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The Looijenga—Lunts—Verbitsky Algebra
and Verbitsky’s Theorem

Alessio Bottini

Abstract. In these notes we review some basic facts about the LLV Lie algebra.
It is a rational Lie algebra, introduced by Looijenga—Lunts and Verbitsky, acting
on the rational cohomology of a compact Kahler manifold. We study its structure
and describe one irreducible component of the rational cohomology in the case of
a compact hyperkahler manifold.

1. Introduction

1.1. Motivation

In the papers [7] and [12] Looijenga—Lunts and Verbitsky introduce and study a Lie
algebra gt (X)) associated to a Kahler manifold X. It is defined as a Lie subalgebra
of the graded endomorphism algebra End(H*(X,Q)) of the rational cohomology.
Roughly speaking, if X is a hyperkahler manifold, the LLV algebra is generated by
all the images of the sly-representations on H*(X,Q) coming from Ké&hler classes
with respect to every complex structure on X.

Recently, the LLV algebra has found some interesting applications to the theory
of hyperkéhler manifolds. For example, in [4] the authors study how the cohomology
of X decomposes in irreducible gio;(X) representations. As a consequence, they
compute Hodge numbers for hyperkahler manifolds of the known deformation type.
See also [9] for more details on this.

Another striking application of the LLV algebra is due to Taelman [10]. He
shows that an equivalence between the bounded derived categories of two hy-
perkahler varieties

d: DY(X) == Db(Y)

induces an isomorphism between the corresponding LLV algebras. Moreover, the
induced isomorphism ®¥ : H*(X,Q) =~ H*(Y,Q) in cohomology is equivariant
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with respect to the natural actions. This implies the existence of a “rational Mukai
lattice” preserved under derived equivalences. See [1] for an overview of these results.

1.2. Basic Definitions

Let V. = @z Vi be a finite dimensional graded vector space over a field F of
characteristic 0, and denote by h the operator:

hly, =k -id.

Definition 1.1. Let e: V—V be a degree 2 endomorphism. We say e has the Lef-
schetz property if

€k N VA E—> Vk
is an isomorphism.

Remark 1.2. The degree two operators with the Lefschetz property form a Zariski
open subset of Ends (V).

Theorem 1.3. (Jacobson—Morozov, [6, Theorem 3]) An operator e has the Lefschetz
property if and only if there exists a unique degree —2 endomorphism f: V —V
such that

e, /] = h.
Moreover, if L C End(V') is a semisimple Lie subalgebra and e,h € L, then f € L.

We say that the triple (e, h, f) is an slo-triple. The reason is that we can define
a representation sla(IF) —End (V') of the Lie algebra sla(IF) on the vector space V'

as follows
0 1 1 0 0 0
(O 0) e, <0 _1> = h, <1 0) = f.

In the rest of these notes, we will mostly be interested in the graded rational
vector space V = H*(X,Q)[N], where X is a compact Ké&hler manifold of dimension
N. Here [m] indicates the shift by m, so that Vo = HY(X,Q). To any class a €
H?(X,Q) we can associate the operator in cohomology obtained by taking cup
product

eq: H'(X,Q)— H*(X,Q), wr>aw.
The operator h becomes

From Theorem 1.3 we see that if e, has the Lefschetz property (for example if a
is a Kéhler class), there is an operator f, of degree —2 that makes (e4, h, f,) an
slo-triple. Moreover, the map

f: H*(X,Q) --» End_»(H*(X,Q)),

that sends a to the operator f, is defined on a Zariski open subset and rational.
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Remark 1.4. If a € HY(X,Q) is a Kihler class, it follows from standard Hodge
theory that everything can be defined at the level of forms. The dual operator is
fo = *"leg*x, where * is the Hodge star operator. The sl,-action preserves the
harmonic forms, so it induces an action on cohomology.

Definition 1.5. ([7,12]) Let X be a compact Kéhler manifold. The total Lie algebra
gtot (X)) of X is the Lie algebra generated by the sly-triples

(€a7 h7 f(l)?
where a € H?(X,Q) is a class with the Lefschetz property.

The following is a general result about this Lie algebra for compact Kéahler
manifolds. Denote by ¢ the pairing on H*(X,C) given by

d)(aaﬁ) = (_1)(1/ a'ﬁv
X
if & has degree N 4+ 2q or N + 2¢q + 1.

Proposition 1.6. ([7, Proposition 1.6]) The Lie algebra giot(X) is semisimple and
preserves ¢ infinitesimally. Moreover, the degree-0 part gior(X)o is reductive.

1.3 Now let X be a compact hyperkahler manifold of complex dimension 2n. In
this case, the Lie algebra giot(X) is also called the Looijenga-Lunts-Verbitsky Lie
algebra. It is well known that for each hyperkahler metric g on X we get an action
of the quaternion algebra H on the real tangent bundle T'X. This means that we
have three complex structures I, J, K such that

1J=—JI =K. (1.1)
To each of these complex structures we can associate Kéhler forms wy := g(I(—), —),
wy = (J(-),—),wk = g(K(—),—) and holomorphic symplectic forms o; = w; +
in,UJ :wK+iw1,oK = Wy —|-in.

Definition 1.7. The characteristic 3-plane F(g) of the metric g is
F(g) = ([wil, lw), wk]) = ([wrl, [Ro1], [So1]) € H*(X,R).

Definition 1.8. ([11]) Denote by g, C End(H*(X,R)) the Lie algebra generated by
the slo-triples (eq, h, f,) where a € F(g).

Remark 1.9. This Lie algebra is generated by the three slo-triples associated to the
classes |[wy], [ws], [wk]. Indeed, from the discussion in the following section we will
see that the subalgebra generated by these three slo-triples is semisimple. From the
Jacobson-Morozov Theorem and the linearity of e: H?(X,R) — End(H*(X,R)) we
conclude that it contains every slo-triple (eq, b, f,) with a € F(g).

2. The Algebra Associated to a Metric

2.1 In this section we study the smaller algebra g, and its action on cohomology.
These results are due to Verbitsky [11], see also [5, Proposition 24.2], and [7, Propo-
sition 4.4].
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We start with a general algebraic construction. Let H be the quaternion algebra.
As a real vector space it is generated by 1, I, J, K, where I, J, K satisfy the relations
(1.1). We denote by Hj the pure quaternions, i.e. the linear combinations of I, J, K.
Let V be a left H-module, equipped with an inner product

(=, =): V x V—=R,

and assume that I, J, K act on V via isometries. The H-action gives three complex
structures I, J, K on V, satisfying the relations (1.1). Consider the forms

wr = (I(=), =)
wy = (J(=); =)
wr = (K(=), )

and the holomorphic symplectic forms o7 = wj+iwg, 05 = wx +iwr, ox = wr+iwy.

Remark 2.1. Note that the operators ey for A\ = wy,w;,wg have the Lefschetz
property; the dual operator is given by fy = *“ley*, where x is the Hodge star
operator on A®*V* induced by the inner product.

Definition 2.2. Let g(V) C End(A°® V*) be the Lie algebra generated by the slp-
triples

(€>\7 h’ fA)A=wI7wJ,wK )

where h is the shifted degree operator.

In particular, this definition makes sense for the rank one module H equipped
with the standard inner product. This gives a Lie algebra g(H) C End(A® H*). We
denote by g(H)o the degree-0 component of g(H) (here the degree is viewed as an
endomorphism of the graded vector space). It is a Lie subalgebra, and we denote it
by g(H)j := [g(H)o, g(H)o] its derived Lie algebra.

Theorem 2.3. With the above notation we have the following.

(1) There is a natural isomorphism g(V') ~ g(H).

(2) There is an isomorphism g(H) ~ so0(4,1).

(3) The algebra decomposes with respect to the degree as
g(H) = g(H)—2 ® g(H)o ® g(H)o.

Furthermore, g(H)+o ~ Hy as Lie algebras, and g(H)y = g(H){ & Rh with
g(H)j ~ Hy; this last isomorphism is compatible with the actions on \°* V*.

Proof. (1) Since (—, —) is H-invariant, we can find an orthogonal decomposition
V=Ho- - &H.
Taking exterior powers we get A\*V* = A\°H*®---® A® H*. This gives an injective
map g(H) — End(A°® V*), given by the natural tensor product representation. It is
a direct check that the image of this morphism is exactly the algebra g(V).
(2) Consider the subrepresentation W C A® H* given by
4

0
W = /\H* ) <w1,wJ,wK> 69/\IH[>’<
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We equip it with the quadratic form given by setting /\O H* & /\4 H* to be a hyper-
bolic plane, orthogonal to the 3-plane, and {w,ws,wk} to be an orthonormal basis
of the 3-plane. By a direct computation we can see that the action of g(H) respects
infinitesimally this quadratic form. This gives a map

g(H) —s0(W) ~ s0(4, 1), (2.1)
that we next show to be an isomorphism.
Since W has dimension 5, the Lie algebra so(W) has dimension 10. Now con-
sider the following 10 elements of g(H):
h,er,ez ex, fr, [, fr, K1, K1k, Kk,

where K;j := ler, fs], Kix = ler, fx] and K x = [ey, fik]. Verbitsky [11] showed
that K acts like the Weil operator associated with the Hodge structure on A\* H*
given by K, and similarly Kjx and Kjx. This means that it acts on a (p,q) form
with respect to K as multiplication by i(p — ¢). It follows that the ten operators
above are linearly independent over W, hence the map is surjective. Moreover they
generate g(H) as a vector space. In fact, they generate g(H) as a Lie algebra, and
one has the following relations (see [11]):

[KA,WK/L,V] = KA,w [K/\,/wh] =0,
[Kx i en] = 2ex,  [K s ful = 2f,
[KA#M ey] =0, [KA,W ] =0,
where A\, pu,v € {I,J,K} and v # A\, v # p. This implies that they are a basis of

g(H), hence the map (2.1) is an isomorphism.
Point (3) follows using this explicit basis. Indeed we have

g(H)—2 = (f1, f7, fx), @8(H)2 = (er,es,ex), and
g(H)o = (K15, Kyx, K1) © Rh.

In particular, we have:
g(H)o == Ho,
K]J}—>K,
KJK}—>I,
K[K}—>J.

Since I,J, K € Hy act on A*H* as Weil operators for the corresponding complex
structures on H, the isomorphism is compatible with the actions. O

Now we can compute the Lie algebra g,. As above we denote by (g4)o the
degree-0 part, and by (g4)5 := [(9g)0, (84)0] its derived Lie algebra.

Proposition 2.4. Let (X, g) be a hyperkihler manifold with a fized hyperkihler met-
TiC.

(1) There is a natural isomorphism of graded Lie algebras g4 ~ g(H). In particular
gg ~s0(4,1).
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/!

(2) The semisimple part (gq)y acts on H*(X,R) via derivations.

Proof. (1). Consider the Lie subalgebra g, C End(Q% ), generated by the sl,-triples
(€q, h, fo) with a € F(g), at the level of forms (in particular f, = *~'e,*). From The-
orem 2.3, we see that for every point z € X there is an inclusion g(H) —— End(Q% ).
This gives an inclusion g(H) “— [[,cy End(Q2% ). It follows from the definitions
that the two algebras g(H) and g, are equal as subalgebras of [,y End(Q% ).

Since the metric g is fixed, the slo-triples (eq, b, f,) preserve the harmonic forms
H*(X), and so does g,. Since H*(X) ~ H*(X,R) we get a morphism

g(H) ~ gy —gq-

This map is surjective, because the image contains the sly-triples that generate g,.
Moreover, by explicit computations similar to the proof of Theorem 2.3, we can see
that dim g, > 10. Hence the map is an isomorphism.

(2). From the previous proposition we have an isomorphism compatible with
the actions on cohomology

(8g)0 ~ a(H)j ~ Ho.
Hence, it suffices to prove the statement for the action of I,J, K. Each of them
gives a complex structure, and acts as the Weil operator on the associated Hodge

decomposition. So, the action on (p, q) forms is given by multiplication by i(p — q),
which is a derivation. (]

3. The Total Lie Algebra

The goal of this section is to prove the following result due to Looijenga and Lunts
[7, Proposition 4.5] and Verbitsky [12, Theorem 1.6].

Theorem 3.1. Let X be a hyperkdahler manifold. With the above notation, we have

the following.

(1) The total Lie algebra giot(X) lives only in degrees —2,0,2, so it decomposes
as:

Gtot (X) = Ftot (X)—2 B Gtot (X )0 B Gtot (X)2.

(2) There are canonical isomorphisms got(X)+2 ~ H?(X, Q).

(3) There is a decomposition giot(X)o = gtot(X)) © Qh with geot(X)[ =~
s50(H*(X,Q),q), where q is the Beauville-Bogolomov—Fujiki quadratic form,
see [2]. Furthermore giot(X)(, acts on H*(X,Q) by derivations.

The main geometric input in the proof is the following lemma.

Lemma 3.2. If X is a compact hyperkihler manifold, then [fo, fo] = 0 for every
a,b € H*(X,R) for which f is defined.

The proof relies on the following fact.

Proposition 3.3. The set of characteristic 3-planes is open in the Grassmannian of
3-planes in H*(X,R).
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In turn, this follows from a celebrated theorem by Yau.

Theorem 3.4. (Yau) Let X be a hyperkdhler manifold, and let I be a complex struc-
ture on X. If w is a Kahler class, then there is a unique hyperkdhler metric g such
that [wr] = w.

Proof of Lemma 3.2. If we fix a hyperkédhler metric g on X, then for every a,b €
F(g) we have [f,, f»] = 0. This holds already at the level of forms, using the definition

o = * legx and the fact that * depends only on the metric. Let a € H?(X,R) be
a class for which f, is defined. Since f is a rational endomorphism, the condition
[fa, fb] = 0 is Zariski closed with respect to b € H?(X,R). From Proposition 3.3 it
follows that the set

{be H*(X,R) | a,b € F(g) for some metric g}

is open. Since [f,, fp] = 0 for every b in this open set, we get [fq, fo] = 0 for every b
where f; is defined. O

While the statement of Theorem 3.1 is over Q, we will give the proof over R
following [7].

Proof of Theorem 3.1. Consider the subspace
Vi=V_o®Vo@ Ve C gior(X),

where V5 is the abelian Lie subalgebra generated by e, with a € H?(X,R), V_5
is the abelian Lie subalgebra generated by the f, with a € H?(X,R) where f, is
defined, and V; is the Lie subalgebra generated by [e,, fp]. To prove (1) and (2), it
is enough to show that V is a Lie subalgebra of gi.t(X). Indeed, since gior(X) is
generated by elements contained in V' this would imply V' = g0t (X). Since Vo and
V_g are abelian, it suffices to show that [Vp, V2] C Vo and [V, Vo] C V_s.

Claim. Define V= [Vy, Vo]. We have Vy = Vi @ Rh where Vjj acts on cohomology
via derivations.

Proof of the claim. Proposition 3.3 implies that the set {(a,b) € H?*(X,
R) x H?(X,R) | a,b€ F(g) for some metric g} is open. Arguing as in the proof of
Lemma 3.2 we see that Vj is generated by the elements [e,, fp] with a,b € F(g) for
some metric g. If we fix a hyperkéhler metric g, the elements [e,, fp] with a,b € F(g)
generate the Lie algebra (gy)o and their brackets the Lie subalgebra (gg4)j. Thus,
V§ is generated by the Lie algebras (g,); and their brackets. Since the Lie algebras
(g4)0 act on cohomology via derivations, the same is true for their brackets, hence
Vy acts via derivations. Moreover, from point (3) of Theorem 2.3 we get the decom-
position Vy = V{j + Rh. Since giot (X )o is reductive (Proposition 1.6) and & is in the
center, we get h & Vi C giot (X)), so the sum is direct. O

Now we show that [V, Vo] C V4. Since the adjoint action of h gives the grading,
it is enough to show that [V, Va] C V2. Let u € V{ and e, € Va. For every = €
H?(X,R) we have

[u, eq)(x) = u(a.z) — a.u(z) = u(a).x = e (x), (3.1)

because u is a derivation.
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The inclusion [Vp, V_g] C V_5 is more difficult. Let G, C GL(H*(X,R)) be the
closed Lie subgroup with Lie algebra Vj. For every t € G, we have te,t~! = €t(a)
and tht~! = h, by integrating the analogous relations at the level of Lie algebras.
Since the third element of a sl,-triple is unique, we get that tf,t=! = Jt(a)- This
implies that the adjoint action of Gj, leaves V_o invariant, hence so does the Lie
algebra V.

To summarize, at this point we showed (1) and (2), and also that gt (X) acts
via derivations. It remains to show that g (X)) ~ so(H%(X,R), q).

We begin by defining the map giot (X)) —=50(H?(X,R), q). For this, we con-
sider the restriction of the action of gt (X)f to H?(X,R), and show that it preserves
infinitesimally the Beauville-Bogomolov-Fujiki form q. We can fix a hyperkéahler
metric g and check this for (g4), because these Lie subalgebras generate giot(X)g.
From Theorem 2.3 it is enough to check it for the Weil operators associated to the
three complex structures I, J, K induced from g. Fix one of them, say I; we have to
verify that

q(ev, B) + q(a, I8) =0,

for every a,8 € H?*(X,R). This follows from a direct verification using the g-
orthogonal decomposition

H*(X,R) = (H*°(X) o H**(X))n H*(X,R) ® H"'(X,R),

induced by the Hodge decomposition with respect to the complex structure I.

To conclude the proof it remains to show that this map is bijective; we begin
with the surjectivity. Fix a hyperkahler metric g, the image of the Lie algebra
(g4)p in so(H?*(X,R),q) is generated (as a vector space) by the Weil operators
associated to I, J, K. Using this, it is easy to see that (gg4); kills the g-orthogonal
complement to the characteristic 3-plane F'(g), and it maps onto s0(F(g), q|r(g))-
One can check that varying the metric g the Lie subalgebras so(F'(g), | p(4)) generate
s0(H?(X,R)), hence the surjectivity.

For the injectivity we proceed as follows. Let SH?(X,R) C H*(X,R) be
the graded subalgebra generated by H?2(X,R); it is a giot(X) representation for
Corollary 4.6. By Lemma 4.7, the map g0t (X) —=gl(SH?(X,R)) is injective. Since
gtot (X ) acts via derivations, the map must be injective already at the level of
H?(X,R). 0

Definition 3.5. We define the Mukai completion of the quadratic vector space
(H%(X,Q),q) as the quadratic vector space

(H(X,Q),9) == (H*(X,Q),q) & U

1
where U is the quadratic vector space Q? with the quadratic form <? O)

Corollary 3.6. There is a canonical isomorphism

gtot(X) = 50(ﬁ(Xa Q)vq)
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Proof. Recall that for a rational quadratic space (V, q) there is an isomorphism

2
\V == s0(V,q),
1
TNY—= 5((](%, _)y - Q(yv _)x)
The desired isomorphism follows from this, at least at the level of vector spaces. The

computations to show that it is in fact an isomorphism of Lie algebras are carried
out in [4, Proposition 2.7]. O
Ezxample 3.7. If X is a K3 surface, then the Mukai completion I:I(X, Q) is the

rational cohomology H*(X, Q) with the usual Mukai pairing. This identification is
compatible with the action of gio(X).

Corollary 3.8. The Hodge structure on H*(X,R) is determined by the Hodge struc-
ture on H*(X,R) and by the action of giot(X)2r ~ H?(X,R) on H*(X,R).

Proof. Let I,J, K be the three natural complex structures associated to a hy-
perkdhler metric g, and assume [ is the given one. As recalled before, the com-
mutator K x = [ey, fik] acts like the Weil operator for I; hence it recovers the
Hodge structure. By definition, it depends only on the classes [w;], [wk] and their
action on H*(X,R). Since the Hodge structure is given by the class of the symplectic
form [o7] = [wy] + i[wk], the conclusion follows. O

Recall that if g is a Lie algebra, the universal enveloping algebra Ug of g is the
smallest associative algebra extending the bracket on g. It is defined as the quotient
of the tensor algebra by the elements of the form:

TRy —-—yQz—|r,y] zyeg
In particular, if g is abelian, then Ug = Sym™g.
Corollary 3.9. There is a natural decomposition
Ugiot (X) = Ugtot (X)2 - Ugtot(X)o - Ugtot (X) 2,
where - denotes the multiplication in Ugior(X).

Proof. We have to show that every element in x € Ugiot(X) can be written as a
sum of elements of the form x5 - z¢ - £_2 with z; € Ugiot(X);. It is enough to check
this on the images of pure tensors. On these it follows from the fact that the bracket
is graded and the decomposition in Theorem 3.1. 0

4. Primitive Decomposition

In this section, we study the relationship between the actions of giot (X)) and giot (X )o
on H*(X,Q), where X is a compact hyperkéhler manifold of dimension dim(X) =
2n. The main reference is [7], see also [8, Theorem 4.4].

Definition 4.1. Let V be a g0t (X )-representation. We define the primitive subspace
as:

Prim(V) ={z € V| (gtot(X)—2).x = 0}.
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If V.= H*(X,Q) is the standard representation we denote the primitive sub-
space as Prim(X).

Remark 4.2. This definition is compatible with the usual notion of primitive element
with respect to a Kéhler class « in Hodge theory. Indeed, by Lemma 6.24 in [14] we
see that an element z € H¥(X,R) is primitive with respect to « if and only if it is
killed by the dual operator f,.

Remark 4.3. The primitive subspace Prim (V) is a giot (X )0 subrepresentation. This
follows from the fact that [giot(X)o, Gtot (X )—2] C gtot(X)_2

Definition 4.4. The Verbitsky component SH?(X,Q) C H*(X,Q) is the graded sub-
algebra generated by H?(X,Q).

Proposition 4.5. ([7, Corollary 1.13 and Corollary 2.3]) The cohomology H*(X,Q)
is generated by Prim(X) as a SH?(X,Q)-module. Moreover, if W C Prim(X) is a
gtot (X))o irreducible subrepresentation, then SH*(X,Q).W C H*(X,Q) is an irre-
ducible giot (X )-module.

Proof. Since giot(X) is semisimple, we can decompose the cohomology in irreducible
gtot (X )-representations:

H'(X,Q=V1®- & V.
The primitive part is compatible with this decomposition, so we get the decompo-
sition
Prim(X) = Prim(V;) & - - - & Prim(V),

of giot (X )o-representations.
We first want to show that SH?(X,Q).Prim(V;) = V;. We have

SH?(X,Q).Prim(V;) = Uggor(X)2.Prim(V;) = Ugeer (X).Prim(V;) C Vi, (4.1)

where the first equality follows from the fact that giot(X)2 is abelian, and the
second from Corollary 3.9 and Remark 4.3. Thus SH?(X,Q).Prim(V;) is a giot(X)
subrepresentation of V;, but V; is irreducible, so the equality holds. This proves the
first part of the proposition.

To prove the second part it is enough to show that each Prim(V;) is irreducible
as a @giot (X )o-representation. Assume it is not and write Prim(V;) = Wy @ Wa.
The identities (4.1) show that acting with SH?(X,Q) gives a decomposition V; =
SH?(X,Q).W; & SH?(X,Q).W,. Again, this contradicts the fact that V; is an irre-
ducible giot (X )-representation. O

Corollary 4.6. The Verbitsky component SH?(X,Q) C H*(X,Q) is an irreducible
Otot (X)) subrepresentation.

Proof. By definition we have SH?(X,Q) = SH?(X,Q).H°(X,Q), and H°(X,Q) C
Prim(X). So it is enough to observe that H°(X, Q) is preserved by giot(X)o, then
we conclude by the previous proposition. ]

Lemma 4.7. The restriction map gior(X)r —=gl(SH?(X,R)) is injective.
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Proof. Let K C gtot(X)r be the kernel. It is immediate to see that K C giot(X)p-
The action of K is 0 on H%(X,R), so by (3.1) we get [K, gtot(X)r,2] = 0. Taking
the Lie group of K and the corresponding adjoint action, we see that [K, f,] = 0
for every a € H*(X,R) for which f, is defined. So K has bracket 0 with giot(X)r 2
and geot (X )r,—2, thus also with got(X)r 0. Since gior (X)) is semisimple this implies
K=0. ]

5. Verbitsky’s Theorem

In this section we give a proof of a result by Verbitsky on the structure of the irre-
ducible component SH?(X). This result is particularly useful to study the action of
the LLV algebra on the rational cohomology. As a consequence, one can understand
SH?(X) as a highest weight module for g (X), see [9]. The argument presented
here was given by Bogomolov in [3].

Theorem 5.1. There is a natural isomorphism of algebras and giot(X)o-
representations:

SH?*(X,C) ~ Sym*H?*(X,C)/{a" ™ | q¢(a) = 0).

The key technical fact is the following lemma from representation theory, of
which we omit the proof.

Lemma 5.2. Denote by A the graded C-algebra Sym*H?(X,C)/{a™*! | g(a) = 0).
Then we have:

(1) Ay, ~C.

(2) The multiplication map Ay X Ag,_ —= Ay induces a perfect pairing.

Proof of the theorem. From the local Torelli Theorem we have that o”t! = 0 for
an open subset of the quadric {a € H?(X,C) | q(a) = 0}. Since the condition
a™t1 =0 is Zariski closed, we get that it holds for the entire quadric. Consider the
multiplication map

Sym*H?(X,C)—SH?*(X,C).

The kernel contains {a"*! | g(«) = 0}, hence it factors via the ring A. It is an algebra
homomorphism by construction, and a map of giot(X )o-representations because
gtot (X)( acts via derivations.

The induced map A—=SH?(X,C) is surjective by construction. If it were not
injective, by the above lemma, the kernel would contain As,. But this is impossible,
because in top degree the map As, — H*"(X,C) is non-zero. Indeed if o is a
holomorphic symplectic form, the form (o + &)?" is non-zero. O

Corollary 5.3. There are natural isomorphisms defined over QQ

Sym*H2(X,Q) if k <n,

H*(X ~
SH*(X,Q)ax {Sme”_kHz(X,Q) ifn < k< 2n.

Proof. From Theorem 5.1 it follows that the properties (1) and (2) in Lemma 5.2
hold for SH?(X,C). Up to up to multiplication with a nonzero scalar, they also
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hold for SH?(X,Q). The multiplication map Sym” H?(X,Q) — SH?(X, Q)a is an
isomorphism if £ < n, because it is so over C. If kK > n we have
SH?(X,Q)ar, = SH*(X, Q) _ox = Sym™ " H?(X, Q)" = Sym™ " H*(X, Q),

where the last equality is due to the Beauville-Bogomolov—Fujiki form. (]

Example 5.4. If X is of K3[2]—type, for dimensional reasons, the Verbitsky compo-
nent SH(X) is the only irreducible component in the cohomology. For higher values
of n the decomposition of H*(X,Q) in irreducible components is described in [4],
for more details on this see [9)].

6. Spin Action

In this section we study how the action of so(H?(X,Q),q) integrates to an action
of the simply connected algebraic group Spin(H?(X,Q), q). Recall that there is an
exact sequence of algebraic groups

1—£1—Spin(H*(X, Q),q) —SO(H*(X,Q),q) —1.

For more information see [1] and [9].

Proposition 6.1. ([8, Theorem 4.4], [13]) The action of so(H?*(X,Q),q) on H*(X,Q)
integrates to an action of the algebraic group Spin(H?(X,Q),q) via ring isomor-
phisms. On the even cohomology it induces an action of SO(H?*(X,Q),q).

Proof. The first part of the statement is clear: we can always lift the action because
the algebraic group Spin(H?*(X,Q),q) is simply connected. The group
Spin(H?(X,Q),q) acts via ring isomorphisms because the Lie algebra acts via
derivations.

To show the second part of the statement we proceed as follows. Fix a hy-
perkdhler metric g and a compatible complex structure I. The Weil operator with
respect to I is contained in (gy)f ~ so(H?(X,Q)). The exponential exp(nl) €
Spin(H?(X,Q), q) acts on the (p, q) part of H*(X,C) as multiplication by e'P~97,
which is just multiplication by (—1)*. In particular, on H?(X,Q) it acts as the
identity, so exp(rl) = —1 € Spin(H?*(X,Q),q). We have also shown that —1 €
Spin(H?(X,Q), q) acts on H*(X, Q) as (—1)*, which means that the action on even
cohomology factors through SO(H?(X,Q), q). O
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