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Abstract. Global solutions of the nonlinear magnetohydrodynamic (MHD) equations with gen-
eral large initial data are investigated. First the existence and uniqueness of global solutions are
established with large initial data in H1 . It is shown that neither shock waves nor vacuum and
concentration are developed in a finite time, although there is a complex interaction between the
hydrodynamic and magnetodynamic effects. Then the continuous dependence of solutions upon
the initial data is proved. The equivalence between the well-posedness problems of the system
in Euler and Lagrangian coordinates is also showed.
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1. Introduction

Magnetohydrodynamics (MHD) concerns the motion of conducting fluids (cf. gases)
in an electromagnetic field with a very broad range of applications. The dynamic
motion of the fluids and the magnetic field strongly interact each other, and thus
the hydrodynamic and electrodynamic effects are coupled. Plane magnetohydro-
dynamic flows are governed by the following equations (see [5, 7, 10, 15, 17]):




ρt + (ρu)x = 0, x ∈ R, t > 0,

(ρu)t +
(
ρu2 + p + 1

2 |b|2
)
x

= (λux)x,

(ρw)t + (ρuw − b)x = (µwx)x,

bt + (ub−w)x = (νbx)x,

Et +
(
u

(E + p + 1
2 |b|2

)−w · b)
x

= (λuux + µw ·wx + νb · bx + κθx)x,

(1.1)
where ρ denotes the density of the flow, u ∈ R the longitudinal velocity, w ∈
R2 the transverse velocity, b ∈ R2 the transverse magnetic field, and θ the
temperature; the longitudinal magnetic field is a constant which is taken to be one
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in (1.1); the total energy of the plane magnetohydrodynamic flow is

E = ρ

(
e +

1
2
(u2 + |w|2)

)
+

1
2
|b|2,

with the internal energy e ; both the pressure p and the internal energy e are
related with the density and temperature of the flow according to the equations
of state: p = p(ρ, θ), e = e(ρ, θ) ; λ = λ(ρ, θ) and µ = µ(ρ, θ) are the viscosity
coefficients of the flow, ν = ν(ρ, θ) is the magnetic diffusivity acting as a magnetic
diffusion coefficient of the magnetic field, κ = κ(ρ, θ) is the heat conductivity.

The equations in (1.1) describe the macroscopic behavior of the magnetohy-
drodynamic flow with dissipative mechanisms. This is a three-dimensional magne-
tohydrodynamic flow which is uniform in the transverse directions. Many efforts
have been made because of its physical importance, complexity, and rich phenom-
ena; see [1, 2, 3, 5, 7, 10, 11, 15, 17, 18, 19, 22, 23] and the references cited therein.
In this paper we focus on an initial-boundary value problem for the magnetohy-
drodynamic flow of a perfect gas with the following equations of state:

p = Rρθ, e = cvθ,

where R is the gas constant, cv = R/(γ − 1) is the heat capacity of the gas at
constant volume, and γ is the adiabatic exponent. We are interested in the well-
posedness and continuous dependence of global solutions of the initial-boundary
value problem. For small smooth initial data, the existence of global solution was
proved in [10], and the large-time behavior was studied in [19]. For large initial
data, these problems have additional difficulties because of the presence of the
magnetic field and its interaction with the hydrodynamic motion of the flow of
large oscillation.

In this paper we first establish the existence and uniqueness of global solutions
to the initial-boundary value problem of (1.1) with initial data in H1 and show
that neither shock waves nor vacuum and concentration are developed in a finite
time for such initial data. Different from the early results on the Navier-Stokes
equations, such as [13] which considered the equations of a viscous heat-conductive
perfect gas that does not allow heat to be generated by the magnetic field, we per-
mit the generation of heat by the magnetic field as well as its interaction with the
fluid motion. Mathematically, the argument of [13] can not be directly followed to
solve our MHD problem because of the presence of magnetic field. For example,
the lower and upper bounds of the density can not be obtained by the same argu-
ment. The main reason here is that the full pressure p + |b|2/2 in MHD does not
have the simple special structure as the pressure p in the Navier-Stokes equations.
We develop some new estimates and techniques to overcome these difficulties. We
establish a new expression of the density for this magnetohydrodynamic system
and successfully obtain its lower and upper bounds. Then we make other a-priori
estimates and prove the existence of global solutions. The existence of global solu-
tions is proved by extending the local solutions globally in time based on the global
a-priori estimates of solutions with a physical growth condition of the heat conduc-
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tivity. By introducing a Lagrangian variable, we transform the initial-boundary
value problem of (1.1) in Euler coordinates into the corresponding initial-boundary
value problem in Lagrangian coordinates. These two problems are equivalent for
the solutions under consideration (see Section 2). We first obtain an entropy-type
energy estimate involving the dissipative effects of viscosity, magnetic diffusion,
and heat diffusion. After proving the lower and upper bounds of the density as
stated earlier, all the required a-priori estimates are obtained subsequently with
our careful analysis, and the existence of global solutions in H1 (as well as in
a Hölder space) is established in Section 3. After the proof of the existence, we
show the continuous dependence of solutions on the initial data. For this purpose,
we first prove the Lipschitz continuity of the density, and then we prove that the
solutions depend continuously on the initial data with several careful estimates on
a functional in Section 4.

More precisely, we focus on the initial-boundary value problem of (1.1) in a
bounded spatial domain Ω = [0, 1] (without loss of generality) with the following
initial condition and impermeable, thermally insulated boundaries:

(ρ, u,w,b, θ)|t=0 = (ρ0, u0,w0,b0, θ0)(x), x ∈ Ω,

(u,w,b, θx)|∂Ω = 0,
(1.2)

where the initial data satisfies these compatibility conditions:

(u0,w0,b0, θ0x)|∂Ω = 0,(
ρ0u

2
0 + Rρ0θ0 − λu0x + |b0|2/2

)
x

∣∣
∂Ω

= 0,

(ρ0u0w0 − b0 − µw0x, u0b0 −w0 − νb0x)x|∂Ω = 0.

(1.3)

For noninsulated boundary conditions, similar results can be obtained with some
small modification. Although we deal with the initial-boundary value problem in
this paper, our existence results can directly be generalized to the Cauchy problem
by using the localization argument in [9] or the known localization lemma [12].

We state our main results of this paper in Section 2, prove the existence of
global solutions in Section 3, and show the continuous dependence in Section 4.

2. Main Theorems

Consider the initial-boundary value problem (1.1)-(1.2) with positive lower and
upper bounds of the initial density and temperature: C−1

0 ≤ ρ0 ≤ C0, C−1
0 ≤

θ0 ≤ M0, for some constants C0 and M0 . Without loss of generality, we take∫ 1

0
ρ0(x)dx = 1 . We first assume that ρ, θ > 0 , and then we will prove their

positive lower bounds later. Introduce the Lagrangian variable:

y = y(x, t) =
∫ x

0

ρ(ξ, t)dξ. (2.1)
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We have 0 ≤ y ≤ 1 since y is increasing in x and
∫ 1

0
ρ(x, t)dx =

∫ 1

0
ρ0(x)dx = 1 .

We translate problem (1.1)-(1.2) in Euler coordinates into the following initial-
boundary value problem in Lagrangian coordinates (y, t), y ∈ Ω = [0, 1] , a moving
coordinate along the particle path:

vt − uy = 0, (2.2a)

ut +
(
p + |b|2/2

)
y

=
(

λuy

v

)
y

, (2.2b)

wt − by =
(µwy

v

)
y
, (2.2c)

(vb)t −wy =
(

νby

v

)
y

, (2.2d)

Et +
(
u

(
p + |b|2/2

)−w · b)
y

=
(

λuuy + µw ·wy + νb · by + κθy

v

)
y

, (2.2e)

with the initial-boundary conditions:

(v, u,w,b, θ)|t=0 = (v0, u0,w0,b0, θ0)(y), y ∈ Ω,

(u,w,b, θy)|∂Ω = 0,
(2.3)

where v = 1/ρ is the specific volume, p = Rθ/v , e = cvθ , and

E = e +
1
2
(u2 + |w|2) +

1
2
v|b|2.

From (2.2), we have

(cvθ)t + puy =
(

κθy

v

)
y

+
λu2

y

v
+

µ|wy|2
v

+
ν|by|2

v
. (2.4)

Problem (1.1)-(1.2) and problem (2.2)-(2.3) are equivalent (see the argument
below). Our main interest is to study the behavior of solutions of this problem
with physical equations of state and various physical viscosity coefficients λ , µ ,
magnetic diffusivity ν , and heat conductivity κ , which generally depend on the
density ρ and the temperature θ . For concreteness, in this paper we focus on
the physical case for polytropic gases such that λ, µ , and ν are constants, and κ
depends on the temperature θ with C1 ≤ κ(θ)/(1 + θr) ≤ C2 for some positive
constants C1 , C2 , and r ≥ 2 . The growth condition assumed on κ is motivated
by the physical fact: κ ∝ θ5/2 for important physical regimes (see [5, 22]). For
problem (2.2)-(2.3), we will see that, if the initial data is in H1 (or a Hölder space),
then the solution will be at least in H1 (or the Hölder space), and neither shock
waves nor vacuum and concentration are developed in a finite time. We also study
the continuous dependence of global solutions and prove that the solutions depend
continuously on the initial data. Let (vj , uj ,wj ,bj , θj), j = 1, 2, be two solutions
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to problem (2.2)-(2.3) with the corresponding initial data. Define a functional

D(t) =‖(v1 − v2, u1 − u2,w1 −w2,b1 − b2, θ1 − θ2, v1y − v2y)(·, t)‖2L2(Ω)

+ ‖(u1 − u2,w1 −w2,b1 − b2, θ1 − θ2)y‖2L2(Ω×(0,t)).

Then we have

Theorem 2.1. Suppose that there are some positive constants C0 and M0 such
that

C−1
0 ≤ v0 ≤ C0, C−1

0 ≤ θ0 ≤ M0,

‖(u0,w0,b0)‖L4 + ‖θ0‖L2 ≤ C0, ‖(v0, u0,w0,b0, θ0)‖H1 ≤ M0.

Then, for some constants C = C(C0, T ) > 0 , independent of M0 , and M =
M(C0,M0, T ) > 0 ,
(1). Problem (2.2)-(2.3) has a global solution (v, u,w,b, θ) ∈ L∞(0, T ;H1(Ω))
for any fixed T > 0 such that, for each (y, t) ∈ Ω× [0, T ] ,

C−1 ≤ v(y, t) ≤ C, C−1 ≤ θ(y, t) ≤ M, |(u,w,b)(y, t)| ≤ M,

‖(u,w,b)‖L2(0,T ;L4∩H1) + ‖θ‖L2(0,T ;L2∩H1) ≤ C,

‖(v, u,w,b, θ)y(·, t)‖2L2(Ω)

+ ‖(vy, uy,wy,by, θy, vt, ut,wt,bt, vyt, uyy,wyy,byy, θyy)‖2L2(Ω×(0,t)) ≤ M ;
(2.5)

(2). Furthermore, if v0 ∈ W 1,∞(Ω) , (vj , uj ,wj ,bj , θj), j = 1, 2, are two solutions
to (2.2)-(2.3) in (1), then

D(t) ≤ MD(0), 0 ≤ t ≤ T. (2.6)

That is, the solutions depend continuously on the initial data.

We also remark that, if v0 ∈ C1+α(Ω) and (u0,w0,b0, θ0) ∈ C2+α(Ω) for
some α ∈ (0, 1) , we can conclude, using the standard method (cf. [9, 16, 21]) and
the Schauder estimates (cf. [14, 8]), that there exists a unique classical solution
v ∈ C1+α,1+α/2(Ω× [0, T ]) and (u,w,b, θ) ∈ C2+α,1+α/2(Ω× [0, T ]) for any fixed
T > 0 to (2.2)-(2.3) satisfying (2.5).

The existence of local solutions is known from the standard method based on
the Banach theorem and the contractivity of the operator defined by the lineariza-
tion of the problem on a small time interval (cf. [20]). The global existence of
solutions will be proved by the method of extending the local solutions with re-
spect to time based on a-priori global estimates. We will establish these a-priori
estimates and prove the continuous dependence of the solutions on the initial data
in Sections 3 and 4.

The results in Theorem 2.1 in Lagrangian coordinates can easily be converted
to equivalent statements for the corresponding results in Euler coordinates. In
particular, we have
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Theorem 2.2. Suppose that there exist some positive constants C0 and M0 such
that

C−1
0 ≤ ρ0 ≤ C0, C−1

0 ≤ θ0 ≤ M0,

‖(u0,w0,b0)‖L4 + ‖θ0‖L2 ≤ C0, ‖(ρ0, u0,w0,b0, θ0)‖H1 ≤ M0.

Then, for some constants C = C(C0, T ) > 0 and M = M(C0,M0, T ) > 0 ,
(1). Problem (1.1)-(1.2) has a global solution (ρ, u,w,b, θ) ∈ L∞(0, T ;H1(Ω))
for any fixed T > 0 such that, for each (x, t) ∈ Ω× [0, T ] ,

C−1 ≤ ρ(x, t) ≤ C, C−1 ≤ θ(x, t) ≤ M, |(u,w,b)(x, t)| ≤ M,

‖(u,w,b)‖L2(0,T ;L4∩H1) + ‖θ‖L2(0,T ;L2∩H1) ≤ C,

‖(ρ, u,w,b, θ)x(·, t)‖2L2(Ω)

+ ‖(ρx, ux,wx,bx, θx, ρt, ut,wt,bt, ρxt, uxx,wxx,bxx, θxx)‖2L2(Ω×(0,t)) ≤ M ;
(2.7)

(2). Furthermore, if ρ0 ∈ W 1,∞(Ω) , then the solution of (1.1)-(1.2) is unique.

If the initial data is in a Hölder space, then the corresponding solution is also in
the Hölder space. The corresponding statement concerning the continuous depen-
dence is more subtle, however, owing to the fact that the change of variables from
Lagrangian to Euler coordinates is solution-dependent (see [4]). The uniqueness
of solutions in Euler coordinates can be shown as follows.

Assume that (ρj , uj ,wj ,bj , θj)(x, t) , j = 1, 2, are two solutions of (1.1) with
the same initial-boundary data (1.2)-(1.3). Then, through the Lagrangian variable

yj = yj(x, t) =
∫ x

0

ρj(ξ, t)dξ, (2.8)

which is a one-to-one correspondence between (x, t) and (yj , t) , both solutions
(ρj , uj ,wj ,bj , θj)(x(y,t), t), j = 1, 2, satisfy (2.2)-(2.3) with (y, t) = (yj , t). Since
the solution of the problem (2.2)-(2.3) is unique, we conclude that there exists
(ρ, u,w,b, θ)(y, t) ∈ L2(0, T ;H1) such that

(ρj , uj ,wj ,bj , θj)(x(yj , t), t) = (ρ, u,w,b, θ)(yj , t). (2.9)

Notice that yj(x, t), j = 1, 2, are Lipschitz and satisfy

yjt + uj(x(yj , t), t)yjx = 0, y1(x, 0) = y2(x, 0) =
∫ x

0

ρ0(ξ, 0)dξ. (2.10)

That is, by (2.9),

yjt + u(yj , t)yjx = 0, y1(x, 0) = y2(x, 0) =
∫ x

0

ρ0(ξ, 0)dξ, (2.11)

which implies y1(x, t) = y2(x, t) (see [4]). Therefore, from (2.8) and (2.9), we
conclude

(ρ1, u1,w1,b1, θ1)(x, t) = (ρ2, u2,w2,b2, θ2)(x, t),

that is, the solution is unique.
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3. Proof of Existence

In this section, we prove part (i) of Theorem 2.1. In order to establish the global
existence, we need a-priori estimates of the solutions for (y, t) ∈ Ω× [0, T ] for any
fixed T > 0 . We denote C > 0 the generic constant depending only upon T and
C0 , and denote M the generic constant depending upon M0 besides upon T and
C0 . Without loss of generality, we take cv = R = 1 . First, from equations (2.2)
and the initial-boundary conditions (2.3), we have the following energy estimates.

Lemma 3.1.∫ 1

0

(
(v − 1− ln v) + (θ − 1− ln θ) + u2 + |w|2 + v|b|2) dy ≤ C, (3.1)

∫ t

0

∫ 1

0

(
κθ2

y

vθ2
+

λu2
y

vθ
+

µ|wy|2
vθ

+
ν|by|2

vθ

)
dydτ ≤ C. (3.2)

Proof. Integrating the energy equation (2.2e) and using the boundary condition
(2.3), we have ∫ 1

0

(
θ +

1
2
(u2 + |w|2 + v|b|2)

)
dy

=
∫ 1

0

(
θ0 +

1
2
(u2

0 + |w0|2 + v|b0|2)
)

dy ≤ C.

Set η = (v−1− ln v)+(θ−1− ln θ)+ 1
2 (u2 + |w|2 +v|b|2) . From (2.2), we obtain

ηt = −
(

κθ2
y

vθ2
+

λu2
y

vθ
+

µ|wy|2
vθ

+
ν|by|2

vθ

)
+ uy −

(
κθy

θv

)
y

+
(

λuuy

v
+

µw ·wy

v
+

νb · by

v
+

κθy

v
− u

(
p +

1
2
|b|2

)
+ w · b

)
y

.

Integrating the above equation over [0, 1]× [0, t] yields Lemma 3.1.

We now derive a representation of the specific volume v and prove the lower
and upper bounds of the density, which is essential to establish the existence.

Lemma 3.2.

C−1 ≤ v(y, t) ≤ C. (3.3)

Proof. The proof is divided in three steps.
1. Set

h(y, t) =
∫ t

0

(
λuy

v
− p− 1

2
|b|2

)
(y, τ)dτ +

∫ y

0

u0(ξ)dξ.
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Then (2.2b) implies u = hy. For a function y(t) ∈ [0, 1] of t , which will be
determined later, we integrate in y from y(t) to y on hy = u to have

h(y, t) = h(y(t), t) +
∫ y

y(t)

u(ξ, t)dξ.

On the other hand, since uy = vt , then

h(y, t) = λ ln v − λ ln v0 −
∫ t

0

(
p +

1
2
|b|2

)
(y, τ)dτ +

∫ y

0

u0(ξ)dξ,

from the definition of h . Therefore,

v−1 exp
(

1
λ

∫ t

0

pdτ

)
= exp

(
1
λ

A(y, t)− 1
λ

∫ t

0

1
2
|b|2dτ

)
,

where
A(y, t) =

∫ y

0

u0(ξ)dξ − h(y(t), t)−
∫ y

y(t)

u(ξ, t)dξ − λ ln v0.

Multiplying by θ/λ and integrating over [0, t] , we have

exp
(

1
λ

∫ t

0

pdτ

)
= 1 +

∫ t

0

1
λ

θ(y, s) exp
(

1
λ

A(y, s)− 1
λ

∫ s

0

1
2
|b|2dτ

)
ds.

Hence, we conclude

v =exp
(

1
λ

∫ t

0

1
2
|b|2dτ − 1

λ
A(y, t)

)
×(

1 +
∫ t

0

1
λ

θ(y, s) exp
(

1
λ

A(y, s)− 1
λ

∫ s

0

1
2
|b|2dτ

)
ds

)
.

2. We now determine y(t) . From the definition of h , we have

ht =
λuy

v
− p− 1

2
|b|2.

Then, using vt = uy and hy = u , we obtain

(vh)t − (λu + uh)y = −
(

u2 + vp +
1
2
v|b|2

)
.

Integrating the above equation over [0, 1]× [0, t] yields∫ 1

0

vh(y, t)dy

=
∫ 1

0

v0(y)
∫ y

0

u0(ξ)dξdy −
∫ t

0

∫ 1

0

(
u2 + vp +

1
2
v|b|2

)
(y, τ)dydτ.

Without loss of generality, we assume here
∫ 1

0
v(y, t)dy =

∫ 1

0
v0(y)dy = 1 . Then∫ 1

0

vh(y, t)dy = h(y(t), t)



616 G.-Q. Chen and D. Wang ZAMP

for some y(t) ∈ [0, 1] . Therefore,

v(y, t) =P (y, t) exp
(∫ t

0

Q(y, τ)dτ

)

+
1
λ

∫ t

0

θ(y, s)P (y, t)P (y, s)−1 exp
(∫ t

s

Q(y, τ)dτ

)
ds,

(3.4)

where

P (y, t) = exp
{

1
λ

∫ 1

0

v0(y)
∫ y

0

u0(ξ)dξdy

+
1
λ

∫ y

y(t)

u(ξ, t)dξ − 1
λ

∫ y

0

u0(ξ)dξ + ln v0

}
,

Q(y, t) =
1
2λ
|b|2 − 1

λ

∫ 1

0

(
u2 + vp +

1
2
v|b|2

)
dy.

It is easy to see that, C−1 ≤ P (y, t) ≤ C , since | ∫ y

y(t)
u(ξ, t)dξ| ≤ ‖u‖L2(Ω) ≤ C.

Estimate (3.1) implies that Q(y, t) ≥ −C/λ . Then the specific volume v has a
positive lower bound since

v(y, t) ≥ P (y, t) exp
(∫ t

0

Q(y, τ)dτ

)
≥ C, t ∈ [0, T ].

3. From the convexity of θ − 1 − ln θ and Jensen’s inequality, one has c1 ≤∫ 1

0
θ(y, t)dy ≤ c2 for some positive constants c1 and c2 , and

c1 ≤ θ(a(t), t) =
∫ 1

0

θ(y, t)dy ≤ c2,

for some a(t) ∈ [0, 1] . Thus

c1 ≤
∫ 1

0

(u2 + vp)dy ≤ C.

Integrating (2.4) over [0, 1]× [0, t] and using Cauchy-Schwartz’s inequality yield

∫ t

0

∫ 1

0

(
λu2

y

v
+

µ|wy|2
v

+
ν|by|2

v

)
dydτ

=
∫ 1

0

θdy −
∫ 1

0

θ0(y)dy +
∫ t

0

∫ 1

0

θuy

v
dydτ

≤
∫ 1

0

θdy −
∫ 1

0

θ0(y)dy +
1
2

∫ t

0

∫ 1

0

λu2
y

v
dydτ + C

∫ t

0

∫ 1

0

θ2dydτ.
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Then, by (3.2) and θ(y, t) = θ(a(t), t) +
∫ y

a(t)
θydξ , we have

∫ t

0

∫ 1

0

(
λu2

y

v
+

µ|wy|2
v

+
ν|by|2

v

)
dydτ

≤ C + C

∫ t

0

∫ 1

0

κθ2
y

vθ2
dy

∫ 1

0

vdydτ ≤ C.

(3.5)

From the above estimates, we derive that, for s ≤ t ,∫ t

s

Q(y, τ)dτ =
1
λ

∫ t

s

(∫ y

0

b · bydξ −
∫ 1

0

(
u2 + vp +

1
2
v|b|2

)
dy

)
dτ

≤ 1
λ

∫ t

s

∫ 1

0

( |by|2
2v

− (u2 + vp)
)

dydτ ≤ C − c1

λ
(t− s).

(3.6)

Since
∫ 1

0
θdy ≤ C , we have the following estimate:

θ(y, t)1/2 = θ(a(t), t)1/2 +
∫ y

a(t)

θy

2θ1/2
(ξ, t)dξ ≤ C + C max

y∈[0,1]
v

∫ 1

0

κθ2
y

vθ2
dy.

From (3.4) and the above estimates,

max
y∈[0,1]

v ≤ C e−c1t/λ + C

∫ t

0

θ e−c1(t−s)/λds

≤ C + C

∫ t

0

max
y∈[0,1]

v

∫ 1

0

κθ2
y

vθ2
dy e−c1(t−s)/λds,

and by Gronwall’s inequality and (3.2), we conclude

max
y∈[0,1]

v ≤ C exp

(
C

∫ t

0

∫ 1

0

κθ2
y

vθ2
dy e−c1(t−s)/λds

)
≤ C.

That is, v(y, t) ≤ C . This completes the proof of Lemma 3.2.

Lemma 3.3.
θ(y, t) ≥ C−1. (3.7)

Proof. Set ω = 1/θ . Multiplying (2.4) by −ω2 , we obtain the following equation:

ωt =
(κωy

v

)
y

+
1

4λv
−

(
2κω2

y

ωv
+

ω2

v
(µ|wy|2 + ν|by|2) +

λω2

v

(
uy − 1

2λω

)2
)

.

Multiplying the above equation by 2lω2l−1 with l > 0 , integrating in y over Ω ,
and using the boundary condition and Young’s inequality, we have

d

dt
‖ω‖2l

L2l(Ω) ≤
l

2λ

∫ 1

0

ω2l−1

v
dy ≤ l

2λ
‖ω‖2l−1

L2l(Ω)
‖v−1‖L2l(Ω),
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and then d
dt‖ω‖L2l(Ω) ≤ C. Therefore, ‖ω‖L2l(Ω) ≤ C . Taking l →∞ , we obtain

the lower bound of θ .

Lemma 3.4.∫ 1

0

v2
y(y, t)dy +

∫ t

0

∫ 1

0

(
θv2

y + u2
y + v2

y

)
(y, s)dyds ≤ M. (3.8)

Proof. In (2.2b), notice (uy/v)y = (ln v)ty = (vy/v)t . Then

(
λvy

v

)
t

+
θvy

v2
= ut +

θy

v
+ b · by. (3.9)

Multiplying the equation (2.2e) by K1E and (2.2b) by K2u
3 , taking the inner

product of (2.2c) with K3|w|2w and (2.2d) with K4|vb|2vb , respectively, for
proper positive constants Kj , 1 ≤ j ≤ 4 , integrating them over [0, 1] × [0, t] ,
adding all of them together, and using the Gronwall’s inequality, we eventually
obtain

∫ t

0

∫ 1

0
|b · by|2dyds ≤ M from tedious calculations. Multiplying the equa-

tion (3.9) by vy/v , integrating over [0, 1] × [0, t] , and using Cauchy-Schwartz’s
inequality and the following observation:

vy

v
ut = (u(ln v)y)t − u(ln v)yt =

(
u

vy

v

)
t
−

(
u

vt

v

)
y

+
u2

y

v
,

we obtain, by (3.7),

∫ 1

0

λ

2

(vy

v

)2

dy +
∫ t

0

∫ 1

0

θ

v

(vy

v

)2

dyds

≤ M +
λ

4

∫ 1

0

(vy

v

)2

dy +
∫ t

0

∫ 1

0

λu2
y

v
dyds +

1
2

∫ t

0

∫ 1

0

θ

v

(vy

v

)2

dyds.

Therefore,

∫ 1

0

v2
ydy +

∫ t

0

∫ 1

0

θ

v

(vy

v

)2

dyds ≤ M +
∫ t

0

∫ 1

0

λu2
y

v
dyds. (3.10)

Although we can conclude the proof by using (3.5), we proceed the proof in the
following way so that the bounds in the estimates do not have extra dependence
on T . Multiplying (2.2b) by u , we get

(
u2

2

)
t

+
λu2

y

v
=

(
λuuy

v

)
y

− u

(
θy

v
− θvy

v2
+ b · by

)
.
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Integrating it over [0, 1]× [0, t] , we obtain∫ 1

0

u2

2
dy +

∫ t

0

∫ 1

0

λu2
y

v
dyds

≤
∫ 1

0

u2
0

2
dy +

∫ t

0

∫ 1

0

(
|uθy|

v
+
|u(θ − ∫ 1

0
θdy)vy|

v2
+
|uvy|

∫ 1

0
θdy

v2

)
dyds

+
∫ t

0

∫ 1

0

|u||b · by|dyds

≤ M +
1
8

∫ t

0

∫ 1

0

θ

v

(vy

v

)2

dyds + M

∫ t

0

(∫ 1

0

u2
y

θ
dy

)(∫ 1

0

v2
ydy

)
ds,

(3.11)

where we used the following estimates:∫ t

0

∫ 1

0

u2dyds ≤
∫ t

0

∫ 1

0

u2
y

vθ
dy

∫ 1

0

vθdy ds ≤ M

∫ t

0

∫ 1

0

u2
y

vθ
dyds ≤ M,

∫ t

0

∫ 1

0

∣∣∣∣θ −
∫ 1

0

θdy

∣∣∣∣ dyds ≤
∫ t

0

(∫ 1

0

θ2
y

v
dy

)(∫ 1

0

vdy

)
ds ≤ M.

Adding (3.10) and 2× (3.11), we get∫ 1

0

(
u2 + v2

y

)
dy +

∫ t

0

∫ 1

0

(
u2

y + θv2
y

)
dyds

≤ M + M

∫ t

0

(∫ 1

0

u2
ydy

)(∫ 1

0

v2
ydy

)
ds.

Then, from Gronwall’s inequality and (3.2), we have∫ 1

0

(
u2 + v2

y

)
dy +

∫ t

0

∫ 1

0

(
u2

y + θv2
y

)
dyds ≤ M exp

(
M

∫ t

0

∫ 1

0

u2
y

θ
dyds

)
≤ M.

(3.12)
Since c1 ≤

∫ 1

0
θ(y, t)dy ≤ c2 and

∫ 1

0
v2

ydy ≤ M from the above estimate,

c1

∫ 1

0

v2
ydy ≤

∫ 1

0

θ(y, t)dy

∫ 1

0

v2
ydy

≤
∫ 1

0

(∫ 1

0

θ(y, t)dy − θ

)
v2

ydy +
∫ 1

0

θv2
ydy

≤ c1

2

∫ 1

0

v2
ydy + M

∫ 1

0

θ2
ydy

∫ 1

0

v2
ydy +

∫ 1

0

θv2
ydy.

Therefore,
∫ t

0

∫ 1

0
v2

ydyds ≤ M from (3.7) and (3.12).
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Lemma 3.5. ∫ 1

0

u2
y(y, t)dy +

∫ t

0

∫ 1

0

u2
yy(y, s)dyds ≤ M. (3.13)

Proof. First we have the following interpolation inequalities: for δ > 0 ,

u2
y ≤ δ

∫ 1

0

u2
yydy + (1 + δ−1)

∫ 1

0

u2
ydy, θ2 ≤ 2

∫ 1

0

θ2
ydy + 2

(∫ 1

0

θdy

)2

.

Then, multiplying (2.2b) by uyy and integrating it over [0, 1]× [0, t] , we have

∫ 1

0

u2
y

2
dy +

∫ t

0

∫ 1

0

λu2
yy

v
dyds

≤
∫ 1

0

u2
0y

2
dy +

∫ t

0

∫ 1

0

(
θy

v
− θvy

v2
+ b · by − λuyvy

v2

)
uyydyds

≤ M +
1
2

∫ t

0

∫ 1

0

λu2
yy

v
dyds + M

∫ t

0

∫ 1

0

(
u2

y + θ2
y + v2

y

)
dyds

≤ M +
1
2

∫ t

0

∫ 1

0

λu2
yy

v
dyds.

The lemma follows.

Lemma 3.6.

|(u,w,b, θ)(y, t)|+
∫ 1

0

|(w,b, θ)y|2dy+
∫ t

0

∫ 1

0

|(w,b,wy,by)y|2dyds ≤ M. (3.14)

Proof. Take the inner product of (2.2c) with w , integrate it over [0, 1] × [0, t] ,
and use Cauchy-Schwartz’s inequality to obtain

1
2

∫ 1

0

|w|2dy +
∫ t

0

∫ 1

0

µ|wy|2
v

dyds

≤ 1
2

∫ 1

0

|w0|2dy +
∫ t

0

∫ 1

0

(∫ y

0

|by|dξ

)2

dyds

≤ M +
∫ t

0

∫ 1

0

|by|2
θ

dy

∫ 1

0

θdyds ≤ M.

Similarly, we have by taking the inner product of (2.2d) with vb and integrating



Vol. 54 (2003) Existence and continuous dependence of solutions for MHD 621

it over [0, 1]× [0, t] :

1
2

∫ 1

0

v2|b|2dy +
∫ t

0

∫ 1

0

ν|by|2dyds

≤ 1
2

∫ 1

0

v2
0 |b0|2dy +

∫ t

0

∫ 1

0

(
vb ·wy − νvy

v
b · by

)
dyds

≤ M + M

∫ t

0

∫ 1

0

|by|2
θ

dy

∫ 1

0

θdyds + M

∫ t

0

∫ 1

0

(|wy|2 + v2
y + |b · by|2

)
dyds

≤ M.

Multiplying (2.2c) by wyy , integrating it, and using the interpolation inequality:

|wy|2 ≤ (1 + δ−1)
∫ 1

0

|wy|2dy + δ

∫ 1

0

|wyy|2dy, for any δ > 0,

one has

1
2

∫ 1

0

|wy|2dy

≤ M −M1

∫ t

0

∫ 1

0

|wyy|2dyds + M

∫ t

0

∫ 1

0

(|by|+ |vy||wy|) |wyy|dyds

≤ M − 3M1

4

∫ t

0

∫ 1

0

|wyy|2dyds + M

∫ t

0

∫ 1

0

|by|2dyds

+ M

∫ t

0

max
y∈Ω

|wy|2
∫ 1

0

v2
ydyds

≤ M − M1

2

∫ t

0

∫ 1

0

|wyy|2dyds,

and then

∫ 1

0

|wy|2dy +
∫ t

0

∫ 1

0

|wyy|2dyds ≤ M.

Using vt = uy , we rewrite (2.2d) as follows:

bt = −uy

v
b +

1
v

(
w +

νby

v

)
y

. (3.15)

Multiplying the above equation by byy , integrating it, and using the similar in-
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terpolation inequalities, one has

1
2

∫ 1

0

|by|2dy ≤ M −M2

∫ t

0

∫ 1

0

|byy|2dyds

+ M

∫ t

0

∫ 1

0

(|uy||b|+ |wy|+ |vy||by|) |byy|dyds

≤ M − 3M2

4

∫ t

0

∫ 1

0

|byy|2dyds + M

∫ t

0

∫ 1

0

|wy|2dyds

+ M max
y,t

|b|2
∫ t

0

∫ 1

0

u2
ydyds + M

∫ t

0

max
y∈Ω

|by|2ds

≤ M − M2

2

∫ t

0

∫ 1

0

|byy|2dyds +
1
4

∫ 1

0

|by|2dy,

and then ∫ 1

0

|by|2dy +
∫ t

0

∫ 1

0

|byy|2dyds ≤ M.

Multiplying (2.4) by v−1
∫ θ

0
κ(ξ)dξ , one has the estimate

∫ 1

0
θ2

ydy ≤ M by further
similar arguments. Therefore, we have

θ(y, t) = θ(a(t), t) +
∫ y

a(t)

θydξ ≤ M +
(∫ 1

0

θ2
ydy

)1/2

≤ M,

u2 =
∫ y

0

2uuydξ ≤ 2
(∫ 1

0

u2dy

)1/2 (∫ 1

0

u2
ydy

)1/2

≤ M.

Similarly, we conclude |w|2 + |b|2 ≤ M. This completes the proof of part (i) of
Theorem 2.1.

4. Continuous Dependence on the Initial Data

In this section we prove part (ii) of Theorem 2.1, the continuous dependence of
global solutions on the initial data. First, with the global a-priori estimates in
Section 3, we have

Lemma 4.1. If v0 ∈ W 1,∞(Ω) , then, for any solution (v, u,w,b, θ) to (2.2)-
(2.3) in part (i) of Theorem 2.1,

|vy(y, t)| ≤ M. (4.1)
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Proof. For the convenience of differentiation, we rewrite (3.4) as follows:

v(y, t) = exp
(

lnP (y, t) +
∫ t

0

Q(y, τ)dτ

)

+
1
λ

∫ t

0

θ(y, s) exp
(

lnP (y, t)− lnP (y, s) +
∫ t

s

Q(y, τ)dτ

)
ds.

Then, taking the derivative with respect to y ,

vy(y, t)

= P (y, t) exp
(∫ t

0

Q(y, τ)dτ

) (
(lnP (y, t))y +

∫ t

0

Qy(y, τ)dτ

)

+
1
λ

∫ t

0

P (y, t)P (y, s)−1 exp
(∫ t

s

Q(y, τ)dτ

)
θy(y, s)ds

+
1
λ

∫ t

0

P (y, t)P (y, s)−1 exp
(∫ t

s

Q(y, τ)dτ

)
×

θ(y, s)(lnP (y, t)− lnP (y, s))yds

+
1
λ

∫ t

0

P (y, t)P (y, s)−1 exp
(∫ t

s

Q(y, τ)dτ

)
θ(y, s)

∫ t

s

Qy(y, τ)dτds,

where

(lnP (y, t))y =
1
λ

u(y, t)− 1
λ

u0(y) +
v0y(y)
v0(y)

, Qy(y, t) =
1
λ
b · by.

From the estimates in Section 3, we conclude

C−1 ≤ P (y, t), θ(y, t) ≤ M, |∂y lnP (y, t)| ≤ M.

From (3.6),
∫ t

s
Q(y, τ)dτ ≤ M . Using the inequality

|by|2 ≤ 2
∫ 1

0

|by|2dy +
∫ 1

0

|byy|2dy,

we have∣∣∣∣
∫ t

s

Qy(y, τ)dτ

∣∣∣∣ ≤ 3
2λ

∫ t

0

∫ 1

0

|by|2dydτ +
1
2λ

∫ t

0

∫ 1

0

|byy|2dydτ ≤ M.

Again, using a similar interpolation inequality, we have∫ t

0

P (y, t)P (y, s)−1 exp
(∫ t

s

Q(y, τ)dτ

)
|θy(y, s)|ds

≤ 1
2

∫ t

0

P (y, t)2P (y, s)−2 exp
(

2
∫ t

s

Q(y, τ)dτ

)
ds +

∫ t

0

∫ 1

0

(θ2
y +

1
2
θ2

yy)dyds

≤ M.

Therefore, |vy| ≤ M . This completes the proof of Lemma 4.1.
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We now start the proof of the continuous dependence of global solutions on the
initial data by establishing the estimates in several lemmas. Set

G(t) = 2
2∑

j=1

∫ 1

0

(|∂y(uj ,wj ,bj , θj)|2 + |∂yy(uj ,wj ,bj , θj)|2)dy.

Then, from (2.5), we have ∫ t

0

G(s)ds ≤ M. (4.2)

Using the interpolation inequality, we have

u2
jy ≤ 2

∫ 1

0

u2
jydy +

∫ 1

0

u2
jyydy ≤ G(t).

Similarly, for j = 1, 2 , w2
jy + b2

jy + θ2
jy ≤ G(t). Applying (2.2) to both solutions

(vj , uj ,wj ,bj , θj) , j = 1, 2, we have the following lemmas.

Lemma 4.2.∫ 1

0

|(v1 − v2, u1 − u2, w1 − w2)|2dy −
∫ 1

0

|(v10 − v20, u10 − u20, w10 − w20)|2dy

≤ −3
2

∫ t

0

∫ 1

0

λ

v1
(u1y − u2y)2dyds− 7

4

∫ t

0

∫ 1

0

µ

v1
|w1y −w2y|2dyds

+ M

∫ t

0

(1 + G(s))
∫ 1

0

(v1 − v2)2dyds

+ M

∫ t

0

∫ 1

0

(|b1 − b2|2 + (θ1 − θ2)2
)
dyds.

(4.3)

Proof. Multiplying the following equation by 2(u1 − u2)

(u1 − u2)t =
(

λu1y

v1
− λu2y

v2
+

θ2

v2
− θ1

v1
+

1
2
|b2|2 − 1

2
|b1|2

)
y

,

and integrating it over [0, 1]× [0, t] , we have∫ 1

0

(u1 − u2)2dy −
∫ 1

0

(u10 − u20)2dy

≤ −7
4

∫ t

0

∫ 1

0

λ

v1
(u1y − u2y)2dyds + M

∫ t

0

(1 + G(s))
∫ 1

0

(v1 − v2)2dyds

+ M

∫ t

0

∫ 1

0

(|b1 − b2|2 + (θ1 − θ2)2
)
dyds.

Multiplying the equation (v1−v2)t = (u1−u2)y by 2(v1−v2) and integrating
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over [0, 1]× [0, t] , for any constant M ′ > 0 , we have∫ 1

0

(v1 − v2)2dy −
∫ 1

0

(v10 − v20)2dy

≤ 1
4M ′

∫ t

0

∫ 1

0

λ

v1
(u1y − u2y)2dyds + M

∫ t

0

∫ 1

0

(v1 − v2)2dyds.

Taking M ′ = 1 , we obtain∫ 1

0

(v1 − v2)2dy −
∫ 1

0

(v10 − v20)2dy

≤
∫ t

0

∫ 1

0

(
1
4

λ

v1
(u1y − u2y)2 + M(v1 − v2)2

)
dyds.

Taking M ′ = 2M , we have

M

∫ 1

0

(v1 − v2)2dy ≤ M

∫ 1

0

(v10 − v20)2dy +
1
8

∫ t

0

∫ 1

0

λ

v1
(u1y − u2y)2dyds

+ M

∫ t

0

∫ 1

0

(v1 − v2)2dyds.

(4.4)

Similarly, taking the inner product of the equation

(w1 −w2)t =
(

µw1y

v1
− µw2y

v2
+ b1 − b2

)
y

with 2(w1−w2) and using Cauchy-Schwartz’s inequality yield a similar estimate.
Then adding these estimates together yields the result of Lemma 4.2.

Lemma 4.3.∫ 1

0

(θ1 − θ2)2dy

≤
∫ 1

0

(θ10 − θ20)2dy − 7
4

∫ t

0

∫ 1

0

κ

v1
(θ1y − θ2y)2dyds

+
1
4

∫ t

0

∫ 1

0

λ

v1
(u1y − u2y)2dyds +

1
4

∫ t

0

∫ 1

0

µ

v1
|w1y −w2y|2dyds

+
1
4

∫ t

0

∫ 1

0

ν|b1y − b2y|2dyds

+ M

∫ t

0

(1 + G(s))
∫ 1

0

(
(v1 − v2)2 + (θ1 − θ2)2

)
dyds.

(4.5)
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Proof. Multiply the following equation

(θ1 − θ2)t =p2u2y − p1u1y +
(

κθ1y

v1
− κθ2y

v2

)
y

+
λu2

1y + µ|w1y|2 + ν|b1y|2
v1

− λu2
2y + µ|w2y|2 + ν|b2y|2

v2

by 2(θ1 − θ2) and integrate it to get

∫ 1

0

(θ1 − θ2)2dy −
∫ 1

0

(θ10 − θ20)2dy

= 2
∫ t

0

∫ 1

0

(
κθ1y

v1
− κθ2y

v2

)
(θ2y − θ1y)dyds

+ 2
∫ t

0

∫ 1

0

(p2u2y − p1u1y)(θ1 − θ2)dyds

+ 2
∫ t

0

∫ 1

0

(θ1 − θ2)

(
λu2

1y + µ|w1y|2 + ν|b1y|2
v1

−λu2
2y + µ|w2y|2 + ν|b2y|2

v2

)
dyds.

(4.6)

Using Cauchy-Schwartz’s inequality, we have

2
∫ t

0

∫ 1

0

(
κθ1y

v1
− κθ2y

v2

)
(θ2y − θ1y)dyds

≤ −7
4

∫ t

0

∫ 1

0

κ

v1
(θ1y − θ2y)2dyds + M

∫ t

0

max
y∈[0,1]

θ2
2y

∫ 1

0

(v1 − v2)2dyds,

2
∫ t

0

∫ 1

0

(p2u2y − p1u1y)(θ1 − θ2)dyds

= 2
∫ t

0

∫ 1

0

((
θ2

v2
− θ1

v1

)
u2y + (u2y − u1y)

θ1

v1

)
(θ1 − θ2)dyds

≤ 1
8

∫ t

0

∫ 1

0

λ

v1
(u1y − u2y)2dyds + M

∫ t

0

∫ 1

0

(θ1 − θ2)2dyds

+ M

∫ t

0

max
y∈[0,1]

u2
2y

∫ 1

0

(θ1 − θ2)2dyds + M

∫ t

0

max
y∈[0,1]

u2
2y

∫ 1

0

(v1 − v2)2dyds,

(4.7)
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and∫ t

0

∫ 1

0

(
λu2

1y + µ|w1y|2 + ν|b1y|2
v1

− λu2
2y + µ|w2y|2 + ν|b2y|2

v2

)
(θ1 − θ2)dyds

≤ 1
8

∫ t

0

∫ 1

0

(
1
2

λ

v1
(u1y − u2y)2 +

µ

v1
|w1y −w2y|2 + ν|b1y − b2y|2

)
dyds

+ M

∫ t

0

max
y∈[0,1]

2∑
j=1

(u2
jy + |wjy|2 + |bjy|2)

∫ 1

0

(
(v1 − v2)2 + (θ1 − θ2)2

)
dyds.

Applying these estimates to (4.6) and from the definition of G(t) , we conclude
(4.5). This completes the proof of Lemma 4.3.

Lemma 4.4.∫ 1

0

|b1 − b2|2dy

≤ M

∫ 1

0

(
(v10 − v20)2 + |b10 − b20|2

)
dy − 7

2

∫ t

0

∫ 1

0

ν|b1y − b2y|2dyds

+
1
2

∫ t

0

∫ 1

0

(
λ

v1
(u1y − u2y)2 +

µ

v1
|w1y −w2y|2

)
dyds

+ M

∫ t

0

∫ 1

0

(v1y − v2y)2dyds

+ M

∫ t

0

∫ 1

0

(1 + G(s))
(
(v1 − v2)2 + |b1 − b2|2

)
dyds.

(4.8)

Proof. Take the inner product of the following equation

(v1b1 − v2b2)t =
(

νb1y

v1
− νb2y

v2
+ w1 −w2

)
y

with 2(v1b1 − v2b2) , and integrate it to get∫ 1

0

|v1b1 − v2b2|2dy −
∫ 1

0

|v10b10 − v20b20|2dy

= −2
∫ t

0

∫ 1

0

(
ν
b1y

v1
− b2y

v2

)
(v1b1 − v2b2)ydyds

+ 2
∫ t

0

∫ 1

0

(w1y − w2y)(v1b1 − v2b2)dyds.

Notice that∫ 1

0

|v1b1 − v2b2|2dy ≥ 1
2

∫ 1

0

v2
1 |b1 − b2|2dy −

∫ 1

0

(v1 − v2)2|b2|2dy.
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Then, using (4.4), Lemma 4.1, and Cauchy-Schwartz’s inequality, we have

∫ 1

0

|b1 − b2|2dy −M

∫ 1

0

(
(v10 − v20)2 + |b10 − b20|2

)
dy

≤ M

∫ 1

0

(v1 − v2)2dy − 4
∫ t

0

∫ 1

0

ν

(
b1y

v1
− b2y

v2

)
(v1b1 − v2b2)ydyds

+ 4
∫ t

0

∫ 1

0

(w1y − w2y)(v1b1 − v2b2)dyds

≤ M

∫ 1

0

(v10 − v20)2dy − 7
2

∫ t

0

∫ 1

0

ν|b1y − b2y|2dyds

+
1
2

∫ t

0

∫ 1

0

(
λ

v1
(u1y − u2y)2 +

µ

v1
|w1y −w2y|2

)
dyds

+ M

∫ t

0

∫ 1

0

(1 + G(s))
(
(v1 − v2)2 + |b1 − b2|2

)
dyds

+ M

∫ t

0

∫ 1

0

(v1y − v2y)2dyds.

This completes the proof of Lemma 4.4.

Lemma 4.5.∫ 1

0

(v1y − v2y)2dy

≤ M

∫ 1

0

|(u10 − u20, v10 − v20, v10y − v20y)|2dy + M

∫ t

0

∫ 1

0

(v1y − v2y)2dyds

+
(

1
8
− M

4

)∫ t

0

∫ 1

0

λ

v1
(u1y − u2y)2dyds

+
1
8

∫ t

0

∫ 1

0

(
κ

v1
(θ1y − θ2y)2 + ν|b1y − b2y|2

)
dyds

+ M

∫ t

0

(1 + G(s))
∫ 1

0

|(v1 − v2, θ1 − θ2,b1 − b2)|2dyds.

(4.9)

Proof. From (3.9), we have the following equation:(
λv1y

v1
− λv2y

v2

)
t

+
θ1v1y

v2
1

− θ2v2y

v2
2

= (u1 − u2)t +
θ1y

v1
− θ2y

v2
+ b1 · b1y − b2 · b2y.
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Multiply the above equation by λv1y

v1
− λv2y

v2
and integrate it to get

∫ 1

0

λ2

2

(
v1y

v1
− v2y

v2

)2

dy −
∫ 1

0

λ2

2

(
v10y

v10
− v20y

v20

)2

dy

=
∫ t

0

∫ 1

0

(
θ2v2y

v2
2

− θ1v1y

v2
1

+
θ1y

v1
− θ2y

v2
+ b1 · b1y − b2 · b2y

)
×(

λv1y

v1
− λv2y

v2

)
dyds

+
∫ t

0

∫ 1

0

(u1t − u2t)
(

λv1y

v1
− λv2y

v2

)
dyds.

Notice that

(u1 − u2)t

(
v1y

v1
− v2y

v2

)
= ((u1 − u2)(ln v1 − ln v2)y)t − ((u1 − u2)(ln v1 − ln v2)t)y

+ (u1 − u2)y

(
u1y

v1
− u2y

v2

)
.

Then we integrate it to get

∫ t

0

∫ 1

0

(u1t − u2t)
(

λv1y

v1
− λv2y

v2

)
dyds

≤ M

∫ 1

0

|(u10 − u20, v10 − v20, v10y − v20y)|2dy + 2
∫ 1

0

(u1 − u2)2dy

+
∫ 1

0

λ2

4

(
v1y

v1
− v2y

v2

)2

dy +
∫ t

0

∫ 1

0

λ(u1y − u2y)
(

u1y

v1
− u2y

v2

)
dyds.

Since

∫ 1

0

λ2

4

(
v1y

v1
− v2y

v2

)2

dy ≥ 1
2

∫ 1

0

λ2(v1y − v2y)2

4v2
1

dy −
∫ 1

0

λ2(v1 − v2)2v2
2y

4v2
1v2

2

dy,

we also have

∫ 1

0

(v1y − v2y)2dy ≤ M

∫ 1

0

(v1 − v2)2v2
2ydy + M

∫ 1

0

λ2

4

(
v1y

v1
− v2y

v2

)2

dy.
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Thus, from (4.4) and (4.3),∫ 1

0

(v1y − v2y)2dy −M

∫ 1

0

|(u10 − u20, v10 − v20, v10y − v20y)|2dy

≤ M

∫ t

0

∫ 1

0

(v1y − v2y)2dyds +
1
8

∫ t

0

∫ 1

0

(
κ

v1
(θ1y − θ2y)2 + ν|b1y − b2y|2

)
dyds

+
(

1
8
− M

4

) ∫ t

0

∫ 1

0

λ

v1
(u1y − u2y)2dyds

+ M

∫ t

0

(1 + G(s))
∫ 1

0

|(v1 − v2, θ1 − θ2,b1 − b2)|2dyds.

This completes the proof of Lemma 4.5.

We now add (4.3), (4.5), and (4.8)-(4.9) together to get∫ 1

0

(
|(v1 − v2, u1 − u2,w1 −w2)|2 +

1
2
|b1 − b2|2

+2(θ1 − θ2)2 +
1
2
(v1y − v2y)2

)
dy

+
(

3
4

+
M

2

) ∫ t

0

∫ 1

0

λ

v1
(u1y − u2y)2dyds +

5
4

∫ t

0

∫ 1

0

µ

v1
|w1y −w2y|2dyds

+
5
4

∫ t

0

∫ 1

0

ν|b1y − b2y|2dyds +
3
2

∫ t

0

∫ 1

0

κ

v1
(θ1y − θ2y)2dyds

≤ MD(0) + M

∫ t

0

∫ 1

0

(v1y − v2y)2dyds

+ M

∫ t

0

(1 + G(s))
∫ 1

0

|(v1 − v2,b1 − b2, θ1 − θ2)|2dyds.

Using Gronwall’s inequality and (4.2), we obtain

D(t) ≤ M exp
(

M

∫ t

0

(1 + G(s))ds

)
D(0) ≤ MD(0).

The proof of part (ii) of Theorem 2.1, is now complete.
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