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A Class of Quasilinear Dirichlet Problems
with Unbounded Coefficients
and Singular Quadratic Lower Order Terms

Lucio Boccardo, Lourdes Moreno-Mérida and Luigi Orsina

Abstract. We study existence and regularity of positive solutions of problems like

1
—div([a(z) + u?]Vu) + b(:c)?|Vu|2 =f inQ,
u>0 in Q,
u=>0 on 012,

depending on the values of ¢ > 0, 0 < 6 < 1, and on the summability of the
datum f > 0 in Lebesgue spaces.
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Dedicato a David Arcoya (maestro di tutti noi)
per i suoi cinquant’anni

1. Introduction

In this paper we are going to study the existence of solutions for the problem

_div([a(z) + V) + b(a:)$|Vu|2 _f o

u>0 in Q, (1.1)
u=20 on 0f2.
We assume that € is a bounded, open set of RY (N > 2), that
g>0, 0<b<1, (1.2)
f=0,f#£0,  fel™Q), m=>1, (1.3)
and that a(z) and b(x) are measurable functions such that
0<a<a(z)<p, (1.4)
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0<p<b(z)<uw. (1.5)
The boundary value problem (1.1) is a quasilinear elliptic problem having a
lower order term with quadratic growth with respect to the gradient. The interest in
the study of this kind of problems arises naturally since the Euler-Lagrange equations
of some integral functionals of the Calculus of Variations are of this form. This is
one of the reasons why the quadratic growth is also called “natural”. If the principal
part is like a p-Laplace operator, the natural growth of the lower order term is
of order p. A general theory of the existence and the motivation of the study in
VVO1 P(Q) N L*>®(Q2) can be found in [12]. Furthermore, simple examples of integral
functionals show that the assumption

“the quadratic lower order term has the same sign of the solution”

is natural, and it allows (see [11]) to prove existence of unbounded solutions (always
in VVO1 P(Q)). Such assumption was also used in [8] to prove the regularizing effect of
the lower order term: i.e., existence of finite energy solutions even if the right hand
side is only a summable function (if the datum is a measure, nonexistence results
can be found in [9]). A complete study of these problems can be found in [5], [15]
(see also the papers cited therein).

Recently, a problem introduced by D. Arcoya (see [1] and [2]) gave a strong
impulse to the study of quasilinear problems having a quadratic lower order term
which becomes singular where the solution is zero, since it depends on a negative
power of the solution. This is the case of problem (1.1), which has the added diffi-
culty of having an unbounded elliptic operator. Problems like (1.1) can be seen (at
least formally) as Euler-Lagrange equations of functional integrals of the Calculus
of Variations. For example, if f belongs to L?(f2), and

1—
g=1—-0, and b(x)ETe,

then solutions of (1.1) are minima of the functional

10 =5 [ fa) + 1w = [ fo. (16)

defined on a suitable subset of I/VO1 2(0).

The study of problems with these features was developed in several recent
papers (see [6], [3], and the references therein); here we follow the approach of [6]
(see Section 2 for the details).

Our main result is the following.

Theorem 1.1. Suppose that f belongs to L'(Q), and that (1.2), (1.4) and (1.5) hold
true. Then there exists a solution u of (1.1), with u > 0 in €,

[a(x) + ul]|Vu| € LP(Q), Vp < b(z)|Vul>u=? e LY(Q),

N
N-1’

/Q[a(z)—{—uq]Vquo—i—/ b(z) W“‘Q /fg&, (1.7)

Q

and
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for every ¢ in Wol’p(Q), p > N. Furthermore, we have the following summability
results for w:
if 0 <qg<1-—0,u belongs to W&’T(Q), with r = N]%Q__;)) ;
if 1 —0 < q<1, u belongs to Wol’r(Q), for every r < %Srq;fi ; (1.8)
if g > 1, then u belongs to WOLQ(Q).

Remark 1.2. Remark that stfz__;) < %Sf];_li ifg>1-—80.

We will prove Theorem 1.1 by approximating problem (1.1) with a sequence
of nonsingular quasilinear quadratic problems with bounded data, and then proving
both a priori estimates and convergence results on the sequence of approximating
solutions (see Lemma 2.1 and Lemma 2.5). We will then prove regularity results on
the solutions, depending on the summability of the datum f and on the possible
values of ¢ and 6. In the final sections, we will study the minimization of functionals
like (1.6) (and the connections to (1.1)), and the correct assumptions on the datum
f in order to have test functions in WO1 2(Q) N L°() instead of Lipschitz function
as in (1.7).

We will make frequent use, in what follows, of the truncation function Tj(s) =
max(—k, min(s, k)), defined for £ > 0 and s in R, and of its “companion” function
Gr(s) = s — Ti(s).

2. Proof of the main result

As stated in the Introduction, we approximate problem (1.1) by a sequence of non-
singular, quadratic quasilinear problems with bounded data.

Take 0 < € < 1 belonging to a sequence converging to zero, and consider the
following problems

ue|Vue|? f
(luel +)41  1+ef
ue =0 on 0f).

—div([a(z) + |ue|?]Vus) + b(x) in Q,

From the results of [8], [11], it follows the existence of a solution u. in VVO1 2(Q) N
L>(9). Moreover u. > 0 since the right hand side is positive (by the assumptions

on f) and since the quadratic lower order term has the same sign of the solution.
Therefore u. solves

. ue | Vue|? f .
“div([a(z) + w9 Vue) + b() (ua‘—|—5)69|+1 =m0
€
ue >0, in Q. (2.1)
ue =0 on 0,

in the sense that wu. satisfies

b(x)u5|Vug|2 o f
/Q[a(x)—kug]Vuqu)—l—/ﬂW@—/Szl+6f¢ (2.2)
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for every test function @ in Wol’2((2) N L>(9).

We are going to study the properties of the sequence {u.} of solutions of (2.1)
in the following lemmas, with the aim of passing to the limit in order to obtain a
solution of (1.1). Note that a priori estimates are not enough due to the nonlinear
nature of the equation, so that strong convergence results (in suitable spaces) will
be necessary.

Our first result yields some a priori estimates on {u. }.

Lemma 2.1. Suppose that (1.2), (1.3), (1.4), and (1.5) hold true. Then the sequence
{uec} satisfies the following estimates for every e > 0, and for every k > 0:

Ue| Vue|?
/Qb(a;) (%'H 9|+1 _/f, (2.3)
7 [l + i < [ B (2.4

Furthermore, the sequence {Ty(us)} is bounded in Wol’z(Q), the sequence {u:} is
bounded in WOI’T(Q), with v as in the statement of Theorem 1.1, and the sequence
ud|Vue| is bounded in LP(QY), for every p < %

Remark 2.2. As a consequence of Lemma 2.1, there exists a subsequence (not rela-
beled) and a function u € WO1 "(Q) (with r as in the statement of Theorem 1.1) such
that u. almost everywhere converges to u, and Tj(u.) weakly converges to Ty (u) in
W01’2(Q) for every k > 0.

Proof of Lemma 2.1. Take k > 0, and choose % as test function in (2.1). We
obtain

ue| Ve |? Uge
P o) oo + [ b e i)

f Tk(us)
S/QlJref ko

Dropping the nonnegative first term, we obtain

u6|vu€’2 Tk(ue)
/Qb(x)(u5+5)'9+1 k </1—|—6f k /f

Letting k tend to 0 we deduce (2.3) by Fatou’s Lemma.
On the other hand, dropping the nonnegative second term of (2.5), we have

¢ Lo+ aiviop < [ LT o ] T

, (2.4) holds true. As a consequence of (2.6) and using (1.4) it easﬂy follows the
boundedness (with respect to ¢) of the sequence {T}(uz)} in WO1 ().

Next, we study the estimates of the sequence {u.} in T/VO1 (). We split the
proof in three parts according to the values of ¢ and 6.

If 0 < ¢ <1-—0, starting from (2.3), and using (1.5), we have

H |Vu€|2 / Ue 2 /
B <pu Vue|"< [ f.
200 Jou>1y ol fuc>1} (ue +€)0H ) Q

(2.5)

) (2.6)
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Then, if r < 2, and thanks to Holder inequality,

2—r
a T or \ T3
[iweiar = [FERILE <o ([ )70 e
& Q U62 {ue>1}
Choosing r such that r* = QGTTT, we obtain r = 7]\[]&,2__99) < 2 so that, by Sobolev
inequality,

0

o0 o
</ Gl(ug)r*> < Cg( ur*> ' < C3</ Gl(ug)T*> +Cs.
Q {ue>1} Q

Since 0 < r (as it is easily seen), the last estimate implies that G;(u.), hence u., is
bounded in L""(2). Using (2.7), we then have that Gy (u.) is bounded in W, ().
Since T1(ue) is bounded in Wol’z(Q), hence in Wol’r(Q), we have that u. is bounded
in W, (), as desired.

If 1—6 < q<1,choose as test function 1 — (14 u.)!~*, with A > 1. Dropping
positive terms, and using (1.4), we obtain,

/(““mv wl< [ 7,

which then implies (since g < 1)

min(a,l)/ EH%AIV < /f

If r < 2, we then have, as before,

[rvur=[ %(Hus)*”?”
o (1+u)s

< <C4/Qf>3(/Q(Hua)r@_rq))gf

Choosing r such that r* = T(Q)‘__TQ), we have r = ]\715,2:75__;‘); since A > 1, we have
N(g+1)
T < Nig—1 < 2. Thus,

q

([) za( farwr)™,

which, since A — ¢ < r, implies the boundedness of u, in L™ (€2). This boundedness
then implies the boundedness of u. in WO1 (), as desired.
If ¢ > 1, we choose as test function 1 — (1 4+ u.)'~9, which yields

min(co, 1) 14 ud 9 /
——— [ |[Vu]* < 1 \Y < ,
s [V <mino,n) [ G vap < [ f

from which the boundness of {u.} in VVO1 2(2) follows.
Finally, starting again from

o (14+u)*7 =~ min(a,1) Jo '
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which holds for every A > 1, we have

Vue|P (A+a)
/ng‘vua‘pg/%(l—i—ua)p 7
Q Q (1 T2

+u.)
) <mm(1‘“)/gf> </Q(1+u€)”2*fs>>27

P 2—p
O\ o p(A+q) 3
</ u§q+1)p ) < Cﬁ(/ Ue ar > .
Q Q

(/\+Q) N(2+g—))
N(g+1)-(A+q)°

an estimate on ud|Vu.| in LP(Q), for every p < N]Xp as desired. O

[MIS]

which then implies

Choosing p so that (¢+1)p* = yields p = Since A > 1, we have

The next result yields the strict positivity of u. Before stating it, let us define
for ¢ > 0 the functions

(t+)l=0 — 10 -0
H.(t) = Hy(t) = 2.
10 . =1, 2.3
and
—pHe® _,Ho®
O (t)=e""a Oo(t) =e " a . (2.9)

Lemma 2.3. Suppose that (1.2), (1.3) (1.4) and (1.5) hold true. If u is given by
Remark 2.2, then u > 0 in Q.

Proof. Let v be fixed in Wol’z(Q) NL>(Q), with v > 0, and choose v ®(u.) as a test
function in (2.1), which can be done since it belongs to Wol’2(Q) N L>°(€2). Hence,

using that

1
(1) =~

amq’e(t)v

we obtain
v
/Q[a(a:) + ud]VuVo <I>52(u5) - /Q[a(:zr) + ug]m O (us)v
ue | Vg B f
—|—/Qb(m)(u€+€)9+1(1)5(us)v—/g 1+5fv(1)5(u5).
Since v > 0, using (1.4) and (1.5), we have

ue|?
/[ () + ul]VuVo @, (us)—/ M@J%)v
Q @ Jo

’ : Jg& + u)?
Vue
+/QV(U6+E)9(I)6(UE)U > 1+f (us)
Hence,
/{<I> ue)[a(z) + ud]}Vu Vo > T _{ fv e(ue), (2.10)

for all v in I/VO1 2(Q) N L>®(Q) with v > 0.
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Now, given § > 0, define the function

1 if0<t<l,
Ps(t) =9 —2(t—1-6) f1<t<d+1,
if64+1<t,

0
and fix a function ¢ in W01’2(Q) N L>®(2) with ¢ > 0. Taking v = ¥s(us)p in (2.10)
we have

f
[ ) @) fao) + VT 2 [ ) vilue) o
—i—% O (ue)[a(x) + ul)|Vu:|* ¢

{1<ue (z)<6+1}

and thus, dropping the positive term,
f (I)s(ue)

[ st) @) falo) + Vv = [ IR

Then, passing to the limit as § tends to zero, we obtain

4@Aﬂwmmwﬂﬂﬂ%”Vﬂ(”V@ZA%%Q} L+ f

Vs (ue) @ -

Since, by Remark 2.2, VT}(u.) weakly converges in (L?(Q))", we can pass to the
limit in e even if our original problem is nonlinear, to obtain

S @o(Ti(w))
/Q%(Tl(u))[a(x) +T1(u)]VTi(u) Ve > /{05u§1} 14 f
for all o € Wy™*(2) N L¥(Q), ¢ > 0.

If we define
T1 (u(z))
ww = [ wdr,
0

we have that w belongs to VVO1 2(€2); furthermore, since
o (T1(u)) > Bo(1) = e (-0 >0,

we deduce from the last inequality that

[ﬂﬁh”ﬁm

Lo+ ni1veve> [T 20 le, @

Q

for all ¢ € VVO1 2(Q) N L®(Q), ¢ > 0, and then, by density, for every nonnegative ¢
in VVO1 2(Q) Hence, w is a supersolution of a linear Dirichlet problem with a strictly
positive and bounded, measurable coefficient, since

o <a(z)+Ti(u)? < B+1,

and with right hand side a nonnegative function, not indentically zero. The strong
maximum principle (see [14]) then implies that w > 0 in §2. Since 77 (u) > w (due to
the fact that ®y(t) < 1), we conclude that T7(u) > 0 in €, which then implies that
u >0 in Q, since u > Ty (u). O
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Remark 2.4. The conclusion of Lemma 2.3 is a consequence of the strong maximum
principle. Moreover, Harnack’s inequality gives the stronger conclusion: if w CC (,
then there exists ¢, > 0 such that u > ¢, > 0.

Now we prove that the gradients of the approximating solutions u. almost
everywhere converge in ). Due to the nonlinearity of the equation, this result will
be crucial in order to pass to the limit in the approximate equations. Related results
can be found in [4] and [10].

Lemma 2.5. Suppose that (1.2), (1.3), (1.4), and (1.5) hold true. If u is given by Re-
mark 2.2, then there exists a subsequence (not relabelled) such that {Vu.} converges
to Vu almost everywhere in Q. Furthermore, u is such that b(x)|Vu|>u=% belongs to
LY(Q), [a(z) +u9]|Vu| belongs to LP(XY), for every p < i, and for every k > 0 we
have

1 q " 2 Tk(u)
k/ﬂ[a(m)—i—uHVTk( ) g/ﬂf ) (2.12)

Proof. Given h, k > 0, we choose Tp[us — T (u)] as a test function in (2.1) to obtain,
using (2.3), that

o [ 19T = Tl < 2011, — [ la) + w19 TL(@) VTl = Ti(w)].
Setting M = h + k, we remark that VT, [ue — T}, (u)] # 0 implies u. < M. Hence,
/Q la(z) + ul]V T(u) VT [ue — T ()]
_ /Q (a(x) + Tar ()] VT () VTh e — To(w)].

Since T, [u: — T (u)] weakly converges to Tj[u — Ty (u)] in (L2(Q))Y, while [a(z) +
T (ue )4V Ty (u) strongly converges to [a(z) +Tar(u)?|VTi(u) in the same space, we
have

lim [ [a(x) + uwd]VTi(u)VTh[ue — Ti(u)] =0,

e—=0t Jo

since VT (u)VTh[u — Ti(u)] = 0. Therefore,

Mmmm/an L)l < 2011, - (2.13)

e—0t

Now, let s < r < 2, where r is as in the statement of Theorem 1.1. If R is such that
the norm of {u_} in W, (€2) is bounded by R (see Lemma 2.1), we have

E/wawwzf V(s — w)l?
Q {|ue —u|<h,u<k}

' Vo [ V-
{Jue—u|<h,u>k} {Jue —u|>h}

/ VT ue — Tx(w)]|® + QSRSmeas({u > ke
+2° R¥meas({|u. — u| > h})'~
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Since u. converges to u in measure, using Holder’s inequality and (2.13), we deduce
for every h > 0 and k > 0, that

2n (£l .
limsup/ |V(ue —u)|® < ( (Q)> meas(Q)' 2

e—0t

+25~ ' R*meas({u > k})' 7" .
Letting h tend to zero, and then k tends to infinity, we obtain
lim / |V(us —u)|* =0, (2.14)
e=0t Jo

which then implies that (up to a subsequence) Vu. almost everywhere converges to
Vu in .

Using the almost everywhere convergence of both Vu. and u., Fatou lemma
and Lebesgue theorem, we can pass to the limit in (2.4) to have that

Ti(
k/) ) + ul] |V T, (u)? < fk

which is exactly (2.12).
Furthermore, the fact that Vue converges to Vu almost everywhere in Q, (2.3),

and Fatou Lemma imply
\V4 2
[ %< [ 5.
Q U Q

which is what we wanted to prove.
Finally, using the almost everywhere convergence of the sequence Vu., the
boundedness of ud|Vu.| in LP(Q), for every p < %, and Fatou Lemma we obtain

that u?|Vu| belongs to LP(12), for every p < -, as desired. O

We are now ready to prove the main result of this paper.

Proof of Theorem 1.1. We are going to prove that the weak limit v given by Remark
2.2 is a solution of the singular problem (1.1). By Remark 2.2 and Remark 2.4 we
recall that u belongs to Wol’T(Q), and is such that u > 0 in 2. Moreover, [a(z) +
u9]|Vu| and b(z)u=?Vu|? both belong to L'(Q) by Lemma 2.5.

In order to prove the result, we have to pass to the limit in (2.2). To this aim,
let 0 < B(s) < 1 be a function in C*(R) such that
?ﬁogsg;

B(s) =
(s) 0 ifs>1.

Furthermore, if £ > 0, and u as in Remark 2.2, we define

Remark that by Lebesgue theorem, and the assumptions on f, one has

lim Q(k) = (2.15)

k—4o0

The proof of the result will be achieved in two steps.
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STEP 1. THE FIRST INEQUALITY. We fix ¢ € W(}’p(Q), p > N, with ¢ > 0 and take

o= vs(})

as a test function in (2.2). Since

Vo — B<k>v¢—|—w3’(k>Vug V¢B<%) ;fB’(k)VTk(us),

by the assumptions on B, we have

[ o) + Tutu) 19T ) V0B ()

4 [ o) + T VTG P 5 ()

Q k
b(z) Ty (ue) |VT]€(’LL5)‘2 6 o / Ue
0 (Tu(w) o)+ vB(Y _/91 gf‘”B(?)'

Hence, using (2.4), we have

+

\www

/ la(z) + Tk(ue)q]VTk(ug)Vz/JB(%)
(@) T(w) IVTR(w) 2
[ o B(F)

(ue + €)0+1
f :
< [ T vB(5E) 18 e Wl iy [ 1

Using the weak convergence of the truncates in VVO1 ’Z(Q), and the almost everywhere
convergence of both Vu,. and u., we can use Fatou lemma and Lebesgue theorem to
pass to the limit in the above inequality as € tends to zero to obtain

u xr u 2 u
[ lata) + Teta )]VTk( wwon(y)+ [ PE Ry p(3)
/ 19 B(2) 4 1B 161 g QE)

T (ue)

for all ¢ € Wo’p(Q), p > N, with ¢ > 0.

Now we let k tend to infinity; using the fact that B is bounded, that [a(z) 4+
u?||Vu| belongs to LP(Q2), for every p < %, and that b(z)u~?|Vu|? belongs to
L'(Q) by Lemma 2.5, and (2.15), we obtain

Lt +uyvuvy + [ ML < [ gy,

for every ¢ € Wol’p(Q), p > N, with ¢» > 0; i.e., u is a subsolution of problem (1.1).
STEP 2. THE SECOND INEQUALITY. Let ¢ be in Wy*(Q) N L°°(Q), with ¢ < 0, let
H. be given by (2.8), and choose

vHe (ue) Uge

o=ve = B(Y)
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as test function in (2.2). Thus, recalling that both B(%) and B’(%) are zero on the
set {us > k}, we obtain

/ [a(a) + Ti(ue) | VT (e Vipe™ " B(%)
Q >
. / la(x) + Tk;(us)q]M ver T B(%)
Q

¢ (T (us) +€)°
/ﬁm>+nwamvn<>?we””®3(f)
T (% u 2 vHe (ug u
et oy
vHe(ue) (U
Ql—i—sfwe ’ B(?)

Remark now that, by the assumptions on a and b, and since ¥ < 0, we have

|V Ty (ue)|? _vHe(ue) _rug [ b(x)Tk(us) v
—_— a B(—) —————~ — —Ja(x) +ul]| >0.
(Tk(Ug) + 6)9 k Tk(ug) +e a[ ( ) 8] -
Therefore, using the almost everywhere convergence of both Vu,. and u,., the weak
convergence of Ty (u.) in Wol’z(Q), Fatou lemma and both (2.4) and (2.12), we obtain,

letting € tend to zero,

[ o) + ) 19T () Ve TWB@)

X u 2 _ vHg(u) u
S S G ©)

Hq(u)

< [ 1oe B () + 1B e g 9] ) Q).

The idea now is to take a particular function v and pass to the limit as k£ tends
to infinity. Let & > 0 be large enough such that

& (2.16)

2v
is well defined (see (2.15)), and note that

UWZ(_MLW“mmmﬁg

lim o(k) =400,
k—4o00
since the argument of the logarithm tends to zero as k diverges. Note also that, by

definition,
v Hy(o(k)) 1
o = ———. (2.17)
Q(k)
Let ¢ belong to C(£2), with ¢ < 0; since u is strictly positive on compact subsets
of Q (see Remark 2.4) we have that u=? ¢ belongs to L>(f2), so that the negative

function e
vHg(u u
—e o B(——
v=e (J(k)) 4
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belongs to VVO1 2(Q) N L*®(Q) (also because both B and B’ have compact support
in R). Hence, it can be chosen as test function in (2.16) to obtain, after cancelling
equal terms, and using (2.12) and (2.17),

[ lat@) +§k<)u|>;]Tv(Tk)<;>WB(Z) B(5)
s [ e s (1) (o)

u

< [ 16B(3) B(5) 17 191 ) VOB
+1)H Hmuwum oy [80) + Togey (]9 Ty )

< [ 16B(3) B(5) 17191 ) VOB
A8, H«pHLm oy QoR)).

To finish, we pass to the limit as k tends to infinity. Using once again that B is
bounded, that both [a(z) + u9]|Vu| and b(z)u~?|Vu|? belong to L'(Q2) by Lemma
2.5, and (2.15), we have

/Q[a(a:)%—uq]Vquo-l-/Q |Vu]2 /fgo,

for all ¢ in CL(Q), with ¢ < 0. Using the results of Lemma 2.5, we conclude by

density that
v 2
/Q[a(x)—{—uq]Vquo-i-/Q ) [Vl /fgo

for all ¢ in W&’p(Q), p> N, with ¢ <0.
Putting together the results of both steps we conclude that

[ la@)+ wvavio+ /Q 2 Vul? <[ 1.

for all ¢ € Wol’p(ﬂ) p > N and then (exchanglng » with —¢)

/Q[a(x)+uq]ww+/ﬂ o) [Vul’ /fcp

for every ¢ in Wy*(Q), p > N. O

3. Summability results

As stated in the Introduction, in this Section we prove some regularity results on
the solution u given by Theorem 1.1, depending on summability assumptions on f,
and on the values of both ¢ and 6.

Theorem 3.1. Let § = min(6,1—q), and let 1 < m < % Then the solution u belongs
to L*(QY), where s = m*™*(2 — §). Furthermore, if ¢ < 1, then

1) ifl<m< (%)/, then u belongs to WOM(Q), with r = N]erfiéa) ;
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2) if m> (%),, and m > 1, the u belongs to Wol’Q(Q).

If ¢ =1, then m > 1 implies u in Wol’Q(Q), while if ¢ > 1 then u belongs to Wol’z(Q)
by the results of Theorem 1.1.

Remark 3.2. Note that, by definition, § < 1.
Before giving the proof of Theorem 3.1, we need a lemma.
Lemma 3.3. Let § = min(6,1 — q), and let v > 0; then there exists Cy > 0 such that
Yt +e) a+ 1) +pt(t+e) 70 > Colt+)°, (3.1)
for every t > 0.
Proof. Multiplying (3.1) by (¢t 4 £)°~7, we have to prove that
Yt 4 ) Ha+t1) + pt(t +)° 17 > Cy > 0.

If 6 = 0, we have to prove that

o+t t
>Cp>0.
freid  Mire =

i

a+t? « «
Clearly, if t > ¢ we have ? > 1 5, while if £ < ¢ we have Tte) =7 > 55) 1= > 517,

since £ < 1; therefore, the claim is proved.
If, instead, 6 = 1 — ¢, we have to prove that
o+t t
+ u 5 =
t+e)t Dt 4e)t
which is true since the first term is greater than ; if ¢ > ¢, and is greater than 37
ift<e. O

’Y( >Cy>0,

Proof of Theorem 3.1. The key point is to prove an a priori estimate on the sequence
{u} since the compactness has been proved in Theorem 1.1.

Let v > 0, and choose, following [7], (us + )7 —€” as test function in (2.1); we
obtain, using the assumptions on a and b, and dropping a negative term,

_ Ue (U + €
v [t uu+ o v [

Q(Ua+)
\Y%
S/f(u5+5)7+57/m_/f (ue +¢€)7 + Cre”,
Q

where in the last passage we have used (2.3). In the left hand side we have
[ 1VeP e ) e+ 7 e+ 207,
Recalling Lemma 3.3, we have, if 6 = min(0,1 — q),
/Q (e + &) | Va2 < O /Q e +2)7 + o (3.2)

Now we rewrite
—5+2 y—06+2

v-o u2:74 ue+e) 2z —ez P
et e el = i [ 19l +2) 2,
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and use Sobolev and Holder inequalities to obtain

1

2 1
(y=342) (Y=6+42) o \ 2¥ \ m
(/Q[(uEJrg)" e }2) §03||fHLm(Q)</Q(ug+s)7m) + Cs.

Since [(t + €)% — eP)% > Ou(t + €)' — Cy, for every t > 0 (and for a suitable O
independent on ¢) we then have

2% (- 5+2) 2 N 7
</Q[C4(ua+e) o 04]> < cgufum(m</9(u5+g)vm> LGy

Choosing 7 such that %(7 — 4§+ 2) =~ym’ yields
N(m —1)(2-0)
N —2m ’
and then v > 0 (since m > 1), and ym’ = m**(2 — 0) = s. Therefore, we have

’y:

2 1
* m’

</Q[C4(ua+5)5 _(14])2 < ngf\Lm(Q)(/gz(uﬁg)s) s

2 1 1m0 N
5% > 7 being m < 7, that

2—46
||u€||LS(Q) g C5||f||Lm(Q) :

which then yields, since

By Fatou lemma, and the almost everywhere convergence of u. to u, we obtain that
u belongs to L*(2), as desired.
Remark that once v is chosen, (3.2) becomes

/(u6 +e) 70|V * < Cg/ flus +¢€)7 + Cae” < Cs. (3.3)
Q Q

Now we turn to gradient estimates. If ¢ < 1 and « > ¢, that is if m > (%)/,

from (3.3) we obtain
/ Vuel? < C7,
{ue>1}

which, together with the boundedness of T} (u.) in WO1 2(Q), yields that u. is bounded
in the same space. Therefore, u belongs to VVO1 2(Q).
If, instead, 1 < m < (%)/, ie., if vy < 4, let r < 2 and write

Vue|" (5—y)r
/|Vu5]T:/‘E(|5_W(u5+€) =
Q Q (ug —|-5) 2

Then, by Holder inequality, and (3.3)
(—)r\ 2
([e+a)
0

T |VUE|2 )
Vu,|" < —_—
/Q| U| </Q(us‘|’5)6’y )
§C7</(ug+e)(‘2_1”> ’
Q

2—7r

N3
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(6—y)r _ Nm(2-9)
2—r ~—  N-2m >

. Therefore, u. is bounded in W& "(€), so that u belongs to the same

with v = W This yields

We now choose r such that
_ Nm(2-¢)
- N-om

space.
If g =1, and m > 1, we choose log(1 + u.) as test function in (2.1), to obtain,
after dropping nonnegative terms, that

min(a, 1)/ |Vu5|2§/ a+u5|Vu€|2§/flog(1—l—us),
Q o l+ue Q

and this gives an a priori estimate of u. in VVO1 2(Q) since log(1 + u.) is bounded in
L™ (Q). O

Remark 3.4. If we assume that f belongs to L™ () with m > %, we can prove that
the sequence {u.} is bounded in Wol’Q(Q) N L>*(2) (so that u € L*(Q) as well).
Indeed, taking Gi(uc) as a test function in (2.1), using the sign condition on the
quadratic lower order term and dropping the positive terms we obtain that

a/Q|VGk(uE)|2§/Qka(Us)

which implies the result by the classical Stampacchia boundedness theorem (see
[16]). Once we have proved that boundedness of u. in L*°(2), the boundedness of
U in W& 2(Q) easily follows (choosing for example u. as test function).

Remark 3.5. If ¢ = 1, it is enough to assume that flog(1l 4 f) belongs to L'(Q) to
obtain that u belongs to W01’2(Q).

4. Minimization

In this Section we deal with the minimization problem for a functional of the Calculus
of Variations whose Euler-Lagrange equation is of the type of (1.1), with ¢ =1 —6;
note that this case is the “dividing range” in every result on the solution u of (1.1)
proved so far (see (1.8) in Theorem 1.1 and Theorem 3.1).

Let us define the functional

Iw) =5 [fa@+ TP~ [ o, veWEH@QNLT@).

We have the following result.

Theorem 4.1. Let f > 0, f in L™(Q), with m > %. Then there exists a
function u in W(}’Q(Q) N LE=07"(Q), with u > 0, such that
1
2/[0,(:(:) + 0|Vl —/ fu<d), eeWrAQ)NI®Q).  (41)
Q Q
Furthermore, u is a solution of the equation

_ 2
—div([a(z) + v~ Vu) + 170 |V1g| =f inQ,
u

u=20 on 0N).

(4.2)



172 L. Boccardo, L. Moreno-Mérida and L. Orsina Vol.83 (2015)

Remark 4.2. We point out that the result is interesting if

2N + (1 —6)N 2N
<m<
N+2+(1—-6)N N +2

since in this case the functional cannot be defined on WO1 2(Q) (both terms may be
unbounded).
Proof. Let € > 0 and define

s

ga(t):(l—G)/O sta

and note that, for ¢ > 0, we have
0<ge(t) <t (4.3)
Define, for v in W01’2(Q), the functional
1

- a\x v 'U2—
s = |3 @ + a9

fo
ol+ef’
+00 otherwise.

if [v]'=0 V|2 € L1(9),

Note that, thanks to (4.3), the first integral in the definition of J. is finite if
|v|'*=?|Vv|? belongs to L'(Q).

We claim that there exists u. in W01’2(Q) N L>®(Q), ue > 0, minimum of J.
on VVO1 2(Q) Indeed, it is easy to see that the functional is coercive, since (recalling

(1.4)) 1
Jo(v) > j/ﬂmﬁ—gjﬂv,

while weak lower semicontinuity in WO1 2(Q) follows from a classical result by De
Giorgi (see [13]). Thus the functional has a minimum u. in I/VO1 2(2), and one can
prove that u. belongs to L>°(2) using standard techniques by Stampacchia (see [16]),
and starting from the inequalities J(u:) < Jo(Tk(ue)), k > 0. The fact that u. > 0
easily follows from the assumption f > 0, using that J(u:) < J:(ul). Furthermore,
starting from the inequality J.(us) < Jz(ue + tg), with ¢ in Wol’2(Q) N L>(£), one
can prove that wu. is a solution of

. 1-40 uz—:|vue|2 f .
—div([a(x) 4+ ge(ue)|Vue) + > (1 o) =13 7 in €,

u: =0 on 01,

(4.4)

in the sense that

-
/Q a(e) + g2(ue) VueVip + /Q :

for every ¢ in W&’z(Q) N L>().

Note now that problem (4.4) is essentially problem (2.1), thanks to inequality
(4.3). Therefore, starting from (4.4) and using the assumptions on m, one has that
ue is bounded in W01’2(Q) (since m > (%)’) and in L*(Q), with s = m**(2 — 0) (see
Theorem 3.1). Therefore, and up to subsequences, it converges, weakly in VVO1 2(Q)

Ue,vueP o= e
ue + )01 ol+ef’
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and weakly in L*(Q), to a function u. Furthermore, Vu,. almost everywhere converges
to Vu in 2 (see Lemma 2.5), and u is a solution of (4.2) (see Theorem 1.1).
Since u, is a minimum of J., and

1
1.0) = 5 [ lata) + g1Vl -
if v belongs to W&’Q(Q) N L*>(£2), we have

1 9 fue 1 / 9 fo

- _ < Z _

5 o)+ oVl - [ 2 <5 @) +a.oivof - [
for every v in WOI’Q(Q) N L>°(Q). The weak convergence of u. to u in L*(Q2), with
s =m**(2 —6), and the assumptions on m imply that

I
m  m*(2—0)

1‘ qu _/

im = [ fu.

=0t Jo l+ef Q

Furthermore, the almost everywhere convergence of u. and Vu,, and Fatou lemma,
imply that

fou
Ql+5f7

<1,

so that

/[a(x) + )| Vauf? < liminf/[a(x) g (u)][Vue]?.
Q Q

e—0t

Thus,
J(u) < liminf Jg(u.) .

e—0t

On the other hand, if v belongs to Wol’z(Q) N L*°(), one also has
lim J, =J
Jim Je(v) = J(v),

and so, passing to the limit in the inequalities J.(u:) < J:(v) one obtains that

1 1
/[a(:z) —|—uq”Vu|2 —/ fu< /[a(a:) +Uq]|Vv|2 —/ fv,
2 Jo Q 2 Jo Q
for every v in Wol’z(Q) N L>(2). Hence, (4.1) holds. O

99

5. “Finite energy” solutions

In this Section we give the precise assumptions on the datum f (depending on the
values of ¢ and ) that allow to widen the class of test function from WO1 P(Q),p> N,
to VVOl 2(Q) N L>(Q), which is the “standard” set of test functions for quadratic
quasilinear equations. In order to do that, we only need to have u?|Vu| in L?(12),
since this assumption (together with the fact that Ty (u) belongs to WO1 2(Q) for every
k) yields that u belongs to Wol’2(Q), and since the lower order term b(z) u~?|Vu|?
always belongs to L'(Q) for any value of ¢ and #, and for every f in L'(Q2). In
analogy with the “standard” quasilinear case, we will call these functions “finite
energy” solutions.
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In order to have u?|Vu| in L?(£2), we can either choose u?™! as test function and
use the higher order part of the equation, or choose u?9? as test function and use
the lower order term. Clearly, in order to do that one has to work on the approximate
equations (2.1), choosing either ud™ or ung, and proving a priori estimates which
then pass to the limit thanks to the results proved in Section 2. Since it is better to
choose the power having the lower exponent, if we define 0 = min(2¢+ 6, ¢+ 1), the

choice of u? yields, after dropping nonnegative terms,

/u%v%ﬁgc/f@+c.
Q Q

Therefore, if we assume that f belongs to L™ (), an a priori estimate on ud|Vu,|
in L2(2) will follow if the summability of uZ is larger than m’, the Holder conjugate
of m.

We now recall that, setting 6 = min(#,1 — ¢), one has by Theorem 3.1 that u.
is bounded in L*(Q2), with s = m**(2 — §). Therefore, the desired a priori estimate

will hold true if
o 1
_— <1 —.
m**(2—96) — m
We now remark that o = min(2¢+6,¢+1) = 2¢g+min(0, 1 — q) = 2qg+ J. Therefore,
the previous inequality can be rewritten as

_2q+0 1
m**(2—9) — m
Recalling that # = % — %, the previous inequality becomes
2N(¢+1) 2N(g+1)

m >

TN@2-0)+4¢+20  (N+2)(g+1)+(N-2)(1-q—0)
If 6 =1 — g, the above inequality is
> 2N
T N+42
in other words, the “standard” assumption on the datum which yields finite energy
solutions for uniformly elliptic and bounded operators, yields solutions such that
ud|Vu| belongs to L%(Q). Since § = 1 — ¢ implies that the principal part of the
equation gives a better estimate than the lower order term, this was somehow to be
expected.
If 6 = 6, the situation is different: in this case, the lower order term is “domi-
nant” with respect to the differential operator, and the assumption on m becomes

. 2N(¢+1) _ 2N(g+1)
TN2-0)+4¢+20 (N+2)(g+1)+(N-2)(1-q—6)’
with 8 < 1 — q. Note that this assumption implies that
2N(qg+1) - 2N
(N+2)(g+ 1)+ (N-2)(1—-¢-0) N+2°
so that if the lower order term is “dominant”, one needs less summability on f in
order to have “finite energy” solutions. Note that, in this case, we have a condition
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depending on both ¢ and € since we want to use the lower order term (where u?

appears) to obtain an estimate on u29. Furthermore, since

2N(g+1)
N2—-0)+4q+26
which is always true, the lower bound on m is always strictly larger than 1. In other
words, if the lower order term is “dominant”, one never has finite energy solutions
in the case of L'(2) data: a fact which is in contrast with well-known results on
quasilinear equations having a quadratic lower order term which does not vanish as
the solution v tends to infinity.

>1 <= (2¢q+6)(N-2)>0,

We therefore have the following result.

Theorem 5.1. Suppose that (1.2), (1.4) and (1.5) hold true, and let

2N
_ N 42
o = 2N(q+1)
N(2—-0)+4q+26

ifd <1—gq.

If f belongs to L™ (), with m > myg, and u is a solution of (1.1) given by Theorem
1.1, then u?|Vul| belongs to L*(Q2) and one has

/Q[a(x)—&—uq]Vquo—l-/Q bla) [Vul” |Vu]2 /fcp,

for every ¢ in Wol’Q(Q) N L>(9).
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