − φn (t)) e−iλ1|φn|2 log t

∣∣∣

≤
∣∣∣φn+1 (t) e−iλ1|φn|2 log t − φn (t) e−iλ1|φn−1|2 log t

∣∣∣

+
∣∣∣φn (t)

(
e−iλ1|φn|2 log t − e−iλ1|φn−1|2 log t

)∣∣∣

≤ Cε2

(
sup
t≥1

‖φn − φn−1‖L∞ + sup
t≥1

t ‖∂t (φn − φn−1)‖L∞

)
. (3.5)

We also have

|∂tφn+1 (t, ξ) − ∂tφn (t, ξ)|

≤ Ct−1ε2

(
sup
t≥1

‖φn − φn−1‖L∞ + sup
t≥1

t ‖∂t (φn − φn−1)‖L∞

)
. (3.6)

Thus by (3.5) and (3.6) we get

‖φn+1 − φn‖Y ≤ 1

2
‖φn − φn−1‖Y

which means that {φn} is a Cauchy sequence in Yε. Lemma 3.4 is proved.



1026 N. Hayashi and P. I. Naumkin ZAMP

4. Remark

In this section we consider briefly the Klein–Gordon equation with dissipative
cubic nonlinearity

{
vtt + v − vxx = −v3

t , (t, x) ∈ R × R,

v (0) = v0, vt (0) = v1, x ∈ R.
(4.1)

The usual energy method yields the space-time estimate of solutions
∫ t

0

‖vt (τ)‖4
L4 dτ ≤ C

(
‖v0‖2

H1 + ‖v1‖2
L2

)

which implies dissipativity. Sunagawa studied in [28] the asymptotic behavior of
small solutions of (4.1) under the condition that the initial data are regular, small
and have a compact support. He showed that solutions have a more rapid time

decay of order (t log (1 + t))
− 1

2 . By applying our method to the problem (4.1) we

can remove the compactness of the initial data. If we put u = 1
2

(
v + i 〈i∂x〉−1

vt

)
,

then for the real-valued function v the nonlinear Klein–Gordon equation (4.1) can
be written as {

Lu = N (u) , (t, x) ∈ R × R,

u(0, x) = u0 (x) , x ∈ R,
(4.2)

where L = ∂t + i 〈i∂x〉 , and N (u) = − 1
2 i 〈i∂x〉−1

(−i 〈i∂x〉 (u − u))
3
. In the same

way as in the proof of Theorem 1.1 we find that

N (u) =
1

2
〈i∂x〉−1

((
〈i∂x〉u − 〈i∂x〉u

)3
)

=
1

2
〈i∂x〉−1

(
(〈i∂x〉u)

3 −
(
〈i∂x〉u

)3

− 3 |〈i∂x〉u|2 〈i∂x〉u + 3 |〈i∂x〉u|2 〈i∂x〉u

)

= −3

2
〈i∂x〉−1 |〈i∂x〉u|2 〈i∂x〉u + R,

where R is a remainder. By Lemma 3.3 we have
(
〈ξ〉m Fei〈i∂x〉tu

)

t

= −3

2
t−1 〈ξ〉5−2m

∣∣∣〈ξ〉m Fei〈i∂x〉tu
∣∣∣
2

〈ξ〉m Fei〈i∂x〉tu

−1

2
〈ξ〉m Fei〈i∂x〉t

(
(〈i∂x〉u)

3 −
(
〈i∂x〉u

)3

− 3 |〈i∂x〉u|2 〈i∂x〉u

)

+O
(
t−

5
4 ‖u‖3

H3+m,1

)
,

where m ≥ 3. We let v (t) = 〈ξ〉m Fei〈i∂x〉tu (t) . Then v satisfies the ordinary
differential equation

vt = −3

2
t−1 〈ξ〉5−2m |v|2 v + R.
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We define

w (t) =
v (1)√

1 + 3 〈ξ〉5−2m |v (1)|2 log t

which is a solution of the Cauchy problem
{

dw
dt = − 3

2 t−1 〈ξ〉5−2m |w|2 w,

w (1) = v (1) .

We can find a solution v in the neighborhood of w. Then the estimate
∥∥∥〈ξ〉m Fei〈i∂x〉tu (t)

∥∥∥
L∞

≤ C
|v (1)|√

1 + 3 〈ξ〉5−2m |v (1)|2 log t

≤ C (log (1 + t))
− 1

2

follows, which leads to the time decay rate (t log (1 + t))
− 1

2 for solutions.
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