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Abstract
In this article, we consider certain irreducible subvarieties of the moduli space of
compact Riemann surfaces determined by the specification of actions of finite groups.
We address the general problem of determining which among them are non-normal
subvarieties of the moduli space. We obtain several new examples of subvarieties with
this property.
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1 Introduction

Let Tg denote the Teichmüller space of compact Riemann surfaces of genus g � 2. It
is well-known that Tg has the structure of a complex analytic manifold of dimension
3g − 3 and that the mapping class group Modg acts properly discontinuously on Tg
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by biholomorphisms. We denote by

� : Tg → Tg/Modg

the associated canonical projection. Since the group of (conformal) automorphisms
of a compact Riemann surface of genus at least two is finite, a theorem due to Cartan
(see [10]) implies that the moduli space

Mg := Tg/Modg

has the structure of a normal complex analytic space (complex orbifold) of dimension
3g − 3.

If t ∈ Tg is represented by the compact Riemann surface St , then the stabiliser
of t in Modg can be identified with the group of (conformal) automorphisms of St ,
namely,

StabModg (t) ∼= Aut(St ).

For g � 4 the (orbifold) singular locus of Mg agrees with the branch locus of �

Sing(Mg) = {[S] ∈ Mg : Aut(S) �= {1}}.

We refer to [30] and [31], and also [27] for more details.
By contrast, the singular locus of M2 consists only of one point, algebraically

represented by the Bolza curve
y2 = x5 − 1,

whereas the singular locus of M3 consists of those points representing isomorphism
classes of Riemann surfaces with non-trivial automorphisms, with the exception of
those hyperelliptic whose reduced automorphism group is trivial (see [29]).

In this work, we consider certain irreducible subvarieties ofMg that are determined
by the specification of conjugacy classes of finite groups in the mapping class group.
These subvarieties, whichwill be introduced in detail in §2, can be understood in terms
of Fuchsian groups as follows.We denote by

Mg(H , s, θ) (1.1)

the locus formed by the points of Mg representing isomorphism classes of com-
pact Riemann surfaces of genus g endowed with the action of a group H and with
topological class determined by the surface-kernel epimorphism

θ : � → H ,

where � is a Fuchsian group of signature s (see §2 for more details). These loci have
the structure of irreducible subvarieties of Mg and

dim(Mg(H , s, θ)) = 3h − 3 + r ,
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provided that s = (h;m1, . . . ,mr ). In general, such subvarieties are non-smooth and
are contained in the singular locus of Mg (see [6] and [17]).

In this article, we deal with the general problem of deciding which subvarieties
of Mg of type Eq. 1.1 are non-normal. In addition, in the case of non-normality we
address the problem of determining the set of non-normal points of the subvariety.

The concept of normal variety was introduced by Zariski in [35] in the context of
both affine and projective spaces. Following Mumford [26], normality can be under-
stood as a way to separate the “branches” of an algebraic variety at a singular point.

The importance of normal varieties lie in part in the fact that the co-dimension of
their singular loci are greater than or equal to two (for instance, normal complex curves
are smooth and the singularities of normal complex surfaces are isolated). Roughly
speaking, a normal complex space only closely misses being a smooth complex man-
ifold.

The key fact we will employ to prove our results (and which will be explained in a
precise way later) is that, as shown byGonzález-Diez andHarvey in [17], the existence
of a non-normal point

[X0] ∈ Mg(H , s, θ)

is intimately related to the existence of groups of automorphisms of X0 isomorphic to
H acting on X0 with topological class determined by θ and that are non-conjugate in
the full automorphism group of X0.

As we shall discuss later, for these subvarieties the normality can be understood
as the property of being biholomorphically equivalent to quotients of certain complex
analytic submanifolds of Tg by the action of appropriate groups of biholomorphisms
of them.

We mention some known facts concerning this problem, where the cyclic group of
order n is denoted by Cn , and the direct product Cn× m. . . ×Cn is denoted by Cm

n .

1. The uniqueness of the hyperelliptic involution together with the results proved by
González-Diez in [16] show that if p is a prime number then

Mg(Cp, s = (0; p, r. . ., p), θ)

is normal, for each action θ . Here g = (r − 2)(p − 1)/2 and r � 3.
2. The first example of a non-normal subvariety of type Eq. 1.1 associated to regular

covers of the projective line P
1 was constructed by González-Diez and Hidalgo in

[18], being the two-dimensional subvariety of M9 given by

M9(C8, s = (0; 4, 4, 4, 8, 8), θ),

for some action θ suitably chosen. This two-dimensional subvariety has a
one-dimensional sublocus of non-normal points. Later, this construction was gen-
eralised by Carvacho in [9] to two-dimensional subvarieties associated to cyclic
2-groups of the form

M3(2n−1)(C2n+1 , s = (0; 2n, 2n, 2n, 2n+1, 2n+1), θn) where n � 2.
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3. An example of a non-normal subvariety of type Eq. 1.1 associated to regular
non-cyclic covers of P

1 was found by Cirre in [11], being the three-dimensional
subvariety

M3(C
2
2 , s = (0; 2, 2, 2, 2, 2, 2), θh),

where θh is the unique surface-kernel epimorphism for which M3(C2
2 , s, θh) lies

inside the hyperelliptic locus of M3.
4. For each integer n � 3 and for each prime number p large enough, Hidalgo in

[21] gave a ((n − 1)p − 3)-dimensional non-normal subvariety of the form

Mg(C
n−1
p , s = (0; p, (n−1)p. . . , p), θp,n),

for a suitable action θp,n . Here g = 1 + pn−1[(p − 1)(n − 1) − 2]/2.
We should note that it is not difficult to construct examples of non-normal subvari-

eties of type Eq. 1.1 with associated orbit space of positive genus. By contrast, to the
best of our knowledge, apart from the aforementioned cases together with an example
in genus three with H ∼= C4 (see [18, Remark (1)]) and an example in genus nine with
H ∼= C8 (see [2, Remark 4.3]), there are no more known examples of non-normal
subvarieties of the desired type and associated to branched regular covers of P

1.

This paper is aimed at providing new examples of subvarieties of this type. The
results, which will be stated in §3, can be briefly summarised as follows.

a. We provide the full list of non-normal subvarieties inM2 andM3 of type Eq. 1.1.
In addition, we describe explicitly the set of their non-normal points (Theorems 1
and 2).

b. We prove that, for each g � 2, the g-dimensional subvariety of Mg

Mg(C
2
2 , s = (0; 2, g+3. . . , 2), θh),

where θh stands for the action corresponding to the hyperelliptic locus, is non-
normal. We also describe a set of non-normal points of it (Theorem 3). This
generalises fact 3 above.

c. We deduce that, for each g � 2, the moduli space Mg contains a non-normal
subvariety of type Eq. 1.1 where s is a genus zero signature (Corollary 4).

d. We prove that, for each n � 1, the dihedral group of order 8n yields a non-normal
subvariety of the moduli spaceM2n+1. The novelty of this result is that it produces
the first non-abelian examples of type Eq. 1.1 where s is a genus zero signature
(Theorem 5).

e. We prove that, for each odd integer n � 1, the cyclic group of order 2n gives rise
to a non-normal subvariety of the moduli space M(n−1)2 . This result can be seen
as an extension of fact 2 above from cyclic 2-groups to cyclic groups of even order
(Theorem 6).

f. We show that, for each pair of integers n � 4 and k � 2, the family of the so-called
generalised Fermat curves gives rise to a non-normal subvariety ofMg of the form

Mg(C
n−1
k , s = (0; k, k(n−1). . . , k), θk,n),
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for some suitably chosen action θk,n . Here g = 1 + kn−1[(n − 1)(k − 1) − 2]/2.
This result (Theorem 7) extends fact 4 above.

2 Preliminaries

Fuchsian Groups and Riemann Surfaces

LetH be the upper half-plane and let� be a co-compact Fuchsian group. The signature
of � is the tuple

s = s(�) = (h;m1, . . . ,ml), (2.1)

where h denotes the genus of the quotient surface H/� and m1, . . . ,ml the branch
indices in the associated universal projection H → H/�. If l = 0 then it is said that
� is a surface Fuchsian group, and if h = 0 and l = 3 then � is called a triangle
Fuchsian group.

If � is a Fuchsian group of signature Eq. 2.1 then � has a canonical presentation

〈α1, . . . , αh, β1, . . . , βh, x1, . . . , xl : xm1
1 , · · · , xml

l ,�h
i=1[αi , βi ]�l

j=1x j 〉,

where the brackets stands for the commutator.
Let S be a compactRiemann surface of genus g � 2.By the uniformisation theorem,

there is a surface Fuchsian group � such that

S ∼= H/�.

Furthermore, by Riemann’s existence theorem, a finite group H acts on S if and
only if there is a Fuchsian group � together with a group epimorphism

θ : � → H such that ker(θ) = �.

In such a case, the genus g of S is related to s(�) by the Riemann-Hurwitz formula

2(g − 1) = |H |(2(h − 1) + �l
j=1(1 − 1/m j )).

We say that H acts on S with signature s(�) and that this action is represented by
the surface-kernel epimorphism θ (from now on, simply SKE). We usually identify θ

with the tuple or generating vector

θ = (θ(α1), . . . , θ(αh), θ(β1), . . . , θ(βh), θ(x1), . . . , θ(xl)) ∈ H2h+l .

Let G be a group and let H be a subgroup of G. The action of H on S is said to
tightly extend to an action of G if the following three statements hold.

(1) There is a Fuchsian group �′ with � � �′.
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(2) There is a surface-kernel epimorphism

	 : �′ → G with 	|� = θ.

(3) The Teichmüller spaces of � and �′ have the same dimension.

An action is called maximal if it cannot be tightly extended. See [8], [33] and [34].
We also refer to the survey article [7] for more details and related problems concerning
group actions on Riemann surfaces.

The SubvarietyMg(H, s,�)

Let S be a Riemann surface of genus g � 2 and let

ψ : H → Aut(S)

be an action of a finite group H on S, with signature s. Assume that S′ is another
Riemann surface of genus g endowed with an action ψ ′ : H → Aut(S′). If there
exists a (orientation-preserving) homeomorphism

φ : S → S′such that φψ(H)φ−1 = ψ ′(H) (2.2)

then we say that the actions of H are in the same topological class or that they are
topologically equivalent. Clearly, in such a case the signatures of the actions agree.

The topological equivalence of actions can be understood in terms of Fuchsian
groups as follows. If we write

S/H ∼= H/� and S′/H ∼= H/�′,

then each (orientation-preserving) homeomorphism φ as in Eq. 2.2 induces a group
isomorphism φ∗ : � → �′. Hence, we may assume� = �′. We denote the subgroup
of Aut(�) consisting of such automorphisms φ∗ byB. Following [6], the SKEs

θ : � → H and θ ′ : � → H

representing two actions of H are topologically equivalent if and only if there are
ω ∈ Aut(H) and φ∗ ∈ B such that

θ ′ = ω ◦ θ ◦ φ∗.

Sources for the characterisation of topological actions by certain purely algebraic
data include Nielsen [28], Harvey [20] and Gilman [15].

As mentioned in the introduction, we denote by

Mg(H , s, θ) ⊂ Mg
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the locus in Mg consisting of the points representing isomorphism classes of Rie-
mann surfaces endowed with an action topologically equivalent to the one of H on S.

According to [6], this locus is a closed irreducible (non necessarily smooth) subvariety
of Mg .

We also recall that the topological class of the action of H is determined by a group
monomorphism ι : H → Modg , and that

Mg(H , s, θ) = �(Tg(H , s, θ)),

where Tg(H , s, θ) stands for the fixed locus of ι(H) in Tg .
We refer to the articles [1] and [14] for the case of low genus, and to [2] for

algorithms to find concrete examples of subvarieties of this kind. See also [13].
We remark that in some papers the notation M̄g(H , s, θ) is used instead of

Mg(H , s, θ).

The Normalisation ofMg(H, s,�) and a Criterion for Non-Normality

Let S′ and S′′ be two Riemann surfaces of genus g � 2 endowed with actions

ψ ′ : H → Aut(S′) andψ ′′ : H → Aut(S′′).

Assume that ψ ′ and ψ ′′ are topologically equivalent to the action of H
on S (of signature s and represented by the SKE θ ). The actions are termed
analytically (or conformally) equivalent if there exists a conformal isomorphism

� : S′ → S′′such that�ψ ′(H)�−1 = ψ ′′(H).

Observe that two actions on a Riemann surface S are analytically equivalent if
and only if the corresponding groups of automorphisms are conjugate in the full
automorphism group of the surface.

We denote by {(S′, H , ψ ′)} the analytic equivalence class determined by ψ ′, and
by

M̃g(H , s, θ)

the set of such classes. Observe that the natural correspondence

π : M̃g(H , s, θ) → Mg(H , s, θ) ⊂ Mg given by{(S′, H , ψ ′)} �→ [S′]

is surjective.
Furthermore, following the discussion in [17, §1], classical results of Teichmüller

theory imply that

M̃g(H , s, θ) ∼= Tg(H , s, θ)/StabModg (Tg(H , s, θ))

and hence has the structure of a normal complex analytic space which makes π a
morphism of complex analytic spaces. Indeed, the surjection π turns out to be the nor-
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malisation ofMg(H , s, θ). See [17, Theorem 1]. We have the following commutative
diagram

Tg(H , s, θ) M̄g(H , s, θ)

Mg(H , s, θ)

�
π

Observe, in addition, thatπ fails to be a biholomorphism if and only ifMg(H , s, θ)

is non-normal. In other words, the following statements are equivalent.

1. Mg(H , s, θ) is a non-normal subvariety of Mg.

2. There is t ∈ Tg(H , s, θ) and ϕ ∈ Modg such that ϕ(t) ∈ Tg(H , s, θ) but

ϕ /∈ StabModg (Tg(H , s, θ)).

In such a case both H and ϕHϕ−1 fix t but they are different.
3. There is [X0] ∈ Mg(H , s, θ) with an action of H that is topologically but not

analytically equivalent to the action of H determined by θ .

We emphasise here that if the action θ of H onRiemann surfaces of genus g ismaximal,
then the implication

S ∈ Mg(H , s, θ) 
⇒ Aut(S) ∼= H

holds for each Swith the possible exception of someRiemann surfaces that necessarily
lie in a positive codimensional sublocus ofMg(H , s, θ). See [6] for more details.

Remark 1 It is worth remarking that possibly some non-normal points ofMg(H , s, θ)

do not satisfy the statements 2 and 3 above. This situation is explained by the fact that
the set of non-normal points of Mg(H , s, θ) form a closed subset. We refer to [17,
§2] for more details.

Notations Let n � 2 be an integer. A primitive n-th root of unity is denoted by ωn ,
the cyclic group of order n is denoted byCn, the dihedral group of order 2n is denoted
by Dn , and the symbol an in a signature abbreviates the expression a, n. . ., a. The pair
(n, i) used as a group id for a group of order n refers to its label in the small group
database employed by several computer algebra programs (SageMath, Magma and
GAP, among others).

3 Statement of the Results

Theorem 1 There is exactly one non-normal irreducible subvariety of M2 of type
M2(H , s, θ). This subvariety has dimension two and is formed by the Riemann sur-
faces with a group of automorphisms isomorphic to

H = C2
2 acting with signature s = (0; 25).
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In addition, its set of non-normal points is formed by the Riemann surfaces with a
group of automorphisms isomorphic to

D4 acting with signature (0; 23, 4).

In particular, the Accola-Maclachlan curve and the Wiman curve of type II

y2 = x6 − 1 and y2 = x(x4 − 1)

respectively, are non-normal points.

If we denote by B the Bolza curve (namely, the unique compact Riemann surface
of genus two endowed with an automorphism of order five) then the theorem above
says that

{branch locus of T2 → M2} − {B}
is a non-normal subvariety of M2. We recall that except for B (which is an isolated
point), all Riemann surfaces in the branch locus of M2 admit the (unique) action of
C2
2 .

Theorem 2 There are exactly seven non-normal irreducible subvarieties ofM3 of type
M3(H , s, θ).

1. The one-dimensional subvariety of Riemann surfaces with a group of automor-
phisms isomorphic to

H = S4 acting with signature s = (0; 23, 3).

The subvariety has only one non-normal point, being the Klein quartic.
2. The two-dimensional subvariety of Riemann surfaces with a group of automor-

phisms isomorphic to

H = C3
2 acting with signature s = (0; 25).

The set of non-normal points is formed by the Riemann surfaces with a group of
automorphisms isomorphic to

C2 × D4 acting with signature (0; 23, 4).

In particular, the most symmetric among the hyperelliptic Riemann surfaces of
genus three is a non-normal point.

3. The two-dimensional subvariety of Riemann surfaces with a group of automor-
phisms isomorphic to

H = D4 acting with signature s = (0; 25).
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The set of non-normal points is formed by the Riemann surfaces with a group of
automorphisms isomorphic to

(C4 × C2) � C2 acting with signature (0; 23, 4).

In particular, the Fermat quartic is a non-normal point.
4. The two-dimensional subvariety of Riemann surfaces with a group of automor-

phisms isomorphic to

H = C4 acting with signature s = (0; 23, 42).

The set of non-normal points is formed by the Riemann surfaces with a group of
automorphisms isomorphic to

C4 × C2 acting with signature (0; 22, 43).

In particular, the Wiman curve of type II is a non-normal point.
5. The two irreducible components of the three-dimensional family of Riemann sur-

faces with a group of automorphisms isomorphic to

H = C2
2 = 〈a, b : a2, b2, (ab)2〉 acting with signature s = (0; 26).

Such components are represented by the SKE

(a, a, a, a, b, b) and (a, a, b, b, ab, ab)

and their sets of non-normal points are formed by the Riemann surfaces with a
group of automorphisms isomorphic to

C3
2 and D4 acting with signature (0; 25)

respectively.
6. The four-dimensional subvariety of Riemann surfaces with a group of automor-

phisms isomorphic to

H = C2 acting with signature s = (1; 24).

The set of non-normal points is formed by the Riemann surfaces with a group of
automorphisms isomorphic to

C2
2 = 〈a, b : a2, b2, (ab)2〉 acting with signature (0; 26)

and represented by the SKE (a, a, b, b, ab, ab).
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Theorem 3 For each integer g � 3, the g-dimensional subvariety of Mg

Mg(C
2
2 , s = (0; 2g+3), θh) (3.1)

is non-normal, where θh stands for the unique SKE for which Mg(C2
2 , s, θh) lies

inside the hyperelliptic locus ofMg. The subvariety Eq. 3.1 is formed by the surfaces
S represented by the algebraic curves

y2 = �
g+1
i=1 (x − ai )(x − 1

ai
),

where a1, . . . , ag+1 are pairwise distinct complex numbers satisfying that aia j �= 1
for all i, j ∈ {1, . . . , g + 1}. The group of automorphisms of S that is isomorphic to
C2
2 is represented by

〈(x, y) �→ (x,−y), (x, y) �→ (1/x, y/xg+1)〉.

Furthermore, a set of non-normal points for Eq. 3.1 is given as follows.

a. If g is odd then a set of non-normal points consists of the Riemann surfaces with a
group of automorphisms isomorphic to

C2 × Dg+1 acting with signature (0; 23, g + 1),

and represented by the algebraic curves

y2 = (xg+1 − a)(xg+1 − 1
a ) where a �= 0,±1.

In particular, the Accola-Maclachlan curve is a non-normal point of Eq. 3.1.
b. If g is even then a set of non-normal points consists of the Riemann surfaces with

a group of automorphisms isomorphic to

Dg acting with signature (0; 24, g),

and represented by the algebraic curves

y2 = x(x
g
2 − a)(x

g
2 − 1

a )(x
g
2 − b)(x

g
2 − 1

b )

where a, b �= 0,±1 are distinct and ab �= 1. In particular, the Wiman curve of
type II is a non-normal point of Eq. 3.1.

The next result follows directly from Theorems 1 and 3.

Corollary 4 There are infinitely many compact Riemann surfaces of genus g � 2
that are branched regular covers of P

1 endowed with two analytically non-conjugate
groups of automorphisms whose actions are topologically equivalent.
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Theorem 5 For each odd integer g � 3, the two-dimensional subvariety

Mg(D2(g−1), s = (0; 25), θ)

is non-normal, where θ stands for the SKE representing the unique action of D2(g−1)
in genus g with signature s. A set of non-normal points is formed by the Riemann
surfaces with a group of automorphisms isomorphic to a semidirect product

C2(g−1) � C2
2 acting with signature (0; 23, 4).

Theorem 6 For each odd integer n � 3, the moduli space M(n−1)2 contains a non-
normal subvariety of dimension n − 1 of the form

M(n−1)2(C2n, s = (0; 22, n, n. . ., n), θ).

A set of non-normal points is formed by the Riemann surfaces with a group of
automorphisms isomorphic to

C2 × C2n acting with signature (0; 22, n, (n−1)/2. . . , n, 2n).

Theorem 7 Let k � 2 and n � 4 be integers. The subvariety

Mg(C
n−1
k , s = (0; k, k(n−1). . . , k), θk,n) where g = 1 + 1

2k
n−1((n − 1)(k − 1) − 2)

is non-normal, for some action θk,n. A set of non-normal points is formed by the
so-called generalised Fermat curves of type (k, n), algebraically represented by

xk1 + xk2 + xk3 = 0
λ1xk1 + xk2 + xk4 = 0

...
...

...

λn−2xk1 + xk2 + xkn+1 = 0

⎫
⎪⎪⎪⎬

⎪⎪⎪⎭

⊂ P
n

where λ1, . . . , λn−2 are pairwise distinct complex numbers different from 0 and 1.

4 Proof of Theorem 1

The nontrivial groups of automorphisms of compact Riemann surfaces of genus two
and the description of their actions are well-known: there are exactly twenty possibili-
ties (see, for instance [3], [4], [12], [23] and [24]). However, among such possibilities,
only seven correspond to maximal actions. The following table summarises such
groups and their actions (the trivial case Aut(S) ∼= C2 has not been considered)
(Table 1).

The enumeration of the cases is as given in [23]. We denote by Ci the family of
Riemann surfaces corresponding to the i-th case. If Ci consists of only one point, then
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Table 1 Full automorphism groups of Riemann surfaces of genus g = 2

label notation signature group id

5 C5 (0; 25) C2
2 (4, 2)

11 C11 (0; 23, 4) D4 (8, 3)

14 X14 (0; 2, 5, 10) C10 (10, 2)

15 C15 (0; 23, 3) D6 (12, 4)

20 X20 (0; 2, 4, 6) (C6 × C2) � C2 (24, 8)

21 X21 (0; 2, 3, 8) GL2(3) (48, 29)

we denote it simply by Xi . We recall that for each possibility in the table above there
is only one topological class of actions.

Assume that S belongs to the one-dimensional family C15 (respectively, to C11),
and thatD6 (respectively, thatD4) is not isomorphic to the automorphism group of S. It
follows that the order of the automorphism group of S is a multiple of 12 and therefore
S is isomorphic to X20 or X21. Observe that the automorphism group of each one of
these Riemann surfaces contains, up to conjugation, only one subgroup isomorphic
to D6 and only one subgroup isomorphic to D4. Hence, none of the members of
C15 (respectively, C11) enjoys the property of having two non-conjugate subgroups
isomorphic toD6 (respectively, toD4). Therefore, the familiesC15 andC11 are normal
subvarieties of M2.

Observe that the intersection C15 ∩ C11 is formed by X20 and X21.
Assume now that S belongs to the one-dimensional family C5 and that C2

2 is not
isomorphic to its automorphism group. By arguing as before we see that S ∈ C11 ∪
C15. Again the fact that, up to conjugation, the groups D6 and D4 have one and two
subgroups isomorphic to C2

2 respectively implies that:

(1) C5 is a non-normal subvariety of M2, and
(2) the set of non-normal points consists of the family C11.

Observe that, in particular, X20 and X21 are non-normal points of C5 as well.

Remark 2 (1) It is worth remarking that X21 is a non-normal point of C5 in spite of
the fact that its automorphism group has, up to conjugation, only one subgroup
isomorphic to C2

2 . This follows from the fact that the set of non-normal points is
closed, and that each X ∈ C11 − {X21} is a non-normal point of C5. This is an
explicit example of the situation anticipated in Remark 1.

(2) An algebraic description for the members of C5 is given by the curves

Ya,b : y2 = (x2 − 1)(x2 − a2)(x2 − b2)

where a �= b are complex numbers different from ±1. The non-normal points of
C5 are given by the curves Ya,1/a .
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5 Proof of Theorem 2

The nontrivial groups of automorphisms of compact Riemann surfaces of genus three
and their signatures are well-known; see, for instance [3], [4], [23] and [24]. Among
such possibilities, only twenty-two correspond to full automorphism groups (see, for
instance, [25]). These groups are summarised in the following table (Table 2). As in
the genus two case, the enumeration of the cases is as given in [23], we denote by Ci

the family of Riemann surfaces corresponding to the i-th case, and if Ci consists of
only one point then we denote it simply by Xi .

The family C4 corresponds to the hyperelliptic case and so it is normal, whereas
the family C6 is normal by the results of [16].

We now proceed to study each positive dimensional case separately.

a. We consider the family C31. If S belongs to this family and H = C2 × D4 is not
isomorphic to its automorphism group G then the order of G is a multiple of 16
and acts on S with a triangle signature. It follows that S is isomorphic to one of

X43, X46, X47o X48.

The third and fourth cases do not need to be considered since the automorphism
groups of these surfaces do not contain any subgroup isomorphic to H . In addition,
the automorphism groups of X43 and X46 each contain only one conjugacy class
of subgroups isomorphic to H . It then follows that there is no member of C31
possessing two non-conjugate subgroups isomorphic to H . Hence C31 is a normal
subvariety of M3.
By proceeding similarly, one sees that C14,C26 and C32 are normal subvarieties of
M3.

b. We consider the family C21. Assume that S ∈ C21 and write

H = C4 × C2 = 〈a, b : a4, b2, aba−1b〉

Table 2 Full automorphism groups of Riemann surfaces of genus g = 3

case sign group id case sign group id

3 (1; 24) C2 (2, 1) 26 (0; 23, 6) D6 (12, 4)

4 (0; 28) C2 (2, 1) 30 (0; 2, 7, 14) C14 (14, 2)

6 (0; 35) C3 (3, 1) 31 (0; 23, 4) C2 × D4 (16, 11)

9 (0; 26) C2
2 (4, 2) 32 (0; 23, 4) (C4 × C2) � C2 (16, 13)

10 (0; 23, 42) C4 (4, 1) 38 (0; 23, 3) S4 (24, 12)

13 (0; 24, 3) S3 (6, 1) 42 (0; 2, 4, 12) C4 × S3 (24, 5)

14 (0; 2, 32, 6) C6 (6, 2) 43 (0; 2, 4, 8) (C8 × C2) � C2 (32, 9)

19 (0; 25) D4 (8, 3) 46 (0; 2, 4, 6) C2 × S4 (48, 48)

20 (0; 25) C3
2 (8, 5) 47 (0; 2, 3, 12) SL(2, 3) � C2 (48, 33)

21 (0; 22, 42) C2 × C4 (8, 2) 48 (0; 2, 3, 8) C2
4 � S3 (96, 64)

24 (0; 3, 92) C9 (9, 1) 49 (0; 2, 3, 7) PSL(3, 2) (168, 42)
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Claim 1 The action of H on S is represented by the SKE (a2, b, a, ab).

We recall that the group H acts in genus three with signature s = (0; 22, 42) in
three different topological ways. Such actions are represented by the SKEs

θ1 = (a2, b, a, ab), θ2 = (b, b, a, a−1) and θ3 = (b, a2b, a, a).

Wedenote the subvariety ofRiemann surfaces X determined by the SKE θi byFi for
i = 1, 2, 3. Observe thatF1 and F2 consist of hyperelliptic surfaces; the hyperelliptic
involution being represented by a2 and b respectively.

Following [34], if the action of H tightly extends to a group H ′ then necessarily
H ′ has order 16 and the signature of the action of H ′ is s′ = (0; 23, 4). It then follows
that either X ∈ C31 or X ∈ C32.

Assume that X ∈ C31. Then

H ′ = C2 × D4 = 〈t, r , s : t2, r4, s2, (sr)2, tr tr−1, (ts)2〉

and, since there is a unique topological action of this group with signature s′, we
can assume that the action of H ′ on X is represented by the SKE

	 = (s, sr t, tr2, r).

The group H ′ has a unique subgroup isomorphic to H , namely, H̃ = 〈r , t〉.Observe
that the induced action of H̃ on X is represented by the SKE

	|H̃ = (tr2, tr2, r , r−1) which is equivalent to θ2.

We have then obtained that F2 = C31.

Assume that X ∈ C32. Then

H ′ ∼= (C4 × C2) � C2.

There is a unique topological class of actions of H ′ with signature s′. This unique-
ness coupled with the fact that this group has subgroups isomorphic to H show that

C32 = F1 or C32 = F3.

The former case is impossible, since X is non-hyperelliptic [25]. Hence C32 = F3.

The above arguments imply that the action represented by θ1 is maximal, and this
proves the claim.

We now assume that H is not isomorphic to the automorphism group of S ∈ C21 =
F1. Then the order of this group is a multiple of eight and it acts on S with a triangle
signature. Among the groups satisfying these properties, there are only two of them
possessing, up to conjugation, more than one subgroup isomorphic to H . These groups
give rise to the following possibilities for non-normal points of C21:

X43 (the Accola-Maclachlan curve) and X48 (the Fermat quartic).
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The latter case must be disregarded since the Fermat quartic is non-hyperelliptic.
On the other hand, the action of

Aut(X48) ∼= 〈x, y, z : x8, y2, z2, [x, y], [z, y], zxzxy〉

on X48 is represented by the SKE 	 = (z, zx, x−1), and this group has exactly
two subgroups

H1 = 〈x2, y〉 and H2 = 〈xz, x4〉
isomorphic to H . A computation shows that

	|H1 = (y, y, x2, x6) and 	|H2 = (y, x4, xz, x5z).

Therefore, the actions of H1 and H2 are topologically non-equivalent.
We then conclude that C21 is a normal subvariety of M3. In a very similar way it

can be seen that C13 is also a normal subvariety.

c. We consider the family C10. A routine computation shows that among the auto-
morphism group of Riemann surfaces of genus three, there are exactly two of them
that have, up to conjugation, at least two subgroups isomorphic to C4 in such a
way that the induced actions have signature s = (0; 23, 42). These groups give
rise to the family C21 and the surface X42 (the Wiman curve of type II).
We claim that X42 belongs to the family C21. Indeed, the action of

Aut(X42) ∼= 〈t, r , s : t4, r3, s2, (sr)2, stst−1, r tr−1t−1〉

on X42 is represented by the SKE

	 = (sr , st−1, tr).

The restricted action of the subgroup 〈s, t〉 ∼= C2 × C4 is represented by the SKE

	|〈s,t〉 = (s, st, t2, t−1)

which is equivalent to the SKE θ1 (introduced in item b); this SKE represents C21.

The fact that there is only one topological class of actions of C4 in genus three
with signature s allows us to assert that each member of C21 is endowed with two
subgroups isomorphic to C4 whose actions are topologically but not analytically
equivalent. Hence, we are in a position to conclude that C10 is a non-normal
subvariety ofM3 and that its set of non-normal points consists of the family C21.
By proceeding similarly, one can conclude that C19,C20 and C38 are non-normal
subvarieties ofM3.

d. We now consider the family C9. This family consists of two irreducible compo-
nents. In fact, if we write

C2
2 = 〈a, b : a2, b2, (ab)2〉
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then such components are C 1
9 and C 2

9 represented by

θ1 = (a, a, a, a, b, b) and θ2 = (a, a, b, b, ab, ab)

respectively. We first observe that among the automorphism groups of Riemann
surfaces of genus three there are exactly nine of them that have, up to conjugation,
at least two subgroups isomorphic to C2

2 acting with signature s = (0; 26). These
groups yield the following possibilities for non-normal points of C9:

C19,C20,C31,C32,C38 X43, X46, X48, X49. (5.1)

Assume that S ∈ C19. If we write

H ′ = 〈r , s : r4, s2, (sr)2〉 ∼= D4

then the action of this group on S is represented by the SKE

	 = (sr , sr , s, sr2, r2).

This group has two conjugacy classes of subgroups isomorphic toC2
2 , represented

by
H1 = 〈s, r2〉 and H2 = 〈sr , r2〉.

A computation shows that the action of H1 and of H2 is represented by the SKEs

	|H1 = (s, s, sr2, sr2, r2, r2) and 	|H2 = (sr , sr , sr3, sr3, r2, r2),

showing that they are topologically equivalent to θ2. We then conclude that C19
consists of non-normal points of C 2

9 .
Assume that S ∈ C20. If we write

H ′ = 〈x, y, z : x2, y2, z2, (xy)2, (xz)2, (yz)2〉 ∼= C3
2

then the action of this group on S is represented by the SKE

	 = (x, x, y, yz, z).

This group has four conjugacy classes of subgroups isomorphic toC2
2 with induced

action of signature (0; 26). Such classes are represented by

H1 = 〈x, y〉, H2 = 〈x, z〉, H3 = 〈x, yz〉 and H4 = 〈y, z〉.

By proceeding as in the previous case, it can be seen that

	|H1
∼= 	|H2

∼= 	|H3
∼= θ1 and 	|H4

∼= θ2.

Hence C20 consists of non-normal points of C 1
9 .
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For the remaining possibilities Eq. 5.1 of non-normal points S of C9, a routine
computation shows that each S has a group of automorphisms isomorphic toD4 or
C2
2 with signature (0; 25). Since these groups act in genus three with this signature

in a unique topological way, we conclude that S belongs to either C19 or C20 and
so we can ignore those remaining cases. Consequently, the set of non-normal of
points of C 1

9 agrees with C20 and the set of non-normal of points of C 2
9 agrees

with C19.

e. We finally consider the familyC3. The automorphism groups of Riemann surfaces
of genus three that have, up to conjugation, at least two subgroups isomorphic to
C2 acting with signature s = (1; 24) give rise to the following possibilities for
non-normal points:

C 2
9 ,C19,C20,C31,C32,C38 X43, X46, X47, X48.

Observe that if S ∈ C 2
9 then S has three groups of automorphisms isomorphic to

C2 acting with signature (1; 2), showing that C 2
9 consists of non-normal points of C3.

Each one of the remaining possibilities is contained in C 2
9 and consequently the set of

non-normal points of C3 agrees with C 2
9 .

6 Proof of Theorem 3

The Case gOdd

Let g � 3 be an odd integer. The group

G = C2 × Dg+1 = 〈t, r , s : t2, r g+1, s2, (sr)2, (ts)2, tr tr−1〉

acts on a one-dimensional family ofRiemann surfacesNg with signature (0; 23, g+
1). In fact, the existence of the family follows from the SKE

θ = (t, tsr , s, r).

The Riemann-Hurwitz formula says that the genus of such surfaces is g. Since the
signature of the action is maximal, up to finitely many exceptions, the full automor-
phism group of the members of Ng is isomorphic to G. Observe that the subgroups
of G

H1 = 〈t, s〉 and H2 = 〈t, z〉 where z := r
g+1
2

are isomorphic but non-conjugate (the latter one is central).
We claim that the induced actions of H1 and H2 on each S ∈ Ng are topologically

equivalent. To prove the claim we introduce the following notation:

π : S → S/G and πi : S → S/Hi

denote the canonical projections given by the action of G and Hi on S for i = 1, 2,
and q1, q2, q3, q4 denote the ordered branch values of π .



On Non-Normal Subvarieties of the Moduli...

The following statements hold.

a. The π -fiber of q1 consists of 2(g + 1) branch points, all of them with G-stabiliser
〈t〉. Since 〈t〉 ⊂ Hi , these points have Hi -stabilisers 〈t〉 and give rise to g + 1
branch values of πi for i = 1, 2.

b. The π -fiber of q2 consists of 2(g + 1) branch points with G-stabiliser of the form
〈tsrm〉 where m is odd. Since 〈tsrm〉 and Hi intersects trivially for each m, these
points have Hi -stabilisers trivial and do not give rise to branch values of πi for
i = 1, 2.

c. The π -fiber of q3 consists of 2(g + 1) branch points with G-stabiliser of the form
〈srn〉 where n is even. Note that for each n, there are exactly 4 points with G-
stabiliser 〈srn〉. Since 〈srn〉 ∩ H1 �= {1} if and only if n = 0 and 〈srn〉 ∩ H2 = {1}
for all n, one sees that exactly 4 of these points have non-trivial H1-stabiliser and
all of them have trivial H2-stabiliser. Thus, the π -fiber of q3 gives rise to 2 branch
values of π1 with H1-stabiliser 〈s〉, and does not give rise to branch values of π2.

d. The π -fiber of q4 consists of 4 branch points, all of them with G-stabiliser 〈r〉.
Since 〈r〉 ∩ H1 = {1} and 〈r〉 ∩ H2 = 〈z〉, these points do not give rise to branch
points of π1 and give rise to 2 branch values of π2, with H2-stabiliser 〈z〉.
All the above show that the signature of the induced action of H1 and H2 on S is

(0; 2g+3) each (see [32, §3]). In addition, if the induced action of H1 is represented
by

θ1 = (h1, . . . , hg+3)

then 〈hi 〉must be H1-conjugate to 〈t〉 for 1 � i � g+1, and 〈hi 〉must be H1-conjugate
to 〈s〉 for i = g + 2, g + 3. The fact that H1 is abelian shows that necessarily

θ1 = (t, g+1. . . , t, s, s).

In an analogous way, the induced action of H2 on S is represented by the SKE

θ2 = (t, g+1. . . , t, z, z).

Consequently, these actions are topologically equivalent, as claimed.
Observe that the actions θ1 ∼= θ2 correspond to the equisymmetric stratum θh of

hyperelliptic Riemann surfaces with an action of C2
2 with signature (0; 2g+3); the

hyperelliptic involution being represented by t . Thus, we are in a position to conclude
that

Mg(C
2
2 , s = (0; 2g+3), θh) (6.1)

contains the family Ng which enjoys the following property: up to finitely many
exceptions, each X ∈ Ng has two isomorphic non-conjugate groups of automorphisms
acting in a topologically equivalent way. In other words, Eq. 6.1 is a non-normal
subvariety of Mg and Ng consists of non-normal points of it.

We now proceed to provide an algebraic description of Eq. 6.1. Let S be a member
of Eq. 6.1 and let

a1, . . . , ag+1, b1, . . . , bg+1 (6.2)
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denote the 2g + 2 branch values of the covering map

S → R = S/〈t〉 ∼= P
1

induced by the hyperelliptic involution. Since S has an involution s that induces an
involution on s̃ on R keeping the set of points Eq. 6.2 invariant and the signature of
the action of H1 = 〈t, s〉 on S is (0; 2g+3), we may assume

s̃(ξ) = 1
ξ
and therefore bi = 1

ai
for i ∈ {1, . . . , g + 1}.

Thus, the surface S is algebraically represented by the curve

y2 = �
g+1
i=1 (x − ai )(x − 1

ai
)

where aia j �= 1 for each i, j ∈ {1, . . . , g+1}. In thismodel, the group H1 is generated
by the transformations

〈t(x, y) = (x,−y), s(x, y) = (1/x, y/xg+1)〉

Assume now that S belongs toNg.Then r induces an automorphism r̃ of R of order
g + 1 that remains the set of points Eq. 6.2 invariant. Since the signature of the action
of 〈t, r〉 on S is (0; 22, g + 1, g + 1) one sees that, up to a Möbius transformation,

r̃(ξ) = ωg+1ξ and therefore that ai = ωi−1
g+1a1 for i = {1, . . . , g + 1}.

Note that r̃ has 0 and ∞ as fixed points.
Set a := ag+1

1 . The regular covering map induced by 〈r̃〉

R → R′ = R/〈r̃〉 ∼= S/〈t, r〉 is given by ξ �→ ξ g+1,

showing that the branch values of the composed map S → R′ are 0,∞ (marked with
g + 1 each) and a, 1/a (marked with 2 each).

In turn, as 〈t, r〉 is a normal subgroup of G, the automorphism s of S induces an
involution ŝ of R′ in such a way that S/G ∼= R′/〈ŝ〉. Clearly ŝ(ξ) = 1/ξ and ±1 are
its fixed points. It then follows that the regular covering map induced by ŝ

R′ → R′/〈ŝ〉 ∼= S/G is given by ξ �→ ξ + 1/ξ,

and the branch values of the composed map S → S/G are ∞ marked with g + 1, ±2
marked with 2, and a + 1/a marked with 2.

All the above says that each member of Ng is represented by the curve

y2 = �
g+1
i=1 (x − ai )(x − 1

ai
) = (xg+1 − a)(xg+1 − 1

a ) (6.3)
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for some a �= 0,±1. In this model, the group of automorphisms isomorphic to G is
generated by the transformations

t(x, y) = (x,−y), s(x, y) = (1/x, y/xg+1) and r(x, y) = (ωg+1x, y).

Finally, by taking λ = ω4 in Eq. 6.3 one sees that the Accola-Maclachlan curve

y2 = x2g+2 + 1

belongs toNg, as desired.

The Case g Even

Let g � 4 be an even integer. Consider the group

G = Dg = 〈r , s : r g, s2, (sr)2〉

and set z = r
g
2 . The Riemann-Hurwitz formula and the SKE

θ = (z, z, s, sr , r−1)

guarantee the existence of a two-dimensional familySg of Riemann surfaces of genus
g with a group of automorphisms isomorphic to G acting with signature (0; 24, g).
Since the signature of the action is maximal, generically, the full automorphism group
of the members of Sg is isomorphic to G. Observe that the subgroups of G

H1 = 〈s, z〉 and H2 = 〈sr , z〉

are isomorphic but non-conjugate. By proceeding analogously as in the previous case,
one sees that the signature of the induced actions of H1 and H2 on S is (0; 2g+3), and
that they are represented by the SKE

θ1 = (z, g. . ., z, s, sz, z) and θ2 = (z, g. . ., z, sr , sr z, z).

Consequently, these actions are topologically equivalent. These surfaces form the
hyperelliptic equisymmetric stratum θh, with the hyperelliptic involution being rep-
resented by z. We then conclude that

Mg(C
2
2 , s = (0; 2g+3), θh) (6.4)

is a non-normal subvariety of Mg and that Sg consists of non-normal points of it.
Let S be a member of Eq. 6.4. As proved in the previous case, S is represented by

y2 = �
g+1
i=1 (x − ai )(x − 1

ai
)
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where aia j �= 1 for each i, j ∈ {1, . . . , g + 1}, and the group H1 is generated by the

〈z(x, y) = (x,−y), s(x, y) = (1/x, y/xg+1)〉.

Assume now that S belongs toSg.Then r induces an automorphism r̃ of R = S/〈z〉
of order g/2 that keeps the set of points

a1, . . . , ag+1,
1
a1

, . . . , 1
ag+1

(6.5)

invariant. Since the signature of the action of 〈r〉 on S is (0; 24, g, g) one sees that
under the action of 〈r̃〉 ∼= Cg/2 the points Eq. 6.5 split into four long orbits and two
fixed points. Consequently, up to a Möbius transformation, it can assumed that

r̃(ξ) = ω g
2
ξ and therefore ai = ωi−1

g
2

a1, a g
2 +i = ωi−1

g
2

a g
2 +i for i = {1, . . . , g

2 }.

In addition, as 0 and∞ are the fixed points of r̃ we see that ag+1 = 0 and ag+1 = ∞.

Set a := ag/21 and b := ag/2g/2+1 The regular covering map induced by 〈r̃〉

R → R′ = R/〈r̃〉 ∼= S/〈r〉 is given by ξ �→ ξ
g
2

and therefore the branch values of the composed map S → R′ are 0,∞ (marked with
g each) and a, 1/a, b, 1/b (marked with 2 each).

The fact that 〈r〉 is a normal subgroup of G implies that the automorphism s of S
induces an involution ŝ of R′ in such a way that S/G ∼= R′/〈ŝ〉. Clearly ŝ(ξ) = 1/ξ
and ±1 are its fixed points. It then follows that the regular covering map induced by ŝ

R′ → R′/〈ŝ〉 ∼= S/G is given by ξ �→ ξ + 1/ξ,

and the branch values of the composed map S → S/G are ∞ marked with g, ±2
marked with 2, and a + 1/a, b + 1/b marked with 2.

Thus, each member of Sg is represented by the curve

y2 = x(x
g
2 − a)(x

g
2 − 1

a )(x
g
2 − b)(x

g
2 − 1

b )

for some distinct complex numbers a, b �= 0,±1 such that ab �= 1. In this model, the
group of automorphisms isomorphic to G is generated by the transformations

s(x, y) = (1/x, y/xg+1) and r(x, y) = (ωg/2x, νy)

where ν satisfies ν2 = ωg/2 and νg/2 = −1.
Finally, if we take a = −b = η where η is a primitive fourth root of −1, then the

equation above turns into
y2 = x(x2g + 1),

and therefore the Wiman curve of type II belongs to Sg, as desired.
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7 Proof of Theorem 5

Let g � 3 be an odd integer. The semidirect product

G = C2(g−1) � C2
2 = 〈a, b, c : a2(g−1), b2, c2, (bc)2, baba2−g, caca−g〉

acts on a one-dimensional familyUg of Riemann surfaces of genus gwith signature
(0; 23, 4). The existence of the family is guaranteed by the SKE

θ = (b, bc, ab, bca−g). (7.1)

Up to possibly finitely many exceptions, the full automorphism group of the mem-
bers of Ug is isomorphic to G. The equalities

bc(a)bc = a−1, (ac)g−1 = ag−1 and b(ac)b = (ac)−1

show that G has two subgroups

H1 = 〈a, bc〉 and H2 = 〈ac, b〉 that are isomorphic to D2(g−1).

As these groups are normal in G we see that they are non-conjugate.
Now, we determine the signature of the action of H1 and H2 on each S ∈ Ug. Since

the groups H1 and H2 are normal, it is enough to compute the intersections

〈h〉 ∩ Hi for each h appearing in Eq. 7.1.

We denote by π, π1 and π2 the regular covering maps given by the action of G, H1
and H2 respectively, and by q1, q2, q3, q4 the ordered branch values of π .

a. The π -fiber of q1 consists of 4(g − 1) points with G-stabiliser conjugate to 〈b〉.
They yield two branch values of π2 and does not yield branch values of π1.

b. The π -fiber of q2 consists of 4(g − 1) points with G-stabiliser conjugate to 〈bc〉.
They yield two branch values of π1 and does not yield branch values of π2.

c. The π -fiber of q4 consists of 4(g−1) points with G-stabiliser conjugate to 〈agbc〉.
They yield two branch values of π1 and π2 each.

d. The π -fiber of q3 consists of 2(g − 1) points with G-stabiliser conjugate to 〈ab〉.
Since

(ab)2 = ag−1 ∈ Hi for i = 1, 2,

these points yield one branch value of π1 and π2 each.
Hence, the signature of the action of both H1 and H2 on S ∈ Ug is (0; 25). Now,

the proof of the theorem follows from the following claim.

Claim 2 There is a unique topological class of actions of

D2(g−1) = 〈r , s : r2(g−1), s2, (sr)2〉

in genus g with signature (0; 25).
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We denote by θ = (g1, g2, g3, g4, g5) the SKE representing an action of D2(g−1)
with signature (0; 25). It is straightforward to see that among the elements gi exactly
one of them must equal z := r g−1. We may assume g5 = z. In addition, if we write
gi = srni then

n2 − n1 + n4 − n3 ≡ (g − 1) mod 2(g − 1)

and therefore among the ni exactly two of them are odd; we may assume that they
are n2 and n4. After suitable conjugation coupled with an automorphism of the form
r �→ rm , we then have that θ is equivalent to the SKE

(s, sr , srn3 , srn4 , z).

Since the product of such elements must be trivial, we obtain

θ ∼= θn4 := (s, sr , srn4+g, srn4 , z).

Now, if�3 ∈ B is the braid transformation (x1, x2, x3, x4) �→(x1, x2, x4, x
−1
4 x3x4)

then
�3 ◦ �3 · θn4 = θn4+2

Thus, θ ∼= θ1 = (s, sr , sr g+1, sr , r g−1) and the claim follows.

8 Proof of Theorem 6

Let n � 3 be an odd integer and set m = n−1
2 . Consider the group

G = C2 × C2n = 〈a, b : a2, b2n, abab−1〉.

The Riemann-Huwitz formula together with the SKE

θ = (a, bn, b2, m. . ., b2, ab)

show that G acts on a m-dimensional family Rg of Riemann surfaces of genus
(n − 1)2 with signature (0; 22, n, m. . ., n, 2n). Notice that, up to possibly finitely many
exceptions, the full automorphism group of the members of Rg is isomorphic to G.

Clearly, the subgroups
H1 = 〈b〉 and H2 = 〈ab2〉

are isomorphic but non-conjugate inG.Wedenote byπ, π1 andπ2 the regular covering
maps given by the action of G, H1 and H2 respectively, and by q1, q2, q13 , . . . , q

m
3 , q4

the ordered branch values of π .

a. The π -fiber of q1 consists of 2n points withG-stabiliser 〈a〉. They yield two branch
values of π2 with H2-stabiliser 〈a〉 and does not yield branch values of π1.

b. The π -fiber of q2 consists of 2n points with G-stabiliser 〈b2〉. They yield two
branch values of π1 with H1-stabiliser 〈bn〉 and does not yield branch values of π2.
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c. The π -fiber of q4 consists of 2 points withG-stabiliser 〈ab〉. They yield one branch
value of πi with Hi -stabiliser 〈b2〉 for i = 1, 2.

d. For each i ∈ {1, . . . ,m}, the π -fiber of qi3 consists of 4 points with G-stabiliser
〈b2〉. They yield two branch value of πi with Hi -stabiliser 〈b2〉 for i = 1, 2.

Hence, the signature of the action of H1 and H2 on S ∈ Rg is (0; 22, n, n. . ., n) and
the generating vector representing such actions have the form

(bn, bn, g11, g
2
1, . . . , g

1
m, g2m, g4) and (a, a, h11, h

2
1, . . . , h

1
m, h2m, h4)

respectively, where

〈g4〉 = 〈h4〉 = 〈gli 〉 = 〈hli 〉 = 〈b2〉 for each i = 1, . . . ,m and l = 1, 2.

The fact that G is abelian implies that for each P ∈ π−1(q4), the rotation constant
of P for ab is given by

rot(P, ab) = ω2n and therefore rot(P, (ab)2 = b2) = ω2
2n = ωn .

See, for instance, [5, §3.1].Now, by a result ofHarvey, a SKE representing the action
of Hi can be obtained from the rotation numbers above. More precisely, following [20,
Theorem 7], we see that g4 = h4 = b2.

In a very similar way we deduce that gli = hli = b2 as well.
Hence, the proof now follows after noticing that the induced SKEs

(bn, bn, b2, . . . , b2) and (a, a, b2, . . . , b2)

are topologically equivalent.

9 Proof of Theorem 7

Generalised Fermat Curves

Let k, n � 2 be integers such that (k − 1)(n − 1) > 2. We recall that a pair (S, H)

is called a generalised Fermat pair of type (k, n) if S is a compact Riemann surface
endowed with a group of automorphisms H isomorphic to Cn

k in such a way that the
signature of the action of H is (0; k, n+1. . . , k). If we write

H = 〈a1, . . . , an〉 ∼= Cn
k

then the existence of a generalised Fermat pair is guaranteed by the SKE

	k,n := (a1, . . . , an, an+1) where an+1 := (a1 · · · an)−1.

In such a case, we say that S (respectively, H ) is a generalised Fermat curve
(respectively, a generalised Fermat group) of type (k, n). Observe that the generalised



R.A Hidalgo et. al

Fermat curves of type (k, n) form a (n − 2)-dimensional family in Mg , where

g = 1 + 1
2k

n−1((n − 1)(k − 1) − 2).

After considering a suitableMöbius transformation, wemay assume that the branch
values of the associated regular covering map S → S/H ∼= P

1 are

∞, 0, 1, λ1, . . . , λn−2, (9.1)

where λ1, . . . , λn−2 ∈ C − {0, 1} are pairwise distinct.
We now consider the irreducible and smooth algebraic curve

Xλ1,...,λn−2 :

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

xk1 + xk2 + xk3 = 0
λ1xk1 + xk2 + xk4 = 0

...
...

...

λn−2xk1 + xk2 + xkn+1 = 0

⎫
⎪⎪⎪⎬

⎪⎪⎪⎭

⊂ P
n

together with the linear automorphisms of P
n given by

â j : [x1 : . . . : xn+1] �→ [x1 : . . . : x j−1 : ωk x j : x j+1 : . . . : xn+1]

for each j = 1, . . . , n + 1, where ωk = exp( 2π ik ). Observe that

â1 · · · ân+1 = 1 and Cn
k

∼= 〈â1, . . . , ân〉 = H0 � Aut(Xλ1,...,λn−2).

In [19] it was proved that (Xλ1,...,λn−2 , H0) is a generalised Fermat pair of type
(k, n) and that there exists an isomorphism

� : S → Xλ1,...,λn−2 such that H0 = �H�−1.

We can then identify a j with â j .

In terms of Fuchsian groups, the generalised Fermat pairs can be understood as
follows. If � is a Fuchsian group such that H/� ∼= S/H then S ∼= H/�′ and H ∼=
�/�′, where �′ stands for its derived subgroup of �. In addition, H is the unique
generalised Fermat group of type (k, n) of S (see [19] and [22]).

Proof of Theorem 7

Let J be a non-empty subset of {1, . . . , n + 1} and write

HJ = 〈{a j : j ∈ J }〉 � H0

Note that if |J | ∈ {n, n + 1} then HJ = H0. In the remaining cases we have that

HJ ∼= Ck× |J |. . . ×Ck = C |J |
k
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Assume that J1 and J2 are two non-empty subsets of {1, . . . , n + 1} such that

|J1| = |J2| � n − 2.

Weclaim that the actions of HJ1 and HJ2 on Xλ1,...,λn−2 are topologically equivalent.
Indeed, set q1 = ∞, q2 = 0, q3 = 1 and q3+ j = λ j for 1 � j � n − 2. Let f be
an orientation-preserving self-homeomorphism of the Riemann sphere such that it
preserves the set {q1, . . . , qn+1} and satisfies

f ({q j : j ∈ J1}) = {ql : l ∈ J2}. (9.2)

Due to the fact that π : S → S/H is a homology branched covering map, the
homeomorphism f lifts to an orientation-preserving homeomorphism

f̂ : Xλ1,...,λn−2 → Xλ1,...,λn−2 such that f̂ H0 f̂
−1 = H0.

Now, the property Eq. 9.2 of f ensures that f̂ HJ1 f̂
−1 = HJ2 and hence the actions

are topologically equivalent, as claimed.
Let Möb(C) denote the group of Möbius transformations. Let K be the Möb(C)-

stabiliser of the set of branchvaluesEq. 9.1 of S → S/H .SinceH is a normal subgroup
and�′ is a characteristic subgroupof�, there is a natural short exact sequence of groups

1 → H → Aut(S) → K → 1.

Hence, if K is the trivial group then n � 4 and Aut(S) = H .
We now assume that n � 4 and k � 2, and choose λ1, . . . , λn−2 as before but satis-

fying that property that the set {q1, . . . , qn+1} has trivial Möb(C)-stabiliser. Observe
that this property rules out only a positive codimensional subvariety of the parameters
space. Now, if S = Xλ1,...,λn−2 and H = H0 = 〈a1, . . . , an〉 then the aforementioned
facts show that

(1) the full automorphism group of S agrees with H (and thus is abelian), and
(2) if HJ1 �= HJ2 then they are not conjugate in Aut(S) and consequently their actions

are not analytically equivalent.

In particular, the actions of

H1 = 〈a1, . . . , an−1〉 ∼= Cn−1
k and H2 = 〈a2, . . . , an〉 ∼= Cn−1

k

on S are topologically but not analytically equivalent, as desired.
After considering the fact that the only non-trivial elements of H0 acting with fixed

points are the powers of a1, . . . , an+1 and that every fixed point of a power of a j is
also a fixed point of a j (see [19]), it is a straightforward task to verify that the signature
of the action of each Hj on S is (0; k, k(n−1). . . , k). The induced actions are represented
by the action of H1 given by the SKE

θk,n := (a1, k. . ., a1, . . . , an−1,
k. . ., an−1).
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In conclusion
Mg(C

n−1
k , s = (0; k, k(n−1). . . , k), θk,n) (9.3)

is a non-normal subvariety ofMg of dimension k(n− 1)− 3, and a set of non-normal
points consists of the generalised Fermat curves of type (k, n).

Remark 3 (1) The condition n � 4 in the theorem is needed as any collection of at
most four points in P

1 has non-trivial Möb(C)-stabiliser.
(2) The theorem above says that (with k = 2 and n = 4) the subvariety

M5(C
3
2 , s = (0; 26), θ2,4) ⊂ M5 (9.4)

is non-normal, and a set of non-normal points is formed by the generalised Fermat
curves of type (2, 4) (also known as classical Humbert curves). By considering
the rule X → X/〈a1a2〉, it can be seen that Eq. 9.4 is in bijective correspondence
with the subvariety

M3(C
2
2 , s = (0; 26), θh)

mentioned in the introduction as the first example of a non-normal subvariety of
type Eq. 1.1 associated to non-cyclic covers of P

1.

(3) Similarly as pointed out in Remark 2, Xλ1,...,λn−2 does represent a non-normal
point of Eq. 9.3 for all λ1, . . . , λn−2 ∈ C − {0, 1} pairwise distinct, despite the
fact that, for suitably chosen values of λ j , the automorphism group of Xλ1,...,λn−2

does not have two non-conjugate subgroups acting in the same topological way.
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