Milan J. Math. Vol. 87 (2019) 249-272
https://doi.org/10.1007/s00032-019-00300-8

Published online August 17, 2019 - -
© 2019 Springer Nature Switzerland AG I Milan Journal of Mathematics

Existence Results for Some Anisotropic
Singular Problems via Sub-supersolutions

Gelson C.G. dos Santos, Giovany M. Figueiredo and
Leandro S. Tavares

Abstract. In this manuscript it is proved existence results for some singular
problems involving an anisotropic operator. In the approach we combine sub-
supersolutions, truncation arguments and the Schaefer’s Fixed Point Theorem
[23]. In this work it is not used approximation arguments as in [33, 37|
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1. Introduction

Partial differential equations involving anisotropic operators arise in several areas
of science. For example, in physics, such operators are related with models that
describes the dynamics of fluids with different conductivities in different directions.
Another interesting example arises in Biology as a model that describes the spread
of an epidemic disease in heterogeneous environments. Regarding the mentioned
examples we point out the references [4, 6, 7]

Let © be a bounded domain with smooth boundary. In this paper we obtain
existence results for the singular anisotropic problems
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where v; € (0,1) , f; : © x R — R are continuous function and 3; > 0 are constants
for i =0,1,2 with v : =, fo := f and fp := 5. Here 2 < p; <--- < py < 400 and
2<q <+ <gn < 4+ are real numbers.

Regarding the anisotropic operator note that if p;, = 2,7 = 1,..., N we have
the Laplacian operator. The problem (Pfg), it was studied, in the Laplacian case, in
several works in both bounded and unbounded domains, see for instance [3, 12, 13,
14, 15, 19, 21, 31, 32, 34, 39, 43, 44] and the references therein.

A related work with the p-Laplacian operator is the interesting paper [38] where
the authors considered the problem

where a is a function satisfying certain hypotheses and v > 0 is constant. Their
arguments are mainly based in the well established regularity theory, the Vazquez’s
Strong Maximum Principle and on sub-supersolutions. We also quote the interesting
papers [10, 11].

There is by now a large number of papers and an increasing interest about
anisotropic problems. Some recent results can be found for example in the references
[1,2,9, 26,35, 36]. For example, in [2] the authors studied some anisotropic problems
and in one of such problems they considered a sub-supersolution approach to study
the equation
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where h : Q) X R — R is a Carathedory function.
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There are few works regarding singular problems involving anisotropic opera-
tors. For example in [33] it was considered the problem

N
d /| Ou |pi—2 Qu h
=1 (P)y
u>01in Q,
u = 0 on 01,

with v > 0 and h is a function which belongs to a suitable Lebesgue space. By using
perturbation arguments the author obtains existence of a positive solutions for (P;).
A similar approach in considered in the related paper [37] where the author studied
the equation

N
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; ; 81’1 () 81’1 T%) - u’Y(m) ln Q’
u > 0in €,
u =0 on 012,

where h,~ are functions that satisfy certain conditions.

Thus based on the previous commentaries we propose the study of the problems
(Pg)y and (Pg)4;,4,- At least to our knowledge the problems studied in this manu-
script were not considered in the literature. Below we describe the contributions of
this work.

- It is considered a large class of operators which includes the Laplacian operator;

- Since it is not considered a perturbation of the problems proposed then our
approach is different when compared to [33, 37];

- As far we know it is the first time that a sub-supersolution approach is consid-
ered for a singular anisotropic problem;

- Abstract results involving sub-supersolutions are proved. Such results are dif-
ferent from the one contained in [2];

- The lack of homogeneity of the anisotropic operator implies additional difficul-
ties when one intends to consider a sub-supersolution approach;

- Due to the lack of regularity results for the anisotropic operator the approach of
[38] is not applicable to our problems. In order to avoid such problem a refined
estimate is needed, see Lemma 3.1. Besides that we combine the Hardy-Sobolev
inequality with truncation arguments to estimate the singular term.

Unless otherwise stated it will be considered that 2 < p; < --- < py < D"
N
1
and 2 < ¢ < --- < gy < @ are real numbers with p,g < N, where p = Z—
— Pi
— : an = :
—~ ¢ 5 N -7

In order to state the results of this paper some definitions are needed.
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Let 7 := (p1,...,pn). We say that u € WOI’?(Q) is a solution of (Pg)y if for
all o € WP () the following equality holds:

N
Ou |Pi=2 0u Oy 1

We say that (u,u) € Wol’?(Q) NL>®(Q) x Wl’?(ﬂ) N L>°(€2) sub-supersolution
for (Pg), if u(z) < u(z) ace. in Q, uw = 0 < @ on HQ (that is (u — 1)+ € WP (Q))

and
N
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and
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for all nonnegative functions ¢ € W ?( 0).

Consider ¢ := (qu,...,qn). We say that (u,v) € Wlﬁ( Q) x W(}’E)(Q) is a

solution for (Pg), ~, if
pi=2 Ju 0
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for all (p,1)) € WOI’?(Q) X WOL?( Q). We say that (u,v) € (W,
(Wo 7 (2) N L(Q)) and (@,7) € (WHP(@) 0 L=(%) x (W
sub-supersolution pair for (Ps), , if u(z) < u(z),v(z) < v(x
u,v =0 <7 on Jf) and the following inequalities hold:
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for all (¢,9) € WOI’F(Q) X W01’7(Q) with ¢, 1 nonnegative functions.
Now we are in position to state our first results.
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Theorem 1.1. Let f : Q@ x R — R be a continuous function. Suppose that there exists
a sub-supersolution (u,w) for (Pg),. Assume that uw(x) > Cd(z) a.e. in Q, where
C > 0 is a constant with d(x) = dist(z,00),x € Q. Then problem (Pg), has a
solution u a.e. in Q.

Theorem 1.2. Consider f; : Q@ x R — R,i = 1,2 continuous functions. Suppose
that there exists a sub-supersolution pair (u,v) and (,v) € for (Ps)y, 5, such that
w(x),v(z) > Cd(x) a.e. in Q, where C > 0 is a constant and d(z) := dist(z,00),z €
Q. Then problem (Ps)~, ~, has a solution (u,v) with u(z) < u(z) < u(x) and v(z) <
v(z) <v(z) a.e. in Q.

Consider the following hypothesis.
(Hp) There exists 0 < 6 < 1 and a constant ¢; > 0 such that

—c1 < fi(z,t), for every 0 <t < 4, a.e. in Q for i =0, 1,2.
(Hz) There exists r; > 1 and a constant C' > 0 such that
fi(z,t) < Ot 4+ 1), for every t > 0 and i = 0,1,2,

where rg := r and fy := f.

As an application of Theorem 1.1 and 1.2 we obtain the following existence
results under the conditions (H;)—(Hz).

Theorem 1.3. The following assertions are true.

(i) If (H1) holds, then (Pg)y has a solution for > 0 small enough.
(ii) If (H1)-(Hz2) holds and r < p1, then (Pg), has a solution for all B > 0;

Theorem 1.4. The following assertions are true.

(i) If (H1) holds, then (Ps)~, ~, has a solution for B; > 0 small enough i =1,2.
(ii) If (H1)-(Hz) holds and r1 < q1 and ro < p1 , then (Ps)~, ~, has a solution for
all B> 0,i=1,2.

The paper is organized as follows:

- Sections 2 and 3 is devoted to the needed properties of Anisotropic spaces and
some auxiliary estimates;

- Section 4 contains the proofs of Theorems 1.1 and 1.2;

- In Section 5 it is proved the Theorems 1.3 and 1.4.

2. Preliminaires

In this section we present some basic facts regarding anisotropic spaces and results
that will be used in this work. For more informations on anisotropic spaces we quote
[2, 16, 17, 18, 24, 25, 29, 42].
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In what follows we denote by © a bounded domain in RY (N > 3) with smooth
boundary. Let 1 < p; < p2 < --- < pn be real numbers and denote by 7 the vector
7= (p1,...,pn) € RY. We denote by Wl’?(Q) the space defined by

ou

WhP(Q) = {u e Wwhi(Q); 5 € LPi(Q), i=1,.. N}

which is a Banach space when equipped with the norm

, (2.1)

ou

N
llly 5 = Nl + )
i=1

where || - ||Lr: denotes the usual norm of LPi(€2). It will be denoted by W& ?(Q) the
Banach space defined by the closure of C§°(2) in Wl’?(Q) with respect to the norm

-1l 7-
Consider p the harmonic mean of p;,i = 1,..., N, given by
N
_ 1 1
pi==) —
N

Np

and define p* := for p < N. From [24] we have that there exists an embedding

Wolj(Q) — L4(€2) which is continuous for ¢ € [1,p*] and compact in the case
q € [1,p%). Thus the norm

. ue WhT(Q)

M s

is equivalent to the norm given in (2.1).

Let Wy be the first eigenfunction of the p-Laplacian operator (—A,, WO1 P(Q)).
There are constants 0 < [ < L such that ld(x) < ¥;i(z) < Ld(x) a.e. in Q, where
d(x) = dist(z,00),z € Q, see for instance [27, Page 121]. Thus it is possible to
rewrite the Hardy-Sobolev inequality of [5, 30] as follows.

Lemma 2.1 (Hardy-Sobolev inequality). If u € Wol’p(Q) with 1 < p < N, then
%ELT(Q),fOT%:%—%,OSTSL and

|

< ClIVull (o),

“
dmllLr) —

where C > 0 is a constant.

Repeating the same arguments of [20, Lemma 2.1] (or [40, Lema 2.1]) it is
possible to obtain the following improvement of the mentioned result which we
present a proof for convenience.
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Lemma 2.2. Let a € (W&’?(Q))’. There exists an unique solution u € W&’?(Q) of
the problem

piizgg) } =a in (),

1Sz
i1 al'l OSL'Z

u=0 on 0Q.

. 177 11? / .

Proof. Let T : W' () — (W, " (©2))" be the operator given by
N

<Tu, q§>—
i=1

Since p; > 2,1 =1,..., N the inequality

ou
o|0;

Pim2 9u H¢

du(x) |0v(x)|” Pi2 9u(z) <6u(a:) 8v(x)>
o0x; ox; ox; ox; ox; (2.2)
>Clau() du(z) | ’
- ox; ox;
holds for some C; > 0,¢=1,..., N. Therefore
<Tu —Tv,u— v>> 0 forall u,ve W&’?(Q) with wu # v.
If ||u]| — 400, we can assume that
Pi
/ O ) foralli=1,2,....N.
ol 0z;
Hence, since 1 < p; < p;, foralli=1,2,..., N, we have
>l =S ) 2w ()
ox; —\Ja ox; — Npi-1 P 0xi| v )
which implies
<Tu, u>
B
lull—eo |u]
Then it follows by the Minty-Browder’s Theorem [8, Theorem 5.16] that there exists
an unique function u € W[} ?(Q) such that Tu = a. O

Lemma 2.3. (See [41].) Assume that ¢ : [0,00) — [0,00) is a nonincreasing function
such that if h > k > ko, for some a > 0, 8 > 1, ¢(h) < C(p(k))?/(h — k)*. Then

ap
d(ko + d) = 0, where d* = C25-1¢(ko)?~! and C is a positive constant.
The next two results can be found in [20, Lemma 2.4] (or [40, Lema 2.4])

and [20, Lema 2.2] (or [40, Lemma 2.2]), respectively. The proofs are presented for
completeness.
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Lemma 2.4. Let u € Wol’?(Q) be a solution to problem

_i 0 (‘ ou

i—1 a'El 8:&

u =0 on 0Q.
such that f € L"(Q2) with r > p*/(p* — p1). Then u € LOO(Q). Moreover

Pi—2 Qu

d;

) — finQ,

LI
fufle < CWIPTIRIE 2:3)

Sf’l

where B,a, S and C are constants that do not depend on u.

Proof. Define v, = sign(u)(|u| — k)T, k € R. It follows that vy € Wol’?(ﬂ) and
88;1 = % in the set A(k) = {z € Q : |u(x)| > k}. Denote by |A(k)| the Lebesgue
measure of A(k). By considering the test function v; and using the Holder inequality,

we obtain that
= [ (L) (L) 1acor-Gon)

N
; /A(k)
N

From [22] we have
1
0<S:= inf Z
ueDLP (RN) T Pi
lJuuflp =1

Using the fact that p; > p; > 1, we obtain that

S([)'u'p*)ﬁfﬁ/giﬁf
s(/, |vk|p) (w)r CliCans

Note that if 0 < k: < h, A(h)

h)
1
L p* «\ P*
([, o) ([, )
A(k)

ovy, P
81%

Pi

ou
(91'1'

LPi

, for all u € WP ().

Therefore

then -
L SHINE)
[A(h)] < e 11T AR L
(h = k)P o3t
Since > 7]0, we have 8 := plp—il [1 - (1% + %)] > 1. Therefore, if we define
p* 1 1

h) = |Ah)], a =p", B= (= +3)], k=0
Qb() | ()‘7a pvlﬁ p1—1[ (p*+?")i|’ 0 ;

we have that ¢ is a nonincreasing function and

o(h) < <

m¢(k)ﬁ, fOI' all h > k > 0.
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1 1

By Lemma 2.3, we have ¢(d) = 0 for d = C|| f||#* " \Q]%/Sm—l, then

L sl
CIfIl Q] =

Sri—1

Lemma 2.5. Let Q2 be a bounded domain and consider u,v € Wol’ﬁ(Q) satisfying

N B N - |
a5 < Tamlal 5) = o
u<wv on 0f),

then u < v a.e. in .

Proof. Using the test function ¢ = (u —v)" := maz{u —v,0} € T/Vol’7 (Q) it follows

that
/ ﬁ:(@up"_28u_ v pi_28v><8u_8v><0
Qs> = \ 19 Ox; | 0x; Ox; Ox; Ox;) —
From (2.2), we get ||(u — v)™|| <0, therefore u < v a.e. in . O

3. An auxiliary estimate

The next estimate will play an important role in our arguments with respect to
obtain apropriated sub-supersolutions.

Lemma 3.1. Consider p1 > 2 and 1 > 0. Let u € W&’?(Q) be the unique solution of
the problem

N9/ Ou pi-2 du ,
B ; 8.7}1 (‘ 8$Z 8.21?1) —pm 97 (3.1)
uw=0 on I9.

Then there are constants 0 < § < 1 and C, that do not depend on pu and u, such
that

u(w) > Cmin {77, u75 T} min{s,d(x)),
where d(x) := dist(x,00), x € Q.

Proof. There exists a constant 0 < § < 1 small enough such that d € C?(Q35) and
|Vd(x)| = 1, where Q¢ = {z € Q;d(x) < €}, € > 0, see [28, Lemma 14.16] and its

proof. Consider
1
0 > z’:r?f.},(zv {pz’ — } (3.2)
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and the function
&d(z), if d(z) <,

A=) a5 — ¢\’

2 o5 4\?
55+/ 5<55t> d, i 20 < d(),
)

where ¢ > 0 will be choosen before. Note that v € C}(€2). Direct computations imply
that if x € Q satisfies d(z) < § with ng) # 0, then

o ()
S (e () 2 () 7)

i=1
= B(x),

where sgn(z) = 1if x > 0 and sgn(z) = —1 if z < 0. On other hand, we have in the

case 0 < d(x) re

-2 ovy

3@)

- _éfl’i_lg(pi -1) (25_6d(x))9(p o (51) (( (83:1)) gai)piz (86;1)2

N pi—1)

26 — d(x od |P"% 924 ad _
> ()T (v ()
=C(x)
(3.4)
Thus
2900
/Z P, 8;1 ; /Aso,WGWol?( ),

where A(x) is equal to B(z) and C(z) when d(x) < ¢ with % #0and 6 < d(x) <
20 with %d—ffi) # 0, respectively, and zero when %d—i‘f) =0 or d(z) > 26.
From (3.2) and the fact that p; > 2,4 =1,..., N, it follows, in the weak sense,
N
0 ovy
_ 1) < pi—l  epn—l
; 0x; ( ox; 8337,> - CmaX{f ’ € }7

where C' is constant satisfying the statement of the result. Let p > 0 and consider
u to be the solution of (3.1).

Suppose that % < 1, then consider 0 < ¢ < 1 such that max{¢Pt,... ¢PV—1} =

that
pi=2 81)1

p1—1 _ Il
3 ok
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From Lemma 2.5 we have that
1

w(z) > v(z) > £ min{é, d(z)} = (%) T minds, d(x)).

Repeating the previous argument in the case % > 1 we obtain that

1

w(z) > v(z) > Emin{é, d(z)} = (%) "N min{d, d(z))}.
The result is proved. O

4. Proof of Theorems 1 and 2

In this section we prove Theorems 1 and 2 by using Schaefer’s Fixed Point Theorem
combined with sub-supersolutions and a truncation argument.

Proof of Theorem 1.1. Consider T : L'(2) — L'(2) the operator given by

u(x) " + Bf(z,u(x)), if u(r) < u(z),
(Tu)(x) = ¢ ule)™" + Bf(z, u(x)), if u(z) <u(z) <u(z),
u(z)™7 + Bf(x,u(x)), if u(z) >u(x).

Since 0 < v < 1, @(x) > u(x) > Cd(x) a.e. in Q and d~7 € LY(Q) (see [34,
Page 726]) it follows that =7 € L*(9). Note also that w7 < u~7. Thus, since u
and u € L>(§2) we have that T is well defined.

Let v € L'(2) be an arbitrary function. Note that by Lemmata 2.1 and 2.2 the

problem
N
-2 aii (’ g;

i=1
u = 0 on 0N.

pi—2 Qu
Oazi

) — TwinQ, -

has an unique solution in VVO1 7(Q) In fact, consider ¢ € VVO1 ’?(Q), define
Flo)i= [ (@ore, o e w7 (@)

Since Wol’? (Q) — Wol’z(Q) it follows from the Lemma 2.1 that

/Q(Tv)cp SC(/Q‘:;M/QW)

2
< I
¢ (HdW ‘ L7(Q) * |<P||>
< C(llellyzq) + el
< Cllell,

for some r > 1 and a constant C' > 0. Hence F € (W&’?(Q))’, then the Lemma 2.2
shows the claim. Therefore we can define an operator S : L*(Q) — VVO1 ’?(Q), defined
by S(v) = u, where u € Wol’ﬁ(Q) is the unique solution of (P;). We claim that the
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operator S : L'(Q2) — L1(2) given by S :=io S is compact, where i : W&’?(Q) —
L'(€2) is the compact embedding given by [24]. In order to prove such claim consider

(vn) a sequence with v, — v in L*() and consider u, := S(v,) € VVOI’?(Q)7 n € N.
From the definition of the operator S it follows that

for all ¢ € WOI’?(Q). Using the test function ¢ = u,,n € N in (4.1), the boundness
in L(Q) of (v,), the boundness of f in Q x [0, [[@]| o0 ()] and Lemma 2.1 we get

N pi
gl =< (L

i=1
The inequality [¢|[P* <1+ [t]Pi,i=1,..., N, for all ¢ > 0 provides that

ouy,
8.%'i

P2 duy, O
8.%'7; 81‘2 N Q

(Twn)e, (4.1)

ou
81‘@

Un

v

f \un\) < K (Jun]) + 1), (1.2)

N

D

=1

p1

ouy,
8:61‘

< K(|lunll + 1),
Lpi

for all n € N, where K > 0 is a constant that does not depend on n € N. Since
(a1+--~+aN)bgC’(a?—F'--—Falj\,) fora; >0,7=1,...,Nand b> 1, where C >0
depends only on N and b, it follows that

aﬂfi

=1

> < K([Jun[l + 1), (4.3)
LPi

for all n € N with K > 0 being a constant that does not depend on n. Then it
follows that the sequence (u,,) is bounded in WO1 7 (). Using the compact embedding
Wol’ﬁ(Q) < L1(2) we obtain, up to a subsequence, that u, — u in L'(Q) for some
uE I/VO1 7 (©2), which implies that S is compact.

To verify the mentioned continuity let (v,) be a sequence in L'(Q) such that
vp, — v in L1(Q). Considering u, = S(v,,), n € N and u = S(v), we obtain from the
definition of S that

N o
ouy, |P77° Ou,, O
= T, 4.4
and
N 2
ou |P""" u 0¢
/QZ oz;| 0w, 0w, _/Q(T”)d) (45)
=1
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for all ¢ € W(} ?(Q) Using ¢ = uy, as a test function and subtracting (4.5) from

(4.4) we get
(‘81@ pi=2 8u> <8un B au)]

[bs

_ / (Twn) — (T0) (1 — 1),
Q

Pi—2
7 Ouy,

81‘1' B

ou
8@-

Using Lemma 2.1 and the Lebesgue’s Dominated Convergence Theorem it fol-
lows that the right-hand side of the equation (4.6) converges to zero. Then we have

that u, — u in Wol’ﬁ(Q).

We claim that there is R > 0 such that if u = ¢S(u) with o € [0,1] then
|lull;1 < R, where R is a constant that does not depend on u and o. If o = 0 then
u = 0. Suppose that o # 0. Then S(u) = %, which implies the identitiy

[
fo1r3dl¢€V[/'O17 )

(€
Using ¢ = % in (4.7), Lemma 2.1 and the embedding W&’?(Q) — LY(Q) we

obtain that
Pi K
<2 (ol + / |
Q (4.8)

1 ou

o 0x;

Pim2 1 9y d¢ B
Uaxiaxi N Q

(Tu)o, (4.7)

o
81‘1'

N
S/Q;Upi

K
< —Jfull;
g

oPL / Z ‘(‘)xz

where K > 0 is a constant that does not depend on ¢. Thus we obtain that

a{is

pi

< Ko~ Hu|

oz ||, (4.9)

< Clfull;

where C, K > 0 are constants that do not depend on o. Arguing as in (4.3) we get

lul|Pr=! < K for u € Wol’?(Q) with u # 0, where K > 0 is a constant that does not
depend on ¢ and u. The claim is proved.

Thus by Schaefer’s Fixed Point Theorem there exist u € L'(Q) such that u =
S(u). Note also that by the definition of S we have u € W&’?(Q) with

/Z P ou 0 /Q(Tu)¢>, (4.10)

Ox; Ox;

ox;
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for all ¢ € W&’?(Q). Note that u(x) < u(x) < w(x) a.e. in Q. In fact, by using
¢=(u—u)" in (1) and (4.10) we get

1= ) ()] <

Thus by inequality (2.2) we have u(z) < u(x) a.e. in Q. The other inequality follows
by using a similar reasoning with the test function ¢ = (u —u)™. O

i—2
pi 8@
8$i

ou
8x2-

ou
61’1'

Theorem 1.2 can be obtained by using the reasoning of the previous proof under
some modifications. Below we present a proof.

Proof of Theorem 1.2. Consider T, W : L(2) — L*() the operators given by

u(z)™ " + Pz u(x), if 2(z) < u(z),
(T2)(x) = 2(2)"" + Prfa(z,u(x), if u(z) < 2(z) <u(z),
u(x)™ " + fLfi(z,ulx), if 2(z) > u(z),

gl

and
v(x) ™2 4 Pafa(w, v(x)), if 2(x) < v(z),
Wz)(x) = 2(2)7" + Bafa(w,2(x)), ifv(z) < z(x) <o(z),
v(x)7"2 + Bafo(x,v(x)), if z(z) > v(x).
Let h,h € L'(Q) be arbitrary functions. By Lemmata 2.1 and 2.2 it follows
that the problem

3|2 ) <,
_i aiz ()gs Mg;) = Whin Q, (P»)
u ;_U = 0 on 01,

has an unique solution in W&’?(Q) X W()l’7((2).

Consider in L' () x L' (Q2) and Wol’?(ﬂ) X W(}’?(Q) the maximum norm which
will be denoted by |- |pi,z1 and |- |5 5, respectively. Therefore we can define
an operator S : L'(Q) x LY(Q) — Wol’ (Q) x W01’7(Q), defined by the equation
S(h,h) = (u,v), where (u,v) € WOI’?(Q) X Wol’j(Q) is the unique solution of (P3).
Arguing as in the proof of Theorem 1.1 we have that the operator S : L'(Q) x
LY(Q) — LY() x LY(Q) given by §" := i 0 § is continuous and compact, where
i W&’?(Q) X W01’7(Q) — LY(2) x L'() is a compact embedding which can be
obtained by [24].

In what follows it will be proved that there is R > 0 such that, if

(u,v) = 05 (u,v) with 6 € [0, 1]

then we obtain that
’(U,’U)’leLl < R
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In fact, if 6 = 0 we get (u,v) = (0,0). In the case 6 # 0, we have that

= (33)

From the definition of S" we have

/i LOupTLou 0 _ [ gy
0 |00x;| 00w 00 Joo
and
N 2
10v|% %1 0v oy

for all (¢,4) € WP (Q) x Wh 7 (Q). By considering (¢, 1) = (u,v) we obtain that

e

pi

< K0P Hully 3

0z ||,

and

ov

Ti || g

N
> < K02 Hvly 7,

=1

where K > 0 is a constant that does not depend on 8. Then it is possible to obtain
R > 0 such that

|(U,’U)|L1><L1 < R.

Thus by Schaefer’s Fixed Point Theorem, there exists (u,v) € LY(Q) x L}(), such
that

(u,v) = 8 (u,v) and |(u,v)| 1411 < R.

Therefore
2 u oo
/ Z 8% o 9 = Q(TU)¢> (4.11)
and
N —2
ov |17% ov Oy
/Q z; oz, owow = ),V (4.12)

for all (¢, ) € ?( Q) x VV1 7( Q). By considering the pairs (¢, 1) = ((u—u)™*, (v—
v)T) and (&, ) ((u—w)", (v —2)T) in (4.11) and (4.12) we obtain that u(x) <
u(x) <u(zr) and v(z) < v(x) <v(x) a.e. in €, which concludes the proof. O

Il O»—\
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5. Proof of Theorem 1.3

We will start by constructing u for the all cases of the result. Let € > 0 be chosen
before. From Lemma 2.2 there exists u € I/VO1 ’7(9), the unique solution of the
problem

Pi—2 Ju
8:@

N9 0
_;axiﬂa;

uw =0 on 9.

) =einf, (5.1)

1
From Lemma 2.4 it follows that ||u|/cc < Ceri~T, where C is a constant that does
not depend on e. Therefore ||u||oc < ¢ for € > 0 small enough, where 0 is given in
(Hy). Consider gy > 0, which depends on « and £, such that

1

)

Thus for all for all 0 < & < ¢p we have from (5.2) and (f); that

— 561 2 £0- (5.2)

u17+f(x,U) > 5 <Cem 1) — B
2( Ceori- ) e (5.3)
> €
0 /| Ou P20
T = a:ci()ai p 20;2) '

Note that = € L}(®) for all ¢ € Wh7 ().

In fact, since p; > 2 we have WOL?(Q) < W12(Q) and by Lemma 3.1 we have
u(z) > Kd(x) a.e. in Q where K is a constant.

Let Wy be the first eigenfunction of the operator (—A, WOM(Q)) Recall that
there are constants 0 < | < L such that ld(x) < ¥;(z) < Ld(x) a.e. in Q. Thus by

Lemma 2.1 it follows that % € LY(Q). From (6.5) and the integrability of % it
u u

follows that u satisfies (1.1).
Now consider the function @ for the case i). Let R > 0 and denote by Bpr :=
Bgr(0) an open ball centered at the origin with radius R > 0 and such that Q CC Bpg.

Consider w € W& 7 (BRr), the solution of the problem

Y9 /0
_;8%(’8;1;

w =0 on 0BpR.

Pi—2 Qw
8.7}1'

) =1inBr (5.4)
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By Lemma 3.1 there exists a constant Cjy > 0 such that
w(z) > Codgr(z) a.e. in Bp, (5.5)
where dg(x) := dist(x,0BR), * € Br. Thus by (5.5) we obtain for £ > 0 that
dr(x)(Ew)™" < CoVdp(x)" 7677 < Co "(2R)* 677 ae. in Bp, (5.6)

which implies that dr(§w)™7 € L*°(Q2). Thus there exists u € W&’?(Q) N L>(Q),
the solution of the problem

N9, 0u
_;Gasiﬂﬁai

1=

u =0 on 0B8R,

pi—2 Ou
Gmi

) = dule)(eu@) "+ Min By

where M > 1 is a fixed constant. Let dg := mingdg(xz) > 0. Choose £ > 0 small
enough such that

(dge™ = Dllwl ;L ) > 20 (5.8)
Since f is continuous it is possible to choose 8 > 0 small enough such that
M + Bf(z,u) < 2M a.e. in Q. (5.9)
Then by (5.8) and (5.9) we obtain that
(dg€ " = Dw™ 7 > M + Bf(x,u) a.e. in Q,
which implies the inequalities

dn(@)(€w)™ + M >2M + Bf (z,7) + w ™"

B - . (5.10)
>w '+ Bf(x,u) a.e.in Q.

Since M > 1 it follows from Lemma 2.5 that u(z) > w(z) a.e. in Bgr. Then by (5.7)
and (5.10) it follows that

N P ou
_; dx; (‘a;

Using again the fact that M > 1 we obtain from Lemma 2.5 and the equations (5.1)
and (5.7) that u(x) > u(x) a.e. in Q. Thus the first part of the result is proved.

Regarding the second part of the result denote by u € VVO1 ’7(9), the unique
solution of the problem

N P ou
_; d; (‘a;
=0 on 0Bpg.

Pi—2 Ju
=) >u" ) a.e. in Q.
c%zi) >u T+ fBf(z,u) a.e. in Q

pi—2 Ou
8IZ’

=uin B
) PR (5.11)
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Consider 6 > 0 the distance of the sets OBr and 9. For all n € N we have by
Lemma 3.1 that
Pi—2 Ju

N __
o lm

>p—a 7 — OB(|lullist + 1)

) —a " - Bf (@)

>p—u "= CB(prnt +1)
1

min { (4) 777, ()77 b min{s, 5}

in 2, where § > 0 is such that d € C?(Bsy).

Since r < pp then it follows that the right-hand side of (5.12) is nonnegative
for p > 1 large enough. For € small we get ¢ < 1 < p. Thus by (5.1), (5.11) and
Lemma 2.5 it follows that u(z) < u(x) a.e. in €.

Therefore we have a sub-supersolution (u,@) for (Pg), in all cases stated in
Theorem 1.3. Thus by Lemma 1.1 we have the result. OJ

r=1
> p— —CB(pr=t +1),

6. Proof of Theorem 1.4

We will start by constructing the function u, v for all cases of the result. Let ¢ > 0
be chosen before. From Lemma 2.2 there exists (u,v) € WOL?(Q) X W&’7 (©) such
that

N oo Ou |Pi—2 Ou, .
_;axi(‘axi axi) =einf, (6.1)
uw =0 on 09,

N oo ov |22 dv .
B Z; Dz, (‘ Dz, (%si) =einf, (6.2)
v =0 on 0f.

1 1
From Lemma 2.4 it follows that [|ul|cc < Ceri=1 and ||ul|oo < Cea-1 where C
is a constant that does not depend on €. Then it follows that ||us, ||v]|ec < d for

0 < e < gp with g9 > 0 small enough, where ¢ is given in (H;). Consider also that

1
——7 — Pa > <o (6.3)
(Ceo)
and
1
Y1 _Bclzso (64)
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From (6.1), (6.2), (6.3), (6.4) and (H ) it follows that

1
f—l-ﬁflznv ) >

> <C€q1 1) Bel
— Bc
ey 65)
>e
N .
(e
and
ul,m + Bfa(z,u) > €
N - (6.6)
S an (ol an)

i=1
which implies that u and v satisfy (1.2).
Regarding the functions w and v for the first case consider w € W, ?(Q) (5.4)
and w € VVO1 7( (2), the solution of the problem

N (3' a~
_; a:ciqaz
w = 0 on 0BRg,

where Bp denotes an open ball centered at the origin with radius R such that
) CC Bg. By Lemma 3.1 there exists a constant Cy > 0 such that

min{w(z),w(x)} > Codr(x) a.e. in Bpg.

%—2 Qw
8xi

) — 1 in Bp,

Arguing as in (5.6) we obtain that
dp(2)(€w)™™ < Co™ " (2R)' €7 and dp(x)(Ew) 7 < Co™(2R)' 267,

a.e. in .
Thus there exists (u,v) € WOI’?(Q) X Wolj(Q) such that

N 9 ou
L;axi(‘az

u =0 on 0BRp,

Pi—2 Ju

ox;

) = dp(z)(€@(2))™" + M in Bg,

and
%—2 v
8.7}1'

) = dr(@)(§w(x) ™ + M in B,

B Z ox; (‘ ox;

uzOon 0BRp,

where M > 1 is a fixed constant.
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Let dg := ming dr(x) > 0. Choose £ > 0 small enough such that

(dg&™ " — 1)H{B||Z§§(BR) > 2M and (dg€ " — 1)||wHZ;Vf(BR) > 2M.

Since f is continuous it is possible to choose 31, 82 > 0 small enough such that
M + B fi1(x,0) < 2M and M + By fo(x,u) < 2M a.e. in Bpg.
Then it follows that
(dg&™ " = 1w " > M + pfi(z,v) and (dg&™ 7 — D)w™ 72 > M + Ba fo(x, )
which implies the inequalities

dr(z)(§w)™ ™ + M >2M + B fi(z,0) +w™
>w™ " + B fi(z,v)
and
dr(z)(Ew) 2 + M > w™ 7% + Pafa(x,u) a.e. in €.

Since M > 1 it follows from Lemma 2.5 that @(z) > w(z) and v(z) > w(x) a.e.
in Bgi. Then it follows that
—ZN: 9 ( o pi-2 O
i1 8% 8%

aﬂii

) >v "+ By fi(z,0) a.e. in

and

%—2 Jv
a.%i

> >u 2+ Byfa(x,u) ae. in .

N o5 5%
_Z; ox; <‘8::,

K2
From Lemma 2.5 we have u(x) > u(z) and ©(x) > v(z) a.e. in 2. By Theorem 1.2
we have the first part of the result.

Regarding the last part of the result consider (u,v) € T/VO1 ’?(B Rr) X VVO1 ’7(B R)
satisfying

N D2
S (T <
7 =0 on 0BRg,
and
N9 /00 a2 0 _
_;axi(‘axi axi) = in B,

7 =0 on 0Bg,

where > 0 is a constant to be chosen before.
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It follows by Lemma 2.4 that
pi—=2 Ju

N9, 0u
—ZZIM%Z da;

> -7 - Ca(lele + 1)

) —v " = Bifi(z, )

= (6.7)
ZM_@_’Yl _C/Bl(luq171 +1)
1 r-1
> = 71 1 — OBy (pnT +1),
min { ()77, ()7 | min{s,5)
and
N
d /] 0v |42 0v
- e C R _
; ox; (‘8% 8%) u B fo(x, )
L rp=1 (6.8)
Z,u_ _2 _C/BQ(le_l _|_1)

min { (£)7°7 , (£)77 } mins, 3}
in 2, where § > 0 is the distance of the sets 9B and 9Q and § > 0 is small enough

such that d € C%(Bss). Considering p > 0 large enough in (6.7) and (6.8) we obtain
the result because 1 < ¢; and r9 < p1. O
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