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Abstract. We discuss some recent results dealing with the existence of
bound states of the nonlinear Schrédinger-Poisson system
—Au+V(z)u+ MK (2)p(x)u = |ulP~ u,
—A¢ = K(x)u?,
as well as of the corresponding semiclassical limits. The proofs are based
upon Critical Point theory and Perturbation Methods.
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1. Introduction

In the last years there has been a great deal of work dealing with equations
arising in Quantum Mechanics studied by means of variational tools. In
this paper we will focus on the following class of systems on R3, see [5],

{ —Au+ V(z)u+ MK (z)p(x)u = |[ulP~ u, (SP)

~A¢ = K(x)u?.

In (SP) the first equation is a nonlinear Schrédinger equation in which the
potential ¢ satisfies a nonlinear Poisson equation. For this reason, (SP) is
refereed to as a nonlinear Schrodinger-Poisson system.

Supported by M.U.R.S.T within the PRIN 2006 “Variational methods and nonlinear
differential equations”.
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Here and in the sequel 1 < p < 5, A > 0 and we will assume that the
following conditions hold

V,K € L®(R?),
infgs V(z) > 0, (A)
K(z)>0.

The solutions (u, ¢) will be searched in W2(R?) x DI2(R3).
If K =0, (SP) becomes the nonlinear Schrédinger equation

—Au+V(z)u = |[ufP~tu, (NLS)

which has been broadly investigated, see e.g. the monograph [1] and ref-
erences therein. A natural strategy is to see which one, among the results
obtained on (NLS), can be extended to (SP).

First, in Section 3, we carry out this program by reporting some recent
results from [16] and [4], dealing with the existence of multiple solutions
of (SP) in the autonomous case, namely when, say, V(z) = K(z) = 1. We
shall see that for 2 < p < 5, (SP) possesses infinitely many pairs of radial
solutions, for all A > 0. On the other hand, for 1 < p < 2 the presence of
the Poisson equation modifies greatly the structure of the solution set of
(NLS) and (SP) has multiple solutions (but not infinitely many) for small
values of A > 0, only.

The proofs are based on critical point theory, though not in a standard
manner. The main new difficulty which has to be overcome relies on the
fact that for 2 < p < 3 the boundedness of the Palais-Smale sequences
cannot be proved directly, but requires an indirect approach, by means of
a suitable approximation procedure.

Section 4 deals with the semiclassical counterpart of (3.1), namely

{ —?Au+V(2)u + K (x)p(z)u = [u~'u,
—eA¢ = K(z)u?.

The existence of spike-like solutions will be discussed, following the recent
paper [11]. The results extend the ones obtained for (NLS). Moreover, when
the potentials are radial, a general theorem dealing with semiclassical states
concentrating at a sphere can be proved. As a particular case, we find both
the results in [2] dealing with (NLS), i.e. when K = 0, as well as the case
of Schrodinger-Poisson systems with V' = K = 1, considered in [9, 17]. The
approach is based upon perturbation methods in critical point theory.
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Finally, in the last Section 5, we will prove some new results dealing
with the system

{ —Au+u+eK(z)p(x)u = (14 ch(x))|ulP~ u,
~A¢ = K(x)u?,

where ¢ is sufficiently small.
In the next Section we discuss the variational setting of (SP).

2. The variational setting

Hereafter, the Sobolev space E := W12(R3) is endowed with the standard
norm

= [ (VuP + V(@)

and D12?(R3) is the completion of C§°(R?) with respect the Dirichlet norm

lul3 = / Vuld.
]RIS

It is easy to reduce (SP) to a single equation with a non-local term. Actually,
since K is bounded and u € L4(R3) for all ¢ € [2,6] then Ku? € L5/5(R3),
for all u € E, and there holds (hereafter ¢, c;,cy ete. denote positive con-
stants)

N

Ku*vdz

5/6 1/6
< </ (Ku2)6/5d:1:> < |v|6dx>
R3 R3 R3
5/6
< c</ (Ku2)6/5dx> lv]|p, VUGD1’2(R3).
R3

Hence there exists a unique ¢ € D2(R3) such that

V¢ -Vodr = Ku?vdz, Vv € DV2(R3). (2.1)
R3 R3
It follows that ¢ satisfies the Poisson equation
—A¢ = K(z)u?
and there holds
o(x) = 7K(y)U2(y)dy _ 1 « Ku?.

R |2yl ]
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Moreover, ¢ > 0 because K does and one has

¢llp < exllull. (2.2)
Substituting ¢ in (SP), we are lead to the equation

1

—Au+V(z)u+ K (z) <ﬂ * Ku2> u = |ulPlu, u € WHA(R?). (2.3)
x

Remark 2.1. This equation with V and K positive constants arises, for

example, when one deals with the Hartree-Fock equation and makes a local

approximation of the exchange potential

Uiu; _

Sute) [ dy ~ Qlup
R3 |2 — |

In particular, the value p = 5/3 corresponds to the so called ”Slater cor-

rection”, which is frequently used in the Quantum Mechanics. See e.g.
[6, 14, 18].

We consider the functional I : £ +— R given by

1
D) = P + AP - — [ uP*ide
where
1
F(u) =3 K(z)¢(z)u?(z)dz, o(x) = Tl s« Ku?.
R3

Remark 2.2. Since K and ¢ are non-negative, then F'(u) > 0. Moreover,
the Holder inequality, the Sobolev inequality ||¢¢|/rs < c1l|¢¢|lp and (2.2)
imply

F(u) < callulfess 0llzs < callull*.
Therefore, I is a well defined C! functional and if v € W2(R3) is a critical
point of it, then the pair (u,¢), with ¢ = ﬁ « Ku?, is a classical solution
of (3.1).

3. The Autonomous Case

In this section we consider the system (3.1) when V' and K are positive
constants, say V = K = 1. In such a case, we can look for radial solutions
working in the subspace E, of radial functions of E.
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Let us start by studying the geometry of Iy. First of all, from the
fact that F(u) > 0 (actually, F'(u) > 0 in the present case) it follows
immediately that u = 0 is a strict local minimum of Iy, Vp € (1,5), VA > 0.
Next, let us consider the behavior as ||u|| — co. Roughly, in the functional
I, there are two competing parts: the coercive functional F'(u) and the
anti-coercive functional [ |u|P™!. As a consequence it follows that

e l<p<2 = infl) > —
e 3<p<hH = infl, = —o0.

In order to handle the case in which 2 < p < 3 let us consider the curve
t + vy = t2u(t -). Then

8 2
o 2y [ et
R3 JR3 |a:—y| R3 JR3 |$—

t3 2 /)
— / / T daldy = t3F(u),
R3 JR3 |IE —
whence

I tS v 2 t 2 )\3 t2p_1 p+1
== = + AMF(u) — ulPT.
o) = [+ g [ e aer = Tl

It follows that

e 2<p<3 = infl) =—c.

If p = 2, we take the curve t — av; = at?u(t -). Since F(v;) = 1 a* 3 F (u),
then
2,3 2 3,3
t t t
I\(av) = a° |Vul? + a_/ u? + Nat3F (u) — ar |ul?.
2 R3 2 R3 3

Hence, taking a > 1 and A ~ 0 we get
ep=2and A\~0 = inf ], = -0
Moreover, one could also show that
. p:2and)\2% = inf I, = 0.

Let us now investigate the validity of the Palais-Smale condition (PS).
Since we are working in the radial space E,, (PS) holds provided the (PS)
sequences are bounded. This is easily verified if p € (1,2) U [3,5), while it
is not known if 2 < p < 3.
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To overcome this problem, we extend an argument used in specific
cases in [19] and [13], see also [20].

Consider a Hilbert space £ and ®, : E — R a family of functionals in
the form

P(u) = au) —pB(u),  p>0
where a € C' is coercive (that is, 400 @(u) = 400), § € CF, B(u) >
0, and 3, 8 map bounded sets into bounded sets.
Let F be a class of compact sets in E such that
(F1). IKCEst. KCAVAe€F and supg ®,(u) < ¢y,
(F.2). For any homotopy 7(t,z) such that n(t,z) = x for all x € K,
there holds n(1,A) e F, VAeF.
Setting

¢, = Inf max®,(u
B AeF ueh p(),

it is easy to see that the map p +— ¢, is non-increasing and left-continuous.
Hence p1 — ¢, is almost everywhere differentiable. Let J C (0,400) denote
the set of values of u so that ¢, is differentiable. The key point is the
following result.

Lemma 3.1. For any p € J there exists a bounded (PS) sequence at the
level ¢, that is, there exists a bounded sequence u,, € E such that:

P, (un) = cu, @L(un) — 0.

Let us apply the preceding procedure in the case 2 < p < 3, taking
E = W2 (R3)
1
Cp+1 Jps

and looking for the critical points of I , = ax(u) — pB(u).
Let B the unit ball in E, S = 9dB. Since 2 < p < 3, from

t3 t A3 pt?=1
I, (tPu) = — Vu|?d —/ 2de+ ZF(u) — / P+,
A’M( Ut) 2 /1%3 | u| T 2 Jps uar -+ 4 (u) p+1 Jgs |u| v

it follows that Vz € S 3! T = T(z) > 0 such that for = % there holds

a(u) = ax(u) = gllull® + AF(u),  B(u) JulP*dz

I/\é(TzzT) =0,
I)\7%(t2zt) <0, Vt>T(z),
I, 1 (%) >0, Vi < T(2).

1
2
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For k € N, let Ej be a k-dimensional subspaces such that Ej C Ejy1, set
S, = SN E, and

Vk:{veE:v:tQZt, t>0, z € Sy} ~ Ej.
From the preceding considerations T} := sup{7T'(z) : z € Sk} < +oo and
thus the set

Ay ={veE:v=1t%2, tc|0,T}], z€ S;}
is compact (and symmetric). Furthermore, T}, > T'(z), V z € Sk implies

I)\ ;(v)go, VanAk.

’2

Next, let us set
H = {g: F — E odd homeomorphism s.t. g(v) = v, Vv € A, Vk € N}

consider
Gr ={9(Ax) : g € H}
and define
Chop = Aiél(gk max{ly ,(u) :u € A}.

The class G can be taken as F, with K = 0A. Actually,
Du(v) ST, 1 () <0, V€ [3,1],Y0 € Ay

Then Lemma 3.1 implies that for almost every u € [%, 1] and all k € N,
there is a bounded (PS) sequence for I , at level ¢, and this implies that
Ck,u are critical levels of Iy ,.

In order to find the Critical points of Iy we take u, T 1 and choose
un € E such that I 4, (un) = ¢ p,, I}, (un) = 0, namely

1 1 A
AS |:§|VUTL|2 + QU% + quunu?% a ]%|u”|p+1 dx = Ch,un (31)

and
/ [[Vtn|* +u2 + Apu, uZ — pn|un|PH] dz = 0. (3.2)
R3
Moreover, we can take advantage from the fact that wu, is a sequence of
solutions of I§ , (u,) = 0. Actually, it has been shown in [8] that these u,
satisfy the following Pohozaev type identity:

1 A 3pin
/ [i'vun'“g“i*%%n“i‘ ﬁl%i”“ dz = 0. (3.3)
]RIS
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Setting

Ay, :/ |Vun|2a B, :/ u7217 Cp = >\/ Qbunu?p D, :Mn/ |un|p+1’
R3 R3 R3 R3

equations (3.1), (3.2), (3.3) become
1 1
% n + §Bn + ZC” - Z%Dn = Ck,,una
A, + B, + C, - D, = 0
1 3 5 3 _
§An + an + ZCTL - mDn - 0.

Solving the above system, we get that
(4 —2p) Ay + €y, Bp — 7)
p—1 ’
Since ¢y, y,,, is bounded p > 2 and B,, > 0 then A, < c. Thus also B, < ¢

and hence ||Ju,|* = A, + B, is bounded.
Since we are working in the space of radial functions, we can now

B, =

conclude as usual: u,, — u, ¢y, — cx(= cx,1) and
I(u) = ¢, I (u) = 0.

Therefore, for every k € N we have found a critical point wug of Iy.

The final step consists in showing that cy j := Iy (u;) — oo (let us point
out that we cannot carry out a ”Lusternik-Schnirelman” type argument).
For this we shall use a comparison argument. From

I\(u) = Io(u), Vu € E,

it follows that ¢y > co for all A > 0. Moreover, the arguments carried
out in [3] show that ¢y, — oo and hence ¢y — oo.

The preceding arguments have been outlined for 2 < p < 3. The case
p € [3,5) can be handled in a more direct manner, by means of symmetric
versions of the mountain-pass theorem. When 1 < p < 2 a different ap-
proach is needed, to take into account the geometry of the corresponding
functionals. Finally, in the case p = 2 the geometry of Iy isas for 1 < p < 2
while the lack of (PS) has to be overcome as for 2 < p < 3.

In conclusion we can state the following multiplicity results, proved in
[4], that extend previous theorems in [16].

Theorem 3.2. For any 2 < p < 5 and any A > 0, I\ has infinitely many
pairs of critical points tuy, k € N, such that I\(tuy) — 400, as k — oo.
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Theorem 3.3. If1 < p < 2 then for any k € N there exists A, > 0 such that
for all X € (0,Ay), I\ has at least k pairs of critical points Fuy, \ such that
I(£ug,n) > 0 and k pairs of critical points £uvy, \ such that I\(£vg ) < 0.
Moreover one has that A, < A1 <--- <A1 < 41_1'

Theorem 3.4. If p = 2, for any k € N there exists A > 0 such that for
all X € (0,A}), In has at least k pairs of critical points +uy x such that
I\(Fug ) > 0. Moreover, Aj < Aj_; <--- <A < %.

Remark 3.5. The preceding existence results are completed by pointing out
that for 1 <p <2and A > % the only critical point of Iy is u = 0.

Remark 3.6. It is clear that the same results hold if we consider (SP) with
radial potentials V, K satisfying (A). Moreover, it is also possible to deal
with radial potentials which decay to zero at infinity in a suitable manner,
see [15].

Remark 3.7. If we use (3.2) and the Pohozaev identity (3.3), with p = 5
(critical exponent), u, = 1 and w,, = u, we get, respectively,

/ [|Vu|2 + u? 4 Apyu® — |u|6] dzx =0, (3.4)
R3
and \
1 2,392 9 2 1 6 _
/RS [Q\Vu| +gut du 2\u| dx = 0. (3.5)

From (3.4) we find
/ \Vu|?dz = —/ [u? + Apyu® — |ul®] da.
R3 R3
Substituting in (3.5) equation we deduce
4/ u?dr = —3\ duulde.
R3 R3

Since A > 0 and ¢, > 0, it follows that v = 0. This shows that in the case
of critical exponent, (SP) has no non-trivial solution, for all A > 0, see [8].

4. Semiclassical states

An important feature of NLS equations as

—?Au+V(z)u = |[ulPtu (4.1)
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is that there exist solutions concentrating at non-degenerate critical points
of the potential V. This kind of results can be extended, without any re-
striction on K, to systems like

{ —2Au+ V(2)u+ K(2)pu = [u’~'u,

~A¢ = K(x)u?. (SF)

Theorem 4.1. [11] Let (A) holds and let xy be a non-degenerate critical
point of V.. Then (SP:) has for € small, a solution u. such that

ue(z) ~ Uy < ) . A =V(x),

where Uy, is the positive radial solution of —Au+ \u = uP, u € WH2(R3).

Tr — X0

€

On the other hand, the potential K plays a role when z( is degenerate.
Suppose that 3 an even integer k such that DIV (zg) =0,Vj =1,2,....k—1
and D*V (z0)[¢] = 3 a;&F, with a; > 0 or < 0 for all 4 = 1,2, 3. Further-
more, suppose that 3 an even integer m such that D/K(zg) = 0,Vj =
1,2,....,m—1and DK (z9)[¢] = > bi&", with b; > 0, (b1, ba, b3) # (0,0,0).
Then the previous concentration result holds provided one makes suitable
assumptions on b;. Referring to [11] for complete results, we limit ourselves
to some specific examples:

o if £ <2m + 2, for all b; > 0;
o if k=2m+ 2 and b; > 0 are small;
o if k >2m + 2 and (by,be,b3) = (1,4,d) with § small.

Remark 4.2. If K =0 we recover the known results on (4.1). Moreover, if
V = Const. > 0, concentration occurs, roughly, for almost every (by, ba, bs).

When V is radial, solutions of (4.1) which concentrate at a sphere
of radius » = R has been proved in [2]. It is shown that for every non-
degenerate minimum or maximum of

+3
M(r) =r?VO(r), 9:p7,
there exists a radial solution of (4.1) with asymptotic profile
- R
ue(r) ~ Uy <r - ) . X =V(R). (4.2)

In order to extend this result to Schrodiger-Poisson systems, let us the
system
{ —&2Au+ V(|z))u + K(|z|)du = |ulP~1u,

—eAp = K|, (5F)
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where V, K satisfy (A).

Theorem 4.3. [10] If R is a non-degenerate minimum or maximum of M =
r2V? and K(R) = 0, then (SP.) has a radial solution u. concentrating at
the sphere of radius R, whose asymptotic profile is given by (4.2).

In particular, if K = 0, we recover the result proved in [2].
If V = K =1, solutions of (SP:) concentrating on the sphere of radius
R,

a -1
R:cia = E:Lp ), c:/ U2dw,
(1 + a) 2(p—1) 11 - 7p R3

has been established in [9, 17], provided 1 < p < %

This turns out to be a specific case of the following result, proved
in [10], see also [12] for the necessary conditions. Referring to the afore-
mentioned papers for precise statements, let us give an idea of the results.
First of all, the radius R of the concentration is the possible solution of the
equation

olr) = erK(VE) + K@), v= 5ot ()
where

o VO V) ) T

TR R T o3 T 2+ )

Then, if some suitable non-degeneracy conditions are satisfied, then (SP/)
has a radial solution u. concentrating at » = R. Furthermore, the asymp-
totic profile of u,. is given by

ue(r) ~ Uy <T i

. ), M =V(R)+ a(R)K(R).

The proof of this result relies on a perturbation approach which re-
quires the overcoming of several technical difficulties, and cannot be re-
ported here. Instead, we discuss a couple of specific cases, to illustrate the
nature of the results.

Ezample 1. If V = K =1 the function a(r) becomes the constant @ given
by
v 8(p-1) 11

G=——= "7’ 1 =).
a P T (>0 < <p<7)
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Then the equation (%) has always a solution given, for 1 < p < %, by

1 a

e (1+ay

Moreover, in this specific case, the non-degeneracy conditions are auto-
matically satisfied and we recover exactly the result found in [9, 16]. Let
us remark that the result sketched before is not confined to the case in
which V, K = 1, but it can be clearly extended, for example, to potentials
V, K =~ 1. Actually, if this is the case then the function a(r) =~ @, (%) has
a solution close to the preceding R and the non-degeneracy conditions still
hold true.

a=cr[l+al”, i.e.

Ezample 2. The purpose of this example is to show that there could be cases
in which there exist radial solutions of (SP!) concentrating at a sphere, even
if & <p<5.

Let us take p ~ 5 and K =1, then

alr) ~ SV () + V()

and (x) becomes

2V(r)+rV'(r) =cr, c>0.
If this equation has a solution r = R, the non-degeneracy conditions referred
to in the preceding discussion become merely

3¢ 6V(R)
V"(R) # — .
If this condition holds, then there exists a radial solution of (SP!) concen-

trating at r = R.

5. The Non-Autonomous Case: Perturbation Results

Here we consider the following Schrédinger-Poisson system
—~Au+u+eK(x)p(x)u = (1 + eh(x))|ulP~u,
~A¢ = K(x)u?,

where € > 0 is sufficiently small. We shall make the following assumptions
on K and h:

(SF:)

K>0  KeclL*R?, (K)
h e LY/G-PI(R3)., (h)
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Remark 5.1. If K holds we still have that Ku? € L%/°(R3) for all u €
FE and hence the discussion about the solvability of the Poisson equation
—A¢ = Ku? carried out in Section 2, as well as the variational setting, can
be repeated without changes.

The corresponding Euler functional I, is given by
I.(u) = Ip(u) + eF(u) — eG(u),
where )
T 1 2 —/ p+1d
o) = 3l = = [ o

and )
-~ p+1
G(u) = 1 e h(z)|u[P™ dx.

For ¢ = 0 the unperturbed functional I is translation invariant and has
the following 3D-manifold of critical points

Z = {U(a) = Ulx — &) : € € R%Y,
where U is the positive radially symmetric solution of
—Au+u =P, u € E,.

It is well known that Z is non-degenerate, in the sense that the Kerl(/(z)
coincides with the tangent space T.Z, for all z € Z, cfr. [1, Lemma 4.1].
Then, according to the abstract Theorem 2.16 of [1], to find a critical point
of I, for e < 1, it suffices to find a strict maximum or minimum of

I(§) = F(Ug) — G(U).

In order to study the behavior of " as || — oo we will use the integrability
conditions on K and h.

Lemma 5.2. Suppose that (K) and (h) hold. Then
lim I'(§) =0.
|§|—o00 ©
Proof. Let ¢¢ be the solution of (2.1) with u = Ug. Then

lel3 = / KUZgedr.
]RZS

Since U(z) ~ e~ 1*l as |z| — oo, and using the Holder inequality,

5/6
locl < llolus ([ KO0 as)
R3
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This and [[dellzs < e1[léc]lp yield

5/6
¢ellre < a1 </ K6/5U§2/5dx> . (5.1)
R3

Then

12/5 5/6
F(U) = iégK(@@(@Uﬁ@ﬁ < ool dell s </R KOy dx) |

and (5.1) implies

5/3
F(Ue) < c3 (/RS K6/5U§2/5dx> . (5.2)

Next, let us show that fRS K6/5U£12/5da: — 0 as |{| — oo. For R > 0, let us
first evaluate

3/5 2/5
KUl < K%dx / Udx
|z|>R |z|>R |z|>R

3/5 2/5
(/ K2daj> </ Ugdzz:>
|z|>R R3
3/5
c4 K2%dx .
|z|>R

Using (K ) we infer that, for any § > 0, there exists R > 0 such that

A

IN

IN

K554z < 6. (5.3)
|z|>R ¢

Next, one has

3/5 2/5
/ KUl < / K%da / USdx
|z|<R |z|<R |z|<R
2/5
< ¢5 / USdx .
lz+¢|<R

Since U decays exponentially to zero as |x| — oo, it follows that

lim KU de = 0.
[€]—00 Jiz|<R
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This and (5.3) imply that [ K6/5U12/5da; — 0 as || — oo, as claimed.
Finally, since F'(u) > 0, see Remark 2.2, and using (5.2), we infer that
F(U¢) — 0 as [£] — oo.

Similarly, using (h), we find that for all § > 0 there exists R > 0 such
that

(5-p)/6 (p+1)/6
/ WU de < / h8/=P) dy; / Udda
|z|>R ¢ |z|>R |z|>R
(5-p)/6
c6 / RS/ 5=P) dy <é.
|z|>R

N

<
Furthermore,
(5-p)/6 (p+1)/6
/ hUE e < / 8/ =) dy; / USda
|z|<R |z|<R lz+€|<R
(p+1)/6
< ¢ / USdx =o0(1), as|{ — oo.
|z+€|<R

It follows that also G(U¢) — 0 as || — oo and hence I'(§) = F(Ug) +
G(U¢) — 0 as || — oo proving the lemma. O

Lemma 5.2 implies that I" has a strict maximum or a strict minimum,
unless I'(¢) = 0. The simplest way to rule out this possibility, is to require
that, say, I‘(O) 75 0. Since

L) = —G(U)

U2 (2)U2(y)
= /R o B@E W) — = ddy‘pﬂ/h JUrH @)z,

we get the following existence result

Theorem 5.3. Let (K) and (h) hold and suppose that

20, )2
%/W s K(x)K(y)dedy £ ﬁ /R3 h(@)UP (z)dz.  (5.4)

Then for all € sufficiently small, (SP:) has at least one solution.

Proof. By the general theory, see [1, Theorem 2.16], it follows that any
strict maximum or minimum of I' gives rise to a critical point of I, and
hence to a solution of (SP.). O
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Corollary 5.4. Let (K) and (h) hold. If [ps h(z)UP*!(z)dz < 0, then for
all e sufficiently small, (SP.) has at least one solution.

Proof. Tt suffices to point out that K > 0 and [gs h(x)UPTH(z)dz < 0
immediately imply that (5.4) holds. O

We conclude this section with a result in which we replace (5.4) with
an asymptotic assumption on the sign of h. Precisely, we will assume that

dp>0: h(x)<0, V|z|>p. (W)
Theorem 5.5. Let 3 < p < 5, let (h) and (k') hold and suppose that K is

continuous and satisfies (K). Then for all e sufficiently small, (SP.) has
at least one solution.

Proof. As before, we need to consider

['(€) = F(Ue) — G(Us).

Let us evaluate F'(Ug) and G(Ug) separately.
Since K > 0, we get for any R > 0,

) U2(2)U2 ()
FU:) = /Rf R3K (y) ———— P— dxdy
1 Ug( )Ug (y) .
- 4/I:z:|<1‘%/y<RK($)K(y) |z =yl ey
>

> / / dxdy min U'(z — &).
lz|<R Jy|<R |€E - yl |z|<R

Since K is continuous and positive, there exists Cr > 0 such that

F(U¢) > Cr-a(8), (5.5)
where

a(&) =: min Utz — &) ~ e as |¢] — .
|z|<R

Next, let h™(xz) = max{h(z),0}. Using (h') we find
MU @de < [ W @U@= e <656 (66)
R3 |z|<p

where ¢, > 0 and

B(€) = max UPT (z — &) ~ e @Rl as |¢] — oo

|z <p
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From (5.6) and (5.5) we infer
I'(§) = F(Ug) = G(Ug) = Cr - a(§) — ¢, - B(E)-

Moreover,

() = B(E) ~ e PVl as J¢] — co.
Then, p > 3 and Cg > 0 imply that I'(§) > 0 provided |£| > 1. This shows
that T'(§) # 0 and the conclusion follows as before. O
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