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On the existence of periodic solutions of Rayleigh equations

Zaihong Wang

Abstract. In this paper, we study the existence of periodic solutions of Rayleigh equation
a’ + f(z') + g(z) = p(t)

where f, g are continuous functions and p is a continuous and 27-periodic function. We prove
that the given equation has at least one 2m-periodic solution provided that f(z) is sublin-
ear and the time map of equation z’/ + g(z) = 0 satisfies some nonresonant conditions. We
also prove that this equation has at least one 27-periodic solution provided that g(z) satisfies
lim| | 4 o0 sgn(2)g(z) = +00 and f(z) satisfies sgn(z)(f(z) —p(t)) > ¢, for t € R, |z| > d with
¢, d being positive constants.
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1. Introduction

We are concerned with the existence of 2m-periodic solutions of Rayleigh equation

2+ f(@') + g(x) = p(t), (L.1)

where f,g: R — R are continuous, p : R — R is continuous and 27-periodic.

Arising from nonlinear oscillations, Eq.(1.1) has been studied by many authors
(see [1-4, 9, 14] and the references therein). In [14], using the method of upper
and lower solutions, Habets and Torres studied the existence and multiplicity of
2m-periodic solutions of Eq.(1.1) by assuming that g = g(¢,z,2’) is bounded (or
bounded from below) and other conditions hold.

When f(z) =0, Eq.(1.1) is a conservative system. It is well known that time
map plays a crucial role in dealing with the existence and multiplicity of periodic
solutions of equation z” + g(z) = p(t). Assume that g(x) satisfies the following

Research supported by the National Natural Science Foundation of China, No.10001025 and
No0.10471099, Natural Science Foundation of Beijing, No. 1022003 and by a postdoctoral Grant
of University of Torino, Italy.



Vol. 56 (2005) Periodic solutions of Rayleigh equations 593

condition,

(Hy) lim sgn(z)g(z) = +oc.

2| —+o0

Let G(z) = [; g(u)du. Define a function 7(c) as follows,

¢ du
7(c) = \/§|/O mh

which is usually called time map and was first introduced in [13]. From condition
(Hy) we know that 7(c) is continuous for |c| large enough. Now, we introduce
notations,

7, = liminf 7(c), 7+ = limsup 7(c),
c——+o0 c——+o0

7_— = liminf 7(c), 77 = limsup 7(c).
Cc——00 CcC— — 0O

By the asymptotic property of 7(c), Ding and Zanolin [5] proved that equation
x” +g(x) = p(t) has at least one 2r-periodic solution provided that condition (H)
holds and there is an integer n > 0 such that

_ L 27
<T_+T7 <7 TN < —.
n

(H2) n+1

Wang [8] generalized this result to Liénard equation z” + f(z)z’ + g(z) = p(t). He

proved that this Liénard equation has at least one 27-periodic solution provided

that conditions (Hi), (Hz) hold and F(z) is bounded, where F(z) = [; f(u)du.
One aim of this paper is to prove the existence of 27-periodic solutions of

Eq.(1.1) provided that conditons (H;), (Hz) hold and f(x) is sublinear. Assume

that f(x) satisfies

(Hs) lim f(z)/z=0.

|| +o0

Since f(x) maybe unbounded under condition (Hs), the method in [8] is invalid
under present situation. By developing a different estimate method, we overcome
the difficulty in estimating time owing to the possible unboundedness of f(z). We
obtain

Theorem 1. Assume that conditions (Hy), (Hs2) and (Hs) hold. Then Eq.(1.1)
has at least one 2m-periodic solution.

If the condition (Hj) is replaced by a condition as follows,
(H4) T_+T+>27T,
then we also have

Theorem 2. Assume that conditions (Hy), (Hs) and (Hy) hold. Then Eq.(1.1)
has at least one 2m-periodic solution.
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Another aim of this paper is to prove the existence of periodic solutions of
Eq.(1.1) provided that f(x) satisfies sign condition. It was proved in [11] that
Liénard equation

o + f(z)2’ + g(x) = p(t)

has at least one 2m-periodic solution provided that the following conditions hold,
(i) f(x) is continuous and lim|,|_, 4o sgn(z)F(x) = +oo (or —oo),
(ii) g(x) is locally Lipschitz continuous and sgn(x)g(z) > 0, |x| > cg, where ¢q is
a positive constant and fozﬂp(t)dt =0.

Obviously, the same conclusion still holds if the condition (ii) is replaced by
the condition as follows,
(i)’ g(z) is locally Lipschitz continuous and sgn(z)(g(z) —p) > 0, |z| > co, where
¢o is a positive constant and p = (1/2mx) f027r p(t)dt

For Rayleigh equation, we have a similar result. Assume that f(z) satisfies the
following sign condition,

(Hs) sgn(z)(f(x) —p(t)) 2 ¢, VieR, [z[=d
with ¢, d being arbitrary positive constants. We prove

Theorem 3. Assume that f, g are locally Lipschitz continuous and conditions
(H1), (Hs) hold. Then Eq.(1.1) has at least one 2m-periodic solution.

Throughout this paper, we always use R to denote the whole real number set.

2. Periodic solutions via continuation theorem

In this section, we deal with the existence of periodic solutions of (1.1) under
conditions (Hy), (Hs) and (H3) or (Hy), (Hs) and (Hy4). Consider an equivalent
system of Eq.(1.1),

o=y, y =—g(x) - fly)+p). (2.1)

In order to use the Continuation Theorem [6, Theorem 2], we embed (2.1) into a
system family with one parameter A € [0, 1],

o=y, Y =—g(x) = Af(y)+ Ip(t). (2.2)

Let (zx(t),yx(t)) = (x(t,x0,y0,A), y(t, To, Yo, X)) be a solution of (2.2) satisfying
the initial value condition (z(0),yx(0)) = (zo,¥0). In what follows, for simplicity,
we always use (z(t),y(t)) to denote (xx(t),yr(t)). We have the following lemma.

Lemma 1. Assume that conditions (Hy), (Hs) hold. Then every solution (z(t), y(t))
of (2.2) exists on the whole t-axis.

Proof. Define a function

1
=—y* +G(2).

V(x,y) 5
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Set
o(t) = V{a(t),y(1)) = 590 + Gla(t).

Then we have

V() = =l (y(8) — p(®)]y(t).- (2:3)
Since lim|,| o f(7)/2 = 0, there exists a constant a > 0 such that

[f(z)z] <2?, 2] > a
Furthermore, there exists a positive constant b such that
|f(z)z| <2® +b, z€R. (2.4)

It follows from (2.3) and (2.4) that

N W

VO] S Y02 + b+ Su(0F + 3p(0) <

with M = b+ M?/2, M, = maz{|p(t)| : t € R}. From (H;) we know that there
exists a positive constant M, such that

G(IL‘) +My>0, z€R,
which, together with (2.5), implies that

y(t)? + M, (2.5)

3 _
(0] < 5y(®)* + 3G (2()) + M,
with M = M + 3Mj. Thus, we have that |[v/(¢)| < 3v(t) + M. Hence,

v'(t) < 3v(t) + M.

3

Multiplying both sides of this inequality by e~3! and integrating over any bounded

interval [0,Tp) (Tp > 0) we have that
1 -
v(t) < v(0)e*T0 4 gM(e3T° —1), tel0,Tp).
Therefore, there is no blow-up for solution (z(t),y(t)) on any bounded interval.
Furthermore, every solution (x(t),y(t)) of (2.2) exists on the whole ¢-axis.
On the basis of Lemma 1, we have

Lemma 2. Under conditions (Hy), (H3). Then there is a nondecreasing function
o:RT — R, with o(s) > s, for all s > 0, such that for any X € [0,1], r > 0 and
each solution (xz(t),y(t)) of (2.2), the following conclusion holds,

(1) If (2% +y2)V2 <7, then (x(t)? +y()*)/2 < o(r), fort € [0,27].

(i) If (x2 +y3)Y/? > a(r), then (z(t)® +y(t)>)/2 > r, for t € [0,27].

This lemma can be proved by standard methods [7, 12].

Lemma 3. Assume that (Hy), (H3) hold. Then there exists a constant Ry > 0
such that if (x(t),y(t)) is a 2w-periodic solution of (2.2) with z3 + y2 > R% and
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x1 = x(t1) is a local mazimum of x(t) and xo = x(t2) is a local minimum of x(t),
then

1 >0, x5 <0.

Proof. We only give the proof of x1 > 0. The other case can be treated similarly.
Assume by contradiction that z; < 0. Let A > 0 be a constant satisfying

O+ p(®)[+1< A, teR.
It follows from (H;) that there exists a constant a > 0 such that
sgn(z)g(z) > A, |z| > a. (2.6)

Define Ry = o(a), where o is defined in Lemma 2. Since 1 = z(t1) is a local
maximum of z(t), we know that y(¢1) = 2'(¢t;) = 0. Therefore,

y'(t1) = —g(x(t1)) = Af(0) = Ap(ta).
From Lemma 2 we have that if 22 + y2 > R32, then
z(t)? +yt)? > a?, te0,2n]

Therefore,
z(t1)? > d?,

which implies that x(t1) > a or x(¢1) < —a. By the hypothesis z; < 0 we have
that x(t1) < —a, which, together with (2.6), implies that y'(¢;) > 0. Then we have
x2"(t1) = y'(t1) > 0. From the continuity of z'(t) we know that there exists an
interval («, 8) such that ¢; € (o, 8) and =" (t) > 0, for ¢ € (o, 3). Since 2'(t1) =0,
we get that

() <0,t € (a,t1); 2'(t) > 0,t € (t1, ).
Thus we obtain that
z(t1) < z(t),t € (o, t1); =(t1) < z(t),t € (t1, 5).

This contradicts with the fact that z; is a local maximum of x(¢).

It follows from Lemma 2 that if 22 + 2 is large enough, then we can introduce
the polar coordinates. Set x = rcosf, y = rsinf. Under this transformation,
(2.2) becomes

% = rsinfcosf — g(rcosf)sind — Af(rsin@)sind + Ap(t) sin 0

do

db _ _ sin2f — g(rcosf)cost  Af(rsin@)cost " /\p(t)COSQ.

r r r

Denote by (r(t),0(t)) = (r(t,r0,00, ), 0(t, 70,00, A)) the solution of above system
through the initial point (rq, 6p).
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Lemma 4. Assume that (Hy), (H3) hold and §(0 < 6 < 1) is a given constant.
Then there exists Rs > 0 such that for ro > Rs and (r(t) cos0(¢t),r(t)sind(t)) €
{(z,y) : |y| = d|x|}, the following inequality holds,

do(t)
— t 27].
il <0, € [0, 27]
Proof. 1t follows from (H;) that there exists a constant ag > 0 such that
(g(x) = Ap(t)z >0, |z| > ap,t € R,A€[0,1].
Therefore,

(g(rcos@) — Ap(t)) cos 6

>0, |rcos|>ag,teR,Ae€]0,1] (2.7)

On the other hand, since g(x) is bounded in interval [—ag, ag], we have

0) — p(t 0
7%‘5 < (g(reos) = Ap(#)) cosb _ %‘5, Ircosf| <ag,t e R,AE([0,1]  (2.8)
,
for 7 > 0 large enough, where €5 = sin®(arctan §) > 0. From (H3) we have that
7675<f('rsin9)cost9<%;, heR (2.9)

4 ~ T -
for r > 0 large enough. If (r(t)cos6(t),r(t)sinf(t)) € {(x,y) : |y| > d6]z|} and
|r(t) cosB(t)] > ao, t € [0,27], then it follows from Lemma 2 and (2.7), (2.9) that

d9(t) €5
SV b
T €5 + 1 <0
with rg large enough. If (r(t)cosf(t),r(t)siné(t)) € {(x,y) : |y| > d|z|} and
|r(t) cos 6(t)| < ag, t € [0,27], then it follows from Lemma 2 and (2.8), (2.9) that
do(t)

€5
— < — — 0
dat — 66—‘_2<

with 7o large enough. Thus, we have reached the conclusion.

Let (z(t),y(t)) be a 2m-periodic solution of (2.2) with ro = /23 +y3 >
max{ Ry, Rs}, which has polar coordinates expression (r(t),6(t)). Then we can
define the rotation number as follows,

80 —6en _ 1 / # () = (Y (1),
0

n(x,y) o T om 2% (t) + 2 (t)

Assume that (H;), (Hsz) hold. From Lemma 3 that there exists some tg € [0, 27]
such that z(tg) = 0. According to Lemma 4, if (x(t),y(t)) € {(z,y) : ly| > d|z|}
and t € [0, 27], then 6(t) decreases strictly. Therefore, there exists t1 € [to, to+ 27]
such that y(t1) = 0x(t1), z(t1) > 0 and y(t) > dz(t), t € [to,t1]. Since (z(t),y(t))
is 2m-periodic, the solution (z(t),y(t)) must leave the region {(z,y) : |y| < 0|z|}
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after it enters this region. Hence, there exists some to € [tg,to + 27] such that
y(t2) = —ox(t2) and (x(t),y(t)) € {(x,y) : |y| < d|z|,x > 0}, t € [t1,t2]. Thus, we
have that

0(t1) — O(t2) = 2arctand > 0.

Every time when the solution (x(t),y(t)) goes through the region {(z,y) : |y| <

0|x|}, we have the same result. Recalling that 6(t) decreases strictly when (z(t), y(t)) €
{(z,y) : ly| > d]x|}, we obtain that 8(0) — 6(27) > 0, which implies

n(xz,y) €N

for ro = /23 + y2 large enough.

Lemma 5. Assume that conditions (Hy), (Hz) and (Hs) hold. Let kg > 0
be a fized integer. Suppose that there exists a sequence of 2m-periodic solutions
{(@ (), y;(t)}521 of (2.2), with rotation numbers n(x;,y;) = ko, j = 1,2,---,
such that

lim (m? (t) + y?(t)) = 400,

j—+4o0

then
ko(my + 7—) < 2.

Proof. For simplicity, we assume that
sgn(z)g(x) >0, xzeR,xz#0.

Let (z(t),y(t)) be any one of (z;(t),y,(t)) with j large enough. Then there exist
constants t} < th <tl =12 <13 <t3=-.. =t < ko < ko =41 4 27 such that
z(t))=0; 2(ty)=0; z(ty) =0, i=1,2---k
x(t) >0t €[t th]; x(t) <0,te[thtl], i=1,2-- ko

For simplicity, let (o, 8) (o < ) denote any couple of (ti,t5) (i = 1,2,--- ko).
Set z,. = x(t.) = max{z(t) : a < z < }. In what follows, we shall estimate ¢, — «
and 3 — t,, respectively. At first, we estimate the former one. It can be inferred
from the first equation of (2.2) that y(t) > 0, for ¢ € [, t.]. From condition (H3)
we know that for any sufficiently small € > 0, there exists a. > 0 such that

|f(@)] <elal,  |z| = ac,

which implies that
If(x)x| < ex?,  |z| > a..

Thus, there exists a constant b, > 0 such that

|f(2)z| <ex®+b., x€R. (2.10)
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Multiplying both sides of y' = —g(x) — Af(y) + Ap(t) by y(t) and applying 2’/ (¢) =
y(t), we have

y(®)y'(t) = —g(x(®)2' () = M (y(1)y(t) + Ap(£)y(?). (2.11)
Integrating both sides (2.11) over interval [t,t,] with a <t < ¢, yields
/t*y(T)y/(T)dT = —/t g(z( T)dT— )\/ fly dt—i—)\/t p(T)y(T)dT.

Since y(t,) = 2'(t,) = 0, we have that, for o < t < t,,

y2(1) = 2(G(a(t.)) — ))+2 / Fly(r))y(r)dr —2x /t " (). (212)
Combining (2.10) and (2.12) we get that

V() < 2AG(x(t) — Gla(t))) + 26 /tt* 2(r)dr 4+ 2M, / F)dr + dbor. (2.13)

with M, = max{|p(t)| : t € R}. Write

Then

Therefore, we have that

—P (1) — 2e®(t) < 2(G(x(t,)) — Gz (1)) + 2M,(x(t,) — x(t)) + db.r.

Multiplying both sides of above inequality by e

[t,t4] yields

and integrating over interval

_/t *[(I)(T)QQET]’dT < Z *[2(G(£E(t*))—G(:I,‘(T)))J,-QMP(x(t*)_x(T))+4b€ﬂ_]62£TdT.
Since ®(t.) = 0, we have
(I)(t)e%?t < [ * [2(G($(t*)) — G(Q?(T))) + 2Mp(1‘(t*) — 1'(7-)) + 4b571']€2€7—d7',

On the other hand, from 2/(t) = y(t) > 0 we know that x(7) is increasing on the
interval [t,t,.]. Consequently,

(1) < > / (G (a(t.)) — C(r)) + 2My (a(t) — 2(r)) + b.xldr.

Furthermore, for ¢ € [a, t,],

B(t) < 27e*™2(G(x(ty)) — G(a(1)) + 2M ((t) — x(t)) + dber].  (2.14)
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It follows from (2.13) and (2.14) that, for ¢ € [«, t.],
)

t
y*() < 2(G(a(t)) — G(x(t))
+Hamee ™ [2(G (2 (ty)) — G(a(t))) + 2Mp(x(ts) — x(t)) + 4be]
+2M, (x(ts) — x(t)) + 4be.
Set n = 4mee*™ . Obviously,  — 0 as € — 0. By (2.15) we have that

v (1) < A+ )G (x(t)) — Ga(1)) + 2M(w(ts) — x(t)) + 4ber].

Recalling 2/(t) = y(t), we get that, for ¢ € [, t.],

(1) < V14 n\/Q(G(x(t*)) — G(x(t)) + 2Mp (x(t.) — 2(t)) + 4beT.

According to (2.16), we have

40
VT /AG() — Ga) T 2V, (o) — e 0) T Boor

Integrating both sides of this inequality over [a, t.], we obtain that

1 dz
te —
\/1+T}/ V2(G(zy) — G(x)) + 2My(z, — z) + 4bem —
where z, = x(t.). Take a constant L > 0 and write
d
/ - =h+1D
V2(G(z) — G(2)) + 2My(z, — z) + 4bew

with
dx

-L
= /o V2(G(z,) — G(x)) + 2M, (2. — z) + b7’

x dx
b= L*L V2(G(z.) — G(x)) + 2M, (. — 2) + 47
If x € 0,2, — L], then
G(zs) — G(z) + Mp(zs — ) > G(z4)
with € € [z, — L, z,]. From (2.18) and (H;) we know that
lm_[Glz.) - Gw) + My (e, — 2)] = +oc.

Ty —400

Therefore, I1 can be expressed in the form

I /a: —L dr
o VaGE.) - G@) + 2M,(x. — 2)[L + o(1)]
for z, — oo. From (Hs) we know that 7(e) is bounded. Thus we obtain

@=L dx
[ SV relry e el E T ey B

= Gz — L) + LM, = [g() + Mp]L

ZAMP

(2.15)

(2.16)

(2.17)

(2.19)
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On the other hand, if z € [z, — L, z,], then

G(a.) - Ga) + My(a, — 2) > [u(x.) + M, (z. — )

with p(z.) = min{g(z) : € [z, — L,z.]}. Consequently,

IQS/ - dx V2L

1 V(G — G@) + DM ya —2)  Jalan) My

for x, — oo. Furthermore,

I — /m dx
v.—1 /2(G(2:) = G(2)) + 2My (2. — )
It follows from (2.17), (2.19) and (2.20) that
1 T dx
=1 V2(Cla.) — (@) + 20y (@, — 0)
for z, — oo. Applying a Lemma in [5, 13] we have that
1 T dx
VIt+n /0 V2(G(z,) — G(z))
which implies that, for xz, — oo,
1
1+

+o(1) <ty —a,

T+ +o(l) <t.—a.

N | =
3

Similarly, we have that

—_

1

2T+

Combining (2.21) and (2.22), we get
1

VI+n

7+ +0(1) <08 —ts.

T++0(1)§ﬂ_05,

+o(1).

+o(1) <t, —«

601

(2.21)

(2.22)

for z, — oo. Sine (a, 3) denote any couple of (ti,t5), i = 1,2,--- , kg, we obtain

that, for z, — oo,
3 i=ko

T Ho(l) <) (th—th).

i=1

(=)

1

+
=

Using the same methods, we can derive that

]C i=ko

\/13_—177—* + 0(1) < Z(té - té)

i=1

From (2.23) and (2.24) we have that

ko i=ko i=ko

m(u +7)+0(1) < ;(tg — ) + ;(tg —th) = 2.

(2.23)

(2.24)
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Since n — 0 as € — 0, we get that
ko(my +7—) < 2.

Lemma 6. Under the same conditions of Lemma 5. The following conclusion
holds,

ko(tt +77) > 27,

Proof. We use the same notations as in Lemma 5. From (2.10) and (2.12) we know
that
t

(1) > 2AG(x(t) - Gla(t))) — 2 / Cy3(r)dr — 2M, / "y(r)dr — dmb,,

t

which, together with (2.14), yields
() > 2(C(a(t) - Gla(t)))
—dmect ™ (2(G a(t)) — Gla(t))) + 2My(a(t,) — a(t) + dnd.]
—OM,(a(ty) — x(t)) — 4ber.
Therefore, we have that, for t € [a, ],
y2(1) = 21— n)(Gla(t,) — Gla(t)) — 21 + )My (a(t.) — (1) — 4(1 + n)b.,

where n = 4mee?™. Let Ly > 0 be a constant. If z(t) € [0,z(t.) — Lg], then we
have

(1 =n)G(x(ts)) = (L +n)Mpx(t.)] — [(1 = n)G(z(t) — (1 +n)Mpz(t)]
> [(1=n)G(z(ts)) — (1 +n)Mpx(t.)]
—[Q =n)G(@(t) — Lo) — (L +n)Mp(x(ts) — Lo)]
= (L=mn)g(&)Lo — (L+n)MpLo, & € [(ts) — Lo, x(t)]-
Hence, if z(t,) is large enough and z(t) € [0, z(t«) — L], then
y*(t) 2 2(1 =) (G(x(t.) — G(a(1))) — 2L+ 1) My (a(t) — x(t)) — 4(1 +n)mbs > 0.
Let £, € [, t,] such that z(t,) = z(t.) — Lo. If t € [, L.], then

2'(t) > \/2(1 —(G(x(ts) — G(x(t))) = 2(1 +n)Mp((t.) — x(t)) — 4(1 + n)mb..
Consequently,

40
VAT (G)) — GG 20 + M, () — o) AT b —
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Integrating both sides of this inequality over [, #,] results in

H—|

Lo dz
/0 V21 =) (G(zs) — G(x)) — 2(1 + n)My(z. — ) — 4(1—|—77)7Tb

with z, = z(t.). Applying the same methods as in Lemma 5, we have that

#x=Lo dx
/0 \/2(1 —mM(G(zs) — G(z)) — 2(1 + n)Mp(x. — ) — 4(1 + n)mbe
@«—Lo dx
= o(1
b T
(2.25)
for z, — co. On the other hand, it is easy to check that
L dx _ 1 L dx —o(l)
v.=Lo V2(1 =) (G(2.) — G(x)) V1= Jo.—Lo V2(G(z.) — G(2)) 220
From (2.25) and (2.26) we know that, for z, — oo, .
\/1T/ N mdf”_ o ez (2.27)

Next, we estimate t, — #.. Since 2/(t) = y(t) > 0,

€ [t«,t+], we know that
a:(t)e[ (t«) — Lo, xz(ts)], for t € [La, t.]. Fromx(t) )

we have that

(
/E* y()dt = /t ()t = 2(t) — (L) = Lo,

* *

According to condition (Hjs), for any sufficiently small e > 0, there exists a ¢, such
that

|f(x)] <elz[+ce; z€R. (2.28)
By v'(t) = —g(z(t)) — Mf(y(t)) + Ap(t) and (2.28) we get that, for t € [t.,t.],
y'(t) < -

g(x(t)) +ey(t) + ce + M. (2.29)
[t.t

Integrating both sides of (2.29) over interval [t,t.], with ¢ € [t.,t.], we obtain

t. t. t
/ y'(1)dr < — / g(z(t))dt + ¢ y(t)dt + 2m(ce + M,).
t t ¢
Therefore, if ¢ € [t.,t.], then
t
y(t) > / g(z(t))dt — eLo — 27 (ce + Mp). (2.30)
t

Define v(z,) = min{g(z) : = € [x(t+) — Lo, z(t+)]}. By condition (H;) we know
that v(z,) — 400, as (t.) — +oo. From (2.30) we derive that, for ¢ € [t.,t.],

y(t) > v(z.)(t, —t) — eLo — 2m(ce + M,). (2.31)
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Integrating both sides of (2.31) over [, t.] yields
/tt* y(t)dt > %I/(x*)(t* —1.)% — [eLo + 27(ce + M,)](ts — L.).
Hence, we get that
Lo > —v(z.)(te — t)? — [eLo + 27(ce + M) (te — L),

which implies that
te —t. = 0(1), (2.32)
for 2, — oo. Combining (2.27) and (2.32) we obtain
1 o dx
VI-n /0 V2(G(z.) — G(z))

+o(l) > t, — a.

Furthermore,
T+ 1) >t 2.33
NT—H'*‘O()_*—OA (2.33)
Similarly, we have
+
-
— 1) > 6 —t.. 2.34
s +oll) 2 (234
It can be inferred from (2.33) and (2.34) that, for =, — oo,
IRPOEY
+o0 > 06—«
vi=n
Since (o, 3) denotes any one of (ti,t}), we reach that
k0T+ i=ko i i
1= +o(1) > Z(t2 — 7).
N i=1
Similarly, we have that
kot~ i
0 i g
T +o(1) > Z(ts_tz)-
N i=1
Therefore, we obtain that
i=k i=k
k’Q(T+ + T_> o . o )
—_—— 1) > ty —t} ty —th) = 2.
Nt +0()_;(2 1)"‘;(3 3) =2m

Recalling that n — 0, as € — 0, we know that
ko(rt +77) > 2m.

Lemma 7. Assume that conditions (Hy), (Hz) and (Hs) hold. Let k > 0 be
an arbitrary integer. Then there exists a constant Ry > 0 such that for any
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27-periodic solution (x(t),y(t)) of (2.2), with rotation number n(x,y) = k, the
following conclusion holds,

z(t)? +yt)* < RZ, teR.

Proof. Assume by contradiction that there exist an integer kg > 0 and a sequence of
2m-periodic solutions (z;(t), y;(t)) of (2.2), with the rotation number n(z;,y;) = ko
(j=1,2,---), such that

} 11Tw(x§(t) + 43 (t)) = 400

uniformly for £ € R. From Lemma 5 and Lemma 6 we know that

2 I _
T++T,§k—0§7' + 7.

This contradicts with condition (Hs).

Proof of Theorem 1. In order to use the Continuation Theorem [6] to prove the
existence of 2m-periodic solution of (2.1), we shall check that all conditions of the
Continuation Theorem are satisfied. From [8] we know that
(i) There exists B > 0 such that every 2m-periodic solution (x(t),y(t)) of
system 2’ =y, y' = —g(x) satisfies |z(t)| + |y(t)] < B, t € [0, 27].
(ii) Define h(x,y) = (y, —g(x)). Then the Brouwer degree d(h, B(0,r),0) =1,
with r large enough, B(0,7) = {(z,y) : 2% + y* < r?}.
From Lemma 2 we have that
(iii) For any r; > 0, there exists ro > 0 such that, for each 27-periodic solution
of (2.2), we have
min (2%(f) +9°(8)) < ri = max(a*(t) +9(8)) < 73.
0,27 0,27
From Lemma 7 we know that
(iv) For any integer k > 0, there exists Ry, > 0 such that, for each 27-periodic
solution of (2.2), we have
n(e.y) = k= min (@*(0) +4(0)) < R,
Thus, all conditions of the Continuation Theorem are satisfied. Therefore, (2.1)
has at least one 2m-periodic solution.

The proof of Theorem 2 can be handled similarly. Indeed, under conditions of
Theorem 2, the conditions (i), (ii) and (iii) in proof of Theorem 1 are still satisfied.
From Lemma 5 and condition (H4) we know that (iv) still holds. Therefore, all
conditions of the Continuation Theorem are satisfied. Hence, (2.1) has at least
one 2m-periodic solution.
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3. Periodic solutions via Lyapunov function

From Massera’s theorem [10] we know that if every Cauchy problem of the system

x/:hl(xayat)v ylzh2(m’yvt)

2(0) =20,  y(0) = yo
exists uniquely and is positively bounded, then this system has at least one 27-
periodic solution, where h; € C(R,R,R) and h;(z,y,t + 27) = h;i(x,y,t), for
z,y,t € R, i = 1,2. In this section, by means of Lyapunov function, we will
show that all solutions of (2.1) are positively bounded under conditions (H;) and
(Hs) and hence (2.1) possesses at least one 27-periodic solution. Let us recall that
condition (Hjy) refers to

sgn(z)(f(z) —p(t)) = ¢, VteR, |z|>d
with ¢, d being positive constants.

Proof of Theorem 3. We follow an argument in [11]. Since f, g are locally Lipschitz
continuous, every solution (z(t),y(t)) of (2.1) satisfying the initial value condition
(2(0),y(0)) = (x0,y0) exists uniquely. Define a potential function V' as in Lemma
1

)

Viey) = 3v° + Gla).

Set
v(t) = V(z(t), y(t) = sy(t)* + G(z(t))
Then
o' (t) = —y(t)(f(y(t) — p(t)). (3.1)
Write

my = max{|f(y)| : —d <y <d}, mo=max{|p(t)|:t e R}.
If |y| < d, then
(1 =9)(f(y) —p@)] <ms, [(1+y)(f(y) —p(t)] <ms,Vt € R (3-2)
with mg = (14 d)(mq + mg). Take a constant k > 0 sufficiently large such that
lg(x)] > ms, |z|>k and 2d/k<c. (3.3)
Define a Lyapunov function W (x,y) as follows,
Viz,y), |z <+o0, y=d,
y+d, z<-k |yl <d,
2d, < -k, y<-—d,
y d, x>k, |yl <d
r=>k, y<-—d
x7 lz] <k, y<-—d.

(z,y
Viz,y) +
Wia,y) = Vﬁz .
(z,y
(z,y

y)
) —
)
)
Vix,y) —
) —

<

z,
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It is easy to check that W (x,y) is continuous and locally Lipschitz with respect to
(z,y) € {(z,y) : || > k,|y| > d}. Moreover, W (x,y) tends to infinity uniformly
for z € R as |y| — +o00. Set I'(z,y) = V(z,y) + 2dz/k + y + 2d. Then I'(z,y) is
continuous and W(x,y) < I'(|z|, |y|). By using (3.1)-(3.3) and the expression of
W (z,y), we have that the derivative W’ (z(t),y(t)) of W (z(t),y(t)) with respect
to ¢ satisfies

W' (x(t), y(t)) < 0.

On the other hand, let [ > 0 be a constant. Then there exists a constant £ > 0
such that, for |y| <1,

ly — f(y) +p(t)| <L, VteR.
Take a constant » > 0 such that
lg(x)| > L, |z| >

Define another Lyapunov function

r+y, x>r, |y <,
Uz =
( ’y) { —Tr—Y, x S -, |y‘ Sl

Obviously, U(z,y) satisfies the following conclusions.

(1)U(=,y) tends to infinity uniformly for |y| <1 as |z| tends to infinity.

(2)U(z.y) < [o] +1, for y] <.

(3)if 2 > 1, |y] <1, then U"(a(t), y(1) = y(t) — g(x(t)) — F(y(®)) + p(t) < 0 and it
x < —r, |yl <1, then U'(x(t), y(t)) = —y(t) + g(x(t)) + f(y(t)) — p(t) < 0.
Therefore, all conditions of Theorem 8.9 in [11] are satisfied. Furthermore, all

solutions of (2.1) are positively bounded. It follows from Corollary 15.1 in [11]

that Eq.(2.1) has at least one 27-periodic solution.
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