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Bounded Variation and Relaxed Curvature
of Surfaces
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Abstract. We consider a relaxed notion of energy of non-parametric codimension
one surfaces that takes into account area, mean curvature, and Gauss curvature.
It is given by the best value obtained by approximation with inscribed polyhe-
dral surfaces. The BV and measure properties of functions with finite relaxed
energy are studied. Concerning the total mean and Gauss curvature, the classical
counterexample by Schwarz-Peano to the definition of area is also analyzed.
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Following the notion of Jordan length of a curve, the first attempt to define the
area of a non-smooth surface ¥ was given by J. A. Serret in 1868 as the limit of the
elementary area of any sequence of inscribed polyhedral surfaces P converging to .
The above definition was shown to be incorrect by H. A. Schwarz in 1880 (and first
published by C. Hermite in the second edition of his mimeographed lecture notes, in
1883) and by G. Peano in 1882 (who published his work in 1890). In the celebrated
example by Schwarz-Peano, they independently showed that if ¥ is an ordinary
cylinder of radius R and height H, one can define a sequence of inscribed polyhedral
surfaces given by the union of congruent triangles with diameters tending to zero,
but whose total area converges to any real number not less than the area 2nrRH of
the cylinder.

In the following years, several approaches to provide a correct definition of area
were proposed, all based on the principle of lower semicontinuity. The most used
is the relazed area defined by H. Lebesgue in 1900. For a codimension one surface
Y, it is given by the lower limit of the elementary areas of the polyhedral surfaces
uniformly approaching 3.
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In the non-parametric case, the surface X is assumed to be the graph

Gu = {(z,u(z)) |z € Q}

of a continuous and real valued function u defined on a closed and bounded domain
Q C R? e.g., Q = [0,1)2, the unit square. In his celebrated paper of 1926, L. Tonelli
showed that the graph surface ¥ has finite relazed area in Lebesgue’s sense if and
only if u is a function of bounded variation, see [2].

The aim of this paper is to extend (at least partially) Tonelli’s result concerning
the area to a similar notion of total mean and Gauss curvature. In correspondence
to a relaxed formula that takes into account both area and curvatures, one expects
that if u has finite relaxed energy, then both w and the outward unit normal v, are
function of bounded variation. Moreover, the non-smooth counterpart of the density
of the total mean and Gauss curvature energy of smooth functions u, suggests that
suitable distributions (depending on the approximate derivative of u, see [2, Sec. 3.6],
and of the unit normal v, ) are expected to be measures with finite total variation,
too.

In order to tackle the above problem, we recall from J. M. Sullivan [12] the
definition of mean curvature and Gauss curvature of a polyhedral surface P in R3.
The mean curvature is supported on the edges e of P, where it is given by

Hp(e) := L(e) - 2 sin(6/2),

L(e) denoting the length of the edge and 6. the exterior dihedral angle of P along
the edge.

The Gauss curvature, instead, is supported on the vertexes V of P, and in
order that the Gauss-Bonnet theorem continues to hold, at each vertex it is given
by the angle defect

Kp(V):=2r-) 0

where 6; is the angle of the i"-face of P meeting at V. Therefore, if, e.g., P is the
Schwarz-Peano lantern, one has Kp(V') = 0 at each vertex, as P is a developable
surface.

The natural notion of total energy of P is therefore given by:

E(P) = A(P) + Ea(P) + Ex(P)

where A(P) the area of the polyhedral surface, and Eg(P) and Ex(P), which will
be called the mean curvature energy and the Gauss curvature energy, are respectively
defined by

Eu(P) =) [Hp(e)l, &(P):= ) [Kp(V)| (1)
ecP Ver

where the first summation is taken on all the edges of P, and the second one on all
the vertexes of P.
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We shall consider triangulated polyhedral surfaces P which are inscribed in the
graph G, of a continuous function u: Q — R, where Q := [0, 1]? is the unit square
of R2. The relaxed notion of area of the graph of « may be thus written as:

Au, Q) = inf{lihm inf A(Py)}

where the infimum is taken among all the sequences {Pp} of inscribed polyhedral sur-
faces whose corresponding meshes tend to zero. Actually, Tonelli’s theorem continues
to hold: the function u has bounded variation in @ if and only if A(u,Q) < oo,
see Proposition 5.1.

In the same spirit, we introduce the relazed energy of a continuous function
u: Q@ — R by the formula:

E(u,Q) = inf{lihrgng(Ph)} (2)

where the infimum is taken as above, and the energy £(Py) is given by (1). The aim
of this paper is to study the BV and measure properties of the class of functions
with finite relaxed energy.

We finally point out that a different approach to curvature approximation by
polyhedra can be found in [8], where a list of papers on this subject from the point
of view of discrete geometry is provided.

OUTLINE OF THE PAPER. In Sec. 1, we collect some features from Sullivan [11],
concerning the total curvature of (polygonal) curves. We shall then prove, Proposi-
tion 1.2, that if a curve has finite total curvature, then the unit normal, when seen
as a function of the arc-length parameter, is a function of bounded variation, with
total variation equal to the curvature force.

In Sec. 2, we introduce our notion of relaxed energy, recalling the definition
of mean and Gauss curvature of a polyhedral surface P C R3. We then see that
the Schwarz-Peano counterexample gives a similar drawback concerning the mean
curvature: in general, it does not suffice to take a sequence of polyhedral surfaces
inscribed in the cylinder and with diameters of the triangles tending to zero. Finally,
we report the notion by G. Anzellotti, R. Serapioni, and I. Tamanini in [5] of curva-
ture energy for smooth surfaces M, and how it is rephrased in the non-parametric
case, see [10].

In Sec. 3, we analyze the curvature energy of smooth approximations of a polyhe-
dral surface. In fact, as it is clear from the converse implication in Tonelli’s theorem,
in order to obtain the BV-property of a function with finite relaxed area, one is
induced to search for smooth approximating functions. Concerning the area and the
total mean curvature energy Ep(P), a convolution argument yields the expected
energy bound for the smooth approximating surfaces, Proposition 3.1. However, in
general a similar bound of the integral of the modulus of the Gauss curvature of
the smooth approximating surfaces cannot be obtained in terms of the Gauss cur-
vature energy Ek(P). This will be shown in Example 3.2, where P is a piece of
the Schwarz-Peano lantern. Roughly speaking, at any vertex V' in P we know that
Kp(V) = 0, whereas in a small neighborhood of each one of the six edges meeting at
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P, the outward unit normal of a smooth approximating function has to cover an arc
in the Gauss sphere S? connecting the points given by the values of the outward unit
normal to the two triangles of P meeting at the edge. Therefore, the mapping area
of the smooth unit normals gives a contribution equal to the area (with multiplicity)
of such a spherical shell in the Gauss sphere S?, see also Remark 3.3.

In general, a rough area estimate holds, Proposition 3.4. On the other hand,
if V is an elliptic vertex of a polyhedral surface P, i.e., if the angle defect at V
is positive, we will show that the Gauss curvature can be calculated in terms of
a suitable area in the Gauss sphere, Proposition 3.8. As a consequence, if all the
vertexes of the polyhedral graph are of elliptic type, we may extend Proposition 3.1
by obtaining a bound of the integral of the modulus of the Gauss curvature of the
smooth approximating surfaces in terms of the Gauss curvature energy &k (P), see
Corollary 3.9.

In Sec. 4, we return to the Schwarz-Peano example, showing that the equality
given by Proposition 3.8 for elliptic vertexes of a polyhedral surface drastically fails
in this case, where the vertexes are of parabolic type, i.e., with Gauss curvature
equal to zero, see Definition 3.6. We shall also see that by choosing a different
triangulation of 3, it turns out that area, mean curvature, and Gauss curvature
behave as expected: it suffices to inscribe a prism @), with base a regular n-agon
in ¥ and then to triangulate the lateral faces of the prism as we like. This way,
Proposition 3.8 continues to hold. Of course, any approximation procedure has to
be done in a smart way, depending on the geometry of the surface X, as in general
not all triangulations work properly.

In Sec. 5, we prove, Theorem 5.2, that if u is a continuous function with finite
relaxed energy (2), then the outward unit normal v, : Q — S? is a function of
bounded variation. We remark that the unit normal is well defined a.e. on @ in
terms of the approximate partial derivatives of u, as u is a function in BV(Q), by
Proposition 5.1.

As the case of graphs of smooth functions suggests, an extra term should be
added in order to bound the (relaxed) energy corresponding to the mean curvature.
For this purpose, we recall that the distributional divergence of an L'-vector field
o :Q — R? is well-defined by duality through the formula

(Div o, ) = —/Qa(m) Vo) dr, ¢eC>(0)

where e denotes the scalar product in R2. If, e.g., u : @ — R is a continuous
function with finite relaxed energy, the vector fields o7, : Q — R?

ol == (—vl dou, v Ou), j=1,2,3

are summable, see Example 5.4.

When u is smooth, say of class C?2, it turns out that the distribution Div ol is
an absolute continuous signed measure with density equal to the pointwise divergence
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of o, Moreover, we have divoi,(z) = p,(x) for each z € Q, where

‘ Ou(zr) Owu(x
1 (z) = det ( 8111/{;((33)) 822ui((:8)) > . (3)

In case of polyhedral surfaces, we in fact see, Proposition 5.5, that the energy
term Ep(P) in (1) can be seen as the total variation of the vector-valued measure

m, ;= (m}, m2, m3), where

m! := (Dvl Divel), j=1,23.

More generally, we prove, Theorem 5.6, that if a continuous function u has finite
relaxed energy (2), then the distributional divergence Div o3, is a finite measure, that
is decomposed as

Divel = pd L2 Q + (Divol)®
where £2 is the Lebesgue measure in R2, the summable function s, () is defined
for £2-a.e. x € Q by (3), and (Divo?,)® is singular w.r.t. the Lebesgue measure.

As to the Gauss curvature energy of polyhedral surfaces, we do not have an
analogous to Proposition 5.5. However, as a consequence of Corollary 3.9 we shall
obtain, Proposition 5.7, that if w is a strictly convex function with finite relaxed
energy, then all the 2 x 2-minors of the matrix

81 I/}L (32 l/LlL
61 1/5 82 I/Z (4)
81 1/3 82 I/g

of the approximate partial derivatives of the unit normal are summable functions.

OPEN QUESTIONS. We expect the claim in Proposition 5.7 to hold true without
assuming strict convexity. However, we are not able to prove this fact, due to the
drawbacks illustrated in Example 3.7.

On the other hand, it is an open problem to characterize the class £(Q) of
continuous functions u : Q@ — R with finite relazed energy (2). Starting from our

results, one may conjecture that u € £(Q) if and only if the following properties
hold:

i) w is a function in BV(Q);

ii) the outward unit normal v, is a function of bounded variation;
iii) for j = 1,2, 3, the distributions Div ol are measures with finite total variation;
iv) the 2 x 2-minors of the matrix (4) are summable functions in L'(Q).

1. BV-property of a curve with finite total curvature

In this section we collect some notions and properties from Sullivan [11], concerning
the total curvature of (polygonal) curves in Euclidean spaces. We then prove, Propo-
sition 1.2, that if a curve has finite total curvature, then the unit normal, when seen
as a function of the arc-length parameter, is a function of bounded variation, with
total variation equal to the curvature force.
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Even if the following statements hold true in high codimension, for our purposes
we restrict to consider curves ¢ in R? parameterized by ¢ : I — R?, where I := [0, 1]
and c(t) = (c'(t),c*(t)) is continuous.

LENGTH. Any polygonal curve P inscribed in ¢, say P < ¢, is obtained by choosing
a finite partition D :={0 =1ty <t < ... <tp_1 <t, =1} of I, say P = P(D),
and letting P : I — R? such that P(t;) = c(t;) for i =0,...,n, and P(t) affine on
each interval I; := [t;_1,t;] of the partition. Setting e; = P( ) € R2 for t € I; we
have e; # Opz for each i =1,...,n and hence the length of P is

Zg;ﬁ(b)-\eil Z/IIP(t)|dt.

The length L(c) of ¢ is defined by L(c) :=sup{L(P) | P < ¢}, and c is said to be
rectifiable if L(c) < oo. With the above notation, we let
meshD := sup L£(I;), meshP := sup L(I;)-|e;.

1<i<n 1<i<n
By uniform continuity of ¢ € C%(I,R?), for each ¢ > 0 we can find § > 0 such
that mesh P < ¢ if meshD < 6 and P = P(D). As a consequence, taking a
sequence P, = P(Dy) where {D;} is any sequence of partitions of I such that
mesh Dy, — 0, we get mesh P, — 0 and hence the convergence L(Py) — L(c) of
the length functional.

TOTAL VARIATION. Following, e.g., [2, Sec. 3.2], given a (not necessarily contin-
uous) function f : I — R? with finite pointwise variation, the (essential) total
variation Vargz(f) is the infimum of the pointwise variation computed among the
functions that agree with f at L'-a.e. t € I, where £! is the Lebesgue measure in
R. The function f is bounded and summable in I, and its distributional derivative
Df, given by

(D) - /f Vdt, e CE(,R?).
is a finite measure. Moreover, one has Vargz(f) = |Df|(I), where

IDFI(I) = sup{(Df., ¢} | p € CZ(LR?), [[pllo < 1} < 00

If f € BV(I,R?), the approximate derivative f is an L'-function, and one may
decompose the distributional derivative into its (mutually singular) absolutely con-
tinuous, jump, and Cantor components, respectively:

Df=D"f+D’f+Df

where the absolutely continuous component reads as D%f = f£'L 1, the Jump
component D’ f is concentrated on an at most countable subset of I, and the Cantor
component is a diffuse part, so that DCf(A) = 0 if H°(A) < oco. In particular, a
(continuous) curve c¢ as above is rectifiable if and only if ¢ € BV(I,R?), and in this
case L(c) = Vargz(c) = |Dcl|(I).
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Assume now that |f(t)] = 1 for Ll-a.e. t € I, i.e., f is a measurable function
from I into the unit circle S! := {y € R? : |y| = 1} of R? The (essential)
total variation of f can be computed in two different ways, by taking the geodesic
distance in S! or the Euclidean distance in R2. Since dg2(Q1,Q2) < ds1(Q1,Q2) <
(7/2) - dp2(Q1,Q2) for any Q1,Q2 € S', in general one obtains:

; Varg: (f) < Varg:(f) < Varg: (f)

and hence f has bounded total variation in S' if and only if it has bounded total
variation in R2, i.e.,

feBVg < feBVp.
In this case, with a modern notation one writes f € BV(I,S!). In particular, if f
is smooth one has Vargs(f) = Vargi(f) = [; | f(t)| dt, whereas in general the strict
inequality Varpz(f) < Vargi(f) holds, as a gap appears at each jump point of f,
and we recall that |Df|(J) = Vargz(f).

Remark 1.1. In Example 1.3 below, where f is the unit normal to the Cartesian
curve given by the graph of a primitive of the Cantor-Vitali function, it turns out that
the Cantor component DC f of the distributional derivative of f does not produce
a gap between the two definitions of total variation. For this reason we expect that
for a function f € BV(I,S'), one has Vargz(f) = Varg:(f) if and only if the Jump
component D’ f =0, i.e., if and only if f has a continuous representative.

TOTAL CURVATURE. Following Milnor [9], the total curvature of a curve c is given
by

TC(c) :=sup{TC(P) | P < ¢}
where the total curvature TC(P) of the inscribed polygonal P is the sum of the
turning angles 0; at the edges of P. Therefore, denoting by e the scalar product
in R?, with the above notation we get

n—1
e ee;
TC(P) = ZGZ-, 0; := arccoslim, 1=1,...,n—1
P leil - |eit1]
(where a further turning angle between e,, and e; appears if P is closed) and hence
TC(P) agrees with the total variation in S! of the tantriz (or tangent indicatrix)
tp (the tantrix assigns to a.e. point the oriented unit tangent vector in S'), i.e.,

TC(P) = Varg:(tp) .

If ¢ has finite total curvature, TC(c) < oo, then c¢ is rectifiable, hence its arc-
length parameterization is Lipschitz-continuous. Therefore, by Rademacher theorem
[2, Sec. 2.3], the tantrix t. is well-defined a.e. by the derivative of ¢ with respect to
its arc-length parameter. Moreover, the total curvature agrees with the (essential)
total variation in S! of the tantrix. Therefore, letting n, := tCL, where we have set
(a,b)* := (b, —a), we get

TC(c) = Varg:i (t.) = Vargi(n,) .
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Also, taking any sequence Pj, = P(D},) < ¢ with mesh Dj, — 0, we get convergence
TC(P) — TC(c) of the total curvature functional.

THE CURVATURE FORCE. The curvature force TC*(P) of a polygonal is given by
the total variation in R? of the tantrix tp:
TC*(P) := Vargz(tp),

compare [11]. In particular, if P < ¢, with the previous notation one has:
n—1
TC*(P) =) _ 2sin(6;/2)
i=1

and therefore

%TC(P) < TC*(P) < TC(P).

Furthermore, we have P € L'(I,R?) and the unit normal is well defined outside
the edges of P by
P(t)*
np(t) = —2—, t£t.
|P()|
Then np is a (piecewise constant) function of bounded variation in the class
BV(I,S'), and furthermore

|Dnp|(I) = TCH(P) < .

Defining by the same approach as above the Euclidean total curvature, or cur-
vature force, of ¢ by
TC*(¢) := sup{TC*(P) | P < ¢}
one infers that ¢ has finite curvature force if and only if it has finite total curvature.
In this case, moreover, taking again any sequence Py, = P(D},) < ¢ with mesh Dj, —
0, one gets the convergence TC*(F},) — TC*(c) of the curvature forces.
Finally, if ¢ is smooth, say ¢ € C%(I,R?), then one has

E(c):/\é(t)\dt, TC(c):TC*(c):/|C|QQC‘ dt
I I
where |¢ A ¢ = ¢t — é2é if ¢ = (b, ?). In fact, denoting by n.(t) the unit

normal at c¢(t) one gets:
é(t)t

ne0= Tt

BV-PROPERTY. Let ¢ be a rectifiable curve, so that L := L(¢) < oo. Let ¢ :

: _leng
In.(t)] = EE (t) Vtel.

I — R? be the arc-length parameterization of ¢, where Iy := [0,L], so that
¢ € L*>®(IL,R?) with |&(s)| =1 for a.e. s € Ir. Define
(L
n.(s) = &ls) =¢(s)t, selyp.

&(s)]

In the following result we recover the definition TC*(¢) := Vargi(t;) by Sullivan
[11], exploiting the BV-property of the unit normal n..
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Proposition 1.2. If TC*(c) < oo, then n,. is a function of bounded variation in
BV(I1,S'Y), and its total variation in R? is equal to the curvature force and to the
total variation in R? of the tantriz t., i.e.,

|Dn,|(I1) = TC*(¢) = Vargs (&) = Varga(n,)

Proof. Choose (Pp) to be a sequence of polygonals inscribed in ¢ such that
mesh Py, — 0, so that both Ly, := L(Py) — L := L(c) and TC*(P},) — TC*(c). Let
wn : Iy, — I be the inverse of the bijective and increasing function ¢y : [ — I,

L [t .
Yn(t) ith/O |P,(\)|dX, tel.

Letting cp(s) := Pr(en(s)), s € Ir, we have |¢,(s)| = Lp/L a.e., and hence (by
Ascoli-Arzela’s theorem) possibly passing to a subsequence ¢ uniformly converges
to some function f € CO(I;,R?). We have f = c. In fact, using that mesh P, — 0
and L(c) < oo, we deduce that p,(t) — L(c|j0,q) as h — oo for each ¢ € I. By
Dini’s theorem we get uniform convergence of {¢} on Iy and on the other hand

n(s) = Palt) <= s =nlt), e(s) = e(Legou) = Jim c(un(t)).

Setting now B
_Gl(s)- L
) = e~ Iy )

by definition of curvature force we have |Dny|(I1) = TC*(Py), whence |Dép|(IL) =
(Lp/L) TC*(Py), with (Lp/L) — 1 and TC*(F},) — TC*(¢) < oo. Therefore, we de-
duce that a subsequence of {¢,} weakly converges in the BV-sense to some function
v € BV(IL,R?).

We claim that v = ¢ a.e. in I, which clearly yields that the whole sequence
{¢n} weakly converges to ¢. In fact, using that by Lipschitz-continuity

cn(s) = cp(0) + /OS ch(AN)dX Vselp

where ¢;,(0) = ¢(0) = ¢(0) for each h, and setting

V(s) = c(0) + /O v\ dA Vse L

by the weak BV convergence ¢;, — v, which implies the strong L'-convergence, we
have ¢, — V in L, hence ¢, — V = v ae. in I. But we already know that
cp, — ¢ in L, thus v = ¢.

The weak BV convergence ¢ — ¢ clearly implies the weak BV convergence
n;, — n,, whence n, € BV(Iy,R?). Then by lower semicontinuity

|Dn,|(I1) < liminf |Dng|(I) = lim TC*(P,) = TC*(¢).
h—o0 h—o0
Finally, arguing as in Sullivan [11], one obtains
lim |Dnh|(IL) = lim Val"Rz (nph) = VarRz (nc) = ‘DQC‘(IL)
h—o0 h—o0

and hence |Dn.|(I1) = TC*(c). O
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Example 1.3. Let ¢(t) = (¢,u(t)) be the Cartesian curve given by the graph of the
primitive u(t) := fotv()\) dXA of the classical Cantor-Vitali function v : [0,1] — R
associated to the “middle thirds” Cantor set. We have L(c) = [, /1 +v%(t) dt < 0o

and
RPN O
0= B = Ao

so that (1.0)
_ U c
Doe =G ppn P70

_ 1 c
)‘/Imdw

We now choose the polygonal P}, < ¢ corresponding to the subdivision
Dy:={ti =h3*|h=0,...,3}, keN.

The corner points of P, agree with the values (tF, uy(tF)), where uy(t) := fot v () dA
and vy, is the classical k-th approximation of the Cantor-Vitali function v. Therefore,
the polygonal Pj contains 2Ft! — 2 vertexes, each edge has slope greater than
6%, and the difference between the slopes of two consecutive edges is smaller than
2=+ As a consequence, each turning angle of P} is smaller than arcsin(4~%).
Using that 0 < 0 — 2arcsin(6/2) < (a/2)? if 0 < 0 < a, we thus get

lim |[TC*(Pg) — TC(F)| < lim 2k . arcsin(zrk)?’ =0.
k—oo k—oo

|Dn.|( v| = |D arctanv|(I).

As a consequence, we obtain
Vargi (n.) = Vargz(n.) = |Dn.|(])

and also, compare [1], that

TC*(c) = TC(c) = |Dng|(I .

1
)= / L _4p%
1 \/1+0%(t)
In conclusion, in this example one sees that the occurrence of a Cantor-part
in the derivative of the unit normal n. does not change the computation when
considering the total variation in S' or in RZ.

2. The relaxed energy

In this section we introduce the notion of relaxed energy of a continuous function
u, that takes into account the area, the mean curvature, and of the Gauss curvature
of the triangulated polyhedral surfaces inscribed in the graph-surface of u. For this
purpose, we first recall from [12] the notion of mean and Gauss curvature of a
polyhedral surface P C R3.

We then see that the classical Schwarz-Peano counterexample to the definition
of area given by Serret, gives a similar drawback concerning the mean curvature: in
order to have a good definition, similarly to what happens for the area, it does not
suffice to take a sequence of polyhedral surfaces inscribed in the cylinder and with
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diameters of the triangles tending to zero. For this reason, we propose a relaxed
definition in the same spirit as in Lebesgue’s definition of area.

Finally, we recall the notion by Anzellotti-Serapioni-Tamanini in [5] of curvature
energy for smooth surfaces M, and how it is rephrased in the non-parametric case,
i.e., when M is given by the graph G, of a smooth function u : @ — R, see [10]. In
the sequel we shall thus consider functions u defined on the unit square @ := [0, 1]
of R2.

POLYHEDRAL SURFACES. The mean curvature of a polyhedral surface P in R3
was defined by Sullivan [12] in such a way that it is supported on the edges. Namely,
if e is an edge of P, then

Hp(e) := L(e) - 2 sin(6/2)

where L(e) is the length of the edge and 6. is the exterior dihedral angle of P
along the edge.

The Gauss curvature of a polyhedral surface was defined by Sullivan [12] in such
a way that the Gauss-Bonnet theorem continues to hold. It is concentrated at the
vertexes, and in the case of a triangulated polyhedral surface P, the Gauss curvature
at a vertex V agrees with the angle defect, whence

Kp(V):=2r-> 6

where 6; is the angle of the i*"-triangle of P meeting at V.
We then respectively define the mean curvature energy and the Gauss curvature
energy of a polyhedral surface P by

Eu(P):=> [Hp(e)|, Ex(P):=)_ [Kp(V) (5)
ecP VeP

where the first summation is taken on all the edges of P, and the second one on all
the vertexes of P. Denoting by A(P) the area of the polyhedral surface, we define
the total energy of P by:

E(P):=A(P)+&u(P) +Ek(P). (6)
Finally, for future use, with the above notation we also denote

Eu(P):=Y L(e)-0e (7)

ecP

so that we clearly have Eg(P) < Eu(P) < (7/2) - Eu(P).

RELAXED ENERGY. Let u: @ — R be a continuous function. We say that a poly-
hedral surface is inscribed in the graph of u if we can find a finite triangulation D
of the square domain () such that P is the graph of the piecewise affine and con-
tinuous function v = v(D) that agrees with u on the O-skeleton of the triangulation
and v is affine on each triangle A of the triangulation. In this case we shall write
P = P(u,D) to outline the dependence of P on the values of u on the 0-skeleton
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of the triangulation D. The mesh of the triangulation, say mesh D, is given by the
supremum of the diameter of the triangles A of D.
We introduce the following relaxed notion of area of the graph of u:

Au, Q) == inf{lihn_ling(Ph)} (8)

where the infimum is taken among all the sequences {Py} of inscribed polyhedral
surfaces whose corresponding meshes tend to zero; i.e., if P, = P(u,Dy), then
meshDy, — 0 as h — oo. By uniform continuity, in fact, this condition implies
that the sequence v, = v(D}p,) converges to u uniformly on Q.

In the same spirit, we introduce the relazed energy of a continuous function
u: Q = R by the formula:

E(u,Q) = inf{lihn_1>iolgf5(Ph)} (9)

where the infimum is taken as in formula (8) above, and &(F},) is given by (6).

SCHWARZ-PEANO EXAMPLE. Consider the lateral surface ¥ of a cylinder of radius
R and height H. Its area is 2nRH, the principal curvatures are k; = 0 and ko =
1/R, whence the Gauss curvature is zero and the integral of the mean curvature
H=1/(2R) is [{HdH>=7H.

In the classical Schwarz-Peano counterexample to the definition of area given
by Serret, one considers for each m,n € N* the polyhedral surface P, , inscribed
in ¥ and given by 2mn congruent isosceles triangles. With the parameterization
[0,27] x [0, H] 2 (0, 2) — (Rcosf, Rsinf, z), when m and n are even, the triangles
are obtained by taking the vertexes at the points corresponding to (mwi/m, (H/n)j),
when both i and j are even, or when both ¢ and j are odd, + = 0,...,m, j =
0,...,n. Letting a,, := m/m, each triangle has basis b := 2Rsin«,, and height
h:= ((H/n)? + d*)'/?, where d := R(1 — cosa,,) = 2Rsin?(ay,,/2). Therefore, the
area of the polyhedral surface is

A(Ponn) = 2mnR sin(n) / (H/n)? + AR sin (, /2).

We have A(P,,) > 2mRsin(oy,) H, which tends to 2rRH as m — oo. Further-
more, when, e.g., n = m? one has A(P,, ,2) — 2rR\/H? + R?>z*/4, and when
n = m* one gets A(Py, 1) — +o00. However, when m = nP for some posi-
tive integer exponent p, one obtains convergence to the area of the cylinder, i.e.,
A(Ppp ) — 2rRH as n — oo.

We now wish to give a similar computation concerning the mean curvature. As
to the Gauss curvature, in fact, we observe that at each interior vertex of P, ,, six
triangles meet, four ones with an angle o and two ones with an angle 23, where
a+ B = m/2, whence the Gauss curvature at each vertex is 2w — (da+2-23) =0,
the polyhedral surface being developable, too.

As to the mean curvature of P, ,,, we recall that it is concentrated at the edges
e of the triangles, and at each edge the contribution is given by L(e) - 0./2, where
L(e) is the length and 6. is the dihedral angle of the two faces meeting at the edge
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e, see also Remark 2.2 below. Notice that the factor 1/2 is due since we define
the mean curvature of a smooth surface as H = (k; + k2)/2. We shall prove the
following:

Proposition 2.1. The total mean curvature of P, converges to the integral on X
of the mean curvature H of the cylinder, when m = n? and n — oo. Conversely,
it goes to +00 if m=n and n — oo.

Proof. We have to distinguish between the edges where two bases meet, and edges
where two lateral sides of the triangles meet, respectively.

Concerning the 2m(n—1) edges e where two bases meet, their length is b and
all of them have the same dihedral angle

O =2 arctan( (10)

)
H/n/’
hence the mean curvature at each edge is b - 6./2. Therefore, the total contribution
of the mean curvature at the first kind of edges is

Fi(m,n) :=2m(n—1) - Rsinay, - arctan(% 2Rsin2(am/2)) .

Since the bases of the triangles are orthogonal to the direction of the first principal
curvature k; = 0 of the cylinder, one expects that when suitably passing to the limit
one gets Fj(m,n) — 0. Actually, when n = m one computes Fj(n,n) — 2m3R?/H
as n — oo. However, taking, e.g., m = n? one gets
T n T
lim Fy(n%,n) = lim 2n%(n—1 -Rsin(—) ‘arctan(— 2R sin? (—)) =0

n—o00 n—o00 n2
We now deal with the 2mn edges e where two lateral sides of the triangles
meet. Such edges are almost orthogonal to the direction of the second principal
curvature ko = 1/R of the cylinder. Therefore, one expects that when suitably
passing to the limit this time one gets w H, i.e., the integral of the mean curvature
of the cylinder. Any such edge has length equal to the lateral edge of the congruent
triangles, whence |e| = y/h? + (b/2)2. Moreover, by the symmetry it turns out that
all of them have the same dihedral angle 6., which will be computed by means of
the formula
. = arcsin |n; A ng| (11)
where ni,ny € S? are the outward unit normals of the two triangles meeting at the
edge. We thus, e.g., consider the first isosceles triangle with vertexes A = (R,0,0),
B = (Rcos(2ay,), Rsin(2a,,),0), C' = (R cos am, Rsin a,,, H/n). We compute

A.B) = R(-2 sin? Quy,, 2 Sin ayy, COS Ay, 0) = 2R sin ayy, (— sin agy, €oS ayy, 0) ,

|AB| =b.

The middle point of the basis AB is H = (R cos? oy, Rcos apy, sin ay,, 0), which
gives

HC = (R cos am (1 — cosay,), Rsina,, (1 — cosay,), H/n), |I?8| =h.
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Taking the wedge product of the orthogonal unit vectors v := E / |E | and vy :=
I?g/ﬂr?a, we get
1 /H H .
ny :=vi Avg = — (— COS (i, — SNy, —R(1 — cos am)) , Imi|=1.
h\n n

The adjacent triangle has vertexes C, D, and A, where
D = (Rcos ay,, —Rsinay,, H/n) ,
whence
DC = (0,2Rsinam,0), |DC|=b.
The middle point of the basis DC is K = (R cos tuy,, 0, H/n), which gives

AR — (—R(1 = cosauy,),0,H/n), ’ﬁ‘ =h.

Therefore, the wedge product of the orthogonal unit vectors wvs := DC / ]l% | and
— ==
vy = AK/|AK| gives
1 /H
ng :=v3 Avy = 7 (;,O,R(l - cosam)) , |mo|=1.
Now, we have

A H 1
n Ang = — —
1ANg = -3
where we compute |v| = h sin a,,, so that we get

v, V= (R(l — COS Q) SIN Yy, — R sin? ayy,, sin am>

H1
0. = arcsin |n; A ng| = arcsin(; 72 sin am> . (12)

Therefore, the contribution to the mean curvature of P, , given by the 2mn edges
e where two lateral sides of the triangles meet is

Fy(m,n) =2mn - \/h?+ (b/2)? - % (13)

where, we recall,
b=2Rsina,, h=(H/n)?+d)"?, d=2Rsin*(am/2), am= % .

If m = n, it is readily checked that Fy(n,n) — 400 as n — oo. Taking instead

m = n?, we have 2mn - \/h? + (b/2)2 ~ 2 Hn?, whereas 0. ~ a,2 = 7/n?, whence

lim Fy(n®n)=nH.
n—oo

Since the integral of the mean curvature of the cylinder is fEHd’H2 = wH, the
proof is complete. O

Remark 2.2. If we consider the curvature force term 2sin(f./2) instead of the
angle 0., it is readily seen that the above computation yields to the same con-
clusions. We also notice that as for the area, and of course for the Gauss cur-
vature, the lower semicontinuity property holds. Namely, letting m,n — oo, the
lower limit of the terms Fi(m,n) + Fa(m,n) is always greater that = H. In fact,
in the formula (13) we have: 2mn+/h? + (b/2)? > 2mnh > 2mH, whereas 6, >
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arcsin[(1 + (2Rn/H)?sin* a,,,) /2 sin ayy,], which tends to a,, as n — oo, and
mH o, =7mH.

THE CURVATURE ENERGY OF SMOOTH SURFACES. Following [5], see also [3], for
a smooth surface M in R3, all the information about the curvatures is contained
in the graph
GM :={(z,v(2)) | z € M}

of the Gauss map v : M — S2 C R? of the surface. Since the tangent plane to GM
at a point (z,v(z)) is determined by the tangential derivatives of v(z) at z, and
hence by the second fundamental form to M at z, by the area formula it turns out
that the area of the Gauss graph surface GM is linked to the principal curvatures
of M by the relation:

H2(GM) = /

M
where ki = ki(2) and kg = ko(z) are the principal curvatures at z € M, and H?>
denotes the 2-dimensional Hausdorff measure.

More precisely, the tangent 2-vector field 7 : M — A?2TM C A3R? is given
in terms of the Hodge operator by 7(z) = *v(z). Denoting by ® : M — R3 x Rg
the graph map ®(z) := (z,v(z)), a continuous tangent 2-vector field & : GM —
A% (R3 x R3) is given by £(z,v(z)) := A% d®.(7(z)). Moreover, denoting by 71 and
7o the principal directions, and considering the obvious homomorphism v + v from
R3 onto Rg, one has

(1 + (k2 1 ko?) + (k1k2)2)1/2 dH? (14)

z

f(Z,V(Z)) =711 N\NTo+ (kQTl ATy — ki1 /\?1) +kikoTi AT (15)

%
and since [¢] > 1 on GM, the normalized 2-vector field ¢ :={/|¢| determines an
orientation to GM. The area formula gives

H2(GM) = / Jptd?
M

where J$(z) is the tangential Jacobian to ® at z, see, e.g., [2, Sec. 2.11]. Using
that J3(2) = [£(2,v(2))|, formula (14) follows from (15).
Also, denoting by H and K the mean curvature and Gauss curvature,

1
H .= 5(1{1 + kg) , K:=kiko
so that ki o = H=+ vH?2 — K, one equivalently has
(J£A)2:1+(2H)2—2K+K2:4H2+(1_K)2

and hence

H2(GM) = / V14 (4H2 — 2K) + K2dH>.
M

The curvature functional is defined in [5] by

M| := H*(M) + /M K3+ K dH? + /M kiko| dH2,
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i.e., equivalently,
M| ::/ (14 V4H? - 2K + |K|) dH>. (16)
M

NON-PARAMETRIC SURFACES. We shall denote by (eq,e2,e3) the canonical basis
of R3. Also, for a function v : Q — R, we shall always denote by Vv the (ap-
prox1mate) gradient and by d;v and 0? ;U the first and second order (approximate)
partial derivatives, so that, e.g., djv(x) := Vu(z) e ¢; for i =1,2.

Assume now M = G, where G, := {z = (z,u(x)) | * € Q} is the graph of a
smooth function u : Q — R. The Gauss map is naturally identified at each point of
the graph by the outward unit normal

vu(z) := ! (01w, —ou, 1), gy:=1+|Vu]’, z€Q
u L M ) b u T b
vV 9u
and hence the Gauss graph of the non-parametric smooth surface G, is GG, =
{®u(z) | z € Q}, where @, : Q — R2 x R is the smooth map

Py (x) = (‘Pu(x)v Vu(x)) )

pu(@) = (z,u(2)),  vu(z) = (' (2), v (2), 1’ (2)) -
The mean curvature at (z,u(z)) becomes
1 1
H, — - PyE ((1+ (01u)*)05 qu + (1 + (92u)*)0F yu — 2011 Dau O Hu)

and the Gauss curvature at (x,u(x))

1
u

Therefore, by the area formula we can write the area of the Gauss graph as

(GGu) = Jl (402 - 2K,,) + K2 dH?

:/ Vau/1+ (4H2 — 2K,) + K2 dz .
Q

The tangent space at each point in the Gauss graph GG, is oriented by the
wedge product

§u(®) 1= 1 Pu(z) N D2 Pu(z), 2€Q.

Let (e1,e2,e3) be the canonical basis in Rz, the ambient space of the unit normal
Vy. According to the number of e;-entries, we can write as in [5] the stratification

gu=60 +€0 +€0
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where, denoting by |M| the determinant of a 2 x 2 matrix M, we compute:

5(0) = 61 A eg + Oueq /\63 — d1ueg A es,

(1) _ j j alu 82u
f Zagl/u erNej— Zall/u e2 NEgj 81Vu Doy j e3 N\ gy,
) _ 81%1 Doyt o Aot Ot 621/u e (17)
al”’uz a2Vuz ! 2 811/u3 621/’[1,3 ! 3

2 2
‘ Oy oy, £9 A gy

a1Vu3 82Vu3

By (15), we thus infer:
€O = gu, €M) = g0 (4HE - 2Ky), 6P = 0. K,
and hence, by taking M = G, in (16), again by the area formula we can equivalently
write the curvature functional ||G,| of a smooth non-parametric surface as
F(u, Q) = A(u, Q) + Fi(u, Q) + Fa(u, Q) (18)
where we have set

Au, Q) 22/ VGu dz
Q
Fi(u, Q) ::/ Vu V/4H2 — 2K, dz |
Q

Folu, Q) ::/ 7 K| dz . (19)
Q
We thus get:
A — O 4 — M1 d
(4, Q) /Qléu e, Fi(u,Q) /Qlfu \de,

Folu, Q) = / €D de,  HAGG.) = /Q €l da

where [£,|% = | |2 + |£u |2 + |£(2)\2 and more explicitly, by (17),
0
672 = gu =1+ Vul?,

3
€V = g, (4H2 - 2K,) = [V + Y (B1udov? — dyudrind)?, (20)
j=1
’5752)‘2 = gu Kﬁ _ Z (alyujl (921/uj2 _ BQZ/ujl all/ujQ)Z.

1<51<52<3

Remark 2.3. The three integrals fQ |££Z)|da:, for i = 0,1,2, may be seen as the
smooth counterpart of the energy terms A(P), Eu(P), and Ex(P), respectively, for
polyhedral surfaces P inscribed in the graph of a continuous function as above. In
fact, the first term, A(u,Q), is equal to the area of the smooth graph surface G,.
The second term, Fi(u,Q), depends on both the mean and Gauss curvature of G,
and actually Fi(u,Q) > fQ |Vuvy|dx, hence it provides an upper bound to the total
variation of the smooth outward unit normal = — v, (x). The third term, Fa(u,Q),
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only depends on the Gauss curvature of G,, and by the area formula it agrees with
the mapping area (i.e., counting the multiplicity) in S? of the outward unit normal.

Finally, since [&,] < (|§180)] + |§1Sl)] + ]5&2)]) < V3|, we have:
1
V3
where, we recall, H?(GG,) is the area of the Gauss graph GG, of the graph surface
Gu-

H2(GG,) < F(u,Q) := A(u, Q) + Fi(u, Q) + Fa(u, Q) < H*(GG,)

3. Smoothing out a polyhedral chain

In this section we analyze the curvature energy of smooth approximations of a poly-
hedral surface.

We thus assume that v is a Lipschitz function on @ = [0, 1]? which is affine on
each triangle of a finite triangulation D of the domain ). Then the graph of v is
a triangulated polyhedral surface P. Moreover, Vv € L*((Q) and the unit normal
vy : Q@ = S? is a BV-function whose weak derivative Dy, is a finite vector-valued
measure concentrated on the edges of the triangulation. By means of a convolution
argument, we shall prove the following:

Proposition 3.1. There exists a sequence of smooth functions up : Q — R such that
up, converges to v strongly in W1, the unit normals vy, converge to v, strongly
in the BV-sense and finally

. 7r
lim A(uha Q) = A(P)’ Sup]:l(uth) < - SH(P) .
h—00 h 2
More precisely, in terms of the energy (7) we get:
lim Fi(up, Q) = En(P).
h—o0

ESTIMATES BY AREA IN THE (GAUSS SPHERE. In the proof of Proposition 3.1,
in general it cannot be obtained a bound of the type

Slépfz(uh,Q) <C-&(P).

Example 3.2. Assume, e.g., that P is (up to a rotation, so that P is the graph of
a Lipschitz-continuous function) a piece, say ﬁmm of the polyhedral surface P,
obtained in the Schwarz—Peano example, in correspondence to a cylinder of radius
R and height H. In this example, at any vertex V in P = ﬁmm we know that
Kp(V) =0, whence Ek(P) = 0. On the other hand, when looking at the smoothing
argument, in a small neighborhood of each one of the six edges meeting at P, the
outward unit normal of a smooth approximating function has to cover an arc in
the Gauss sphere S? connecting the points given by the values of the outward unit
normal to the two triangles of P meeting at the edge. The length of this arc is of
the order of the dihedral angle 6. at the edge e, which is given by (10) for two
edges, and by (12) for the other four ones. On the other hand, see Remark 2.3,
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the integral Fa(up, @), that only depends on the Gauss curvature of the graph of
up, is concentrated near the points of the O-skeleton of the triangulation D of @
that corresponds by projection to the triangles of P. Since the integral Fa(up, @)
agrees with the mapping area of the outward unit normal of wuy, at each vertex it
gives a contribution equal to the area (with multiplicity) of the spherical shell in S?
enclosed by the ordered join of the six arcs previously described, which is a positive
quantity, depending on R, H, m, and n. Proposition 3.4 below clarifies the situation,
yielding to an upper bound of the area (with multiplicity) of the spherical shell in
terms of the sum of the angles of the tiles concurring in the vertex.

Remark 3.3. More generally, recalling (17) and (19), the area formula yields that
for smooth functions, the energy Ex(u,Q) is equal to the mapping area of the unit
normal v, in the sphere S%. If {uy} is the smooth approzimating sequence from
Proposition 3.1, it turns out that the energy density of the integral Ez(up,Q) is
concentrated near the projection points in Q) of the interior vertexes of the polyhedral
surface P, and around any such point the energy contribution is bounded (up to an
absolute multiplicative constant) by the area of the geodesical envelope of the unit
normals of the triangular tiles of P concurring in the vertex.

A ROUGH ESTIMATE. We shall prove the following area estimate:

Proposition 3.4. Let V' be a vertex of a polyhedral graph P. Let Ny, ..., Nip_1 be the
unit normals (with positive z-component) of the tiles ay, ..., a_1 concurring in V.
Then the area of the geodesical envelope G of Ny, ..., Nr_1 in the Gauss half-sphere
satisfies

AG) < 2> 05, (21)
JEZLy,
where 0; is the angle in 'V of the tile o;.

As a consequence, if we define the Gauss energy of the polyhedral surface by
Ex(P) =Y [Kp(V)|, [Kp(V)|:=) 6 (22)
VeP i
where the summation is taken on all the vertexes of P, and 6; is the angle of the

ith-triangle of P meeting at V', we readily extend Proposition 3.1 as follows:

Corollary 3.5. In Proposition 3.1, we also have:
sup Fa(up, Q) < C - 27 - ENK(P)
R
where C'> 0 is an absolute constant, not depending on v, and gK(P) is given by
(22).

Recalling that the Gauss curvature at a vertex V is equal to the angle defect,
ie., Kp(V):=21 -3, 6; we give the following

Definition 3.6. We say that V is an elliptic, parabolic, or hyperbolic vertex of P if
the angle defect is positive, zero, or megative, respectively.
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Example 3.7. If P is the cylindrical surface from Example 3.2, each vertex is a
parabolic one, the polyhedral surface being developable. We thus have &k (P) =
0, but Ex(P) = N -2, where N is the number (depending on n and m) of
vertexes in P. As a consequence, by Corollary 3.5, the approximating sequence from
Proposition 3.1 satisfies the energy bound supy, Fa(us, Q) < C - 472 N, depending
on the number of vertexes, and hence it has nothing to do with the energy Ex(P),
which is equal to zero.
Of course, a similar drawback occurs in presence of hyperbolic vertexes.

ELLIPTIC VERTEXES. On the other hand, if V' is an elliptic vertex of a polyhedral
graph P, we can thus refine the estimate in Proposition 3.4, showing that the Gauss
curvature can be calculated in terms of a suitable area in the Gauss sphere:

Proposition 3.8. Let V' be an elliptic vertex of a polyhedral graph P, i.e., Kp(V) > 0.

Let Ny, ..., Ni_1 be the unit normals with positive z-component of the tiles ay, .. .,
ag_1 concurring in V. Then the area of the geodesical envelope G of Ny, ..., Np_1
in the Gauss half-sphere equals the Gauss curvature concentrated in V :
k—1
AG) = Kp(V) = 21> 0;, (23)
§=0

where 0; is the angle in V' of the tile ;.

As a consequence, if all the vertexes of the polyhedral graph are of elliptic type,
using Remark 3.3 and Proposition 3.8, we readily extend Proposition 3.1 as follows:

Corollary 3.9. In Proposition 3.1, assume that each vertex of the polyhedral graph
P s of elliptic type. Then we also have:

Sl}lLPB(Uh,Q) <C-&(P)

where C > 0 is an absolute constant, not depending on the Lipschitz function v,
and Ex(P) is the Gauss curvature energy defined in (5).

PROOFS. We conclude this section by proving Propositions 3.1, 3.4, and 3.8.

Proof of Proposition 3.1. Let v be a Lipschitz-continuous function on @ = [0, 1]?
which is affine on each triangle of a finite triangulation D of the domain Q. Assume
first for simplicity that v is constant in a small neighborhood of the boundary 0Q
of the square domain, and extend v in a constant way to R?\ Q. Let p: R?> = R
be a smooth symmetric mollifier with support contained in the unit ball centered at
the origin, and denote py(x) = h?p(hx) for h € N*. Define uy, : Q — R? by

w(e) = (o 0)@) = [ p)oe—ndy, weQ.

Since v is differentiable a.e. on R?, with approximate gradient Vv € L™, for
i =1,2 we have Q;up, = pp * O;u and the sequence wy strongly converges to v in
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Whee(Q), by dominated convergence. In particular,
hlim \/1+|Vuh|2d:c:/ V14 |Vol2de.

Moreover, using that ||Vup||c < ||v]|oo, it turns out that the sequence vy, of unit
normals converges to the unit normal v, strongly in the BV-sense, i.e., vy, — v,
strongly in L'(Q,R3) and

lim / |V, |de = |Dry|(Q) .
h—o0 Q

Denoting by |M| the determinant of a 2 x 2 real matrix M, consider now for
each j =1,2,3 the functions ui, : Q — R

i (a) = | ) el (24)

lyuh@:) 821/uh({1:')

Since the sequence {|Vup|} is equibounded, whereas {Vui,} converges to Vv

strongly in L', it turns out that the sequence {u{th} is equibounded in L!(Q).
More precisely, the energy contribution of the integral of the functions ,u%h

concentrates at the interior edges € of the 1-skeleton of the triangulation D, and

we claim that around any such edge the integral of the energy density

(@) = |V, (@) + ply, () + 42, ()" + 43, (2)") 2, weq@  (25)

is bounded (up to an absolute multiplicative constant) by the mean curvature
|[Hp(e)| of P at the edge e that projects onto e. Actually, we shall see that it
converges to the product of the length L(e) times the dihedral angle 6. of the
edge.

Recalling (20), on account of the first definitions from (5) and (7) we definitely

obtain:
/Q|§£)]dx:/Q,/79uhdm—>/Q\/l+|Vv\2d9::A(P),

1= | e EaP), s [ 6l < T Eu(P) < oo,

Since the argument is local, the claim can be checked by considering (without
loss of generality) the case when € is parallel to the direction e, i.e., the wedge
product of the unit normals n; and ny of the two triangles of P that meet at
the edge e is a vector of the type (0,\, ), where A # 0. In this case, inside the
two triangles we must have Vv = (a,¢) and Vv = (b, ¢), respectively, for some real
constants a,b, c. By using the formula (11), it turns out that the dihedral angle at
the edge e is

b —a|v1+c? )

0 :arcsin<
‘ V1+e2+b2-V1+c2+ a2
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Since moreover 6. agrees with the angle between the two planar vectors (v1 + ¢2, a)
and (V1 + ¢2,b), we equivalently have:

6. = (26)

b a

arctan<ﬁ> — arctan(\/ﬁ)‘ .

For h large, we denote by I(€) the open set given by the points in @) whose
distance from the edge € is smaller than 1/h and whose distance from the vertexes
of the edge ¢ is greater than 1/h. In Ij(€), it turns out that the second derivative
Osuy, = ¢ whereas the first derivative Ojuy, only depends on the first variable 1,
and actually it takes values in the segment with end points a and b. This yields
that Oxvy, =0 and 0,14, only depends on the first variable z1. As a consequence,
we have |V, | = |01y, | and also M{Lh =—c- 611/Zh, for 7 =1,2,3, which yields:

fruy () = V14 [V, ()], [V, (@)] = 101, (@), Va € In(e).
Furthermore, since we have

V() = ! (—fa@).e 1), fulx) == dyun(),
1+ + fi(x)

we readily compute on I (€)

Vo, | = V1+c2- |01 f _ ‘alarctan(i)’.
" L+ + fp? V1+e?

As a consequence, using that f;, = 01uy is equal to a and b on the lateral sides of
the set Ij,(€), and denoting by L the length of €, on account of formula (26) we get
the estimate:

/ iy (2) dz = /1 —1—02/ Vi, [de < V14 L-0. +o(1/h),
In(e) In(e)

where o(1/h) — 0 as h — oo. Finally, observing that /14 ¢? - L is equal to the
length L(e) of the edge e, we have obtained:

lim f, () dz = L(€) - 0 < = - |Hp(e)] .
h—00 I, (8) 2

Since the energy of p,, concentrates near the edges e, the claim is proved and the

proof is complete under the additional assumption that v is constant in a small

neighborhood of the boundary 9Q.

In general, one has to argue similarly as above, but this time using a procedure
as in the density result by Anzellotti-Giaquinta [4], i.e., by stepping down the size
of the mollification when going to the boundary of 9Q, compare, e.g., Thm. 1 in [7,
Sec. 4.1.1]. We omit any further detail. O

Proof of Proposition 3.4. Let the tiles ag,...,ar_1 be numbered in order around
the vertex V.

Let us fix the index j € Zj. Let aj_1,0j, ;41 be three consecutive tiles,
N;_1,Nj, Nji1 their normal vectors and 6; the angle of the tile o; in V. Consider
the geodesical triangle T} of vertexes N;_1,Nj, Nj1. If we prove that its area is
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bounded by 276; we are done, since the geodesical triangles T}, j € Zj, cover all of
G hence
AG) < Y AT < 2m ) 6,
JEZLy, JEZLy,
i.e., the thesis. Let us prove that

A(T)) < 2. (27)

The normal vectors INj_; and NN; determine the direction of their common edge e;_1
(which is Dj—1 = Nj_1 A Nj). The edge e;, being in the tile a; has a direction
Dj; 1 Nj. Moreover the distance on the Gauss sphere between the directions D;_;
and D; is precisely the angle ; between the edges e;_1 and e;. Since the edge e;
belongs also to the tile a1, one has N;j 1 L D;. Hence N; and N1 both belong
to the same maximum circle of directions perpendicular to D; and their distance on
the Gauss semi-sphere is at most ;. Considering the equator E; containing N; and
N;_1, the geodesical triangle T} is all contained in the strip between E; and one of
its parallels at a distance 6;. Since the area of this sector is less than 276;, estimate
(27) follows. O

Proof of Proposition 3.8. The hypothesis of ellipticity at the vertex V', means that
the geodesical polygon of vertexes Ny, ..., Ni_1 in the Gauss half-sphere is a geodesi-
cally convex polygon coinciding with the geodesical envelope G of Ny, ..., Np_1.

By elementary spherical geometry, the area A(G) of such a geodesical polygon
is given by

k—1
AG) =) - (k=2)m, (28)
j=0

where 7; is the angle between vertexes N;_1, Nj, Nji1. If we prove that v; +0; = 7
for every j, equation (28) reduces to (23) and the proposition is proved.

In order to compute 7, + 0; we interpret these angles as geodesical arcs on the
Gauss sphere.

As already observed in the proof of Proposition 3.4, the number 6; is the dis-
tance between D;_1 and D; on the Gauss sphere, which are two points on the equator
relative to the pole N; and perpendicular to N;_1 and to INj1, respectively.

On the other hand, the angle «; in NN is the distance between the points E;
and Ej; 1 on the same equator relative to N;, on the geodesic arc connecting N; to
respectively N;_1 and Njiq.

Let F; be the point opposite to E; on the Gauss sphere. Our thesis is equivalent
to the fact that the distance F;1F} is equal to 0, i.e., to the distance D;D;1.
Adding to both arcs the arc E; 1Dy, it is equivalent to show that the arcs F;D; and
Ej 1Djyq are congruent, which is implied in turn by the fact that given any point
P # Nj, the points on the equator of N; of type E (on the geodesic connecting IV,
and P) and of type D (perpendicular to N; and P) lie clearly at a right angle (a
distance of m/2), regardless of the choice of P: indeed D is a pole relative to the
equator through IV; and P, which contains also E. O
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4. The Gauss curvature in the Schwarz-Peano example

In this section, we consider again the lateral surface of a cylinder ¥ and the polyhe-
dral surfaces P, given by 2mn congruent isosceles triangles, as defined in Sec. 2.
As we have seen, as m and n go to infinity the area of the polyhedral surfaces may
or may not go to the area of the cylinder, depending on the relative rates of the two
parameters going to infinity. We will show that the equality given by Proposition 3.8
for elliptic vertexes of a polyhedral surface drastically fails in this case, where the
vertexes are of parabolic type, see Definition 3.6.

As the computation is much more complicated in this case, we put R = H = 1,
thus the principal curvatures are k; = 0 and ko = 1 and the Gauss curvature is zero.
Since the polyhedral surface is developable, the Gauss curvature is equal to zero at
each vertex V. But it cannot be estimated properly by the area in the Gauss sphere
of the geodesical envelope of the normals of triangles concurring in V.

Indeed, let us put ourselves near a vertex V' of the polyhedral surface P, and
estimate the area in the Gauss sphere of the geodesical envelope of the six normals
(Nj, j=1,...,6) to the six triangles concurring in V. Calculating the normals N;
and approximating all the trigonometric functions that appear (keeping in mind that
we’ll let m and n go to infinity) one gets:

N — (0, —m, n) N, — (0,m, n)
Y Ve me YT Ve me
Ny — (—am®, —am’,n) N = (am®, —am®, —n) 7
V2a?m1V + n? V2a2m!0 + n?
N (—am?, —am?, —n) N (am®, —am?, n)
3 = ) 6 —

V2P + 2 V2am f 2
where « is a positive constant, not depending on n and m. The two diagonals
Ny N5 and N3Ng are congruent. The area of the geodesical hexagon con be roughly
estimated by the product of the Euclidean distances di = |Na — N5| = |N3 — Ng|
and do = |N1 — Ny4|. The distance d; lies between V2 and 2, regardless of m and n:
VaZm § 72

VIS = 2 e <

while
g — 2m
S o R
2
Thus if m = n, one has do = T and hence the area of the hexagon is greater
T+

than a positive constant independent of m. The same holds if m = n¥, for k > 1.
On the other hand, if n = m*, k > 1, then

dQ ~ 2ml_k

which indeed goes to zero. But the number of vertexes in the triangulation is nm =
m*F 1, so the total area in the whole polyhedral surface is of the order of m? and
definitely it diverges, as m — oo.
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A SMARTER TRIANGULATION. By choosing a different triangulation of ¥, it turns
out that area, mean curvature, and Gauss curvature behave as expected. Indeed by
inscribing a prism @), with base a regular n-agon in ¥ and then triangulating the
lateral faces of the prism as we like, we have:

i) the lateral area of the prism @, goes to the area of ¥ as n — oo;
ii) the mean curvature concentrated in each side of the prism (elsewhere the mean
curvature vanishes) is H times half the curvature at a vertex of the regular

n-agon, i.e.,
1 _
L <7T _ <n2>ﬂ> _ T
2 n n

hence the total mean curvature on @, is equal to mH, i.e., to the total mean
curvature of ¥;
iii) the Gauss curvature is zero at each vertex, since the triangulation is developable;
iv) in the Gauss sphere, the area of the geodesical envelope of the normals of
triangles concurring to a vertex V' is zero, since either all normals coincide (if V/
is inside a face of the prism) or there are only two different normals (if V' is on
an edge of the prism) and hence their geodesical envelope is an arc of geodesic.

Thus it is possible to approximate the cylinder ¥ with inscribed polyhedral
surfaces @), in such a way to have that area, mean curvature and Gauss curvature
go to those of ¥ as n — 0o, and that the equality of Proposition 3.8 holds.

The Schwarz-Peano example shows that in general, this procedure has to be
done in a smart way, depending on the geometry of the surface ., as in general not
all triangulations work properly.

5. BV and measure properties

In this section we analyze the structure properties of continuous functions with finite
relaxed energy.

The celebrated theorem by L. Tonelli asserts that the membership of a contin-
uous function u : @ — R to the class BV(Q) is equivalent to the existence of a
sequence of piecewise affine functions uniformly converging to u and whose graphs
have equibounded area, compare below. We shall see that a similar statement holds
true with our notion (cf. (8)) of relaxed area:

Proposition 5.1. Let v : Q — R be continuous. Then u € BV(Q) if and only if
A(u, Q) < oo.

BV-PROPERTY. Now, if u is a continuous function with finite relaxed energy
E(u,Q), see (9), then it has finite relaxed area A(u,(), whence u is a function
of bounded variation. As a consequence, the outward unit normal v, is well defined
a.e.on Q by v, = 951/2(—61% —ou, 1), where g, := 1+|Vul?, but in term of the
approximate partial derivatives of w. In this section we shall prove the following;:
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Theorem 5.2. Let u be a continuous function with finite relazed energy £(u,Q), see
(9). Then the outward unit normal v, : Q — S? is a function of bounded variation,

vy € BV(Q,R3).

For this purpose, we first point out that Proposition 3.1 and a diagonal argu-
ment yield:

Corollary 5.3. Let u : @ — R be a continuous function with finite relaxed energy
E(u, Q). Then there exists a sequence of smooth functions up, : Q@ — R such that uy,
converges to u strongly in L'(Q), and

s%p(A(uh, Q)+ Fi(un, Q) < C-E(u,Q)

for some absolute constant C' > 0, not depending on u.

On account of Corollary 5.3, the BV-property in Theorem 5.2 will be obtained
below through a slicing argument, by exploiting analogous results from [1] for the
total curvature of Cartesian curves.

THE MEAN CURVATURE ENERGY TERM. As it is clear in the smooth case, the BV-
property of the unit normal v, does not guarantee a bound to the (relaxed) energy
corresponding to the mean curvature. For this purpose, we introduce a suitable class
of distributions that retain all the information.

The distributional divergence of an L'-vector field o : Q — R? is well-defined
by duality through the formula

(Divo, o) = —/Qa(a:) eVo(x)dr, ¢€ CSO(Q)

where e denotes the scalar product in R2.

Example 5.4. If v : Q — R is a continuous function with finite relaxed energy, by
Proposition 5.1 the approximate partial derivatives 0;u are summable functions in
Q. Moreover, by Theorem 5.2 the unit normal v, is a function in L>(Q,R3). We
can thus define the vector fields o7, € L'(Q,R?) through the formula

o) = (—v) Oqu, VI O1u), j=1,2,3.

When u is smooth, say of class C?, using that 8%7211 = 8%71u and integrating
by parts, we get

(Dival, o) = /Q(@lu DoVl — Ogu O () dx
for each ¢ € CSO(Q), and hence Divo?, is an absolute continuous signed measure
Diveol =divel £21Q
with density equal to the pointwise divergence of ol Moreover, we have div aﬂ(:n) =
wih(x) for each x € Q where, according to (24),
81u'(:c) 82@(3:)

Hal@) = ’ Oui(z) Do () (29)
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POLYHEDRAL SURFACES. For each continuous function u :  — R with finite
relaxed energy, it is well defined the vector-valued distribution m, := (m}, m2 m3),
where

m! := (Dvl Divol), j=1,2,3.
If the graph of w is a polyhedral surface P, the distribution m,, is a finite measure.
Moreover, in this case the total variation of m, is equal to the energy term Ey(P)
in (5). More precisely, we have:

Proposition 5.5. Let u be continuous on Q) and affine on each triangle of a fi-
nite triangulation D of the domain Q. Then, the distribution m, is a measure
concentrated on the 1-skeleton of D, and we actually have:

m,,|(Q) = En(P) (30)
where P is the polyhedral surface given by the graph of wu.
MEASURE PROPERTY. More generally, we shall prove the following;:

Theorem 5.6. Let u be a continuous function with finite relazed energy & (u, @),
see (9). Then for each j = 1,2,3 the distributional divergence Div oy, is a finite
measure, i.e.,

sup{(Div o}, 0) | ¢ € C(Q), [olloo <1} < C-E(u, Q) < 0
for some absolute constant C' > 0, not depending on u. Moreover, the decomposition
Divol = pl L2 Q + (Divol)® (31)
holds, where M% is the summable function defined L%-a.e. on Q by (29), and
(Divai,)® is singular w.r.t. the Lebesque measure.

THE (GGAUSS CURVATURE ENERGY TERM. As to the Gauss curvature energy,
we do not have an analogous to Proposition 5.5. In fact, for polyhedral surfaces,
the Gauss curvature can be represented as a sum of Dirac masses concentrated at
the O-skeleton of the triangulation. However, such Dirac masses cannot be seen as
derivatives of functions depending on u. This can be checked if one considers the
boundary of the current GG, associated to the Gauss graph of u, see [10, Sec. 7]
for further details.
However, as a consequence of Corollary 3.9 we have:

Proposition 5.7. Let u be a continuous function with finite relaxed energy &(u,Q),
see (9). Let

81 I/IIL 82 I/&
81 Vg 82 1/3
(91 1/3 82 I/S

be the matriz of the approximate partial derivatives of the unit normal. If u is
strictly convex (or strictly concave), then all the 2 x 2-minors of the above matriz
are in LY(Q).
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Remark 5.8. We expect that the claim in Proposition 5.7 holds true without assuming
strict convexity. However, we are not able to prove this fact, due to the drawbacks
illustrated in Example 3.7 and concerning parabolic and hyperbolic verteres of a
polyhedral surface.

TONELLI’S THEOREM. In the classical definition by Tonelli, letting I = [0, 1], and
denoting by Vi(z1) and Va(z2) the total variation in I of the functions wu(z1,-) and
u(+, z2), respectively, a function u : @ — R has bounded variation provided that
both the functions z; — V;(x;) are summable in I. In a modern sense, since u €
LY(Q), an equivalent property is requiring that the distributional partial derivatives
D;u are measures of finite total variation.

Following, e.g., [6], in one implication of Tonelli’s theorem, one assumes the
existence of a sequence {Py,} of polyhedral surfaces given by the graph of functions
vp : @ — R such that the sequence {vy} converges to w uniformly on @, and such
that supy, A(Pp,) = C < 0.

For any test function ¢ € C2°(Q)) and for i = 1,2, one has

o

(Diu, @) == —(u, Ojp) = — lim (vp, O;p)
h—o0
whereas for each h

[(vn, Dip)| < A(Pr) - [|¢lloe < C - llolloo

where the real constant C' > 0 is a uniform bound to the areas A(P,) of the
approximating polyhedral surfaces, yielding to the required property |D;ul(Q) <
C < oo for i = 1,2, and hence that u € BV(Q).

On the other hand, the converse implication in Tonelli’s theorem reduces to the
following statement: if a continuous function u belongs to the class BV(Q), then
there exists a sequence {v,} of continuous functions vj, : Q@ — R which are affine
on each triangle A of a finite triangulation Dj of the square domain, such that
vp, — w uniformly on @ and supy, A(vp, Q) < oo.

In order to prove the above statement, firstly, by means of a convolution ar-
gument with a symmetric mollifier, one defines a smooth sequence {uj} C C*°(Q)
which converges to u uniformly on ) and such that the integrals fQ |Vup|dx con-
verge to the total variation |Du|(Q). Secondly, by the smoothness of wuy, for each h
one can easily find a polyhedral surface as above such that ||v, — up |l < 27" and
A(vp, Q) < C - A(up, Q) for some absolute constant C' > 0, not depending on h. A
diagonal argument yields the assertion.

PROOFS. We now give the proofs of Proposition 5.1, Theorem 5.2, Proposition 5.5,
Theorem 5.6, and Proposition 5.7.

Proof of Proposition 5.1. One implication follows by arguing as above. In fact, if
the graph of vy is an inscribed polyhedral surface P, = Pj,(u,Dy) generated by
the values (z,u(z)) at the points x in the O-skeleton of a triangulation Dy, of the
domain @, condition mesh D), — 0 yields that v, uniformly converges to u. As to
the converse implication, if {vy} is the sequence in Tonelli’s theorem, we may and do
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assume that mesh Dy, — 0. Letting Py, = Py (u, Dp,), by uniform convergence of vj, —
u, one infers (possibly passing to a subsequence) that sup;, A(P) < C-sup;, A(vp, Q)
for some absolute constant C' > 0. We omit any further detail. g

Proof of Theorem 5.2. If v : @ — R is continuous and with finite relaxed energy
E(u, @), by Corollary 5.3 we may choose a smooth sequence uy, : Q — R strongly
converging to u in L'(Q) and such that supy, (A(up, Q) + Fi(us, Q)) < C < 0.
By Tonelli’s theorem, we already know that v € BV(Q), whence the outward unit
normal v, is well defined £2-a.e. in @ in terms of the approximate gradient of wu,
so that v, € L'(Q,S?). Moreover, by (19) we have for each h

Fl Uh, / vV up, \/ 4H%h 2Kuh dr = / |€uh |d$

and hence by the second line in (17) we get
sup/ |V, | de < sup Fi(up, Q) < 00.
hJQ h

As a consequence, by closure-compactness, see [2], possibly passing to a (not rela-
beled) subsequence, it turns out that the sequence {v,,} weakly converges in the
BV-sense to some map w € BV(Q, S?).

We now claim that for ¢ = 1,2, and possibly passing to a (not relabeled)
subsequence, the partial derivatives Ojup, converge L2-a.e. in Q to the approximate
partial derivative O;u. This property implies that the corresponding sequence {, }
converges L2-a.e. in @ to the outward unit normal v,. We thus have w = v, and
hence v, € BV(Q,S?). We recall, in fact, that by lower-semicontinuity of the total
variation w.r.t. the weak BV-convergence, one has

|Dr|(Q) < limhinf/Q |V, |de < co.

In order to prove the claim for, e.g., i = 1, letting I = [0,1], for each x5y € [
and ¢t € I we shall denote u}?(t) := up(t,22), and consider the smooth Cartesian
curve ¢;?(t) := (t,u;*(t)). We have:

/ITC(CiQ) dry < A(up, Q) + Fi(up, Q) Vh. (32)

In fact, using that ¢;2(¢) = (1, O1up(t, 2)) we get gy, (t,z2) > |¢32(¢)%. Fur-
thermore, recalling that the term 4H2 (t,x2) — 2Ky, (t,72) is equal to the sum
of the square of the principal curvatures to the graph surface G,, at the point
(t, z2,u(t,x2)), such a quantity is greater than the square of the curvature kcff of

the curve ¢;* at the point ¢;?(t), where

8% 1Uh(t,l‘2)
K oo (t) = : . tel.
Ch2( ) (1 + run(t, m2)?)3/?

Since by the area formula

TC(?) = /rkzmml J i@l ola,
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/TC( ) dary = / /|c D] [k 2 )|dt>dx2
I
< / w1+ 4H2, — 2K, dt dzs,
Q

and hence inequality (32) follows from the definitions in (19).
By Fatou’s lemma, we thus get

we get

/lim inf TC(c;?) dag < liminf/TC(C?)dazg

I h—o0 h—o00 I

< s%p(A(uh,Q) + Fi(up, Q) < C < .

Cun (1)

Moreover, following the notation from [1], and letting 732 (t) := —&

. we observe
up (O]

that
2] = 162 ()] ez ()] Vi e T,

Up

and hence we have:

/hmlnf/|7‘”"2 ) dtdry < C < 0.

Therefore, by Rellich’s theorem, we can find a (not relabeled) subsequence, not
depending on z9 € I, such that for £l-a.e. x5 € I the sequence {mi2} converges
weakly in the BV-sense to some function w®? : I — R*. Now, arguing as in the
proof of [1, Thm. 5.7], we deduce that for Ll-a.e. t € I

w2 (t) = SO ) ot )
) T homb
Since for L'-a.e. x9 € I the sequence {72} converges Ll-a.e. in I to w®, arguing
as in [1, Cor. 5.9] we conclude that the first partial derivative 0jup(t,z2) converges
L2-a.e. in @ to the approximate first partial derivative dyuy(t, x2), as required. [J

Proof of Proposition 5.5. The first statement is trivial. In order to check the equality
(30), choose an element € of the 1-skeleton of D, and assume (without loss of
generality) that it is parallel to the direction ey. Therefore, inside the two triangles
A1, Ag of D that meet at € we have Vu = (a1,¢) and Vu = (ag, ¢), respectively,
so that for ¢ =1,2

1

v Az:Vz S laa————
! V14 +a?

If e is the edge in P that projects onto €, we thus have L(e) = |€]-v/1 + ¢?, whereas

281n< ) fm,

0 ! ! (1+ %+ ajas)
cosf, = v, ey = . ¢ +ajay).
¢ \/1+02+a% \/1+c2+a%

(_aia ¢, 1) .
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On the other hand, we have

1
(O-'}u 0-3,70-2)‘A2 = (_a’i (_07 ai)7 —C (_Ca ai)a (_Ca ai))7
\/ 1+ +a?

so that on the line segment € we compute:

1 o 2 ai a2
m,|(e) =vV1+c*- — ,
Ima (@) Vit +a? /142 +d]
2@ = /IT - : :
m 1+c¢ — ,
Im.(@) = Vi+cZ+a? J1+c2+a3

— 1 1
m 1+C2 - 9
(@) = Vited+ad 1+ +a}

and definitely we get:

Im,|(&) = V1+¢2-v2/1 —cosb,

which yields (30), on account of (5). O

Proof of Theorem 5.6. Let {up} be the smooth sequence given by Corollary 5.3.
Since
Divaj = divaj £2LQ, divel L) = uih(x) Vred

where 1, () is given by (24), whereas by (19), (20), and (25) we estimate

/wuh \dw</ e dx—/rg o) dz = Fi(un. Q)

for j = 1,2,3, possibly passing to a subsequence we deduce that the sequence of mea-
sures Div oy, weakly converges to a signed measure m’. By lower-semicontinuity,
we have

m?|(Q) < li}{ggﬂDivaih Q) = hmmf/ ud, (@) de < C - E(u, Q) <

and hence m’ has finite total variation. We now claim that the following decompo-
sition holds:

m’ = Divel + (m’)°
where the component (m?)* is singular with respect to the Lebesgue measure. In
fact, as a consequence we also get

IDiv ol [(Q) < [m?|(Q) < C- E(u, Q) < 0.

In order to prove the claim, we recall that in the proof of Theorem 5.2 we have
shown that, possibly passing to a (not relabeled) subsequence:

i) the sequence of gradients Vuy; converge L£2-a.e. in @ to the approximate gra-
dient Vu;
ii) the sequence wuj; weakly converges in the BV-sense to u € BV(Q);
iii) the sequence of unit normals {1, } weakly converges in the BV-sense to the
unit normal v, € BV(Q, S?).
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By these properties, we have ,uih — ,u{L for £2-a.e. x € @, hence by Fatou’s
Lemma

/ 2 ()| dar < liminf/ 1, (2)] dz < oo
Q h—o0 Q

which yields that x4, € L}(Q) for j =1,2,3.

Moreover, for each ¢ € CZ° (Q), possibly passing to a subsequence we deduce
that o, (v) — oi,(z) for L?-a.e. ¥ € Q, whence:
aih e Vypdx

(m?, ) lirr010<DiV Jih, ) = — lim

- h— h—o00 Q
- / ol e Vioda + ((md)*, )
Q

where the measure (m?)* is singular w.r.t. the Lebesgue measure £ L Q. The claim
follows on account of the definition of distributional divergence Div o7,. On the other

hand, for each h
—/ afbh chpdx:/ uih-wdac
Q Q

whereas, we recall, ,u%h — ,u% for £?-a.e. € Q. This implies the decomposition
(31), as required. O

Proof of Proposition 5.7. If w is a strictly convex (or concave) function with finite
relaxed energy, and P is a polyhedral graph inscribed in the graph of w, it turns
out that each vertex of P is of elliptic type. Therefore, by Corollary 3.9, and by
a diagonal argument, we can find a sequence of smooth functions up : @ — R
uniformly converging to u and such that sup;, Fa(up, Q) < C-E(u,Q), where C' > 0
is an absolute constant. The claim readily follows on account of (19) and (20),
by lower-semicontinuity and by the a.e. convergence of Vv,, to the approximate
gradient Vu,. Notice that the last property can be checked by means of the structure
properties of the weak limit of the currents carried by the Gauss graph GG,, of the
smooth approximating sequence, see [10, Thm. 3.4] and Sec. 2. O
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