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Abstract

We study complex solvmanifolds I'\ G with holomorphically trivial canonical bundle.
We show that the trivializing section of this bundle can be either invariant or non-
invariant by the action of G. First we characterize the existence of invariant trivializing
sections in terms of the Koszul 1-form i canonically associated to (g, J), where g
is the Lie algebra of G, and we use this characterization to produce new examples
of complex solvmanifolds with trivial canonical bundle. Moreover, we provide an
algebraic obstruction, also in terms of i, for a complex solvmanifold to have trivial
(or more generally holomorphically torsion) canonical bundle. Finally, we exhibit
a compact hypercomplex solvmanifold (M 4 {J1, Jo, J3}) such that the canonical
bundle of (M, Jy) is trivial only for & = 1, so that M is not an SL(n, H)-manifold.
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1 Introduction

Given a complex manifold (M, J) with dim¢c M = n, its canonical bundle Ky is
defined as the n-th exterior power of its holomorphic cotangent bundle, and it is a
holomorphic line bundle over M. This line bundle is holomorphically trivial when
there exists a nowhere vanishing (n, 0)-form which is holomorphic (or equivalently,
closed). Complex manifolds with holomorphically trivial canonical bundle are impor-
tant in differential geometry and other fields. For instance, compact Kéhler manifolds
M with global Riemannian holonomy contained in SU(n), have holomorphically triv-
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ial canonical bundle. More generally, any Calabi-Yau manifold (i.e., a compact Kéhler
manifold M with ¢;(M) = 0 in H*(M, R)) has holomorphically torsion canoni-
cal bundle, that is, K%?,k is trivial for some k € N. In theoretical physics, complex
manifolds with holomorphically trivial canonical bundle appear in the study of the
Hull-Strominger system. Indeed, in dimension 6, the solutions of this system occur
in compact complex manifolds M endowed with a special Hermitian metric (not nec-
essarily Kidhler) and with trivial Kj;. According to Tosatti [42], compact complex
manifolds with holomorphically torsion canonical bundle have vanishing first Bott-
Chern class, CIBC = 0, and therefore they are examples of non-Kahler Calabi-Yau
manifolds.

A large family of compact complex manifolds with trivial canonical bundle is
given by nilmanifolds I'\G equipped with an invariant complex structure. Indeed,
it was shown in Barberis et al. [7] that the simply connected nilpotent Lie group G
admits a nonzero left invariant holomorphic (n, 0)-form o (with dimgp G = 2n), by
using a distinguished basis of left invariant (1, 0)-forms provided by Salamon in [39].
Since o is left invariant, it induces an invariant trivializing section of K\ for any
lattice I' C G.

The next natural step is to study solvmanifolds I'\ G equipped with invariant com-
plex structures (or complex solvmanifolds, for short). In this case, it is known that
several different phenomena can occur. For instance:

e There are complex solvmanifolds which admit an invariant section of the canonical
bundle, just as in the case of nilmanifolds. A classification of the Lie algebras
associated to such solvmanifolds in dimension 6 is given in Fino et al. [14].

e There are 4-dimensional complex solvmanifolds which do not have trivial canon-
ical bundle. Indeed, Inoue surfaces are complex solvmanifolds (see for instance
[23]) with non trivial canonical bundle, since the only compact complex surfaces
with trivial canonical bundle are complex tori, K3 surfaces and primary Kodaira
surfaces.

In this article we exhibit a different phenomenon concerning the canonical bundle
of complex solvmanifolds. Indeed, in the next example we show that there exists a
4-dimensional complex solvmanifold (I'\ G, J) with trivial canonical bundle such that
the trivializing section is not induced by a left invariant holomorphic (2, 0)-form on
G. This provides a counterexample to [14, Proposition 2.1].

Example 1.1 Let H3 denote the 3-dimensional Heisenberg group, which is considered
as R3 equipped with the product

1
oy @Y. D =+x y+y. 2+ + E(xy/ — yx')).

Let us consider now the semidirect product G = R, H3, where ¢ : R — Aut(H3) C
GL(3, R) is given by
cost —sint 0
@(t) = | sint cost 0O
0 0 1
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The Lie algebra g associated to G has a basis {eg, . . . , e3} of left invariant vector fields
such that
[e1, e2] = e3, [ep,e1]l = ez, [eo, 2] = —ey;
equivalently, the dual basis of 1-forms {?, ..., €3} satisfies
de® = 0, de' =" A ez, de? = —% A el, de’ = —e! A e,
G admits a left invariant complex structure J given by Jegp = e3,Je; = ez. A

left invariant smooth section of the canonical bundle of (G, J) is the (2 0)-form
o = (" +ie3) A (e! +ie?). Thus, using the notation elk = el ANk A-- -, we have
that do = —ie9%3 — 013 # 0. Therefore, o is not closed, and hence not holomorphic.
However, if ¢ denotes the coordinate on the R-factor we have that dr = ¢° and then
the (2, 0)-form 7 := ¢!’ o is holomorphic, since dt = 0.

The Lie group G admits the lattice I' = {2k, m,n, £) | k,m,n, p € Z}; note
that T is nilpotent and 7 is -invariant since ¢/ T27%) = ¢’ Therefore 7 induces a
nowhere vanishing closed (2, 0)-form 7 on the solvmanifold (I'\G, J) and thus this
solvmanifold has trivial canonical bundle. We point out that (I'\G, J) is a primary
Kodaira surface since it is biholomorphic to (I'\(R x H3), J ), where J is induced by
a left invariant complex structure on R x H3, and noticing that I' is a lattice in both
G and R x Hj.

The previous example is the main motivation for this article. It shows that when
studying the triviality of the canonical bundle of complex solvmanifolds we need to
deal with the problem in two instances. First, given a complex solvmanifold M =
(I'\G, J) we have to determine if M admits a trivializing section induced by a left
invariant one on the Lie group so that Ky is trivial. If this is not the case, then we must
look for more general trivializing sections. Just as we did in Example 1.1, we multiply
a left invariant smooth section o of K, ) (which always exists) by a smooth function
so as to get a holomorphic trivializing section of K (g, ). If this function is invariant
by I' we obtain a trivializing section of K\, ), which is therefore is trivial. In this
article we exhibit several examples of this situation.

Our main interest is to study complex solvmanifolds but whenever possible we
prove results for compact quotients of general simply connected Lie groups equipped
with left invariant complex structures.

First, in §3, given a (not necessarily solvable) Lie group G endowed with a left
invariant complex structure J, we tackle the problem of the existence of an invariant
trivializing section of K, j). We show in Theorem 3.2 that such a section exists if
and only if the Koszul 1-form i on the Lie algebra g = Lie(G) vanishes, where v
is defined by ¥ (x) = Tr(J adx) — Trad(Jx), x € g. Applying this characterization
we obtain new examples of complex solvmanifolds with trivial canonical bundle: for
instance, when the complex structure is abelian (Corollary 3.6). In addition, we show
that if (I'\G, J) admits an invariant trivializing section of some power of K(r\g,)
then K(r\g, ) itself admits an invariant trivializing section.

In §4 we prove first that two trivializing sections of the canonical bundle of a Lie
group G equipped with a left invariant complex structure differ by a nowhere vanishing
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holomorphic function on G (Lemma 4.1). This implies that the trivializing sections of
the canonical bundle of a compact complex manifold I'\G are either all invariant or
all non invariant (Corollary 4.2). Then we prove that any simply connected solvable
Lie group G equipped with a left invariant complex structure J has trivial canonical
bundle (Theorem 4.6).

In §5, our goal is to give new examples of complex solvmanifolds with trivial
canonical bundle, in cases where there are no invariant sections. We first provide an
algebraic obstruction in terms of the Koszul 1-form 1, which holds for any Lie group
G with a left invariant complex structure. Indeed, we show in Theorem 5.3 that if
a compact complex manifold I'\G has trivial (or more generally holomorphically
torsion) canonical bundle then i vanishes on the commutator ideal [g, g] where g =
Lie(G). We use this condition to reobtain the known fact that compact semisimple Lie
groups with a left invariant complex structure do not have holomorphically torsion
canonical bundle (Proposition 5.8). This obstruction also provides us with a helpful
insight to find an explicit trivializing section of the canonical bundle of some complex
solvmanifolds (Proposition 5.10). We also apply this construction in order to exhibit
some new examples.

In the last section we consider a Lie group G equipped with a left invariant hyper-
complex structure {J1, J2, J3} and we study the triviality of the canonical bundle of
the complex manifolds (G, Jy), « = 1,2, 3. First we prove in Theorem 6.1 that if
{J1, J2, J3} is a left invariant hypercomplex structure on G and if (G, Jy) admits a
left invariant trivializing section of its canonical bundle for some o = 1, 2, 3, then the
canonical bundle of (G, Jp) is trivial for all 8 = 1, 2, 3, and the same happens for any
hypercomplex compact quotient I'\G. Next we show that this does not necessarily
hold for hypercomplex solvmanifolds if the trivializing section of (I'\G, J,) is not
invariant. Indeed, in Example 6.3 we exhibit 8-dimensional hypercomplex solvman-
ifolds (I'\G, {J1, J2, J3}) such that (I'\G, Ji) has trivial canonical bundle but the
canonical bundles of (I'\G, J>) and (I'\G, J3) are both non trivial. These examples
are not SL(2, H)-manifolds hence they provide a negative answer to a question by
Verbitsky in [44].

2 Preliminaries

An almost complex structure on a differentiable manifold M is an automorphism J
of the tangent bundle T M satisfying J> = — I, where I is the identity endomorphism
of TM. Note that the existence of an almost complex structure on M forces the
dimension of M to be even, say dimgp M = 2n. The almost complex structure J is
called integrable when it satisfies the condition N; = 0, where N; is the Nijenhuis
tensor given by:

N;( X, Y)=[X,Y]+J(JX, Y]+ [X,JY]) - [JX,JY], (1)

for X, Y vector fields on M. An integrable almost complex structure is called simply a
complex structure on M. According to the well-known Newlander-Nirenberg theorem,
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a complex structure on M is equivalent to the existence of a holomorphic atlas on M,
so that (M, J) can be considered as a complex manifold of complex dimension 7.
If (M, J) is a complex manifold with dimc M = = its canonical bundle is defined

as R
Ky = /\ Ty,

where 7} is the holomorphic cotangent bundle of M. This is a holomorphic line
bundle on M, and it is holomorphically trivial if and only if there exists a nowhere
vanishing holomorphic (n, 0)-form defined on M. In this article, by trivial canonical
bundle we will always mean holomorphically trivial canonical bundle.

Note that if o is a (r, 0)-form on M then o is holomorphic if and only if it is closed,
since do = do + 9o and 9o is a (n + 1, 0)-form, thus o = 0.

We observe first that the existence of a trivializing section of the canonical bundle
has some topological consequences on a compact complex manifold.

Proposition 2.1 Let (M, J) be a compact complex manifold with trivial canonical
bundle and dimgp M = 2n. Then the n-th Betti number b, (M) satisfies b,,(M) > 2.

Proof We follow the lines of [14, Proposition 2.5]. Let t be a nowhere vanishing
holomorphic (n, 0)-form on M, therefore T A 7 is a nonzero multiple of a real vol-
ume form on M. Let us decompose it as T = 11 + i12. Since 7 is closed, we
have that dr; = 0 = dt,. Therefore, they define de Rham cohomology classes
[t1], [r2] € HJx(M,R). These two classes are linearly independent. Indeed, if we
assume otherwise then there exista, b € R with a®+b? # 0 such thatat; +b1s = dn
for some (n — 1)-form 1. We have two cases, according to the parity of n.
(1) Case n odd: in this case we have

O£ TAT=(MAT+DAD)FIiI(—TI AT +T2 AT = =2i(T] A T2).
We compute next

d(n A (=bti +am)) = (ati + b)) A (=bT| + aw) = (a*> + b*) (11 A T2).

Integrating over M we obtain, due to Stokes’ theorem, 0 = (a2 + b2) / 1 A T2,
M

which is a contradiction.
(i1) Case n even: in this case we have

OATAT=TOAT+DAD)FI(—TIADLF+TAT) =TIATI+T2 AT

It follows from 0 = 7 AT that 71 A 7] = 0 A 72 and 71 A T2 = 0. In particular,
0 # t AT =211 A 71. We compute next

d(n A (a1 + b)) = (ati + b)) A (at) + b)) = (a> + b1 A T1.

Again, integrating over M we obtain a contradiction.
Therefore we obtain that b, (M) > 2.
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Other important holomorphic line bundles over the complex manifold (M, J) are
given by the tensor powers of the canonical bundle:

K/%}k =Ky ®---® Ky (k times).

Following [42], we will say that a complex manifold (M, J) is holomorphically torsion
if K gk is holomorphically trivial for some k > 1. The triviality of this holomorphic
bundle can be understood as follows.

For any complex manifold M the Dolbeault operator d can be extended to a differ-
ential operator 0 F(K?j[k) - T (T*M)*' ® Kﬁf’["), where I'(-) denotes the space
of smooth sections. Indeed, since A" ! (M) = (T*M)%! ® Ky we define recursively:
2_91 = 9 and for k > 2,

(o ®s)=00 Qs +0 @ 15,

whereo € I'(Ky) and s € I'(K %,k_l). This differential operator satisfies the Leibniz
rule 3 (fs) = f ® s + fogs forany f € C®°(M,C) and s € ['(K).

The holomorphic bundle K ?}k is trivial if and only if there exists anowhere vanishing
section s € F(K,%k) such that 9xs = 0.

A Hermitian structure on a smooth manifold M is a pair (J, g) of acomplex structure
J and a Riemannian metric g compatible with J, that is, g(J X, JY) = g(X, Y) for
all vector fields X, Y on M, or equivalently, g(JX,Y) = —g(X, JY).

2.1 Solvmanifolds

A discrete subgroup I' of a Lie group G is called a lattice if the quotient I'\ G has
finite volume. According to Milnor [30], if such a lattice exists then the Lie group
must be unimodular, that is, it carries a bi-invariant Haar measure. This is equivalent,
when G is connected, to Tr(ad x) = O for all x € g = Lie(G) (in this case, g is called
unimodular as well). When '\ G is compact the lattice I is said to be uniform. It is
well known that when G is solvable then any lattice is uniform [38, Theorem 3.1].

Assume that G is simply connected and I is a uniform lattice in G. The quotient
I'\ G is called a solvmanifold if G is solvable and a nilmanifold if G is nilpotent, and it
follows that 71 (I"\G) = I'. Furthermore, the diffeomorphism class of solvmanifolds
is determined by the isomorphism class of the corresponding lattices, as the following
result shows:

Theorem 2.2 [32] If 'y and T are lattices in simply connected solvable Lie groups
G and G, respectively, and 'y is isomorphic to 'y, then '\ G is diffeomorphic to
I\ Go.

Note that in any fixed dimension only countably many non-isomorphic simply
connected Lie groups admit lattices, according to Milovanov [31] (for the solvable
case) and Witte [45] (for the general case).

Let G be a simply connected solvable Lie group, and N the nilradical of G (i.e.,
the connected closed Lie subgroup of G whose Lie algebra is the nilradical n of g).
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Moreover, [G, G] is the connected closed Lie subgroup with Lie algebra [g, g]. As
G is solvable, [G, G] C N so G/N is abelian, and from the long exact sequence of
homotopy groups associated to the fibration N — G — G/N it follows that G/N
is simply connected. Therefore G/N = R¥ for some k € N and G satisfies the short
exact sequence

1-N—>G—R - 1.

G is called splittable if this sequence splits, that is, there is a right inverse homo-
morphism of the projection G — RK. This condition is equivalent to the existence
of a homomorphism ¢ : R¥ — Aut(N) such that G is isomorphic to the semidirect
product R¥ Xy N.

Following [46], a lattice T of a splittable solvable Lie group R¥ X N will be called
splittable if it can be written as I' = I'; X 'y where I'y C RfFand ', C N are lattices
of R and N respectively. Also in Yamada [46] there is a criterion to determine the
existence of splittable lattices in splittable solvable simply connected Lie groups.

Theorem 2.3 [46] Let G = R¥ X N be a simply connected splittable solvable Lie
group, where N is the nilradical of G. If there exist a rational basis B = {X1, ..., X}
of wand a basis {t1, ..., 1t} of RX such that the coordinate matrix of d(¢(tj))1y in
the basis B is an integer unimodular matrix for all 1 < j < k then G has a splittable
lattice of the form I = spany{ty, ..., i} Xg expN(spanZ{Xl, LX)

When k = 1 the simply connected solvable splittable Lie group G = R x4 N is
called almost nilpotent. In this case, every lattice is splittable due to Bock [9]. If N
is abelian, i.e. N = R”, then G (and its corresponding Lie algebra) is called almost
abelian.

In the examples in the forthcoming sections, we will begin with a Lie algebra
g = RF Xy n. In order to apply Theorem 2.3 we need to determine the associated
simply connected Lie group G. Let N denote the simply connected nilpotent Lie
group with Lie algebra n. Since exp : n — N is a diffeomorphism, we may assume
that the underlying manifold of N is n itself with the group law x - y = Z(x, y),
where Z(x, y) is the polynomial map given by the Baker-Campbell-Hausdorff for-
mula: exp(x) exp(y) = exp(Z(x, y)). Therefore, with this assumption, we have that
exp : n — N is simply the identity map on n and moreover, Aut(n) = Aut(N).

Let{t1, ..., tx} be abasis of R¥ and denote B; = ¢(t;) € Der(n). Then, exp(B;) €
Aut(N) and using [9, Theorem 4.2] we have that G = Rk X¢ N, where ¢ : R¥ —
Aut(N) is the Lie group homomorphism given by

k

1) ij'tj =exp(x1B1 + - - + xx Bx) = exp(x1B1) exp(x2B3) - - - exp(xx Bk).
j=1

Here exp denotes the matrix exponential after identification of n = RY™ " choosing a
basis of n.

Note that, in the notation of Theorem 2.3, we have that d(¢ (¢;))1, = exp(B;) =
exp(@(t;)). Hence, in order to find lattices we need a basis {t1, ..., #} such that
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[exp(¢(tj))]5 is an integer unimodular matrix in the rational basis B of n, for all
l<j=k

We move on now to consider invariant geometric structures on solvmanifolds.

Let G be a connected Lie group with Lie algebra g. A complex structure J on G
is said to be left invariant if left translations by elements of G are holomorphic maps.
In this case J is determined by the value at the identity of G. Thus, a left invariant
complex structure on G amounts to a complex structure on its Lie algebra g, that is, a
real linear transformation J of g satisfying J> = —Iand Ny (x, y) = O forall x, y in
g, with N defined as in (1). A Riemannian metric g on G is called left invariant when
left translations are isometries. Such a metric g is determined by its value g, = (-, -)
at the identity e of G, thatis, (-, -) is a positive definite inner producton 7,G = g. A
Hermitian structure (J, g) on G is left invariant when both J and g are left invariant.
The corresponding pair (J, (-, -)) is called a Hermitian structure on g.

We observe that left invariant geometric structures defined on G induce naturally
geometric structures on I'\G, with I a lattice in G, which are called invariant. For
instance, a left invariant complex structure (respectively, Riemannian metric) on G
induces a unique complex structure (respectively, Riemannnian metric) on I'\ G such
that the canonical projection G — I'\ G is a local biholomorphism (respectively, local
isometry). In this article, a solvmanifold equipped with an invariant complex structure
will be called simply a complex solvmanifold.

3 Complex Solvmanifolds with Trivial Canonical Bundle Via Invariant
Sections

In this section we deal with the existence of nowhere vanishing left invariant closed
(n, 0)-forms on 2n-dimensional Lie groups equipped with a left invariant complex
structure, equivalently we study the existence of nonzero closed (n, 0)-forms on the
corresponding Lie algebras.

First we characterize the existence of such a form in algebraic terms. In order to do
so, we need the following notion which will play a crucial role throughout the article:

Definition 3.1 Given a Lie algebra g equipped with a complex structure J, the Koszul
I-form ¢ € g* is defined as:

Y(x) =Tr(Jadx) — Trad(Jx), x € g. 2)

This form was introduced by Koszul in [27] (see also [19]) in the context of G-invariant
complex structures on homogeneous spaces G/ H (compare with 8! in [43, Proposition
4.1]).

Theorem 3.2 Let g be a 2n-dimensional Lie algebra with an almost complex structure
J. Leto € /\"’Og* be a nonzero (n, 0)-form on g. Then do = 0 if and only if J is
integrable and = 0.

Proof Let {ui,...,uy,,vy,...,v,}bea J-adapted basis of g, that is, Juj =vjforall
Jj. Since dim¢ /\"’Og* = 1, we may assume that 0 = (u! +iv!) A--- A @ +iV").
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The Lie brackets of g can be written in terms of the basis above by
n n
¢ ¢
[uj,ur] = Zajkuz + ijkve,
=1 =1
n n
¢ ¢
[wj, vl = clue+ Y djue,
=1 =1
n n
14 ¢
[, vl =D elpue+ Y flrve,
=1 =1

. ¢ _ 0 _ ¢ e 0 _ L .
with a; = jk, b = b]k, ek] = —€j and fkj = ke Accordingly, for
1 < £ < n we have

du® = —
J

1 ¢ . jk ¢ k1€ jk
( ajp —i—cjku AV +zejkv s
1

: ]TM=

l 1,0 ik 4 j k 1 ¢ ik
dU = — (jb]kuj +djkuj/\v +§f]kvj )
Jj.k=1

Let us set y; := ul +iv/ for all j, so that 0 = y1 A+ A yp. Next we compute
dyyg in terms of y; and y;. First we note that 2u’ = (y; +y;) and 2v/ = —i(y; — y;)
imply that

=W +v) AW+ =vik+ Vi T Ve T ViR
=—i(yj + V) AW — v = —iVjk + Vi — Vi — Vi)

40/ = —(y; = 7)) A i — 70 = — (v — Yik = Vit T ViR)

dud Ak

Using these identities it follows that

n

dye =— Y 3@l +ibSpu + (f +idiu! Aot + 5l +iffovt (3)
jk=1
n
1 1 ot
Z_ZZ<<2 jk+d 2]k+’<2b jk_i jk))yjk
jk=1
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We use the previous expression in order to compute do, where we use the unconven-
. . o
tional but shorter notation — = 1 A -+ A Yp—1 A Y1 A== A Yyt

Vi

da—Z(—l)”' AV AAYEAVERL A A Ya
42( ajy +dj, + eje+l<2b/z TR )> A%
Jj.t

+7 Z( ag —d + zeg +i (%bfk +oge + %f;k)) Yk NGO
k.t
n

1 1 4 d( 1 ¢ . b - - o
+3 (=D (305 —djy — se +i (3bje + i — 2 ffi )’j/\)’k/\;
Jok,t=1 (4

=1 <£ — (@S, +df) +ef) +ilby; + (cf; + )+ iAo

1 ¢ ¢ ¢ ¢ sl ¢ ¢ I o
+ZZZ((ajk+(_djk+dkj)_ejk)+l(bjk+(cjk_ij)_fjk))y//\yk/\%'
j<k ¢

Since {yj Ao | 1 < j < n}U{y_j/\y_k/\% | j < k,1 < £ < n} is linearly
independent, we see that do = 0 if and only if

n n
14 4 14 4 14 4 4 14 :
Zaéj_djl_dﬂj+e€j20’ Zbﬁj+cﬂj+cj6+fﬁj=0’ 15]5’7, (4)
= (=1

e =aS —di+di, fl=b+cl —cy J<k 1<t<n (5

On the other hand, it is well known that the integrability of J is equivalent to

d N\ g c N o N\ e

where gc denotes the complexification of g and the bidegrees are induced by J.
Therefore, J is integrable if and only if the coefficient of y; A y in dy, vanishes
for all j, k, £. It follows from (3) that this happens if and only if

l 14 V4 l l .
/k_a dk+dk/, fjkzbjk-l—cjk—ckj, j<k, 1<¢{<n,

which is exactly (5).
Next, using the inner product (-, -) on g defined by decreeing the basis {u1, ..., u,,
Vi, ..., Uy} orthonormal we have that

n n

Te(Jaduj) = Y (bf; + b)), Tr(Jadv)) = Y (df; —ef)).
=1 =1
n

n
—Tradv; =Y (cf; + f¢;). Traduj =Y (af, +d5).
(=1 =1
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Hence, (4) can be written as, for 1 < j <n,
—Tradu; —Tr(Jadv;) =0, —Tradv; +Tr(Jadu;)=0.

Then (4) is equivalent to ¥ (u;) = ¥ (v;) = 0. Thus, do = 0 if and only if J is
integrable and ¥ = 0. O

In the unimodular case we obtain the following characterization.

Corollary 3.3 Let g be a 2n-dimensional unimodular Lie algebra with a complex struc-
ture J. Then g admits a closed non-vanishing (n, 0)-form if and only if Tr(J ad x) = 0
forall x € g.

Remark 3.4 It follows from the proof of Theorem 3.2 that if J is integrable then!
do =1 (af; —dly —df; +ef;) +ilbf; + i+ + £ vino
i
=1 (= Traduj) — Tr(J adv;)) +i(Tr(J adu;) — Tr(ad v)))) ¥j Ao
J

=1 Y (V@) +iyw) yj Ao
J

When g is unimodular and J is integrable, the vanishing of the Koszul 1-form
Y can also be understood in terms of the complexification gc¢ of g as the following
proposition shows. Recall that gc = g'?@ g% !, where g0 (respectively, g*!) is the i -
eigenspace (respectively, (—i)-eigenspace) of the C-linear extension J© : gc — gc.,
and they are given by

0

g 0'=(x—iJx|xegl, ¢®'={x+iJx|xeg)

Both g'% and g*! are Lie subalgebras of gc due to the integrability of J.

Proposition 3.5 Let (g, J) be a2n-dimensional unimodular Lie algebra equipped with
a complex structure. Then (g, J) has a nonzero closed (n, 0)-form if and only ifgl'o
(or g°) is unimodular.

Proof We will show the equivalence only for g'¥. The computations for g%! are
completely analogous. Given a Hermitian inner product (-, - ) on g, it can be extended
to a complex inner product on g¢ satisfying (a + ib, c + id) = {(a,c) + (b,d) —
i({a,d)— (b, c)). Thus, if {e,-}%il is an orthonormal basis of g such that Jey; 1 = ez}
then {\/Li(ezj’l — iezj)}']’.=1 is an orthonormal basis of gl'o.

Now, consider x —iJx € g?. We can decompose ad(x — i Jx) with respect to the
decomposition gc = g'0 @ g¥! as

Ayl *

ad(x —iJx) = 015t
X

1 Cf. [22, Lemma 3]
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Next we compute
n
1 . . .
TrAy =3 Z([x —iJx,exj1 —ieyjl,erj—1 —ieaj)
j=l1

1 n
=5 Z([x, ej_1]—[Jx,exj] —i([x,e2;] +[Jx,e2j—11), €251 —iez;)
j=1
= % (Tradx — i Trad(Jx) — Tr(J ad(Jx)) — i Tr(J ad x))
= 3(Tradx — Tr(J ad(Jx)) — 5(Trad(Jx) + Tr(J ad x)).

Therefore, Trad(x — iJx) = 0 on g"? if and only if Tr(J adx) = —Trad(Jx) on
g. In particular, as g is unimodular, it follows that g% is unimodular if and only if
Tr(J ad x) = 0, and the statement follows from Corollary 3.3. m|

There are many known examples of complex compact quotients I'\G of a simply
connected Lie group G by a discrete subgroup I' admitting an invariant trivializing
section of the canonical bundle. For instance:

e when G is a complex Lie group, that is, the complex structure J : g — g satisfies
Jadx = ad(Jx) for all x € g (such a complex structure is called bi-invariant)
since (G, J) is complex parallelizable,

e when G is nilpotent [7],

e some complex almost abelian solvmanifolds [15].

All these examples are easily recovered using Theorem 3.2.

We consider next a special family of left invariant complex structures on Lie groups.
If an almost complex structure J on a Lie algebra g satisfies [Jx, Jy] = [x, y] for all
X,y € gthen itis immediate to verify that J is integrable. Such a complex structure is
called abelian. They were introduced in Barberis et al. [6] and they have proved very
useful in different contexts in differential and complex geometry. Abelian complex
structures can only occur on 2-step solvable Lie algebras (see for instance [2]).

In the next result we show the existence of a left invariant trivializing section of
the canonical bundle of a unimodular Lie group equipped with an abelian complex
structure. As usual we state the result at the Lie algebra level.

Corollary 3.6 A 2n-dimensional Lie algebra g equipped with an abelian complex struc-
ture J has a nonzero closed (n, 0)-form if and only if g is unimodular. In particular,
any complex solvmanifold equipped with an abelian complex structure has trivial
canonical bundle.

Proof The fact that J is abelian is equivalent to [x, Jy] = —[Jx, y] forall x,y €
g. Hence, ad(x)J = —ad(Jx), which implies Tr(ad(x)J) = — Tr(ad(Jx)). This
identity together with the condition Tr(ad(x)J) = Tr(ad(Jx)), which comes from
Y = 0, and the fact that J is an isomorphism imply the result. O

W Birkhauser



On the Canonical Bundle of Complex Solvmanifolds...

In dimension 6, there is only one unimodular non-nilpotent Lie algebra admitting
an abelian complex structure (see [1]). It is the Lie algebra s determined by a basis
{ei }?:1 and Lie brackets

[er, ec]l = —e1, [ex,es]=e1, [e1,e5]1=—ex, [ez,e6] = —e2,
[e3, ec]l = €3, [e4,e5] = —e3, [e3,e5] =eq, [e4,e6] = eq.

This Lie algebra appears as gg in Fino et al. [14] and as s(_1 ¢y in Andrada et al. [1];
it is the real Lie algebra underlying the complex parallelizable Nakamura manifold
[33] (see also [4]). It has an infinite number of non-equivalent2 complex structures
admitting a nonzero holomorphic (3, 0)-form but only one of them is abelian (see
[14, Proposition 3.7]), namely: Je; = ez, Jez = eq4 and Jes = eg. It was proven in
Yamada [46] that its corresponding simply connected Lie group S admits a lattice. We
show next that this example can be generalized to any dimension of the form 4n + 2.

Example 3.7 Forn > 1, let s, = R? x R* be the (4n + 2)-dimensional unimodular
Lie algebra with basis { f1, f2, e1, €2, ..., ean} and Lie brackets given by3

0-—1 0 1\® . on
A:=ad filgm = 1o ® 10 , B:=ad fo|gsm =diag(l, 1, -1, =1)¥".

Note that s; coincides with the Lie algebra s above.

It is easy to verify that the almost complex structure J given by Jf; = f> and
Jeyj_1 = eyj forall 1 < j < 2n is abelian. It follows from Corollary 3.6 that s,
admits a nonzero closed (n, 0)-form. We show next that the corresponding simply
connected Lie group S,, admits lattices. Form € N,m > 3, lett,, = log(’""‘— V2'"2_4).
Then

exp(mA) = — I, exp(t, B) = diag(e™, e, e~m ¢ im)®n

Using that e +e~™ = m, it is easily seen that there exists P € GL(4n, R) such

that P! exp(tuB)P = [(1) jnl ]GBZn’ and it is clear that P~!(—I4,) P = — L4y, so the
matrices exp(;r A) and exp(t,, B) are simultaneously conjugate to integer unimodular
matrices. According to Theorem 2.3, since any basis of R*" is rational, the subgroup
I = (T2 ® thZ) x PZ% is a lattice of S,,. The complex solvmanifold (I} \S,, J)

has trivial canonical bundle for any m.

Remark 3.8 The Lie algebra s, also carries a bi-invariant complex structure J given
by 3 3
Jfi=—f, Jeyj_1=ej, 1=j<2n,

so that the solvmanifold (I'\S,, J) is complex parallelizable for any lattice I' C G,
generalizing in this way the complex parallelizable Nakamura manifold.

2 Two complex structures J, J> on a Lie algebra g are said to be equivalent if there exists a Lie algebra
isomorphism ¢ : g — gsuch that g o J| = Jp o ¢.

3 Throughout the article we use A@® B to denote the block-diagonal matrix [ A B ] This naturally generalizes
to the sum of n square matrices.
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3.1 Examples in Almost Nilpotent Solvmanifolds

In this subsection we exhibit some examples of complex almost nilpotent solvmani-
folds admitting invariant trivializing sections of the canonical bundle. In particular we
show how to use Theorem 2.3 in the case of a non-abelian nilradical.

The examples we provide are considered in Fino and Paradiso [16], where they
characterize two types of Hermitian structures on almost nilpotent Lie algebras whose
nilradical has one-dimensional commutator ideal, that is, n = hog41 D R withl, h €
N, where h¢1 is a Heisenberg Lie algebra. Recall that 41 = span{eq, ..., e2e41}
with ey central and [e;, e¢q j] = ey for2 < j < £+ 1.

0
Example 3.9 Let g, = Res,2 X p hap+1 where B = I, in the ordered
— Dy,
basis {eq, ..., ean+1}. According to [16, Proposition 2.4], the complex structure J on
g, defined by Je; = e4n42 and Jear = ex+1, 1 < k < 2n, is integrable. Moreover,
it is easily verified that the associated Koszul form vanishes so that (g,, /) admits
a nonzero closed (2n + 1, 0)-form. For any m € N, m > 3, the associated simply

connected Lie group G,, admits a lattice "7, Indeed, for t,, = log(Z "= V;’L“), let

1| 0 0
P, = 0 I, af" Iy, ,  where o = exp(ty).
o
0 ,11 I, " L2,
Uy —Oy m —0m

Then P, 'exp(tyB)Py = | 0(02, —Ip, |. Thus, if we set fj = Ppe;, 1 < j <
0lIp, mly,

4n + 1, then we have that [f;, fi] = [ej, ex], 1 < j,k < 4n+ 1, hence {f;}1"4
is a rational basis of h4,,4+ in which the matrix of exp(#,, B) is an integer unimodular
matrix. It follows from Theorem 2.3 that I}, = theaepo“"“ (spang{f1, ..., fant1})
is a lattice of G,,. All the complex solvmanifolds (I'); \G,, J) have trivial canonical

bundle.

Example 3.10 For ay,...,a, € R define g := g(aj,...,a,) = Rezpt2 X5 Hopt1
where
0
B = 0 —-X |, X=dagai,...,ay),
X 0
in the ordered basis {e1, . .., ean+1}. The complex structure J defined by Je; = e2,42

and Jexr = exr+1,1 < k < nisintegrable, again due to [16, Proposition 2.4]. It is easy
to verify that the Koszul form vanishes if and only if Z'}:l aj = 0, and in this case
(g, J) has a nonzero closed (n + 1, 0)-form. The simply connected Lie group G :=
G(ay, ..., a,) admits a lattice for some values of the parameters aj, ..., a,. Indeed,
for any n € None canchooseay, ..., a, € {2, m, %}+2nZ withay+---+a, =0,

and then {ej}2"+l

i is a rational basis of s, in which exp B is a unimodular integer
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matrix, so by Theorem 2.3 the Lie group G admits a lattice I' := I'(ay, ..., a,). Then
('\G, J) has trivial canonical bundle.

3.2 Holomorphically Torsion Canonical Bundle

Here we consider the case when some power of the canonical bundle of a compact
complex quotient (I'\G, J) is trivialized by an invariant holomorphic section. We
obtain that actually the canonical bundle is itself trivial by an invariant holomorphic
section.

Proposition 3.11 Let (G, J) be a2n-dimensional Lie group equipped with a left invari-
ant complex structure. If K (@(’;k 7 admits a nonzero invariant holomorphic section for
some k € N then K, j) admits a nonzero invariant holomorphic section. That is,
(G, J) has trivial canonical bundle. The same happens for any quotient I'\G where
I is a uniform lattice of G.

Proof We can work at the Lie algebra level since we are dealing with invariant objects.
Let o be a generator of /\”’Og*, where g = Lie(G). Then, 6® := 6 @ --- ® o (k
times) is a generator of ( A”’Og*)®k, which we may assume holomorphic since this
space is 1-dimensional. Recall from Remark 3.4 thatdo = B Ao for some (0, 1)-form
B, which in terms of the extended Dolbeault operator 8 from §2 can be expressed as
do = B ® 0. Next we compute

k k
025(7@1(:20@...@ o ®...®gzzﬁ®o®k:kﬁ®g®k'
Jj=1 j-th place j=1

Therefore, = 0 and this implies do0 = 0. Hence, o is holomorphic and the proof
follows. O

4 Triviality of the Canonical Bundle of Solvable Lie Groups with Left
Invariant Complex Structures

The main goal in this section is to show that any simply connected solvable Lie group
equipped with a left invariant complex structure has trivial canonical bundle. In general
the trivializing holomorphic section will not be left invariant.

Any nowhere vanishing section of the canonical bundle of a 2n-dimensional Lie
group G equipped with a left invariant complex structure J can be writtenas t = fo,
where o is a nonzero left invariant (n, 0)-formand f : G — C* = C\ {0} is a smooth
function. If 7 is closed we cannot expect uniqueness of the function f in general (in
the non-compact setting) as the following result shows.

Lemma 4.1 Let G be a 2n-dimensional Lie group equipped with a left invariant com-
plex structure J, and let o denote a nonzero left invariant (n, 0)-form on G. Assume
that T| := fio is closed, for some smooth function fy : G — C*. If f : G - C*
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is another smooth function on G then v, = fyo is closed if and only if % isa
holomorphic function on G.
In particular, if G is compact then f>» = cfi for some ¢ € C*.

Proof Assume first that H := % is holomorphic. Then:

31y = d((Hf1)o) = d(Hfi) Ao + (Hf1) do = H@ f1) Ao + (Hf1) do
=H®@fi Ao+ f1dc) = Hd(fio) =0.

Therefore 7, is holomorphic and hence closed.
Conversely, assume now that 13 is closed. From d7; = 0 and dtp = 0 we obtain

dfi Ao+ fido =0, dfa Ao+ frdo =0.

From these equations we obtain readily that

d(%)/\o:O. (6)

1

Let us consider a basis {y1, ..., y,} of left invariant (1, 0)-forms on G, hence we may
assume o = y| A - -+ A Y. If we write

d (%) =Y (@jyj +b;7)

j=1

for some a;, b; € C, then (6) becomes

n n
0= Z(ajyj +bj7j) ANO = ijVj Ao
j=1 j=1

which implies bj = 0 for j = 1,...,n since {y; A 0};=1 is a linearly independent

set. This means that d (%) isa (1, 0)-form, and this is equivalent to F] (%) = 0, that
is, % is holomorphic. O

Corollary 4.2 With notation as in Lemma 4.1, if o is a nonzero invariant (n, 0)-form on
'\G and f : T\G — C* is a smooth function such that T := fo is closed then f is
unique up to a nonzero constant. In particular, nowhere vanishing closed (n, 0)-forms
t on (I'\G, J) are either all invariant or all non-invariant.

Now we proceed to prove the main theorem of the section. We begin with a series
of preliminary results. Recall that in a solvable Lie algebra g its nilradical n(g) is given

by n(g) = {x € g | ad x is nilpotent}.

W Birkhauser



On the Canonical Bundle of Complex Solvmanifolds...

Lemma 4.3 Let g be a solvable Lie algebra equipped with a complex structure J, and
denote n(g) its nilradical. If h = Ker yr, where  is the Koszul I-form on (g, J) then

n(g NJn(@ < bhnJbh.

Proof Let x € n(g) N Jn(g). Since Jx € n(g) then ad(Jx) is nilpotent and thus
Trad(Jx) = 0. As a consequence we only need to prove that Tr(Jadx) = 0. It
follows that

x —iJx e n(g) ®in(g) = n(g)c = n(go),

so that ad(x — i Jx) is a nilpotent endomorphism of gc. We can write

ad(x —iJx) = [%x ; ]
X

in a certain basis of gc adapted to the decomposition gc = g''* @ g”!. Since this
operator is nilpotent, we have that both matrices Ay and B, are nilpotent, so that
Tr Ay = Tr By = 0. Now we compute

C . 1Ay *
J ad(.x lJ)C) = [T‘TBX} .

Therefore,
0= TI‘(J(C ad(x —iJx)) = Tr(Jad(x)) — i Tr(J ad(Jx)),
so that
Tr(J ad(x)) = Tr(J ad(Jx)) =0,
thatis, x € h N Jh. |

The following technical lemma will provide a particular basis of (1, 0)-forms which
will be useful in the proof of the main result of this section.

Lemma 4.4 Let g be a 2n-dimensional solvable Lie algebra equipped with a complex
structure J. Then there exists a basis {y1, ..., vn} of (1, 0)-forms, with y, = uk +ivk,
and an index 1 < s < n such that:

(i) u’ is closedfor1 < j <s, and
(ii) uj,v; € g, g1 N Jlg, gl forj >s,

where {uy, vi, ..., u,, v,} denotes the dual basis of{u], vl un, v}

Proof Consider the commutator ideal g’ = [g, g] and let u be a complementary sub-
space to g’ N Jg' in ¢/, that is

g=@nJg)ou
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Moreover, we have that g’ N Ju = {0}. Indeed, if v € g’ N Ju, this implies that
veg NJg sinceu C g'. Hence, Jv € un (g’ N Jg'), which implies Jv = 0 and
thus v = 0.

Therefore we can decompose g as

g=@NJg)dudJudv,
where v is a complementary subspace to g’ @ Ju in g, which can be chosen J-

invariant. As g is solvable, g’ is a proper subspace of g, so Ju @ v # {0}. The fact
that the subspaces v, u @ Ju and g’ N Jg' are J-invariant allows us to take bases

{x1, o X, Xt oo, X of 0 {1, e Yy V1, - - s Y Of U@ Ju (with y, € Ju, y €
w)and {z1,...,2¢ Z1,...,2¢} of @ N Jg' such that Jx; = %, Jyx = Yk, J2k = Zk
and r + m + £ = n. Then, we can take the ordered basis of (1, 0)-forms
{yl,...,ys,...,y,,}:{xl—H)El,...,xr—i—ii",yl—i-iﬁl,...,ym—l—ij)m,zl—i—ifl,...,zl—i—iil},
with s := r +m < nand {x', %', ..., y!, 3", ...,2",Z', ..} is the basis of g*
dual to the basis {xl,xl,...,yl,yl,...,zl,zl,...}.Letusrenameu/ = Rey; gnd
/' =Imy;.For1 < j < s we have that u’/ belongs to the annihilator of g sou’ is
closed, and for j > s we have thatu;, v; € g’ N Jg'. O

Remark 4.5 It follows from the proof of Lemma 4.4 that s = n if and only if g =
g @ Jg'. In this case the complex structure J is abelian. Indeed, the more general
condition g’ N Jg' = {0} implies that J is abelian, which can be easily verified from
N;=0.

Theorem 4.6 Any 2n-dimensional simply connected solvable Lie group G equipped
with a left invariant complex structure J admits a nonzero closed (n, 0)-form t. In
particular, the canonical bundle of (G, J) is trivial.

Proof Let g be the Lie algebra of G and take the basis {y1, . .., y,} with yx = uF+iv¥,
asin Lemma4.4. Consider now the (n, 0)-formo givenbyo = y1A-- Ay, Ifdo =0
we may simply choose T = ¢. On the other hand, if do # 0 it follows from Remark
3.4 that

1 n
=1 2 (V) +iv @)y Ao, )
j=1
Letuscall C; = —y(vj)+iy (u ;). We show first that C; = O when j > s. Indeed, in
thiscase uj, v; € g'NJg'. Asg’ ' NJg C n(g) N Jn(g) since g is solvable, it follows

from Lemma 4.3 that ¥ (u;) = ¥ (v;) = 0so C; = 0 for j > s. Therefore we can
write

Zcmx\o_ Z(C]y]/\a+C]yj/\0) ZC] iAo
] 1 j=1 :0

Hence, the form o = % Z‘;:l Cjuj satisfies do = o Ao and da = 0 by the choice of
the basis {y1, ..., ¥u}. Since G is simply connected the left invariant 1-form « on G
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is exact so that there exists a smooth function f : G — C satisfying « = df. Finally,
we consider the (n, 0)-form 7 := e~/ ¢ and we compute

dt =e /(~a Ao +do) =0,
which says that t is a nowhere vanishing closed (7, 0)-form on G. O

Remark 4.7 The closed (n, 0)-form 7 from Theorem 4.6 can be written as T = Fo,
where F' : G — C* is a Lie group homomorphism. Indeed, with the notation in
the proof of Theorem 4.6, replacing f by f — f(1g) we still have that « = df is
left invariant and f(1g) = 0, where 15 denotes the identity element. This implies
that f : G — C is an additive homomorphism. Hence, F := e~/ : G — CX isa
multiplicative homomorphism.

Remark 4.8 There are Lie groups with a left invariant complex structure which do not
have trivial canonical bundle. For instance, the Hopf manifold S' x S3 = S! x SU(2)
carries a left invariant complex structure, and this compact complex surface has non-
trivial canonical bundle.

Remark 4.9 It was conjectured by Hasegawa in [24] that all simply connected uni-
modular solvable Lie groups with left invariant complex structure are Stein manifolds
(that is, they are biholomorphic to a closed complex submanifold of some CV). If this
conjecture were true, then the canonical bundle of any of these pairs (G, J) would
be holomorphically trivial according to the Oka-Grauert principle ([21]), since the
canonical bundle of any such Lie group is always smoothly trivial via a left invariant
section. Thus, Theorem 4.6 provides evidence in the direction of this conjecture.

5 An Algebraic Obstruction for the Triviality of the Canonical Bundle

In this section we will consider compact complex manifolds obtained as quotients of a
Lie group by a uniform lattice. We provide an algebraic obstruction for the canonical
bundle to be holomorphically trivial (or more generally, holomorphically torsion), in
terms of the Koszul 1-form . Namely, 1 has to vanish on the commutator ideal of
the associated Lie algebra. We will do this by exploiting the relation of v with the
Chern-Ricci form of any invariant Hermitian metric on the quotient.

Let us recall the definition of the Chern-Ricci form. Let (M, J, g) be a 2n-
dimensional Hermitian manifold, and let ® = g(J-, -) be the fundamental 2-form
associated to (M, J, g). The Chern connection is the unique connection vC on M
which is Hermitian (i.e. V€J = 0, V€g = 0) and the (1, 1)-component 7Ll of
its torsion tensor vanishes. In terms of the Levi-Civita connection V of g, the Chern
connection is expressed as

g(V(Y,2) = g(VxY,Z) — Ydo(JX,Y,Z), X,Y,Z e X(M).
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The Chern-Ricci form p = p(J, g) is defined by

p(X.Y)=—=3Tr(J o RE(X,Y)) =) g(RE(X.Y)ei, Jey).

i=1

where RC(X, Y) = [Vg, V)g] — V[CX’Y] is the curvature tensor associated to V€ and
{ei, Je;}!_, is alocal orthonormal frame for g. It is well known that p is a closed real
(1, 1)-form on M.

Consider now any left invariant almost Hermitian structure (J, g) on a simply
connected Lie group G, not necessary solvable, with Lie algebra g. In [43] it is proved
that

p(x,y) = 5(Tr(J ad[x, y]) — Trad(J[x, y])), x,y € g. ®)

Remarkably, this Chern-Ricci form does not depend on the Hermitian metric. We
observe from (8) that 2p = —d1/, thus implying that if ¢ vanishes then p = 0, for
any Hermitian metric g. As a consequence we have:

Proposition 5.1 If there exists a nonzero left invariant holomorphic (n, 0)-form on G
then for any left invariant Hermitian metric g on G, the induced Hermitian structure
(J, g) on T\G has vanishing Chern-Ricci form. In particular, the restricted Chern
holonomy of (J, g) on I'\G is contained in SU(n).

Proof We only have to justify the last statement, and this follows from [42, Proposition
1.1]. O

Thus, if p # O (thatis, ¥ ([g, g]) # 0) then there is no invariant trivializing section
of the canonical bundle of (I'\G, J). We show next that the condition p # 0 is also
sufficient to prove that the canonical bundle is not holomorphically trivial. In fact,
we will prove a stronger result, namely that if p % 0 then the canonical bundle of
(I'\G, J) is not holomorphically torsion.

Following ideas from [ 18, Proposition 5.1], our result will be proved using Belgun’s
symmetrization, which we state below.

Lemma 5.2 (/8, Theorem 7], [13, Theorem 2.1]) Let M = T'\G be a compact quotient
of a simply connected Lie group by a uniform lattice T with an invariant complex
structure J. Let v denote the bi-invariant volume form on G given in [30, Lemma 6.2 ]
and such that fM v = L. Identifying left invariant forms on M with linear forms over
g* via left translations, consider the Belgun symmetrization map defined by:

*
w:Q5(M) — /\ 9*’ ne) (X, ..., Xg) Zf A (X1lm, - Xilm)vm,s
M

for X1,..., Xx € X(M). Then:
(i) n(f) € Rforany f € C*('\G, R),

(ii) u(@) =aifa € N*g*;
(iii) p(Ja) = Ju(a), where Ja(-, ..., ) =a(J 7V, ..., T~ 1,
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(iv) p(da) =d(u(@)).
Extending this map C-linearly to C-valued differential forms on M, we also have:
(v) @) = 0(u()) and p(da) = I(u(@)).

Theorem 5.3 [f the canonical bundle of (T'\G, J) is trivial (or, more generally, holo-
morphically torsion) then Tr(J ad([x, y])) = O for all x,y € g = Lie(G), that is
v ([g. gD =0.

Proof According to [42, Proposition 1.1]if M is a compact complex manifold and K y;
is holomorphically torsion then given any Hermitian metric g on M, the associated
Chern-Ricci form p satisfies p = idd F, for some F € C*®°(M, R).

Now, assume that the canonical bundle of (I'\G, J) is holomorphically torsion and
consider a Hermitian metric g on I'\ G induced by a left invariant one on G. Then its
associated Chern-Ricci form p satisfies p = i3 F, for some F € C®(I'\G, R). We
consider next the symmetrization £ (p) of p. It follows from Lemma 5.2(v) that

p(p) = iddu(F) =0,

since w(F') is constant. As p is left invariant we obtain p = w(p) and therefore p = 0.
Since at the Lie algebra level we have that p(x, y) = Tr(J ad([x, y])) for x, y € g,
the proof is complete. O

Remark 5.4 Proposition 1.1 in Tosatti [42] predicts the existence of a Hermitian metric
with p = 0 on any compact complex manifold with holomorphically torsion canonical
bundle. It follows from the proof of Theorem 5.3 that in the case of a complex compact
quotient I'\ G any invariant Hermitian metric has p = 0. Using again [42, Proposition
1.1], we obtain that these invariant Hermitian metrics have restricted Chern holonomy
contained in SU(n), where 2n is the real dimension of the manifold.

Remark 5.5 If p = 0 then the canonical bundle of the complex solvmanifold is not
necessarily trivial. Indeed, consider the Lie group G from Example 1.1 equipped with
the left invariant complex structure J given therein. It is easy to see that ¥ (eg) = —2
and ¥ (ej) = 0 for 1 < j < 3, so that ¥ ([g, g]) = 0. However, G admits a lattice
I'" = {(zwk, m,n, g) | k,m,n, p € Z} such that (I"\G, J) is a secondary Kodaira
surface (see [23]) and hence, has non-trivial canonical bundle. Note that T ® t, where
T = e/l o, is a trivializing section of K 8’3 and thus the canonical bundle is

\G.,J)
holomorphically torsion.

We exhibit next a 6-dimensional example of this phenomenon.

Example 5.6 For p € R, let g, = Reg x4, R, where the matrix A is given in the
basis {eq, ..., es} of R’ by:

—p —1
I —p

Ay = p 2

_2p

0
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Equip g, with the complex structure Je; = e, Je3 = e4 and Jes = eq. Then an
easy calculation shows that ¥ (e;) = O for 1 < j < 5 and ¥ (es) = 2. It follows from
Theorem 3.2 that this Lie algebra does not admit any nonzero closed (3, 0)-form.
For some values of p € R, the associated simply connected Lie group G, admits
lattices, according to Console and Macri [12] (the Lie algebra g, corresponds to the

Lie group denoted by Gg’l;p 2 xR there). Moreover, it was shown, using techniques
by Console and Fino in [11], that for certain values of p some lattices I" in G, satisfy
b3(I'\G ) = 0 (see [12, Table 7.1]); for instance, for any m € N take p = %, where
sm = log (m+— V2m2+4) Then, exp(r A ) = diag(—e™", —e™, e, e, 1) is con-
01
Im
2.3 the Lie group G , admits alattice I'y, = wZx PZ’,where P~ exp(mAp) P = Ey.
Since b3(I'y\G ) = 0, it follows from Proposition 2.1 that the canonical bundle of
(I'u\Gp, J) is not holomorphically trivial. However, this complex solvmanifold has
holomorphically torsion canonical bundle. Indeed, if o is a nonzero left invariant
(3, 0)-form on G, then T ® 7, where T = e’ o, induces a trivializing section of

KI@Z\G since e’ = (e'")? is m-periodic.
m\Gp

o2
jugate to the integer unimodular matrix E,,, = |: i| @ (1). According to Theorem

Example 5.7 There are examples of complex solvmanifolds whose canonical bundle
is not holomorphically torsion (and in particular not holomorphically trivial). Such
examples are given by Oeljeklaus-Toma manifolds, introduced in [35]. These complex
manifolds were constructed from certain number fields, but later Kasuya showed in
[26] that they are complex solvmanifolds.

As another illustration of the obstruction from Theorem 5.3, we deal in the next
result with the case of compact semisimple Lie groups. We recall Samelson’s construc-
tion of a complex structure on a compact semisimple even-dimensional Lie algebra g
[40].

Let h be a maximal abelian subalgebra of g. Then we have the root space decom-
position of gc with respect to hc

gc=bc® ) ga

acd
where @ is the finite subset of nonzero elements in (hc)* called roots, and
8o ={x €gc|[h,x] =a(h)x Vh e bhc}
are the one-dimensional root subspaces. Since b is even-dimensional, one can choose
a skew-symmetric endomorphism Jy of b with respect to the Killing form such that
JO2 = —1I. Samelson defines a complex structure on g by considering a positive

system @ of roots, which is a set ®* C @ satisfying

otN(—dH) =9, dTU—DPH) =D, o« Becd", a+fecdP=a+pc .
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Setting

m:h1,0® Z [

acdt

where h!-¥ is the eigenspace of J(()C of eigenvalue i, it follows that m is a complex Lie
subalgebra of gc which induces a complex structure J on g such that g'-0 = m, that s,
m is the eigenspace of J € with eigenvalue i. This complex structure is skew-symmetric
with respect to the Killing form on g.

Conversely, Pittie proved in [37] that any left invariant complex structure on G is
obtained in this way.

In the next result we use Theorem 5.3 in order to show that the canonical bun-
dle of a compact Lie group equipped with a left invariant complex structure is not
holomorphically torsion.

Proposition 5.8 The canonical bundle of a 2n-dimensional compact semisimple Lie
group equipped with a left invariant complex structure is not holomorphically torsion.

Proof We use the notation from the paragraphs above: G is the compact Lie group,
g its Lie algebra and J : g — g is the complex structure obtained by Samelson’s
construction.

Since [g, g] = g, according to Theorem 5.3 it is sufficient to show that Tr(J ad x) #
0 for some x € g, or equivalently, Tr(JC ad x) # 0 for some x € gc.

Recall that g0 = !0 @ > o+ ge and g*! = §%1 @ > o+ 9-a. Let xq
be a generator of g, for any @ € ®. If {hy,..., h,} is a basis of h10, then B =
{(h1,...,h}U{xy | @ € ®t}isabasisof glCand B = {hy, ..., h,}U{x_o | @ € ®T}
is a basis of gO!.

Consider now i € h1:0 ¢ g0, Then, with respect to the basis BU B of g, we have:

| An| % C | iAn| *
adh_[T’B—h] and J adh_|: 0 —iBh:|'

More precisely, since hl’o is an abelian subalgebra and [/, x,] = «(h)x,, the matrices
Aj and By, are given by:

0| 0|

ai(h) —ayi(h)
Ay = ) and Bj = ) ,

. as(h) . —ag(h)

where s = |®7|. Hence,

Tr(JCad h) = 2i Zaj(h) =2i Y a(h).

Jj=1 aedt

It is known that Zae¢+ o # 0. Indeed, there is IT C &+, whose elements are known
as simple roots, such that ITis a basis of (h¢)* and each o € ® 7 is a linear combination
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of the simple roots with non-negative integer coefficients. Therefore, if Y, g+ @ =0
then every o € ®* would be zero, which is impossible.
As a consequence, we can choose & € h1-0 such that Tr(J Cadh) # 0. m|

Remark 5.9 Assume that G is a non-compact semisimple Lie group equipped with a
left invariant complex structure J. It follows from [10] that G has a uniform lattice
I'. Again, since G is semisimple (so that g = Lie(G) satisfies [g, g] = g), it follows
from Theorem 3.2 and Theorem 5.3 that the canonical bundle of the compact complex
manifold (I"\G, J) is either trivial via an invariant section (when v = 0) or it is not
holomorphically torsion (when v # 0), where v is the Koszul 1-form on (g, J).

Some recent results concerning non-compact semisimple Lie groups are the fol-
lowing:

e In [18] it was proved that any non-compact real simple Lie group G of inner type
and even dimension carries a left invariant complex structure J. Moreover, if " is a
lattice in G then the canonical bundle of (I'\ G, J) is not holomorphically torsion.

e In [36] it was proved that a 6-dimensional unimodular non-solvable Lie algebra

admits a complex structure with a nonzero closed (3, 0)-form if and only if it is
isomorphic to so(3, 1). It follows that '\ SO(3, 1) carries a complex structure with
trivial canonical bundle (via an invariant section) for any lattice I".
As a generalization, we observe that if g is a semisimple complex Lie algebra then
its “realification” gr admits a bi-invariant complex structure J. If Gg denotes
the simply connected Lie group associated to gr then the pair (Gr, J) admits
a left invariant trivializing section of its canonical bundle, since it is complex
parallelizable. Therefore, any compact quotient (I'\Gp, J) has trivial canonical
bundle.

5.1 More Examples of Complex Solvmanifolds with Trivial Canonical Bundle

We look for examples of complex solvmanifolds (I'\G, J) with trivial canonical
bundle when there are no invariant trivializing sections. Due to Theorem 5.3 we need
Y #£ Obut ¥ ([g, g]) = 0. We show next that in many cases we obtain such a trivializing
section.

Proposition 5.10 Let (G, J) be a 2n-dimensional simply connected solvable unimod-
ular Lie group with a left invariant complex structure. Let by denote the kernel of
and assume that ¥ ([g, g]) = 0, so that g = Reqg X h and consequently G = R x H,
where H is the unique connected normal subgroup of G such that Lie(H) = b. Then
the (n, 0)-form v = exp(—% Tr(J ad eg)t)o is closed, where t is the coordinate of R
and o is a left invariant (n, 0)-form.

Proof By using a Hermitian inner product on g we can choose e; € h N (h N Jh)*,
so that h = Re; @ (h N Jh). Set next eg := —Je; € ht, hence g = Reg x b. Let
{uj, vj}’}-;} be a basis of h N Jh suchthat Ju; =v;,1 < j<n-1

Define the (1, 0)-form o on gby o = (e +ie!) Ayi A+ A yu_1, Where y; =
wl +iv/ and {0, !, u', v’.};l:_l1 is the dual basis of {eg, e1, u;, v,-}?:_ll. In this basis,
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Remark 3.4 implies that

do =L Tr(Jadeg) (e —ie ) A (€ +ie ) Ayi A Aynoi

= —% Tr(J ad eo)em AVIA A Vn_1.

By the definition of the product on G = R x H it follows that if we consider the
dual basis {eo, el ul v };.1:_11 as left invariant 1-forms on G (which is diffeomorphic

to RZ"), then dr = €. Let us consider the (n, 0)-form given by 7 = e* o, where
A= —% Tr(J ad ep). We compute
dtv = e (ik A Ao+ do)
=elM (% Tr(J ad eg) — %Tr(J adeg)) e Ay1-o A yvusi
Therefore, t is closed. O

In the next example we apply Proposition 5.10 in order to show the triviality of the
canonical bundle associated to complex structures of splitting type (see [5] for a precise
definition) on the 6-dimensional complex parallelizable Nakamura solvmanifold.

Example 5.11 In [5, Proposition 3.1] complex structures of splitting type on the 6-
dimensional complex parallelizable Nakamura manifold are classified. There are three
non-equivalent cases:

() J:do' = -0, do* =0, do’=0,

do! = Aw!3 — a)lg,

(i) Ja:{do® = —Aw® + 0P, AcC, |A] £1,
dw?® =0,
do!' = —w!3 + Bol?,

(iii) Jp: {dw®* = —Bw® +w?, BeC, Bl <1,
de® =0

where {a)l, »?, a)3} is a basis of (1, 0)-forms.

According to [14, Proposition 3.7], the underlying Lie algebra admits a nonzero
holomorphic (3, 0)-form only for complex structures of type (i) and (ii). Therefore
any associated solvmanifold equipped with Jp in (iii) admits no invariant trivializing
sections of the canonical bundle. Nevertheless, we show next that there are lattices such
that the associated complex solvmanifolds equipped with Jp do have trivial canonical
bundle.

In a real basis of 1-forms {f 1., f 6} such that in the dual basis Jp is given by
JB fri—1 = fai, equations (iii) can be written as

df' = = DfP 45 —sfP + ¢+ D, dfr =sfP -+ D+ = DB + 5%,
df3 = =nf¥ —sf —sfP e+ DY dff =5 -+ D0 - = DB -5,
df® =0, df®=0,
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where B = r + is. Therefore, the Lie brackets determined by {df . f 6} are

Lfi, fsl=A=nr)fi—sfa, [f1, fol==sfi+ @ +1)fa,
[f2, fsl=sfi+ A =r)fa, [f2, fel ==+ 1) fi —sf2,
[f3, fs]1=0—=Dfzs=sfa, [fz, fel=sf3+ @+ 1)fs,

Lfa, fsl=sfz3+ 0 = Dfa, [fs, fol ==+ 1Dfz+sfs

Let us denote g the Lie algebra determined by these Lie brackets. On the other hand,
recall the Lie algebra s from the paragraph before Example 3.7. It is straightforward
to verify that ¢ : (g, Jp) — (s, Jp) given by

0001
10010 —s r+1
Y= 1lo-100|¥|1-r —s
1000
is a biholomorphic isomorphism, where
Jpey = —ey, Jper=e1, Jpes=e4, Jpes=—es,

7 _—2se5+(r2+52—2r+1)66 7 _—(r2+52+2r+l)e5+2566
B = r2 452 —1 B = r2 452 —1 '

The Koszul 1-form on (s, fB) is given by ¥ = 4¢3. Since Y ([s, s]) = 0 we can
apply Proposition 5.10 and get a closed nowhere vanishing (3, 0)-form in the Lie
group S = R x H given by

. 2 2o’ 42r+1
T = e_Z”(el—iez)/\(e3+ie4)/\<e5 —1i (r2 +SS2 — 185 r ;1:—2 _rl—i— €6>> ,
where ¢ is the coordinate of R. On the other hand, according to Example 3.7, the Lie
group S admits lattices given by I, = (#Z @ t,,Z) X P, Z* form € N, m > 3. The
form 7 is invariant by I',, since exp(—2i(t + wk)) = exp~(—2it) for all k € Z, so
it induces a closed non-vanishing (3, 0)-form on (I',;,\S, Jp), which therefore have

trivial canonical bundle.

We finish this section with an example of a solvmanifold with trivial canonical
bundle such that its Lie algebra does not appear in [14, Proposition 2.8].

Example 5.12 Let g = Reg X4 RS, where in the basis {e1, ..., es} the matrix A is
given by
01100
—10 0 10
A:=adeglgs=| 0 0 0 10
00-100
00O00O00O0
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Equip g with the complex structure Je; = ez, Je3 = es, Jes = eg. By Theorem 3.2,
since ¢ = 469, (g, J) does not admit a nonzero closed (3, 0)-form so that g does not
appear in [ 14, Proposition 2.8]. However, since ¥ ([g, g]) = 0, using Proposition 5.10
we obtain a closed non-vanishing (3, 0)-form 7 on the associated simply connected
Lie group G, which is given by T = e 2 (el +ie?) A (€3 +ie*) A (&2 +ie®), where
t is the coordinate of R. Moreover,

10 -7 00
010 —x0
exp(mA)=1] 0 0 -1 00
00 0 —10
000 01
110 00
) ) ) 0-10 00| |
is conjugate to its Jordan form B := 8 8 —01 118 via some P € GL(5, R).
0 0001

Setting f; = Pej for 1 < j <5, it follows from Theorem 2.3 that G admits a lattice
I' = n7Z x PZ’. The form t is invariant by I since exp(—2i (t + wk)) = exp(—2it).
Then K1\, ) is holomorphically trivial.

We remark that I'\ G is not homeomorphic to a nilmanifold since the lattice I" is
not nilpotent. Indeed, if I'y denotes the k-th term of the lower central series of I', then
it is easy to compute I'y = 0Z & Im(B — IS)k which is not trivial because B — I5 is
not nilpotent.

o

6 Applications to Hypercomplex Geometry

In this last section, we explore the triviality of the canonical bundle of complex mani-
folds obtained from a hypercomplex Lie group (G, {Ji, J2, J3}), or the corresponding
quotients by uniform lattices. More concretely, we will show that if there exists a
left invariant trivializing section of K, ,) for some o = 1, 2, 3, then any associ-
ated compact quotient (I'\G, Jy) has trivial canonical bundle for all «, also via an
invariant section. However, if the trivializing section of (I'\G, Jy) is not invariant,
then K(r\q,J4) is not necessarily trivial for 8 # «. Using these results we provide a
negative answer to a question by Verbitsky.

We begin by recalling some facts about hypercomplex manifolds. A hypercomplex
structure on M is a triple of complex structures {J1, J2, J3} on M which obey the laws
of the quaternions:

J1Jr=—DhJ = J3.

In particular, J,Jg = —JgJy = J,, for any cyclic permutation («, B, y) of (1, 2, 3).
It follows that M carries a 2-sphere of complex structures. Indeed, given a =

(a1, a2, a3) € S*,
Joi=arJ1 +axJy + az g3 9

is a complex structure on M. Moreover, for any p € M, the tangent space T, M has
an H-module structure, where H denotes the quaternions. In particular dimr M = 4n,
neN.
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Any hypercomplex structure {J, } on M determines a unique torsion-free connection
VO, called the Obata connection (see [34]), which satisfies V€ J, = 0 for all a. It
was shown in Soldatenkov [41] that an expression for this connection is given by:

VY = S (X Y1+ IAX. Y] = LIX. LY]+ BIAX. YD), X.Y € X(M).

Given the hypercomplex structure {J,} on R*" induced by the quaternions, we
denote by
GL(n, H) :={T € GL(4n,R) : TJ, = J, T for all o},

the quaternionic general linear group, with corresponding Lie algebra
gl(n, H) :={T € gl(4n,R) : TJy = J, T for all a}.

Since VOJ, = 0 for all «, the holonomy group of the Obata connection,
Hol(VO), is contained in GL(n, H). A hypercomplex manifold (M*, {Jo}) is
said to be an SL(n, H)-manifold if Hol(VO) C SL(n, H), where SL(n, H) =
[GL(n, H), GL(n, H)] is the commutator subgroup of GL(n, H). These manifolds
have been actively studied (see for instance [17, 18, 20, 25, 28, 29]).

We will consider now left invariant hypercomplex structures on Lie groups, which
are given equivalently by hypercomplex structures on Lie algebras, as usual. The
corresponding Obata connection is also left invariant and it can be determined by its
action on left invariant vector fields, that is, on the Lie algebra.

As an application of Theorem 3.2 we show that if (G*", J,) admits a non-vanishing
left invariant closed (2n, 0)-form for some « = 1, 2, 3, then (G4", Ju) (with J, as in
(9)) has a non-vanishing left invariant closed (2n, 0)-form, for all a € S?.

Theorem 6.1 Let {J1, J2, J3} be a hypercomplex structure on the 4n-dimensional Lie
algebra g. If Jo admits a non-vanishing closed (2n, 0)-form for some o = 1,2, 3,
then J, admits a non-vanishing closed (2n, 0)-form for any a € S?, with J, given by

).
Proof Let («, B, ) acyclic permutation of (1, 2, 3) with J satisfying the conditions
in the statement. Then, due to the vanishing of the Nijenhuis tensor N, , for any
X,y € gwe get
Jylx, yl = Uyx, y1+ [x, Jyy1 + J, [Jy x, Jy y].

Since J,, = Jo Jg, applying —J in both sides of this equality we have

Jplx, y] = _Jot[Jyx» vyl = Julx, J)/y] + Jﬁ[-]yxa Jy)’],
which implies

Tr(Jg ad(x)) = — Tr(Jy ad(J, x)) — Tr(Jy ad(x)J,) + Tr(Jg ad(J, x)J, ).
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Using that Tr(AB) = Tr(BA) and Tr(Jy ad(x)) = Tr(ad(Jyx)) for all x € g due to
Theorem 3.2 (since the Koszul 1-form 1/, vanishes) we arrive at

Tr(Jgad(x)) = —Tr(ad(Jo J, x)) — Tr(J, Jy ad(x)) + Tr(J, Jg ad(J,, x))
= Tr(ad(Jgx)) — Tr(Jg ad(x)) — Tr(Jy ad(Jy, x))
= Tr(ad(Jgx)) — Tr(Jg ad(x)) + Tr(ad(Jgx)),

which implies Tr(Jg ad(x)) = Tr(ad(Jgx)).

The same computation with « replaced by 8 shows that the same condition holds
for J,,. It follows that Tr(J, ad(x)) = Tr(ad(J,x)) for any a € S2. Therefore, the
corresponding Koszul 1-form v, vanishes and according to Theorem 3.2 the proof is
complete. O

Corollary 6.2 Let {J1, J2, J3} be a hypercomplex structure on the simply connected Lie
group G and let T be a uniform lattice on G. If there exists an invariant trivializing
section of K(r\g, J,) for somea = 1,2, 3, then ('\G, J,;) has trivial canonical bundle
forany a € S*.

In [44], Verbitsky proves thatif (M, {J,}) is an SL(#, H)-manifold then the complex
manifold (M, Jy) has trivial canonical bundle for all «. Then he poses the following
question:

Question [44]: Let (M, {J4}) be acompact hypercomplex manifold. If the complex
manifold (M, Jy) has trivial canonical bundle, does it follow that M is an SL(n, H)-
manifold?

In certain cases there is an affirmative answer to this question, for instance when
(M, {Jy}) admits a hyperKihler with torsion metric ([44, Theorem 2.3]) or when M is a
hypercomplex nilmanifold [7, Corollary 3.3]. In the latter case, the key fact is that every
complex nilmanifold has trivial canonical bundle via an invariant trivializing section.
Using the same arguments, in [17] it is proved that if a hypercomplex solvmanifold
(I'\G, {Jo}) admits an invariant trivializing section of K\ g, s,) for some a then I'\G
is an SL(n, H)-manifold.

We exhibit next an hypercomplex solvmanifold (I'\ G, {Jy}) such that K\ ;) is
trivial but the solvmanifold is not an SL(n, H)-manifold.

Example 6.3 Let g = span{ey, ..., e4} be the 4-dimensional unimodular Lie algebra
given by

le2, e3] =e1, [e2, eal = €2, [e3,e4] = —e3.
It is easily verified that the almost complex structure J defined by Je; = e> and
Jesz = ey is integrable. Note that g4 = span{ej, e3} and g_ := Jg4+ = span{ea, e4}
are subalgebras of g. Then, according to Andrada and Salamon [3], the Lie algebra
g := (gc)r admits a hypercomplex structure {J;, Jo, J3}. Indeed, with respect to the
decomposition § = g @ ig, these complex structures are given by

. i(x +1y), X,y € g+,
Jilx +iy) = (. y? o
_l(x+ly)v x,)’le,

hx+iy)y=Jx+iJy, x,yeg,
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and J3 = Jj J5. Letus write them down explicitly. Relabelling the basis {e1, . .., es, ieq,
.,leq} as {eq, ..., eg} we have that {J1, J», J3} are given by
Jiep =es, Jiea = —eq, Jiez =e7, Jieq = —es,

Jrey =er, Jre3=e4, Joes =eq, Jre7 = eg,
Jzey = —eg, Jzex = —es, Jze3 = —eg, Jzeq = —ey.

With respect to this basis the Lie brackets of g are

[e2, e4]l = €2, [e3, es4] = —e3, [e4, 6] = —eg, [eq, e7] = e7,
[e2, eg] = e, [e3, e8] = —e7, [es, e8] = —e2, [e7, e8] = e3,
[e2, e3] = eq, [e2, e7] = e5, [e3,e6] = —es5, [eg, e7] = —e.

If we denote Yy (x) := Tr(Jy ad x) fora = 1, 2, 3, then
U= —4ed, Y = —4e, Y3 = —de,

where {ej}§:1 is the dual basis of {ej}zjg.:]. Since ¥, # 0, we have that (g, J,,) does
not admit a nonzero closed (4, 0)-form, for any «.

Moreover, note that ¥ ([g, g]) = 0 but ¥ ([§, g]) # 0and ¥3([g, g]) # 0. Accord-
ing to Theorem 5.3, for any lattice A C G, where G is the simply connected Lie group
associated to g, the compact complex manifold (A\G, J) has non-trivial canonical
bundle for @ = 2, 3. Nevertheless we show next that there exist lattices I';, C G such
that the corresponding complex solvmanifolds (Fm\é, J1) do have trivial canonical
bundle.

We show first that G admits a lattice Iy, forany m € N, m > 3. Indeed, we may
write § = (Reg @Rey) X n, where the nilradical n is spanned by {ey, e2, e3, s, e, e7}.
We compute

A = exp(m ad eg|y) = diag(1, —1, —-1,1, -1, —1),

By = exp(ty, ad eg|) = diag(1, o, ', am, 1, 0,0, ),

— m+v

where «,,, = and tm = loga,,. Setting

1 0 0o 1%
—1
Pm — 0 1 (07

m
Um

=1 =
O —CQp O =0y

@2
we obtain P, . P, = [00—1] and P, AP, = A for any m. If we define

fi = Ppej for j =1,2,3,5,6,7 then it is easy to verify that [ fi, f¢] = [ex, e,] for
k,£ € {1,2,3,5,6,7}. Therefore, {f1, f2, f3, f5, fe, f7} is a rational basis of n in
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which A and B,, are expressed as unimodular integer matrices. According to Theorem
2.3, the semidirect product

Ty = (TZ ® twZ) x exp” (spang{ fi, f2, f3. f5. fo. f1})

is a lattice in G = R? x N , where N is the nilradical of G.
Letoy := (e' +ied)A(e2—ie®) A (e +ie”) A(e* —ie®) which is a nonzero (4, 0)-
form with respect to J;. It follows from Proposition 5.10 and —% Tr(Jiadeg) = 2

that 71 := exp(2ixg)o is a nonzero closed (4, 0)-form on G with respect to J1, where
x = (xg, x4, X1, X2, X3, X5, X6, X7) are the real coordinates of G. Tt follows from
exp(2i(xg + wk)) = exp(2ixg) that f(x) = exp(2ixg) is invariant by the action of
I}, so there is an induced smooth function f : Fm\é — C such that the (4, 0)-form
T = f&l is a trivializing section of (Fm\é, J1). In particular, (Fm\é, J1) has trivial
canonical bundle.

If Hol(Vo) were contained in SL(n, H), then the canonical bundle of (I‘m\é, Jo)
would be trivial for all « but we have shown that this is not the case for « = 2 and
a = 3. Therefore, this example provides a negative answer to Verbitsky’s question.

Remark 6.4 Verbitsky’s question remains open for a hypercomplex manifold (M, {J4})
such that (M, J,) has trivial canonical bundle for all .
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