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Analysis and Optimal Boundary Control
of a Nonstandard System of Phase Field
Equations
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Abstract. We investigate a nonstandard phase field model of Cahn-Hilliard type.
The model, which was introduced in [16], describes two-species phase segregation
and consists of a system of two highly nonlinearly coupled PDEs. It has been
studied recently in [5], [6] for the case of homogeneous Neumann boundary condi-
tions. In this paper, we investigate the case that the boundary condition for one
of the unknowns of the system is of third kind and nonhomogeneous. For the re-
sulting system, we show well-posedness, and we study optimal boundary control
problems. Existence of optimal controls is shown, and the first-order necessary
optimality conditions are derived. Owing to the strong nonlinear couplings in the
PDE system, standard arguments of optimal control theory do not apply directly,
although the control constraints and the cost functional will be of standard type.
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1. Introduction

Let © C IR?® denote an open and bounded domain whose smooth boundary I' has
outward unit normal n, let 7> 0 be a given final time, and let @ := Q x (0,7,
Y :=Tx%(0,T). In this paper, we study the following initial-boundary value problem:

(e+2p)put +pupr —Ap =0 a.e. in Q, (1.1)
Spr —Ap+ f(p)=p a.e in Q, (1.2)
op o B
o 0, o au—p) a.e. on (1.3)
p(z,0) = po(z), wp(x,0)=po(x), fora.e. ze€Q. (1.4)

The PDE system (1.1)—(1.2) constitutes a phase field model of Cahn-Hilliard type
that describes phase segregation of two species (atoms and vacancies, say) on a lattice
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in the presence of diffusion. It has been introduced recently in [16] and [5]; for the
general physical background, we refer the reader to [16]. The unknown variables
are the order parameter p, interpreted as a volumetric density, and the chemical
potential . For physical reasons, we must have 0 < p < 1 and p > 0 almost
everywhere in ). The boundary (control) function u on the right-hand side of (1.3) o
plays the role of a microenergy source. Moreover, € and 0 are positive constants,
and the nonlinearity f is a double-well potential defined in (0, 1), whose derivative
f! is singular at the endpoints p =0 and p = 1; a typical example is f = f1 + fo,
with fo smooth and fi(p) = c¢(p log(p)+ (1 —p) log(1 —p)), where ¢ is a positive
constant. It would be interesting to study the non-differentiable case when fi is the
indicator function of a convex subset of IR (the interval [0, 1], say). This will be the
subject of a forthcoming paper.

The PDE system (1.1)—(1.4) is singular, with highly nonlinear and nonstandard
coupling. In particular, unpleasant nonlinear couplings involving time derivatives
occur in (1.1), and the expression f’(p) in (1.2) may become singular. In the recent
papers [5], [6], well-posedness and asymptotic behavior for ¢t — oo and € N\, 0 of the
system (1.1)—(1.4) were established for the case when the second boundary condition
in (1.3) is replaced by the homogeneous Neumann boundary condition du/dn = 0;
a distributed optimal control problem for this situation was analyzed in [7]. We
also refer to the papers [3] and [4], where the corresponding Allen-Cahn model was
discussed.

The paper is organized as follows: in Section 2, we state the general assumptions and
prove the existence of a strong solution to the problem. Section 3 is concerned with
the issues of uniqueness and stability. Section 4 then brings the study of a boundary
control problem for the system (1.1)-(1.4). We show existence of a solution to the
optimal control problem and derive the first-order necessary optimality conditions,
as usual given in terms of the adjoint system and a variational inequality.
Throughout the paper, we make repeated use of Holder’s inequality, of the elemen-
tary Young inequality

1
ab < ~ya® + b b2, for every a,b>0 and v > 0, (1.5)
Y

of the interpolation inequality
lollzr) < lollfo) 0llLe(qy Vo € LP(2) NLY(Q),
6 1-46

1
where p,q¢,7 € [1,400], 6€][0,1], and —=-+ —, (1.6)
r . p q

and, since dimQ < 3, of the continuity of the embeddings H'(2) C L%(Q) for
1 < ¢ <6, where, with constants C; > 0 depending only on (2,

o) < Cqllollmie) YoeHY(Q), 1<q<6, (L.7)

and where the embeddings are compact for 1 < ¢ < 6. We also use the Sobolev
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spaces H*(Q)) of real order s > 0 and recall the compact embeddings H*®(2) C
HY(Q) and H*(Q) C C(Q) for s > 1 and s > 3/2, respectively, and, e.g., the
estimate, with a constant Cs, > 0 depending only on €2,

lolle@ < Coo [v]lg2@) Vve H*(Q). (1.8)

2. Problem statement and existence

Consider the initial-boundary value problem (1.1)-(1.4). For convenience, we intro-
duce the abbreviated notation
H=L1*Q), V=HY(Q), W={weH*(Q): dw/on=0o0n I'}.

We endow these spaces with their standard norms, for which we use self-explaining
notation like || - ||y ; for simplicity, we also write || - |z for the norm in the space
H x H x H. Recall that the embeddings W C V C H are compact. Moreover, since
V is dense in H, we can identify H with a subspace of V* in the usual way, i.e., by
setting (u,v)v+y = (u,v)g for all u € H and v € V', where (-, )y« denotes the
duality pairing between V* and V. Then also the embedding H C V* is compact.

We make the following assumptions on the data:
(A1) f = fi1+ fo, where f; € C?(0,1) is convex, fo € C2[0,1], and
li f{(r) = ~oo. L F{(r) = +ox. (2.1)
(A2) po € W, f'(po) € H, po €V, and
0<po(x) <l Ve, pp>0 ae in . (2.2)
(A3) we HY(0,T; L*T)), and u >0 a.e.on 3.
(A4) a € L>®°(I'), and a(x) > ap > 0 for almost every x €T.

Notice that (A2) implies that py € C(€2) and, thanks to the convexity of f; , also
that f(po) € H.
The following existence result resembles that of Theorem 2.1 in [5].

Theorem 2.1. Suppose that the hypotheses (A1)—(A4) are satisfied. Then the system
(1.1)—(1.4) has a solution (p, ) such that

p e W0, T; H)n H*(0,T;V) N L>=(0,T; W), (
pe HY0,T; H)nC°([0,T); V) N L*(0,T; H*(Q)), (
f'(p) € L>(0,T; H), (
0<p<l aein@ >0 a.cin@. (

Remark 2.2. The H3/2 space regularity for v is optimal due to the L? space reg-
ularity of w given by (A3). Nevertheless, both equation (1.1) and the boundary
condition for p contained in (1.3) can be understood a.e. in @ and a.e. on X,
respectively, and the standard integration by parts is correct, as we briefly explain
(so that we can both refer to that formulation and use integration by parts). In
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principle, one can replace the equation and the boundary condition by the usual
variational formulation, namely

/[(5+2p),ut+upt]vd:v+/V,u'VvdaH-/oz(,u—u)vdJ:O
Q Q r

(where do stands for the surface measure) for every v € V', a.e. in (0,7), or an
integrated-in-time version of it. This implies that (1.1) is satisfied in the sense of
distributions, whence Ay belongs to L?(Q) by comparison, and the equation can be
understood a.e. in @, a posteriori. The last regularity (2.4) of x4 and the condition
Ap € L*(0,T; L*(€)) just observed also ensure that the trace g—mg has a meaning
in the space L?(0,T; L*(T")) due to the trace theorem [15, Thm. 7.3] (we just observe
that the space Z~1/2(Q) that enters such a result is larger than L?(Q2)), so that the
boundary condition can be read a.e. on .

Proof of Theorem 2.1. The proof follows closely the lines of the proof of Theorem 2.1
in [5], where a homogeneous Neumann boundary condition for p was investigated.

Step 1: Approximation. We employ an approximation scheme based on a time delay
in the right-hand side of (1.2). To this end, we introduce for 7 > 0 the translation
operator T, : L'(0,T;H) — L'(0,7; H), which for v € L'(0,7; H) and almost
every t € (0,7 is defined by

(T7)(t) =v(t—71) if t>7, and (T7)(t) :=po if t<7. (2.7)

Now, let N € IN be arbitrary, and 7 := T /N . We seek functions (p7, u”) satisfying
(2.3)—(2.6) (with (p, ) replaced by (p7, ")), which solve the system

(e+2pu; + 1 p; —Au™ =0 a.e.in Q, (2.8)
Spi —Ap" + f(p7) = Tr”  a.e.in Q, (2.9)

op™ ou” -

pu— pu— - . . Z 2-1
o 0, o alu—pu") a.e.ond, (2.10)
P (x,0) = po(z), p"(x,0)=po(x), fora.e. ze€q. (2.11)
We note that Remark 2.2 also applies to the approximating problem. To prove the
existence of a solution, we put ¢, :=n7, I, :=[0,t,], 1 <n < N, and consider for
1 <n < N the problem
(e+2p" )y +p"pf —Ap™ =0 a.e.in Q x I, (2.12)
n , op" n
p"(0) =po a.e in Q, a—:a(u—,u) a.e.on ' x I, (2.13)
n
Spl — Ap™ + f1(p") = Trp™™ ! ae.in Q x I, (2.14)
n : Ip"

p"(0)=po a.e.in Q, %:0, a.e.on ' x I, (2.15)

Notice that the operator 7T, acts on functions that are not defined on the entire
interval (0,7"). However, its meaning is still given by (2.7) if n > 1, and for n =1

n—1

we simply put T, = lg.-
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Clearly, we have (p7, u7) = (p™V, u™) if (p™V, u") exists. We claim that the systems
(2.12)—(2.15) can be uniquely solved by 1nduct10n for n =1,..., N, where, for 1 <
n<N,

Pt e Whe (I H) N HY(I,; V) N L®(L,; W), (
p" e H'(I; H)Y N CO(1,,; V) N L*(I,; H?(Q)), (2.17
0<pt<1l aein Qx1I,, p'>0 ae in QxI,. (

To prove the claim, suppose that for some n € {1,..., N} the problem (2.12)—(2.15
has a unique solution satisfying (2.16)—(2.18), where the index n is replaced by n—1.
Then it follows with exactly the same argument as in the proof of Theorem 2.1 in [5]
that the initial-boundary value problem (2.14), (2.15) has a unique solution p™ that
satisfies (2.16) and the first inequality in (2.18). Substituting p" in (2.12), we infer
that the linear initial-boundary value problem (2.12), (2.13) has a unique solution
p" satisfying (2.17). Notice here that the regularity of p" follows from the fact that
w € HY(0,T; L3(T)).

It remains to show that p" is nonnegative almost everywhere. To this end, we test
(2.12) by —(u™)~, where (u™)~ denotes the negative part of p". Using integration
by parts and the boundary condition in (2.13), we obtain the identity

[, s s [ [ o
//a‘ dads+//au “dods = 0.

From the fact that p™, po, po, a, u are all nonnegative, we infer that

e [y @ do < [ e+ 2000 [0 da

< /Q<s+2po>\u0\2 dr = 0.

Hence, (¢")” =0,1i.e., p" >0 a.e. in Q x [, and the claim is proved.

Step 2: A priori estimates. Now that the well-posedness of the problem (2.8)—(2.11)
is established, we perform a number of a priori estimates for its solution. For the
sake of a better readability, we will omit the index 7 in the calculations. In what
follows, we denote by C > 0 positive constants that may depend on the data of the
system but not on 7. The meaning of C' may change from line to line and even in
the same chain of inequalities.

First estimate. Since 8;((e/2)pu® + pp®) = ((€ + 2p)pe + ppt) v, testing of (2.8) by
p yields, for every ¢ € (0,77,

t t
/(6,u2+p,u2>(t)d:n+//|Vu|2d:1;ds—|—//oz,u2dads
\2 0Ja 0Jr

c t
= /(u%+pou3>(t)dx+//auudads,
Q\2 oJr
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whence, using Young’s inequality and (A2)—(A4), we can conclude that

Il 12ll oo 0,1 1y L2 0,73y < O (2.19)

Second estimate. Next, we test (2.9) by p;. By virtue of (2.19) and (Al), also
recalling the fact that f(pg) € H, and invoking Young’s inequality, we easily see
that

ol o, mynee0,mvy + 1f (Pl L0y < C- (2.20)
Third estimate. We rewrite Eq. (2.9) in the form

—Ap + fi(p) = —b6pi — folp) + Trpe

and observe that the right-hand side is bounded in L?(Q). Hence, applying a stan-
dard procedure (e.g., testing by fi(p), and using (2.20) and the convexity of f),
and invoking elliptic regularity, we find that

ol 20wy + 102y < C. (2.21)

Fourth estimate. We differentiate Eq. (2.9) formally with respect to ¢ and test the
resulting equation with p; (this argument can be made rigorous, see [5]). Since,
owing to the convexity of f1, f'(p) is nonnegative almost everywhere, we find the
estimate

0 ¢ 0
Sl + [ [ 9l deds < 5 1Am = fion) + ol

¢ ¢
2
+0I2a§1‘ )}/O/Q|pt] d:cds—i—/o/g(aﬂ;u) prdxds

< C + /O_T/Q,ut(s)pt(sqLT)dxds. (2.22)

In order to estimate the last integral, we substitute for p, using Eq. (2.8). It follows,
using integration by parts:

t—1 t—7 1
4 7)drds = Ap— 4 7)dzd
/ /utpt( +7)dx ds /0 /526+2p( t—ppe) pe(- + 7) da ds

- e R e

pe e pe (- + T):| dx ds

€+2

/t T/F6+2p W) pe(- +7)dods. (2.23)

Exactly as in the proof of Theorem 2.1 in [5], the domain integral in the second and
third lines of (2.23) can be estimated from above by an expression of the form

1 [t t
3 [ ek dsds + (14 [l In@deas). @2
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Observe that, owing to the inequality (2.19), the mapping s+ ||u(s)||?- belongs to
LY0,7).

Finally, we estimate the boundary term in the last line of Eq. (2.23). To this end,
recall that by the trace theorem there is a constant cq > 0, independent of 7, such
that |[v|lp2(ry < callv]|y for all v € V. Moreover, we have p > 0 and o € L*(I').
Therefore, recalling (A3) and (2.19), we obtain that

‘/()t_T/Fgfzp (“_M)Pt('-l-T)dUds’

t—T
< C/O lpe(s + )2y (lu(s)llzzmy + llps)lrar)) ds

< C/ _THPt(s—l—T)HV (lu(s)ll 2y + Nuls)llv) ds
0
1 t
<31/ el +c. .

Now we may combine the estimates (2.22)—(2.25) and employ Gronwall’s inequality
to conclude that

1ol oo 0,11y L2 0,75y < O (2.26)

The same argument as in the derivation of (2.21) then shows that also
ol Lo o.0w) + If1(P) o0y < C- (2.27)

Fifth estimate. We test equation (2.8) by u;. Formal integration by parts (this
can be made rigorous), using (A3), (A4), the trace theorem and Young’s inequality,

yields:
! 2 1 2 Q 2
£ (e|” dzds + S [V + | 5 [p@)]*do
0Jo 2 r2

t t
C—i—//ozuutda—&—//\,upt,ut]dwds
C'+/ do//autudads+//]uptut| dx ds

C
S0l + [ ds + [ [ nllod el doas

IN

IN

IN

IN

C €
@I + [ Dt ds + 5 [l as
v 0 0

t
+qéwmm@mM@@mws
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C 9 e [t 9
< 2 ANV + 5 | ()l ds
7 0

" 0/0 (1+ loe)IIZ) ()| ds. (2.28)

Hence, using (2.26), choosing v > 0 sufficiently small, and invoking Gronwall’s
lemma, we can conclude that

[ell 0,75y 0,75y < C (2.29)
Sixth estimate. Since 0 < p < 1 a.e. in @, and using (2.26), (2.29) and the
continuity of the embedding V' C L*(Q), we can estimate as follows:

1(e +20)pe + poellrz@) < Cllmellrz@) + Il or;a0)) ol 207,14 (2)

< C (lwellzzo) + el o,y ledll 20rv)) < C- (2.30)
Comparison in (2.8) then shows the boundedness of Ap in L%(Q), and it follows
from (2.8), (A3) and standard elliptic estimates that also

el 20,1320y < € (2.31)

Step 3: Conclusion of the proof. Collecting all the above estimates, it turns out that
there is some sequence 7, \ 0 such that

uwr = weakly star in
HY(0,T; H)n L>®(0,T;V) N L*(0,T; H*(Q)),
p™® — p  weakly star in WH(0,T; H) N HY(0,T; V)N L>®0,T; W),
fi(p™) — & weakly star in L>°(0,T;H).
Thanks to the Aubin-Lions lemma (cf., [14, Thm. 5.1, p. 58]) and similar results
to be found in [17, Sect. 8, Cor. 4], we also deduce (recall that even H3/2(Q) is
compactly embedded into V') the strong convergences
p™ — o strongly in C°([0,T]; H) N L*(0,T; V),
p™t — p  strongly in C°([0,T];V)
and the Cauchy conditions (1.4) as a consequence. In particular, employing a stan-
dard monotonicity argument (cf., e.g., [1, Lemma 1.3, p. 42]), we conclude that
0<p<1and £ = f{(p) a.e in Q. The strong convergence shown above also
entails that fi(p™) — f4(p) strongly in C°([0,T); H) (because f} is Lipschitz
continuous), and that 7;, u™ — u strongly in L*(Q).
Now notice that the above convergences imply, in particular, that
p™t — p  strongly in C°([0,T]; L%(Q)),
prt — pr weakly in L?(0,T; LY(Q)),
p™ — o strongly in L%(0,T; LY(Q)),
pit =y weakly in L*(Q).
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From this, it is easily verified that

Tk Tk

1 pt = py weakly in L'(0,T; H),
P Ul — ppy weakly in L2(0,T; L3/%(Q)).

Now, we are ready to take the limit as k — oo in (2.8)—(2.10) (written for 7= 713 ).
Precisely, we can do that as far as p is concerned, while it is easier to take the limit
in the variational formulation of (2.8) that accounts for the boundary condition (the
same as mentioned in Remark 2.2), or in the following integrated-in-time version
of it

T T
/ / [(e+2p )i + 1 pf] vdadt+ / / Vu" - Voudxdt
0 Ja 0 Ja

T
+/ /oz(;f —w)vdodt =0 for every v € L>=(0,T;V).
0JT

Then, we obtain the analogue for p, which implies (1.1) and (1.3) 5. O

3. Boundedness, uniqueness, and stability

In this section, we derive results concerning boundedness, uniqueness and stability
of the solutions to system (1.1)—(1.4). With respect to boundedness, we have the
following result, which resembles Theorem 2.3 in [5].

Theorem 3.1. Suppose that (A1l)—(A4) are fulfilled, and suppose that the following
conditions are satisfied:

(A5)  po € L*(Q), inf po(x) >0, sup po(z) < 1.
xef) zeQ
(A6) wel>®(X).
Then any solution (p,u) of (1.1)—(1.4) fulfilling (2.3)—(2.6) also satisfies
w<u*, p>pe, and p<p" ae. in Q (3.1)

for some constants p* > 0 and ps,p* € (0,1) that depend on the structure of the
system and T, on the initial data, and on an upper bound for the L norm of u,
only.

Proof. Let us just show the boundedness of p and the first estimate (3.1); the results
for p then follow in exactly the same manner as in the proof of Theorem 2.3 in [5].
Also the result for p follows — up to some changes that are necessary due to the
different boundary condition for g — by the same chain of arguments as in the proof
of Theorem 2.3 in [5]; but since this proof does not seem to be standard, we provide it
for the reader’s convenience. So let (p, ) be any solution to the system (1.1)—(1.4),
(2.3)-(2.6). We set

@y := max {1, ol (o) lullLes)}
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choose any k£ € IR such that k& > &g, and introduce the auxiliary function y; €
L>(Q) by putting, for almost every (x,t) € Q,

Xk(x,t) =1 if p(x,t) >k, and xp(x,t) =0 otherwise.

Then, we test (1.1) by (u — k). We obtain, for any ¢ € [0,7],

[ G+o0) 160 -077 + [ [ 96— de s
// p—u)(u—k) " dods

=Aémmhm+%mw—lljwm—mﬂmw

:—k/ot/th(,u—k)era:ds.

Now observe that o and p are nonnegative and that, by definition of &,

a(p—u)(p—k)7" = a(|(,u—k‘)+|2 + (k—u)(p—k)") >0 ae on 2.

Hence, using Holder’s inequality, we obtain from the above equality the estimate

c t
) =0 W+ [ [ V=R Pdeds
0JQ
t
< [ o)y Nl sy s = R 3) 2oy ds.

whence, using the Gronwall-Bellman lemma as in [2, Lemma A.4, p. 156],

(=10 = 0200700 L//WM o Pdza)”

k T
< = | Ol IOl

k
< \[ ||Pt||L7/3 0,T;L14/3( ||Xk||L7/4 (0,T;L7/2(Q)) - (3:2)

Next, we apply the continuity of the embedding V' C L%(Q2) and the interpolation
inequality (1.6) with p=2, ¢ =6, r=14/3, and 0 = 1/7. It follows that

T 1/3 5 3/7
lodzrrsioamay < ([ Iostay o) sy )

T 3/7
1/7
<ol oz ([ loe®lEsydt)” < Clloillago 7y < Do
0 ) )
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where Dg is a positive constant depending only on the data of the problem. More-

over, we have
T 1/2 14/7
Xkl L7407/ = / /Xkl‘ﬂf T2z dt
ballrsoiraman = || () D02 de) ]

T 12 718
- 4 2'7 8/7
= [ (] hotwortas) a T = o)

Hence, we can infer from (3.2) that for every k > ®g it holds the inequality

7
I = B) I < & Dyl 0 sy (3.3)

where Dy = Dg/Min{e, 1}, and where the norm || - || is defined by
T
o] == max [o(®)|% + // Vol2dzdt Vo e OO0, T); H) A LX(0,T; V).
te[0,T] 0Jo

Moreover, owing to the continuity of the embedding V < L*(f2), there is some
constant Do > 0, which only depends on €2 and on T, such that

[0l 2(0.7:04(0)) < D2llvll Vv e C0,T]; H) N L*(0,T; V). (3.4)

At this point, we select a strictly increasing sequence {k;} depending on a real
parameter m > 1 as follows:

kj=M(2-277) for j=0,1,..., with M:=m&. (3.5)

Note that kg = M > ®¢ and lim;_,o kj = 2M . Then, owing to (3.3) and (3.4), it
is not difficult to check that
(kj1 = k5) ey le2omnay) < I — k) llpz0.r:099)

8/7
< Doll (i — k)1 < K D1 Da [, 130 15y

Therefore, if we set
Si = |Ixk; 220, miza(y for j=10,1,...,

then we have

k.
Sj+1 < J

< Y piDySYT < 4D D2 ST for j=0,1,....
ki1 —kj ! !

Using [12, Lemma 5.6, p. 95], we can conclude that S; — 0 as j — oo, provided
that

So = |Ixkollz20,1320(0)) < (4 D1 Dy)T27%, (3.7)
Now recall that xx, = xam and, owing to (3.5), M > &y and m = M /. Also,

- o
XM:1<H if u>M, and xpr =0 otherwise.
— @9
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Therefore, using (3.3) and (3.4) with k = ko = M , we find that

1 Dy

+ +

So < M=, (= ®o) " L2075y < M— o, I (ke — o)™l
Dy Do 8/7 D1 Dy 18,18
= ||X<1>o||L2 OTL4(Q))<m_1‘Q|47T2 .

We are now in a position to choose m := 1+ Dy Do|Q?/7T*7(4 Dy Dy)7 2% . Then,
m > 1 and (3.7) is satisfied. Consequently,

. = li =
X2l 220,7;00(02)) jgrolosj 0

due to Beppo Levi’s Monotone Convergence Theorem. This implies that p < 2M
a.e. in ) , and the boundedness of u is proved. O

Now that the boundedness condition (3.1) is shown, we can prove the following
uniqueness and stability result, which corresponds to Theorem 2.2 in [5].

Theorem 3.2.

(i) Suppose that (A1)—(A6) are fulfilled. Then the system (1.1)—(1.4) has a unique
solution (p,p) satisfying (2.3)—(2.6).

(ii) Suppose that (Al), (A2), (A4) and (A5) are fulfilled and that the functions uy,
ug satisfy the conditions (A3) and (A6). Moreover, let (p;, i) be the solutions
o (1.1)—=(1.4) corresponding to w;, i = 1,2, and u := u; — ug, p := p1 — p2
and = p1 — po . Then we have, for every t € [0,T],

max ()% + (s // ()1 + o + llo(s)Iy) ds

0<s<t
< K7 [ g . (38)
with a constant Ki > 0 that only depends on the data of the system.

Proof. Obviously, the assertion (i) follows directly from (ii). So we only need to
show (ii). To this end, observe that by Theorem 3.1 there are constants M > 0 and
O0<ry<r*<1lsuchthat 0<pu; <M and 7. < p; <r* a.e.in Q, for i =1,2.
Moreover, the function 7 +— r— f/(r), r. <r <r*, has a Lipschitz constant L > 0.
Next, we observe that the pair (p, p) is a solution to the system

(e42p1)pe + 2ppoy + ppre+p2p—Ap=0 a.e in Q, (3.9)
Spr—Ap=p — (f'(pr) = f(p2)) a.e.in Q, (3.10)

9p _ o
o 0, n =a(u—p) a.e on, (3.11)

p(x,0) = p(x,0) =0, fora.e. z €. (3.12)
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Now observe that 2py pp = (p1 ,uz)t — u? p1+. Hence, if we test (3.9) by p then
we obtain, using Young’s inequality, that for every ¢ € [0, 7] it holds

/(; +p1( d:c+//|v,u|2d:nds—|—// \u|? do ds
<c//yu\2dads+// |l do ds

We have, owing to the continuity of the embedding H'(2) ¢ L*(Q2) and to Young’s
inequality,

)dx ds . (3.13)

t t
/0 /Q 2|l 1| 2| dw ds < C /0 el () ey 10(8) ey ds

t C t
< 5 / o)1 s + & / eI ()12 ds (3.14)

where, owing to (2.4), the mapping s+ ||u2+(s)||% belongs to L'(0,T). Moreover,
we also have ug € L*°(Q), and thus

t t
/0 /Q il laa! ool deeds < € /0 loe()lla 1a(s) 2 ds

t C t
< 5 /0 lon(s) s + = /0 la(s) | ds (3.15)

Next, we add p on both sides of Eq. (3.10) and test the resulting equation by p;.
Invoking Young’s inequality, it is easily seen that, for every ¢ € [0,7],

t
5 / loe(s) |2 ds + [Ip(t)]1%

t t
< 7/0 lpe(s)I1Z ds + 5/0 (le(s)lE + L2 llo(s)l7) ds. (3.16)

Now we can combine (3.13)—(3.16). Choosing ~ > 0 sufficiently small, and applying
Gronwall’s lemma, we see that (3.8) is satisfied. ]

The stability estimate (3.8) can be improved if further regularity is assumed for f.
The following result is a counterpart of Lemma 3.1 in [7]. We remark at this place
that (2.3) implies, in particular, that p is weakly continuous as a mapping from
[0,7] into W, which justifies the formulation of the estimate (3.17) below.

Theorem 3.3. Suppose that the assumptions of Theorem 3.2,(ii) are satisfied, and
assume that

(A7) feC30,1).



P. Colli, G. Gilardi and Jiirgen Sprekels

Then we have, for every t € [0,T],

ggggt(\\u(S)II% + o) + llo(s)lliy)

+/0 (eI + Noe(9)13) ds

t
< K3 {nu(mzm + /0 (hu() 2y + () By ) ds} (3.17)
with a constant K5 > 0 that only depends on the data of the system.

Remark 3.4. We note that Hu(O)H%Q(F) < I(t)/ max{1,t} where I(t) denotes the
last integral of (3.17). It follows that Hu(O)H%Q(F) can be dropped if one pretends
(3.17) just for t =T'.

Proof of Theorem 3.3. We closely follow the lines of the proof of Lemma 3.1 in [7].
Since the proof given there carries over to our situation with minor changes, we can
afford to be brief. First, observe that by Theorem 3.1 there are constants M > 0
and 0 < 7 < 71" <1 such that 0 < py; < M and r, < p; <7r* a.e.in @, for
i =1,2. Next, we recall that the pair (p, 1) is a solution to the system (3.9)—(3.12).
We test Eq. (3.9) formally by . It then follows, with the use of Young’s inequality,
that

! 1 1
[ M) as + SIVuO + 5 [ alu)Pao

2
t
< //au,utdads
oJI
t
[ [ @l bl + vl + ol el s (18)

Now, by virtue of integration by parts with respect to t, and invoking (3.8), Young’s
inequality and the trace theorem,

‘/Ot/rauutdads)

2 ¢ 2 c [
<~ [ alut)Pdo + — [ Ju®)?do + — lut| || do ds
r Y Jr Y JoJr
2 C 2 c [ 2 2
<Crylu®lyv + = [ u(0)]"de + — (Jul* + |u¢|”) do ds. (3.19)
Y Jr Y JoJr

Employing almost exactly the same arguments as in the proof of Lemma 3.1 in [7]
(the minor necessary changes are left as an easy exercise to the reader), and taking
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advantage of (3.8), we conclude the estimate (where v > 0 is arbitrary)

t
J£/£<mp|uzﬁ-+|quLA-+|M2Hp4>nu|dwds
t 2 C t 2 2
<35 [ s + = o)l )l ds

c [ 2 2 c [ 2
+— | lp2e()w [1Ap(s) I ds + — lul* do ds . (3.20)
Y Jo Y JoJr

Next, we test (3.10) formally by —Ap,. By the same token as in the proof of Lemma
3.1 in [7], we deduce for arbitrary > 0 the estimate

t 1 t
[ Vo) ds + 1800 < 7 [ (o) ds

C t t
+ S [ IR 180 ds + € [ [P doas. ()

Now observe that, owing to Theorem 2.1, the mappings s — |pi+(s)|3 , i = 1,2,
and s+ ||p2.4(s)||% all belong to L1(0,T). Hence, combining the estimates (3.18)—
(3.21), adjusting v > 0 sufficiently small, and invoking Gronwall’s lemma, we can
conclude that for every ¢ € [0,7] it holds

/O (IVpe(s)llEr + llpe(s)lIZ) ds + max, (|lu(s WY+ llo(s)l5)

<C {Hu 22y // (Jul* + |wl?) dads} . (3.22)

Next, we formally differentiate (3.10) with respect to ¢, and obtain

opee — Ape = e — [ (p1) pe — (f"(p1) — " (p2)) paye (3.23)

with zero initial and Neumann boundary conditions for p;. Hence, testing (3.23) by
pt, invoking Young’s inequality, and recalling (3.8) and (3.22), we find that

R t
51Ol + [ 19l ds

scﬂu|m //|W wef?) Mﬁ}

+1/ £"(p2)| ¢ d ds (3.24)
0JQ
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Moreover, using Holder’s and Young’s inequalities, (A7) and (3.8), we see that
t
L 1paal 1870 = 7o)l ] dz s
t
< € [ I2a(s) sy o0y ln(s) i s
t t
¢ ([ o)l ds + s o) [ loaats) I ds)
0 Ss<t 0

t
C’//|u|2dads. (3.25)
0JT

Finally, we test (3.23) by —Ap;. Using Young’s inequality and (3.22), we find that

IN

IN

) t
IVl + [ 1)l s

t C t
< ’r/o 1Ape ()17 ds + > {HU(U)Iiam +/O/F (lul* + fusl?) dUdS}

t
+//wm#wwwwmmmmw

C
< 2 [Ianlirds + S { IO+ [ [ (ul? + 1ua?) do s}

— d
+ g o [ Iona(o) ds

S2jAHAm@W%ds

C t
+ = {]u(O)H%z(F) +// (Jul* + [w]?) dads}. (3.26)
Y 0Jr
Choosing v > 0 appropriately small, we can infer that the estimate (3.17) is in fact
true. This concludes the proof. O

4. An optimal boundary control problem
In this section, we consider the following optimal boundary control problem:

(CP)  Minimize the cost functional

J(u, pyp) = /]pr pr(x |2dx+ﬁ1//]ua:t\2dadt

/ / (e, t) — pr (2, 1)) da dt (4.1)
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subject to the state system (1.1)—(1.4) and to the control constraints
UE Upg :={v e H(0,T; L*(I))NL®(E): Uy <v<Us ae.on

lvell 20,7020y < R} - (4.2)

In this connection, we require that the hypotheses (A1)-(A7) be satisfied. In addi-
tion, we postulate:

(A8) R >0, 8 >0,i=12, pr € L*(Q), pr € L*(Q), Uy, Us € L®(%),
and there are constants 0 < u, < u* < +00o such that

U <Up < Uy <u® a.e.on 2. (4.3)
In what follows, we denote
X:=H'(0,T; L2M) N L¥(X),  ulx = ullgrorzewy + lullLee)

where [ - || 10,7 12(r)) 18 the standard norm in H'(0,T; L*(T")). Obviously, Uaq is
a nonempty, bounded, closed and convex subset of X', and U,q is contained in the
open set U C X given by

1 3
Z/I::{v eX: 2 W < essinfv, esssupv < §u*, vell 220,702 )y < R+1}.

By Theorem 3.3, the control-to-state mapping w — S(u) := (p,p) is Lipschitz
continuous as a mapping from the set & C X into the space

(H' (0, T;W)nCH([0,T]; V) x (H*(0,T; H)nC°([0,T]; V)) .

We may without loss of generality assume (by possibly taking a larger K ) that
(3.17) is valid on the whole set & with the same constant K5 > 0. It also follows
from Theorem 3.1 that there exist constants p* >0 and 0 < r, < r* < 1 such that
for every w € U it holds

0<pu<p" and 0<r,<p<r*<1 a.e in Q, (4.4)

where (p,u) = S(u). Moreover, a closer inspection of the proof of Theorem 2.1
reveals that there is a constant K3 > 0 such that we have, for any u € U,

||p||le°°(O,T;H)ﬂHl(O,T;V)QLOO(O,T;W)

+ leell g1 0,150y c0 (0,11 L2 0,1 32 (@)L (@) S K - (4.5)

Remark 4.1. Thanks to (4.4) and to f € C3(0,1), it holds f'(p) € L°°(Q). Also, by
the embedding V' C L%(Q2), we have pu € C°([0,7]; L5(£2)). Notice also that (2.3)
implies, in particular, that p is continuous from [0,7] to H*(2) for all s < 2;

thus, since H*(Q) C C(Q) for s > 3/2, we also have p € C(Q). Therefore, possibly
choosing a larger constant K3, we may without loss of generality assume that

lolle@) + lkllcoqomesw) + lodlzoms) < Kz Vuel. (4.6)
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Remark 4.2. The mathematical literature on control problems for phase field systems
is scarce and usually restricted to the so-called Caginalp model of phase transitions
(see, e.g., [11], [9], [10], [18], and the references given there). More general, thermo-
dynamically consistent phase field models were the subject of [13]. In [7], the present
authors investigated a control problem for the system (1.1)-(1.4) with distributed
controls. Since many of the arguments employed in [7] carry over to the boundary
control considered here, we can afford to be sketchy in some of the proofs in the
following exposition.

4.1. Existence

We begin our discussion of the control problem (CP) with the following existence
result:

Theorem 4.3. Suppose that the conditions (A1)—(A8) are satisfied. Then the optimal
control problem (CP) has a solution T € Uyq .

Proof. Let {un} C Uag be a minimizing sequence for (CP), and let {(pn,un)} be
the sequence of the associated solutions to (1.1)—(1.4). We then can infer from (4.5)
the existence of a triple (u, p, 1) such that, for a suitable subsequence again indexed
by n, we have

u, — 4 weakly star in H'(0,T; L*(T")) N L™=(%),
pn — p weakly star in Wh*°(0,T; H) N H*(0,T;V) N L>®(0,T; W),
ftn — i weakly star in H'(0,T; H) N L=([0,T); V) N L*(0,T; H*?(Q)).

Clearly, we have that @ € U,q. Moreover, by virtue of the Aubin-Lions lemma (cf.
[14, Thm. 5.1, p. 58]) and similar compactness results (cf. [17, Sect. 8, Cor. 4]), we
also have the strong convergences

pn — p strongly in C°([0,T); H*(Q)) for all s < 2,
fn — i strongly in C°([0,T]; H) N L*(0,T;V).

From this we infer, possibly selecting another subsequence again indexed by n, that
pn — p pointwise a. e. (actually, uniformly) in @ . In particular, r, < p <r* a.e. in
Q and, since f € C?(0,1), also f'(pn) — f'(p) strongly in L?(Q). Now notice that
the above convergences imply, in particular, that

pn — p strongly in C°([0, T); L°()),
dipn — Oyp  weakly in L2(0,T; L*()),
fin — i strongly in L?(0,T; L*(Q)),
Oifn — Oifi weakly in L?(Q).
From this, it is easily verified that
fin Orpn — LO:p  weakly in L1(0,T; H),
P O — POy weakly in L2(0,T; L3/%(9)).
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In summary, if we pass to the limit as n — oo in the state equations (1.1)—(1.4) writ-
ten for the triple (up, pn, itn), we find that (p, @) = S(u), that is, the triple (u, p, 1)
is admissible for the control problem (CP). From the weak sequential lower semicon-
tinuity of the cost functional J it finally follows that u, together with (p, ) = S(a),
is a solution to (CP). This concludes the proof. O

Remark 4.4. It can be shown that this existence result holds for much more general
cost functionals. All we need is that J enjoy appropriate weak sequential lower
semicontinuity properties that match the above weak convergences.

Remark 4.5. Since the state component p is continuous on @, the existence result
remains valid if suitable pointwise state constraints for p are added (provided the
admissible set is not empty).

4.2. Necessary optimality conditions

In this section, we derive the first-order necessary conditions of optimality for prob-
lem (CP). To this end, we first show that the control-to-state operator S : u
(p, ) is Fréchet differentiable as a mapping from U C X into the Banach space
V| [ly), where

Y = (HY0,T; H)nC°([0,T}; V) N L*(0,T; W))
x (C°(0,T]; H) N L*(0,T;V)) .
4.2.1. The linearized system. Let w € & and h € X’ be given and (p, i) = S(u). As

a preparatory step, we consider the following system, which is obtained by linearizing
the system (1.1)—(1.4) at (p, 1) :

(e+2p)m —An+2mE+p&+pn=0 ae in Q, (4.7)
0§ —AL=—f"(p)¢ +n a.e.in Q, (4.8)
%:0, S—Z:a(h—n) a.e. on X, (4.9)
&(x,0) =n(x,0) =0 fora.e. z € (4.10)

We expect for the Fréchet derivative DS(u) at u (if it exists) that (£,n7) = DS(u)h,
provided that (4.7)—(4.10) admits a unique solution (&,7). In view of (2.3), (2.4),
and (3.1), we can guess the regularity of ¢ and 7 :

£ HY0,T; H)NnC([0,T]; V) N L0, T; W) N L>=(Q), (4.11)
ne HY0,T; H)nC°([0,T]; V)N L*(0, T; H3?()). (4.12)

Notice that also in this case we cannot expect that 7(t) € H*(Q) a.e. in (0,7) due
to the low space regularity of h, and we could repeat Remark 2.2 here. Nevertheless,
if (4.11) and (4.12) hold, then the collection of source terms in (4.7), i.e., the part
—2it & — L& — py 1, belongs to L?(Q), whereas the regularity (4.12) for 7 allows us

to conclude from (4.8) that also £ € C(Q) (by applying maximal parabolic regularity
theory, see, e.g., [8, Thm. 6.8] or [18, Lemma 7.12]).
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In fact, £ is even more regular: indeed, we may differentiate (4.8) with respect to ¢
to find that

06 — A& = —f"(p) pr & — f(P) & + 1, (4.13)
with zero initial and Neumann boundary conditions for &;. Since the right-hand

side of (4.13) belongs to L%(Q), we may test by any of the functions &, &, and
—A&;, to obtain that even

¢ H*0,T; H)nCY[0,T]; V)N HY0,T; W) . (4.14)

Notice, however, that this fact has no bearing on the regularity of 7, since the
coefficient fi; in (4.7) only belongs to L%*(Q).

The following well-posedness result resembles Proposition 3.2 in [7].

Proposition 4.6. Suppose that (A1)—(A8) are fulfilled. Then the system (4.7)—(4.10)
has a unique solution (&,m) satisfying (4.12), (4.14), and

161l 20,7100 (0,1 nm 07wy 10l 1 0,75 51y (0,1 N L2 0,13 372 (92

< Ki Ml or;z2ry) » (4.15)
with a constant K3 > 0 that is independent of the choice of w € U and h € X .

Remark 4.7. It follows from Proposition 4.6, in particular, that the linear mapping
h+— (§,7n) is continuous from X into ).

Proof. We follow the lines of the proof of our previous existence results and proceed
in a series of steps.

Step 1: Approximation. As in the proof of Theorem 2.1, we use an approximation
technique based on a delay in the right-hand side of (4.8). To this end, for 7 > 0 we
resume the definition of the translation operator 7, : L'(0,7;H) — LY(0,T;H)
by putting, for every v € L'(0,T; H) and almost every t € (0,7),

(Tro)t)=v(t—7) if t>7, and (Trv)(t)=0if t <7 (4.16)

Notice that, for any v € L?(Q) and any 7 > 0, we obviously have IT7v] 2 (@)
< [vllr2g) -

Then, for any fixed 7 > 0, we look for functions (£7,77), which satisfy (4.11) and
(4.12) and the system:

(e+2p)n —An" +2m & +p& +mn” =0 aein @, (4.17)
SE — A+ ()€ =Te ae.in Q, (4.18)
o0& on" .
o 0, o alh—n") a.e.on X, (4.19)
& (z,0) =n"(z,0) =0 fora.e. xze€Q. (4.20)

Precisely, we choose for 7 > 0 the discrete values 7 = T/N, where N € N is
arbitrary, and put t, =n7, 0 <n < N,and I, = (0,¢,). For 1 <n < N, we solve
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the problem

(e+2p) Nt — Ay + 20 & + 1ént + e =0 a.e.in Q X I, (4.21)
% =alh—mn,) aeonlxI,, n(z,00=0 forae x€Q, (4.22)
n
§&nt — A&+ f1(p) & = Tomn  ace.in Q x I, (4.23)
n

o 0 aeonIxIl,, &(z,0) =0 forae zecq, (4.24)
n

where the variables 7, and &, , defined on I, , have obvious meaning. Here, 7, acts
on functions that are not defined on the entire interval (0,7); however, for n > 1
it is still defined by (4.16), while for n = 1 we simply put 7,7, = 0. Notice that
whenever the pairs (&, nr) with

& € H (I, HYNCV(I1; V)N LA(I; W) N C(Q x I,), (4.25)

e € H' (I; H) N CO(Ii; V) N L2 (I HY2(Q)), (4.26)

have been constructed for 1 < k < n < N, then we look for the pair (£,+1,7n+1)
that coincides with (&,,7,) in I, and note that the linear parabolic problem (4.23),
(4.24) has a unique solution &,4+1 on €2 x I,y that satisfies (4.25) for k =n+1.
Inserting &,4+1 in (4.21) (where n is replaced by n+1), we then find that the linear
parabolic problem (4.21), (4.22) admits a unique solution 7,4; that fulfills (4.26)

for k = n+ 1. Hence, we conclude that (§7,n7) = ({n,nn) satisfies (4.17)—(4.20),
and (4.11), (4.12).

Step 2: A priori estimates.  We now prove a series of a priori estimates for the
functions (£7,n7). In the following, we denote by C; (7 € IN) some generic positive
constants, which may depend on ¢, 4, pi, p*, u*, T, K7, K5, K3, but not on 7 (i.e.,
not on N ). For the sake of simplicity, we omit the superscript 7 and simply write

(&n)-

First a priori estimate. = Observe that 2pnn = (ﬁnQ)t — pen?. Hence, testing
(4.17) by n, and invoking (4.19) and Young’s inequality, we have, for 0 <t < T,

/( ( d$+/ IVn(s IIHds+//an do ds
//77 dUdS+C1//h2dads
+2//|ﬁt’|‘f| In| dx ds —I—/ /|/1| |&¢| || dx ds . (4.27)

For any v > 0, we have, by Young’s inequality and (4.4), that

[ [ iatialmdeds < e [ )l i) ds
< [ s + 2 [ )i ds (4.29
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t t
/0 /Q el €] ] de ds < /O ae(s) 1 1€ e In(3) ] e ds

t C t
< 7/0 ()1 ds + 73/0 ()1 1E() 1T ds- (4.29)

Notice that, by virtue of (4.5), the mapping s + ||fiz(s)||% is bounded by a function
in L1(0,7).

Next, we add £ on both sides of Eq. (4.18) and test the resulting equation by & .
On using Young’s inequality again, we obtain:

T e ds + 5 e + Ivel)

Moreover,

< Cu( [T ds + [ e ds) (430

Combining the inequalities (4.27)-(4.30), and choosing ~ > 0 sufficiently small, we
conclude from Gronwall’s lemma that

T
/0 (lec®lFr + In@)II) dt + max (lEOIF + [In)7)

gcg/ /ythadt. (4.31)
0 JI

Thanks to (4.19), we may also infer (possibly by choosing a larger C5) that

T
€@y < 05(|]A§(t)||§{+/0 /F|h2dadt> for all ¢ € [0,T]. (4.32)

Second a priori estimate. ~ We test (4.17) by 7; and apply Young’s inequality in
order to obtain

/Ilnt 3 ds + |Vn<>||H+/ O do < //ahmdffds

+ / / (2l €] + 1] 16| + 171l [n]) ] ez ds. (4.33)

By (4.4), we can infer from Young’s inequality that

6 t
/ / 6] el de ds < A / (s 13 ds + <8 /0 lG()|Zds.  (434)

Moreover, by virtue of Holder’s and Young’s mequahties,

t
/ / P
0 Q

t t
Cr ~
< ’Y/O e ()17 ds + ,y/0 Hpt(s)H%‘l(Q)HU(S)H%‘%Q) ds
! 2 Cs [ P 2
< ’Y/O 7 (s)|| 7 ds + ,y/o ot ()NIv ()5 ds - (4.35)
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Observe that by (4.5) the mapping s — ||p¢(s)||3> is bounded by a function in
LY0,7).
Also, we have, owing to the continuity of the embedding W C L*°(Q2) and (4.32),

t
| [ 2l il o s
0 Q
t 2 09 b 2 2
Y 0 ”nt(S)HHdS + — ||Nt(s)||H||£(s)||L°°(Q)dS
¢ C
VAW@M@+1O//W%Mt

v [l a6 a) . was)

IN

IN

where, owing to (4.5), the mapping s + |/fit(s)[|% is bounded by a function in
LY0,7).

Finally, we employ integration by parts, Young’s inequality, (4.31), and the trace
theorem to obtain

t t
‘//ahntdads‘ < /a|h(t)]|n(t)\da n //a|ht]|n]dads
0JT r 0JT

a
< /4 !n(t)l2 do + C11 ||h||%{l(o7T;L2(r))- (4.37)
r

Next, we formally test (4.18) by —A& to obtain, for every t € [0,7],

6/ IVEs)IF ds + 3 IAE) 13 = / / (Ton) + /(7€) A& duds.  (4.38)

Now, by virtue of (4.31) and invoking Young’s inequality, we have

‘// Ton) A{tdwds‘
L1 @ 1age \dm//at )| |Ag| dz ds

1
S1acl + cn | / Ih[? do dt
0 JI

IN

IN

t 1 t
Ty /0 s ds + 4 /0 |AE(s) 2 ds (4.39)

Moreover, it turns out that

‘/Ot/QfN(P)fAStdxds /|f” NIE@)] |AE(R)] da

+/O/Q\f”’<ﬁ)ﬁt§+f”(ﬁ)£t\ |AE|dads.  (4.40)
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We have, owing to (4.4) and (4.31),

/ GO ED]1AED] dr < S IAEDIE + Cas / / WPdodt.  (4.41)

Also the second integral on the right-hand side of (4.40) is bounded, since (4.4),
(4.5), and (4.31) imply that

t
// |F"(B) pr & + 1" (P) &| |1AE] da ds
0JQ

IN

t t
Cua [ (196) o 1660 B + (o)) s + [ 18€(s) s

< Cus (g 16O [ 1 s+ [ eods) + [ 1ae as
<0 [ [ mpasars [lagto)ias (1.4)
0 JI 0

thanks to the continuity of the embedding V c L*(Q2). Thus, combining the es-
timates (4.33)-(4.42), choosing v > 0 sufficiently small, and invoking Gronwall’s
inequality, we can infer that

T
/0 (I3 + @I ) dr + max (In@IF + IEOIF)

S Cl? Hh‘”Hl(O,T;LZ(F)) . (4.43)

Next, we compare terms in (4.17) and, arguing as in the derivation of (4.33)-(4.37),
we readily find that

T
/0 1A dt < Crs 1013 o.z2) -

Thus, by owing to elliptic regularity (cf. (4.19) and Remark 2.2), we conclude that

T
| IOy e < Can o ey (4.44)
Finally, we differentiate Eq. (4.18) with respect to t. We obtain:

6 & — A = 0 (Trm) — f”’( p) pt & — f'(p) & ace.in Q. (4.45)

From (4.4)-(4.6), (4.43) and (4.44), we can infer that we may test (4.45) by any of
the functions &, —A&:, and &, in order to find that

T
/0 (l@ 3 + 1A% ) dt + max @@} < Coo Al orpay - (446)

Step 3: Passage to the limit. Let (£7,77) denote the solution to the system (4.17)—
(4.20) associated with 7 = T/N, for N € IN. In Step 2, we have shown that there
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is some C > 0, which does not depend on 7, such that

1€ 120,711y (0. 70y A H (0.7 A C(@)
+ 107 2 0,0 )0 (o, r1 vy N2 0. m32 )y < ClMEior2@y - (447)
Hence, there is a subsequence 71 \, 0 such that

£ — ¢ weakly star in  H2(0,T; H) N W10, T;V)n H (0, T; W),

n™ —n weakly star in  H'(0,T; H) N L>=(0,T; V) N L*(0,T; H*?(Q)).
(4.48)

From the trace theorem we can infer that £ satisfies the boundary condition given in
(4.9), while the boundary condition for 1 will be satisfied (either in the variational
sense or in the sense of the appropriate trace theorem, see Remark 2.2) once we prove
that we can pass to the limit in the products of (4.7), as shown below. Moreover, it
is easily seen that also (4.10) is fulfilled. By compact embedding, we also have, in
particular,

§™ — & strongly in C(Q), n™ —n strongly in L*(Q), (4.49)

sothat pif* — g and E€ — i&, both weakly in L(Q), f(5)€™ — f(p)¢
strongly in L?(Q), as well as fi; &% — iz & and pgn™ — pyn, both strongly in
LY(Q). Finally, it is easily verified that {7, n™} converges strongly in L?(Q) to
7. In conclusion, we may pass to the limit as & — oo in the system (4.17)—(4.20)
(written for 71 ) to find that the pair (£,7) is in fact a solution to the linearized
system (4.7)—(4.10).

We now show the uniqueness. If (£1,71), (§2,72) are two solutions having the above
properties, then the pair (&§,7n), where £ =& — & and n = n; — 12, satisfies (4.7)—
(4.10) with h = 0. We thus may repeat the first a priori estimate in Step 2 to
conclude that £ =n=0.

Finally, taking the limit as 7 \, 0 in (4.47) and invoking the lower semicontinuity
of norms, we obtain the inequality (4.15). This concludes the proof. O

4.2.2. Fréchet differentiability of the control-to-state mapping. In this section, we
prove the following result.

Proposition 4.8. Suppose that the assumptions (A1)—(A8) are satisfied. Then the
solution operator S, viewed as a mapping from X to Y, is Fréchet differentiable on
U. For any u € U the Fréchet derivative DS(u) is for h € X given by DS(u)h =
(&,m), where (§,1n) is the unique solution to the linearized system (4.7)—(4.10).

Proof. Let uw € U be given and (p, i) = S(u). Since U is an open subset of X,
there is some A > 0 such that u+h € U whenever h € X satisfies ||h]|x < A.In the
following, we consider such perturbations h € X', and we define (p", u") := S(@+h)
and put

do=pt—p-n", Y=o —p- (4.50)
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where (£",7") denotes the unique solution to the linearized system (4.7)-(4.10)
associated with h. Since the linear mapping h +— (" 1) is by Proposition 4.6
continuous from X into ), it obviously suffices to show that there is an increasing
function g : [0, A\] — [0, +00) which satisfies lim,~o g(r)/r* =0 and

h|12 h|2
ly HHl(o,T;H)mCO([o,T];V)mL2(0,T;W) + [z HCO([O,T];H)mm(o,T;V)

<9 (HhHHl(O,T;L2(F))) . (4.51)

Using the state system (1.2)—(1.4) and the linearized system (4.7)—(4.10), we easily
verify that for h € X with ||h]|x < A the pair (y",2") is a strong solution to the
system

(+2p) 2 + pr 2" + oyl + 2 y" — AP
=2 (uf — i) (0" =) = (ol =) ("~ 1) acein @ (4.52)

Sy — Ay + f1(p") = () — "(p) " = 2", ae in Q, (4.53)
ayh . azh . h
8—n—0, on = T®%, aeon 3, (4.54)
y"(2,0) = 2M(z,0) =0 fora.e. z €. (4.55)

Notice that

y" € HY(0,T; H)n C°([0,T]; V) N L*(0, T; W) N C(Q),

M e HY0,T; H) N C°([0,T); V) N L0, T; H3?()).
For the sake of a better readability, in the following estimates we omit the superscript
h of y" and z". Also, we denote by C; (i € IN) certain positive constants that
only depend on ¢,6, ps, p*, p*, T, K{, K5, K5, K}, but not on h.

We now add y on both sides of Eq. (4.53) and test the resulting equation by ;.
Using Young’s inequality, we find that for all ¢ € [0, 7] it holds

2 [ I s+ 3 (9wto + o1 < 3 [ =Gl as
w0 [ lds + ¢ [ 1606~ 70 - PO ds. @450

In order to handle the third term on the right-hand side of (4.56), we note that the
stability estimate (3.17) implies, in particular, that

||Ph - EH%m(Q) < K ||h||12ql(o,T;L2(r)) ) (4.57)

that is, p? — p uniformly on Q as |l 71 0,7;2(r)) — 0. Since f € C3(0,1), we
can infer from Taylor’s theorem and (4.4) that

P~ G~ P < max T

T <<o<r*

~o H 1@l o Q. (459)
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It then follows from the estimates (3.17) and (4.56)—(4.57) that
g [ 2 1 2 2 [ 2 ! 2
5 | Mye()lzrds + S lly@I < < [ lz(s)llds + Cs [ ly(s)l7 ds
2 Joy 2 0 Jo 0

+Cy HhHZ]l{l(o’T;Lz(F)) . (4.59)

Next, observe that 2pz 2 = (ﬁzQ)t — pi 2% . Therefore, testing (4.52) by z yields
for every t € [0,T] that

/( ( da:—i—/ 1V 2(s |des+// 2|2 do dt
// (Bye + 2firy) zdrds —2 // pl — ,Ut p —p) zdx ds
—// (P?’—ﬁt) (uh—ﬂ> zdzds. (4.60)
0Ja

We estimate the terms on the right-hand side of (4.60) individually. At first, using
(4.4) and Young’s inequality, we find that

t - t C t
/ / 1l el 2] daeds < / ()3 ds + &2 / 12(s)I1% ds. (4.61)
0JQ 0 7 Jo

Moreover, using the continuity of the embedding H'(2) C L*(2), as well as Hélder’s
and Young’s inequalities, we have

t t
2 /0 /Q el Iyl 2] de ds < 2 /0 () 1128) o e N (s) e dis
¢ 2 CG ¢ — 2 2
<o [l ds + 2 [l s @

Observe that by (2.4) the mapping s — ||jit(s)]|%, belongs to L'(0,T).
At this point, we can conclude from (3.17) and (4.57), invoking Young’s inequality,

that
t
//2 ‘ui‘—ﬁt‘ (ph—ﬁ‘ 2| dz ds
0JQ

<2 [ ot =), [ =96 . g Tl ds

Leo(Q)

IN

ol =l [ ot =, s+ [ et as
=@ Jo I H 0

IN

t
/0 l2(3)113 ds + Cs Il o zuzo(r) - (4.63)
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Finally, we invoke (3.17) and Holder’s and Young’s inequalities, as well as the con-
tinuity of the embedding H'(Q) C L*(€), to obtain that

t
// ‘p?—ﬁt) ‘Mh—ﬂ‘ 2| da ds
0JQ

t
< b 04—
< g =) [ o =p0(s) L4(Q)\<u ). O
< _
< g+ 2 [[ot-mol o [t -prof, o
< s, I + Cao HhH%p(o,T;Lz(m (4.64

Combining the estimates (4.59)—(4.64), taking the maximum with respect to ¢ €
[0,T], adjusting v > 0 appropriately small, and invoking Gronwall’s lemma, we
arrive at the conclusion that (y",2") = (y,2) satisfies the inequality

HyhH%{l(O,T;H)ﬂCO([O,T];V) + th|%0([0,T];H)mL2([0,T];V)
< Cu [|hl 3 .12y - (4.65)
Finally, testing (4.53) by —Agy", and using (4.58), we find that also
1y 7202wy < Crz 1Pl o 220y - (4.66)

Therefore, the function g(r) := (Ci1 4+ Ci2) r* has the requested properties. This
concludes the proof of the assertion. O

Corollary 4.9. Let the assumptions (A1)—(A8) be fulfilled, and let 4 € Uq be an
optimal control for the problem (CP) with associated state (p, ) = S(u). Then, for
every v € Uyq ,

/()T/Fﬁlu(v—u)dadtJr/Q(p(T)—pT)é(T)d:c + /OT/Q/BQ (i — pr)ndxdt > 0,

(4.67)
where (§,m) is the unique solution to the linearized system (4.7)-(4.10) associated
with h =v —u.

Proof. Let v € U,q be arbitrary and h =v — 4. Then 4+ Ah € Uyq for 0 < XA < 1.
For any such A, we have

< J(u+ Ah,S(u+ Ah)) — J(u, S(w))
- A

_ J@@+ M S+ M) — (@, S+ Ah))
= )

J(@, (@ + Ah) = J (@, (1)

0

_l’_
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It follows immediately from the definition of the cost functional J that the first sum-
mand on the right-hand side of this inequality converges to fOT Jp Bra(v—a)dodt
as A\, 0. For the second summand, we obtain from Proposition 4.8 that

J(@, S(@ + \h)) — J (@, S(@))

I
,\% A
T
= [0ta.) = pr) @)z + [ [ 8- pr)ndeat,
whence the assertion follows. O

4.2.3. The optimality system. Let @ € U,q be an optimal control for (CP) with
associated state (p, ) = S(u). Then, for every v € Unq, (4.67) holds. We now
aim to eliminate (&£,7n) by introducing the adjoint state variables. To this end, we
consider the adjoint system:

—(e+2p)qr —pra—Aq=p+ P2 (i —pr) ae in Q, (4.68)

gq =—aq a.e. in X, q(z,T) =0 fora.e x€Q, (4.69)
n

—opy — Ap+ f'(p)p=fig — g in Q, (4.70)

gﬁ =0 on X, Ip(T)=p(T)—pr in Q, (4.71)

which is a linear backward-in-time parabolic system for the adjoint state variables
p and q.

It must be expected that the adjoint state variables (p,q) be less regular than the
state variables (p, ). Indeed, we only have p(T) € L%*(9), and thus (4.70) and
(4.71) should be interpreted in the usual weak sense. That is, we look for a vector-
valued function p € H'(0,7;V*) N C°([0,T]; H) N L?(0,T;V) that, in addition to
the final time condition (4.71), satisfies

(=8 p(t), )y + /Q Vp(t) - Vodz + /Q 7 (p(0)) p(t) v da
= [ @t ) = ) (0) v, (4.72)

for every v € V and almost every ¢t € (0,7). Notice that if ¢ € H'(0,7;H) N
C%([0,T); V), then it is easily seen that fiq — fiq € L3/?(Q), so that the integral
on the right-hand side of (4.72) makes sense. On the other hand, if p has the
expected regularity then the solution to (4.68), (4.69) should belong to H'(0,T; H)N
Co([0,T); V) N L2(0,T; H(R)).

The following result is an analogue of Theorem 3.7 in [7].
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Theorem 4.10. Suppose that @ € Unq is an optimal control for (CP) with associated
state (p, i) = S(u). Then the adjoint system (4.68)—(4.71) has a unique weak solu-
tion (p,q) with p € H*(0,T;V*) N C°([0,T]; H) N L*(0,T;V), ¢ € H*0,T; H) N
CY([0,T); V) N L2(0,T; H?(S2)) ; moreover, for any v € Uyq , we have the inequality

/{)T/Fﬂlu(v—u)dadt—i—/()T/Faq(v—u)dadt20, (4.73)

Proof. The existence and uniqueness result for the adjoint state variables p and ¢
follows using the same line of arguments as in the proof of Proposition 3.6 in [7],
with only minor and straightforward changes that are due to the different boundary
condition for ¢. Now let v € U,q be given. A standard calculation (which can be
left as an easy exercise to the reader), using the linearized system (4.7)—(4.10) with
h = v — u, repeated integration by parts, and the well-known integration by parts
formula

T
/O (0e(8), w(t) vy + (wp(t), v())v-v) dt = /Q (o(T)w(T) — v(0)w(0)) dx

(which holds for all functions v,w € H(0,T;V*)N L?(0,T;V)), yields the identity

T
/Q (P, T) — pr(x)) €z, T) dx + /0 /Q Bo(f — pr )y da

:/OT/Faq(v—u)dadt. (4.74)

The variational inequality (4.73) is thus a direct consequence of Corollary 4.9. [
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